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Compact model synthesisfor dynamic systems
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a. SUPMECA - EA 2336 - 3, rue Fernand Hainaut - 938aint OUEN
b. ONERA 29 avenue de la Division Leclerc - 923RATILLON

ABSTRACT

This work proposes a Compact Model Synthesis (Ck8)ynamic Systems without using the complete Kedge of models.
Series of "grey boxes" fed with partial observasiaare built in order to synthesize target variabilés compact models. The
recursive process for real time computation is 8aze Kalman Filters (KF). This stochastic approaibws to converge in line
toward deterministic models with estimated uncati@s and without intrusion on the complete modedcpss. Mathematical
context is described first and illustrated secomndiy two examples.

ACRONYMS

Compact Model Synthesis (CMS) Continuous StatéeBys (CSS)  Discrete Linear State Systems (DLSS)

Discrete Non Linear State Syst.(DNLSS)  Extendedn&al Filters (EKF)  Finit Element Simulation (FES)

Kalman Filters (KF) Linear Time-Invariant (LTI) r@inary Differential Equations (ODE)

Operating Modal Analysis (OMA) Parametric Grey BeXPGB) Partially. Observed Operational SysterJ8)
Reduced Order Models (ROM) Series of Elementanys@e Models (SEGM) Unscented Kalman Filters (UKF)
1. introduction

Reduced Order Models (ROM) are generally built idep to make simulation processes faster. Thedboue are very useful as
part of an optimization process using a High Figiefiinite Element Model parameterized by desigriakdes or as part of the
acceleration process of simulations with a high Ineimof Degrees Of Freedom. Both objectives areedtifferent insofar as, for
optimization, it is interesting to build parametritodels of small size; while for acceleration, gasparameters are useless but
accuracy is the main goal. We focus on the framkwbpptimization even if this paper refers onlythe modeling step.

Numerous methods are available to achieve this §alcan classify the methods of Model Reductido two families: the first
ones aims to provide a basis, spanning a subsphich Wwelongs to the space of solutions, to linkhdables of the Full Order
Models (FOM) to a smaller number of variables; Sowthods are often called Ritz methods or "kin@maethods" (KM); The
second methods aims to identify a meta-model abfgrdvide accurate results for selected degreéseefiom of the FOM; In the
following, we will call this methods "ldentificatio Methods" (IM). Sometimes, in an optimization fewmork, both kinds of
methods are used: the first one to reduce the nuofbariables, the second one to build a parametiduced order model, see for
example R. Filomeno et al. [1]. To reduce the cax@ystems constituted with several componenis, risther commonplace to
reduce each component with KM and to make the sgighof the system, see for example Craig [2] oya@U2]. The Way to Build
Ritz base has been widely discussed in the preweuk and we can consider two methods: modal amhes and optimal
approaches based on proper orthogonal decompqs#in for example Balmés [4]. The non-linear poid involve specific
Model Order Reduction Techniques, see for exammeséhen et al. [5]. The final challenge is to b ROM parameterized by
design variables, see for instance Amsallem ¢6hbr Balmes [7].

This work purpose is to build ROM based on obs@&mabf operating systems. "Operating Systems" cdiddmodels during
simulations such as thermal Finite Element ModEEM) [8] or operating experimental devices suchaisted structures in free
vibration [9] and [10] or motion picture of mecheal system. Proposed ROM are based on Series eofdatary Generic Models
(SEGM) considered as Parametric Grey Boxes (PGBghnad to be identified during operating procdsgriori, the length of
SEGM is unknown but the nature of PGBs is chosgarding the observed phenomenon. For example, ibetody are described
with first order Ordinary Differential Equations &) in PGBs whereas dynamics are described witbreborder ODE. Operating
conditions are often imposed for several proble@yserating Modal Analysis (OMA) of helicopters ordtgy Production Power
Supply is performed during operating conditionsrv®y and diagnostic for help to decision in autedamanufacturing are
sometimes carried out in real time in the prockstion picture of mechanical scenario or FEM arenposed of large number of
observable variables. In that case, ROMs buileal time allow saving computational time and altedamemory. For these reasons
KF are retained in the recursive parametric ideatifon process of PGBs.



