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Introduction

Arbuscular mycorrhizal (AM) fungi are microscopic symbionts found inside the roots of the vast majority of terrestrial plants [START_REF] Smith | Mycorrhizal symbiosis[END_REF]. AM fungi exert a strong positive influence on plant growth and fitness, by facilitating plant access to limiting nutrients (e.g., phosphorus) [START_REF] Jeffries | The contribution of arbuscular mycorrhizal fungi in sustainable maintenance of plant health and soil fertility[END_REF][START_REF] Smith | Mycorrhizal symbiosis[END_REF], providing pathogen protection [START_REF] Pozo | Unraveling mycorrhiza-induced resistance[END_REF][START_REF] Shrivastava | Colonization by arbuscular mycorrhizal and endophytic fungi enhanced terpene production in tomato plants and their defense against a herbivorous insect[END_REF], or tolerance to abiotic stress [START_REF] Latef | Arbuscular mycorrhizal symbiosis and abiotic stress in plants: A review[END_REF][START_REF] Augé | Arbuscular mycorrhizal symbiosis alters stomatal conductance of host plants more under drought than under amply watered conditions: a meta-analysis[END_REF]. The plant, in exchange, provides AM fungi with fixed carbon [START_REF] Smith | Mycorrhizal symbiosis[END_REF]. In nature, multiple species of AM fungi coexist in the roots of the same host plant [START_REF] Verbruggen | Community assembly, species richness and nestedness of arbuscular mycorrhizal fungi in agricultural soils[END_REF][START_REF] Vandenkoornhuyse | Active root-inhabiting microbes identified by rapid incorporation of plant-derived carbon into rna[END_REF] and it is proposed that variation of functional traits can be observed among coexisting fungi [START_REF] Powell | Biodiversity of arbuscular mycorrhizal fungi and ecosystem function[END_REF][START_REF] Lee | Diversity of arbuscular mycorrhizal fungi and their roles in ecosystems[END_REF][START_REF] Mensah | High functional diversity within species of arbuscular mycorrhizal fungi is associated with differences in phosphate and nitrogen uptake and fungal phosphate metabolism[END_REF][START_REF] Smith | Spatial differences in acquisition of soil phosphate between two arbuscular mycorrhizal fungi in symbiosis with medicago truncatula[END_REF][START_REF] Feddermann | Functional diversity in arbuscular mycorrhiza-the role of gene expression, phosphorous nutrition and symbiotic efficiency[END_REF].

With functional complementarity among fungi one could expect plant benefit to be higher in the presence of multiple AM fungi than in the presence of any of the species (or isolates) separately [START_REF] Koide | Functional complementarity in the arbuscular mycorrhizal symbiosis[END_REF][START_REF] Gianinazzi | Agroecology: the key role of arbuscular mycorrhizas in ecosystem services[END_REF]. However, experimental observations on plant growth show that simultaneous colonization by multiple AM fungi does not always lead to a greater benefit for the plant, and in some cases productivity can be larger in the presence of a single, most beneficial fungus [START_REF] Gustafson | Differential host plant performance as a function of soil arbuscular mycorrhizal fungal communities: experimentally manipulating co-occurring glomus species[END_REF][START_REF] Jansa | Are there benefits of simultaneous root colonization by different arbuscular mycorrhizal fungi?[END_REF][START_REF] Violi | Density dependence and interspecific interactions between arbuscular mycorrhizal fungi mediated plant growth, glomalin production, and sporulation[END_REF][START_REF] Thonar | Competition and facilitation in synthetic communities of arbuscular mycorrhizal fungi[END_REF][START_REF] Maherali | Influence of phylogeny on fungal community assembly and ecosystem functioning[END_REF][START_REF] Gosling | Evidence for functional redundancy in arbuscular mycorrhizal fungi and implications for agroecosystem management[END_REF][START_REF] Jansa | Are there benefits of simultaneous root colonization by different arbuscular mycorrhizal fungi?[END_REF][START_REF] Alkan | Analysis of quantitative interactions between two species of arbuscular mycorrhizal fungi, glomus mosseae and g. intraradices, by real-time pcr[END_REF]. As AM fungi play a key role in determining ecosystem productivity and function [START_REF] Van Der Heijden | Mycorrhizal fungal diversity determines plant biodiversity, ecosystem variability and productivity[END_REF], a better understanding of the relationship between diversity in the fungal community composition and plant productivity is of particular importance.