21°™Congrés Francais de Mécanique Bordeaux, 26 au 3@iao
2013

2. Kalman Filtersand Series of Elementary Generic M odels

CMS is performed with the help of three differeimtds of KF [11] regarding the nature of analytioaddels in PGMs. "Classical"
Kalman Filters are convenient for Discrete Linetat& Systems (DLSS), Extended Kalman Filters (EfF)Discrete Non Linear
State Systems (DNLSS) and Unscented Kalman Fildkg) for systems described with Continuous Stayst&ns (CSS) as
complex dynamic non linear systems, non autonoregstems or time dependant holonomic systems.

Three kinds of bases are proposed For DLSS (KF)ZXUSS (EKF) : Generalized Fourier Series (GFShwiarmonic and non
harmonic spectral components (used for second gsdtems and for moving trackers on moving targetg)onential bases for first
order systems such as relaxation phenomenon, gitpgir thermodynamics and polynomial bases fotidials or unexpected non
autonomous systems. The two first kind of serigaiéoids bases and exponential bases) are delatitedn this paper.

21. Sate Systems
Three kind of state systems are studied in thigpdphe first one concerns DLSS which could beesris :

X, =F.X +B U +W, (1)

Z, =H, X, +V, 2)

where : X State variables F State matrix model B Control matrix model
U Control variable vector W Process noise Z Observation vector
H Observation matrix \% Observation noise n time increment

When the discrete system could not be written lagar system (with invariant matrix) the DNLSSassumed as :

X, = ®(X,,U, ) +W, 3) with: o Non linear state function

Z,=H(X,)+V, 4) and H Non linear observation function

In the case of linear continuous time systems thuatons are :

X (t) = F.X (t) +BU (t) +w(t) ©)

(6)

Z(t)=H.X(t)+DU (t) +v(t)
For non linear systems, CSS is described in a geésense as follows :

X (t) = o (X(t).U (1)) +w(t) @)

Z(t)=H (X (t),U(t)) +v(r) (8) All these systems are suitable for KF, Es¢FJKF.

2.2. Kalman Filters

The KF and EKF has been widely used over the pesidks in the case of discrete systems. In thisulation the state variables
are extended to the parameters of the PGBs thabde identified. It allows to compute an estimatof the PGBs in the case
where the shape of the solution of the probleniready kwown. For instance, in the case of osdiltasystems, the time evolution
is pseudo-harmonic (see section 2.3); in the céselaxation system, such as thermodynamics syst#masevolution is pseudo-
exponential (see section 2.4). The incrementatfdhedEKF requires the linearization of the estimab¢volution which can lead to a
strong approximation in the case of non-smooth lim@ar systems. In order to avoid this linearizatpyocess Julier and Uhlmann
(1997) have developed the "unscented kalman filt#KF [13]. In that method, the estimation of thatstvariables and their
variances are directly incremented thanks to ttlseemted transformation (UT). This function can lrergenerally used to estimate
the result of applying a given nonlinear transfaiorato a probability distribution. The two firstaments of the distribution are
simply propagated by applying the nonlinear funttio a set of point referred to as sigma pointémiBhting the need for
linearization also provides advantages independeaty improvement in estimation quality. One imiiaéel advantage is that the
UT can be applied to identify the parameters ofom-fNnear ODE for which the solution cannot be gtiehlly solved. Practically,
the implementation of the UKF is also easier th&ifr.E

2.3. Seriesof Elementary Generic Modelsand bases: oscillating systems

Second order ODEs often leads to oscillating sohgti In the case of non linear systems oscillasivigtions are amplitude and
frequency modulated.