Experimental studies have focused on understanding the link between diversity and productivity in multistressed environments, where the presence of taxonomically distant AM fungal species can act as insurance to support plant growth despite challenging abiotic conditions [START_REF] Yang | The roles of arbuscular mycorrhizal fungi (amf) in phytoremediation and tree-herb interactions in pb contaminated soil[END_REF][START_REF] Thonar | Competition and facilitation in synthetic communities of arbuscular mycorrhizal fungi[END_REF][START_REF] Crossay | Is a mixture of arbuscular mycorrhizal fungi better for plant growth than single-species inoculants?[END_REF][START_REF] Gosling | Evidence for functional redundancy in arbuscular mycorrhizal fungi and implications for agroecosystem management[END_REF][START_REF] Maherali | Influence of phylogeny on fungal community assembly and ecosystem functioning[END_REF]. Few studies, however, have looked at how functional complementarity in the fungal community may affect nutrient exchange processes, even in the absence of stress factors [START_REF] Mensah | High functional diversity within species of arbuscular mycorrhizal fungi is associated with differences in phosphate and nitrogen uptake and fungal phosphate metabolism[END_REF][START_REF] Ibrahim | Response of seeds quality of sunflower to inoculation with single and mixed species of indigenous arbuscular mycorrhizal fungi[END_REF][START_REF] Jansa | Phosphorus acquisition strategies within arbuscular mycorrhizal fungal community of a single field site[END_REF]. AM fungi can differ in their ability to provide phosphorus to the plant [START_REF] Drew | Beyond the rhizosphere: growth and function of arbuscular mycorrhizal external hyphae in sands of varying pore sizes[END_REF][START_REF] Giovannini | Diversity of a phosphate transporter gene among species and isolates of arbuscular mycorrhizal fungi[END_REF], or in their access to host carbon [START_REF] Zhu | Carbon cycling by arbuscular mycorrhizal fungi in soil-plant systems[END_REF], and these differences should by themselves result into differences in the plant growth dynamics [START_REF] Afkhami | Multiple mutualist effects: conflict and synergy in multispecies mutualisms[END_REF]. While some studies have investigated how plant productivity is affected by fungi to plant supply (i.e., phosphorus transfer), [START_REF] Jansa | Phosphorus acquisition strategies within arbuscular mycorrhizal fungal community of a single field site[END_REF][START_REF] Mensah | High functional diversity within species of arbuscular mycorrhizal fungi is associated with differences in phosphate and nitrogen uptake and fungal phosphate metabolism[END_REF][START_REF] Ibrahim | Response of seeds quality of sunflower to inoculation with single and mixed species of indigenous arbuscular mycorrhizal fungi[END_REF]Martignoni et al., 2020a), changes in productivity due to carbon transfer (i.e., plant to fungi supply) have remained unexplored.

The need for a framework to study the mechanisms associated with the presence of multiple, functionally different mutualists has been recently highlighted also from the theoretical point of view [START_REF] Afkhami | Multiple mutualist effects: conflict and synergy in multispecies mutualisms[END_REF]. Theoretical work, however, has focused on explaining stable coexistence among mutualists [START_REF] Bachelot | Dynamic preferential allocation to arbuscular mycorrhizal fungi explains fungal succession and coexistence[END_REF][START_REF] Johnson | Coexistence and competitive exclusion in mutualism[END_REF]Martignoni et al., 2020a), rather than on investigating the consequences of intraguild diversity on productivity. Multiple mutualists effects can potentially increase, reduce or have no repercussion on host performance, but it is unclear how interactions with the environment, direct and indirect interactions among mutualists, or nutrient exchange may contribute to the final outcome [START_REF] Afkhami | Multiple mutualist effects: conflict and synergy in multispecies mutualisms[END_REF][START_REF] Stanton | Interacting guilds: moving beyond the pairwise perspective on mutualisms[END_REF].