A sinusoid whose amplitude and frequency are maeeldlaver time can be described in the complex demsian analytic signal :
x(t) =a(t)exp (j(t)) ©)

where a(t) is the instantaneous complex amplituntisI¥t) is the instantaneous phase.

The discrete form of (¥) at the time step,=nAt is x,=x(nAt). The complex variabl&, can be divided into its real and imaginary
partsx,=xy ntjX2n. A sinusoid that slightly varies over time can lpg@ximated by :

x, =a, exp(j(27,nat)) (10) wherd, is the instantaneous frequency.
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As the parameteffy anda, of the sinusoid slightly vary over time, they atmost equal between two consecutive time stepsn h
transition formulation can be given fromto X,.1:

X1 = a, exp(j (27, nt)) x exp (j (277, t)) (11)

This approximation is only true if modulations of and fn are slower that the period of the sinusbids constraint is assumed to
be verified. Then a linear transition is obtainetWeen the imaginary paftt,. and real park,,. of X, andXn.1 :

(XLM]_ cos(ZHfWAt) -sin(27f At) [xln] (13)
X,p) | sin(2rtat)  cos(27fat) [\,

This formulation choice allows keeping the matrixIfhear and time-independent if the signal is aayplitude modulated and not
frequency modulated (the frequency fn keeps cotjstan

The instantaneous amplitude an is . 8 =\xn + X2 (14)
As an and fn should be allowed to vary over tirhés proposed here to use the following non liretate space formulation :
Xne1=@(X) +W,, (15)

where Xp=(Xyn Xan x3,n)T and W,,, the process noise. A state varialilg, =2mf,At was added to track the evolution of the
instantaneous frequency fn. The transition betwaentime steps is composed by a sum of two pats:stationary part and the
evolutionary part.

The stationary part links two successive pointa agtationary sinusoid b@®(.). Then®d(.) is assumed as the non-linear transition
function and is given b (X,)=F.X, :

where cos(xgyn) —sin(x&n) 0 (16)
Fo=| sin(xsn) cos(xsn) 0
0 0 1

The two first components are related to the complaplitude and are obtained by the previous linekation. The third component
X3.n+1=X3 nCONStrains the frequency not to change stronghydsen two time steps.

Up to now, the non-stationary behavior of the simdisvas not modeled because it is not possiblepoess an exact equation for
this evolution. We suppose that,M¢ a random variable whose probability law is Géars : W=N(0,Q), where Q is its variance
matrix. Then the variations of amplitude and fretpyeare allowed by random values of.W

In a first glance, it could seem strange to chasandom variable for an effect which is generdByerministic. For instance, the
variation of frequency excitation of an engine igimly deterministic. Anyway, this state space doetsneed to represent accurately
the evolution of a sinusoid on a long period, boltycstep by step. Then on a short time scale, damnevolution of an and fn is
enough to model a non-stationary sinusoid.

For a signal composed of M observable modulatedssidal components, the size of the ROM is M areldize of the state
function is 3M.

[cos(x,,) -sin(x,,) O . 0 0 0 in
sin(x,,) cos(x,,) 0 . 0 0 0 2n
0 0 1 0 0 0 3n
R(x)=| ' 0 0 0 X =
0 0 0 ... cos (XM(M o ) —sin (XM(M 4o ) 0 X1e3(m-1)n
0 0 0 .. sin (XM(M oy ) cos (><3+3(M71)n ) 0 Xa43(M-1)n
W|th L 0 0 0 ... 0 0 1 and X3+3(M—1).n (17)

This state space formulation is non linear: theestaatrixF,(X,) is varying over time and depends on the frequemagulation.
In reality, only the real pant,; , of the analytic signak, can be observed. Unlike the transition phaseotheervation phase is
completely linear

z, = [1 0 0]X,+V, (18)

Z = X, TV,

for one sinusoid and slightly more complex for Musioids

z, =t o0 .. 10 0]X, +V, (19) whereV, is a noise observation random process.
Z = Xpp oot Xogmogn +V,

Finally, a nonlinear discrete state space modeldess derived to model the transition and obsermadf sinusoid components
mixed with random processes

X = ©O(X,)+w, (20)

{Znﬂ = H(Xn+1) +Vn+1

where®(.) is the nonlinear transition function given ®&¢X,)=F(X,)X, andH(.) is the linear observation function given by :
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H(Xne1)=[1 00 ... 1 0 0]Xe1. (21)

24. Seriesof Elementary Generic Models and bases: non oscillating systems
When the system is compose with first order ODEassumed as a sum of monotone responses, senegaifve exponential are
used. The continous state equation of the elemeggareric model with control is :

x(t) = (%, —aU)exp(-a(t -t,)) +au (22) With :xo, to are initial conditionsa anddare constant to be identified.
The DLSS of this equations is written as :
X, =X, e M+ Una(l— e“m) (23) WithAt the time increment.
The DNLSS of this equations is written as :
Xp = X, € " +U a, (1— e“""m) (24)
The complete SEGM is built as follows for the noveéar state matrix and control matrix :
e 00.. 0 00 (X (1-e™*) 0 0 .. 0 0 0]
0 10.. 0 00 (25) and 0 o0 0 o 0 (26)
9 9 ! ) 0 00 0 00 0 00
F(X)=| ¢ - 0 ) 00 B, (X,)= . . 0 0 o
0 0 0 .. g 2w 00 0 00 .. Xsn (l_efxzm(m—l)nm) 0 0
0 00 .. 0 10
0 00 0 01 0 0 0 ... 0 00
- - L 0 00 .. 0 0 0f
The observation equation is the same for oscitjadim non oscillating systems. and the complete DMNisS
Xn+1 = Fn(xn)+Bn(Xn)Un +Wn (27)
Zn+1 = H (Xn+1) +Vﬂ+1

3. Applications
Two kinds of applications are presented. The @rst concerns oscillating systems with amplitude famguency modulated signals
tracked with EKF for CMS. The second study is ia tield of thermodynamic and is treated with UKF.

3.1. Oscillating systems and solutions of second order ODEs
Tracked signals are amplitude and frequency moeldilathe CMS is performed with SEKF based on SEGIW @xpected ROM is
composed with two EGM. The first observed compongmround 22 Hz and the second around 50 Hz. &cn eomponent, the

amplitude modulation is determined with the insdaebus amplitude: 8 =G+ (28)
This amplitude could also be obtained by the complealytic signal composed of the observed sigredl (part) and its Hilbert
transform (imaginary part). The frequency modulaimdetermined by the instantaneous frequency . (29)

" 2mAt

For each tracked signal, spectral amplitudes shewrtain component and lateral modulated bands r@itju

10" ¢
—— First tracked signal
Second tracked signal

107 E|

Magnitude (m.s%)
=

o

e AU L
70 80 90

Frequency (Hz)

Figure 1 : Spectrums of two tracked signals.
Symmetric lateral bands are due to modulation &ffen spectrums
The first tracked signal is frequency and amplitotdulated (figure 1 and figure 2). The secondkiedcsignal is only amplitude-
modulated and not frequency-modulated.
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Figure 2 : Time-frequency representation of thetftracked signal. Magnitude and frequency modaiatire identified with a good
accuracy. (Instantaneous frequency is identifietth wisignificant digits).