Here, we test whether differences in the benefit provided by the plant to fungal mutualists can induce positive non-additive effects (or synergistic effects) in plant biomass, which in our work will be used as a measure of productivity [START_REF] Xu | A review of concepts and criteria for assessing agroecosystem health including a preliminary case study of southern ontario[END_REF]. The factors driving carbon allocation from host to fungus are largely unknown (di Fossalunga and Novero, 2019), but might be important determinants of plant growth. The level of carbon transfer has been hypothesized to be a result of plant discrimination between associated fungi, where fungi providing more nutrients to the plant are rewarded with more carbon in exchange [START_REF] Kiers | Reciprocal rewards stabilize cooperation in the mycorrhizal symbiosis[END_REF][START_REF] Kafle | Nutrient demand and fungal access to resources control the carbon allocation to the symbiotic partners in tripartite interactions of medicago truncatula[END_REF]. However, it remains challenging to explain how a plant can discriminate between symbionts in natural conditions, where multiple fungi share a single root system [START_REF] Walder | Regulation of resource exchange in the arbuscular mycorrhizal symbiosis[END_REF]. For this reason, in our study we do not assume any association between carbon transfer and the reward received from the fungus. We consider the ability of a fungus to access plant carbon (or its 'carbon sink strength') to be intrinsic characteristic of the fungal species (or fungal isolate), determined by the physiological capacity of the fungus to acquire carbon [START_REF] Řezáčová | Carbon fluxes in mycorrhizal plants[END_REF][START_REF] Pearson | Symbiotic exchange of carbon and phosphorus between cucumber and three arbuscular mycorrhizal fungi[END_REF], and linked, for example, to the proportion of intercellular hyphae involved in carbon transfer [START_REF] Smith | Mycorrhizal symbiosis[END_REF][START_REF] Hodge | Nutritional ecology of arbuscular mycorrhizal fungi[END_REF].

We use an ordinary differential equation (ODE) model to investigate the coupled plant-fungi growth dynamics. The model allows us to disentangle the effects on plant growth driven by differences in fungal carbon sink strength, from effects caused by environmental stressors. We then compare our theoretical predictions with in vivo experiments. We use two fungal isolates with different carbon sink strength and measure plant growth over time in monocultures and in mixed cultures.

Models, materials, and methods

Differences in carbon sink strength and productivity

To investigate plant productivity in the presence of two fungal isolates with different carbon sink strength we compare growth when the plant is in pairwise association with each of the fungi separately (see Fig. 1, left panel), to growth when the plant is in simultaneous association with the two fungi (Fig. 1, right panel). First, we identify theoretically under which circumstances the synergy occurs, using the mathematical model described below. We then compare our theoretical results with in vivo experiments and statistical analysis of experimental data. 

Theoretical work:

Model description: To study the plant-fungi growth dynamics we used the mathematical model developed by Martignoni et al. (2020a). This model is based on a consumer-resource framework for mutualisms [START_REF] Holland | A consumer-resource approach to the density-dependent population dynamics of mutualism[END_REF], and considers the coupled dynamics of a mutualist guild (i.e., the fungal mutualists) sharing a resource supplied by the same host (i.e., plant carbon).

In the model, plant growth depends on the amount of phosphorus that the plant receives from the fungi, on the carbon that the plant provides to the fungi, on plant growth in the absence of mutualism, and on the amount of nutrients that need to be reserved for maintenance of the existing plant biomass. Similarly, the growth of each fungus depends on the amount of carbon received from the plant, on the amount of phosphorus that the fungus transfers to the plant, and on the maintenance costs. We refer to 'fungal isolates' instead of 'fungal species', as for the experimental testing of our hypotheses we will select different isolates of the same fungal species (i.e., different isolates of Rhizophagus irregularis, as described in the next section).