3.2. Continuous State Systems

System identification has been based largely ocrelis-time models for a long time in the past, rgm@certain merits of the native
continuous-time models. In this section, we areridted in the procedure of determining directiyoatinuous-time model of a
dynamical system from observed data. That meams difierential-equation model is valid whatever th@mmand nature or
sampling data considered. We will consider firs¢dr time-invariant (LTI) continuous system. Asiaple illustration of this stage,
let us consider a first-order system described 6y &S as follow:

v }®] & } {bl}
1Y = = t t
{x®} =[F{x®} +[B]u®) (30) In particular:{X( ) {Xz(t)} { a, bx(o + b, "o (31)
{z®)} =[c]{x®} z(t)| _[cn ¢y
=0} ={z2(t)} {cu czj{x(t)}

where X(t) is the state vector, Y(t) the observatiector, U(t) the input vector, al and a2 invarjgerameter system, b1l and b2 the
parameters that locate the input vector to the stattor variables, and c11, c12, c21 and c22liBergation parameters.

The conversion of the Continuous system (30) intceeursive discrete system is performed using eiffi€F by means of
exponential discretization technique [12], (Annexok UKF using an implicit numerical integration thed named Dormand-Prince
method [13], [14]. The resulting discrete-time Kalmmodel takes the following form:

Xk - {Xk} - |:¢& (Xk—lruk—lrek—l):| ‘ 7k = {ilk } - Hk(xklek—1) (32)

ek ekfl ka

Where theq(f and H ¥ are nonlinear evolution and observation functidrtinae K, the6* a stationary parameter vector at time k.
Xew, = Xy Xax (eaim) (eaZAT ) [Ej [&J Ciak Crak Cark Cook t
k ’ k Kla ) la, ) ™™ ’ (33) (,j“,]dxuwk = |:X1.k Xok Ak Qg Dy Dy €11y Crop Cory Con ] (34)

Numerical results

This section presents numerical simulation resailtsing to evaluate the performance of the EKF amF Unethods regarding
system identification based on data produced nwaigriby the reference model (30). The forcing teums a square signal.

In the reference problem, (30) and (31), the tdiffhs[B] and [C] are assumed known and {x} is detémed through a numerical
integration method implemented in Matlab (Ode23)¢a+Kutta method).

In the Figure 3 and 4, we compare the respondeeafeference model (31) at points observationo Zh¢ response of the identified
system model (33), £ using Kalman filters, EKF and UKF, respectivaly,evaluate its accuracy at five different
timest = 2s,4s,65s,8s,10¢ Both EKF and UKF produce a good accuracy withosinequivalent convergence speed in that case,

e.g. CLSS. In the case of continuous non lineatesyssuch as time-depend parametgraral @, only UKF is appropriate. To
process it, we use the same model (30) and the &l¢dtithm is unchanged in comparison with lineasecalere, the advantage of
UKF as regards the implementation simplicity is hhighted with respect to the EKF. This latter metblmgy actually is not
extended to the processing of nonlinear continsystems due to the difficulty related to the anedytdiscrete model construction
step starting for CNLSS.
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Figure 3: Comparison of response of reference m@alack
solid curve) to the response of identified systardehat five
times (starting points) using EKF; left, point obsstion 1, and
right, point observation 2.

Figure 4: Comparison of response of reference m@ulack
solid curve) to the response of identified systardehat five
times using UKF; left, point observation 1, andhtigpoint
observation 2

4, Conclusion

Kalman Filters have been used successfully for @anmodel synthesis of oscillating and non osdiltasystems. The proposed
method could be performed in line and with only fisformation about the complete model. The mainlehge today is to work
out an automatic method for initializing KF withnastness.
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Annex A : Detailsof first Order state system
s -
The solution of Eq. 22.a on the time interval k1] is: X = x*e™T + tk "eFle™BU(r)dT

k
Supposing u(t) constant over the sampling inteftkatk+1], the discrete state space model is writis follows:

X< = Fxk +Buk| - b

~ F = eFAT a,AT 71(ea1AT _1) . c c
2 = Ext Where: _ [e ealAT}; B=|® ' C= L“ C”}
_ ha - T . B & (eazAT -1 21 Y22
B—Je BdT—le Bdr;C=C a,