The system of equations describing the variation over time of plant biomass p and of the biomass of one associated fungal isolate m i (where i = 1, 2) is given by change in plant biomass

dp dt = q hp phosphorus from AM fungi ( i α i m i ) p d + p -q cp carbon to AM fungi ( i β i m i )p + intrinsic growth q hp r p p - maintenance cost µ p p 2 , ( 1a 
)
dm i dt change in fungal biomass = q cm β i p m i carbon from plant -q hm α i p d + p m i phosphorus to plant -µ m m 2 i maintenance cost . (1b) 
A brief description of all model parameters is given in Table 1. The model assumes nutrient transfer to be biomass dependent, where the functional responses chosen are justified in detail in Martignoni et al. (2020a). We assume a linear relationship between fungal biomass and phosphorus transfer. Indeed the amount of phosphorus transferred is expected to increase with increasing hyphal length and root colonization [START_REF] Sawers | Phosphorus acquisition efficiency in arbuscular mycorrhizal maize is correlated with the abundance of root-external hyphae and the accumulation of transcripts encoding pht1 phosphate transporters[END_REF][START_REF] Treseder | The extent of mycorrhizal colonization of roots and its influence on plant growth and phosphorus content[END_REF]. When plant biomass is low, the amount of phosphorus that can be received by the plant is limited by its small size, and we assume phosphorus Carbon sink strength of fungal isolate i 1.0-4.0 transfer to depend on both plant and fungal biomass (see 'phosphorus from AM fungi' and 'phosphorus to plant' terms in Eq. ( 1)). Carbon transfer from the plant to the fungi depends on carbon fixation and on the extent of root colonization by AM fungi [START_REF] Thomson | Mycorrhizas formed by gigaspora calospora and glomus fasciculatum on subterranean clover in relation to soluble carbohydrate concentrations in roots[END_REF][START_REF] Vierheilig | Shoot-produced, lightdependent factors are partially involved in the expression of the arbuscular mycorrhizal (am) status of am host and non-host plants[END_REF], and in the model we assume a linear relationship between carbon transfer and fungal and plant biomass (see 'carbon to AM fungi' and 'carbon from plant' terms in Eq. ( 1)). Fungal isolates therefore do not directly compete for host carbon, but each fungus accesses a different proportion of host carbon depending on its biomass.

The nutrient transfer terms show the same biomass dependence for all fungi, however, the exact amount of nutrients transferred varies among isolates, and depends on the ability of a fungus to transfer phosphorus to the plant (parameter α i ) and on its access to plant carbon (parameter β i ). Fungi with higher carbon sink strength can therefore be characterised by a larger β i parameter. Other fungal parameters are the carbon and phosphorus to biomass conversion rates (q cm and q hm ), and the rate at which a fungus deviates resources to maintenance of its existing biomass (µ m ). Parameters characterising plant growth are the phosphorus and carbon to biomass conversion rates (q hp and q cp ), the intrinsic growth rate in the absence of mutualism (r p ), and the plant maintenance rate (µ p ). The presence of stress factors can be modeled as an increase in the amount of resources reserved for maintenance, reflected in a higher value of the µ p and µ m parameters.

Relating carbon sink strength to plant growth: To investigate how the plant growth rate and final size are affected by carbon sink strength (parameter β) we first considered a plant associated with a single fungus. For this purpose, we solved Eq. ( 1)

for i = 1 and considered a range of β parameters, while other parameters were kept constant at their default value (see Table 1). The final size corresponds to plant biomass at equilibrium. The average plant growth rate was computed as

T 95 0 1 T 95 1 p dp dt dt, (2) 
where T 95 is the time needed to reach 95% of the plant biomass at equilibrium, and dp/dt represents plant biomass over time (defined in Eq. ( 1a)).

Additionally, we compared plant growth in the presence of one isolate (with either high or low carbon sink strength) with plant growth in the presence of both isolates simultaneously. In the model, fungal maintenance costs are non-additive as they depend on fungal biomass (see last term in Eq. ( 1b)). Therefore, in order to compare plant growth in the presence of one and two fungal isolates, we assumed the plant p to be always in association with two fungal isolates (i.e., i = 1, 2), where the two fungi can be the same isolate (i.e., characterised by the same parameters), or different isolates (i.e., characterised by different β i parameters).

Finally, we compared the effect of variations in the carbon sink strength with variations in phosphorus supply. We repeated the procedure described in the previous two paragraphs to investigate how phosphorus supply (parameter α i ) affects the plant growth rate and final size, and simulated plant growth over time in the presence of one and two fungal isolates differing in their phosphorus supply to the plant.

Sensitivity of parameter values: We solved Eq. ( 1) for i = 1, 2, where fungus 1 and 2 are characterised by different β 1 and β 2 parameters, while other parameters were kept constant at their default values (see Table 1). Default values were based on the statistical analysis of the experimental data described below. We determined the (β 1 , β 2 ) parameter regions where a synergy in plant growth was observed and for each of these we computed the intensity and temporal length of the synergistic effect. We define the synergistic effect as a percentage gain in productivity, quantified as the percentage increase in plant biomass observed when the plant is in combination with two isolates, with respect to when the plant is in combination with the isolate that leads to the highest plant biomass. We found that a synergy in plant growth was observed when the plant was associated with two isolates with higher or lower carbon sink strength, characterised by parameters β H and β L respectively. Mathematically, we write:

% gain in productivity(t) = p H+L (t) -max(p H (t), p L (t)) max(p H (t), p L (t)) × 100, (3) 
where p H (t) and p L (t) refer to plant biomass at each point in time when the plant is associated with the isolate with high or low carbon sink strength respectively, while p H+L (t) refers to plant biomass when the plant is associated with both isolates. When the maximal gain in productivity is positive, i.e., p H+L (t) > max(p H (t), p L (t)), we say that a synergistic effect is observed. The temporal length of the synergistic effect refers to the number of days for which the gain in productivity is positive. The intensity of the synergistic effect refers to the maximal gain in productivity observed during the time interval considered.

We considered variations from the default scenario, by choosing a higher intrinsic growth rate of the plant (parameter r p ), a higher amount of initial fungal biomass (higher m 0 i ), higher environmental stress (reflected in an increase in parameters µ p and µ m , the plant and fungal maintenance rates), and a reduced ability of the fungal isolate to transfer phosphorus to the plant (lower α i parameters). Parameter ranges were chosen based on the significance of the results. Simulations were performed using the Matlab (R2020b) solver ode45.

Experimental work:

Selection of AM fungal isolates: To identify isolates with different carbon sink strength but similar ability to transfer phosphorus to the plant, we conducted a preliminary study using nine isolates of Rhizophagus irregularis [START_REF] Schenck | Additional new and unreported species of mycorrhizal fungi (endogonaceae) from florida[END_REF].

Additional information about this experiment is available in Appendix A. We identified two isolates of R. irregularis that matched the needed requirements: 1) Cuba8, which demonstrated a high carbon sink strength under the growing conditions of our M medium as described by [START_REF] Bécard | Early events of vesicular-arbuscular mycorrhiza formation on ri t-dna transformed roots[END_REF], solidified with 1% gellan gum (Alfa Aesar). The Petri plates were incubated inverted at 26 • C (CONVIRON ADAP-TIS CMP6010) in the dark, until numerous spores were produced. Mature spores were extracted after solubilizing the medium with sterile 10 mM, pH=6 sodium citrate buffer solution [START_REF] Doner | Solubilization of gellan gels by chelation of cations[END_REF]. Cuba8 has a germination rate of 20% while CC4 has a significantly higher germination rate of 60% [START_REF] Kokkoris | The role of in vitro cultivation on asymbiotic trait variation in a single species of arbuscular mycorrhizal fungus[END_REF]. To ensure standard inoculum density throughout the experiment we accounted for the variation in the germination rates to ensure the presence of at least six viable spores per pot.

For this reason we used 30 Cuba8 spores or 10 CC4 spores per pot when the plant was inoculated with a single isolate, and 30 spores of Cuba8 and 10 spores CC4 when the plant was inoculated with a mix of both isolates. To avoid runoff of spores post inoculation and to attain successful colonization we applied a novel inoculation system that involved the creation of 'inoculation disks' (see Appendix B, Fig.

B.1).

Growing conditions: For the main experiment, AM fungal isolates and host plants of Linum usitatissimum (Flax) were grown in 2L pots containing (v/v=1:1) sterilized medium-fine sand (SAKRETE Play Sand) and vermiculate (in identical conditions as in the preliminary study, see Appendix A). Flax seeds were surface sterilized with 70% ethanol for 1 min, followed by 5 min in 9.6% bleach. Seeds were then washed six times (50mL per plant of 5 mL fertilizer dissolved in 4L water) until harvest. Additional water was applied with emitters directly above the straws, supplying 2 l hr-1 to each pot, ∼35 ml every two days.

After the first month, eight plants per week and per treatment were harvested from each treatment for the duration of eight weeks, for a total growing period of 12 weeks.

At each harvest, roots were washed, dried of excess water and the fresh root weight was recorded. Shoots were weighed for fresh weight.

Statistical analysis:

Analysis of experimental data: Our first goal was to analyse the experimental data to understand whether a synergy in productivity has occurred, and if so to quantify its duration and intensity. We compared the total biomass of randomly chosen replicates from each experiment with only one fungal isolate (either Cuba8 or CC4), with the total plant biomass of a random replicate from the experiments with a combination of both isolates (Cuba8 and CC4). We computed the number of weeks for which plant biomass from the experiments with both AM fungal isolates was greater than the maximal plant biomass measured when only one AM fungal isolate was present. In addition, we computed the percentage gain in productivity per week (or weekly percentage increase in plant biomass) measured when a synergy occurs (Figs. 5a and5b). For each weekly measurement of plant biomass in the presence of both isolates (p H+L (t)) the gain in productivity was computed as:

% gain in productivity(t) = p H+L (t) -max(M (p H )(t), M (p L )(t)) max(M (p H )(t), M (p L )(t)) × 100, (4) 
where M (p H )(t) and M (p L )(t) refer to the median of the plant biomass weekly measurements collected in the presence of a single isolate with high or low carbon sink strength. A synergy is observed if the % gain in productivity is positive.

Parametrization from experimental data: Our second goal was to recover resource exchange parameters from the experimental data (such as the carbon sink strength β i and phosphorus transfer ability α i of the fungal isolates used), to test whether our theoretical predictions could explain experimental findings (Fig. 5c). To do so, we used a statistical model, which describes the experimental measurements, and a mechanistic-statistical model based on the mathematical model of Eq. ( 1), which describes plant-fungal growth. The model projects the biomass of the plant p(t) at any time t, in association with AM fungi.

During our experiments, we measured the biomass of the plant Y i every week t i ∈ {1, . . . , I} during I = 8 weeks. Depending on the experiments, the plant was associated with only one fungal isolate (either Cuba8 or CC4) or with the two different isolates simultaneously (Cuba8 and CC4). The measurement protocol was identical for all the experiments and the measures are independent from each other for any of the experiments. Thus, conditionally on the plant biomass p and the harvesting time t = {t i |1 ≤ i ≤ I}, the plant biomass measurements Y i for i ∈ {1, . . . , I} are assumed to be independent random variables following a Gamma distribution with a mean p(t i ) and a variance proportional to the actual biomass of the plant p(t i ). We obtain:

Y i | p, t ∼ Gamma p(t i ) σ , σ , (5) 
where σ > 0 is the proportionality constant that determines the variance of the biomass measurements and p(t) depends on the parameters of the model given in Table 1.

We denote by θ the parameters of our mechanistic-statistical model: θ = (β 1 , β 2 , α 1 , α 2 , r p , p 0 , m 1,0 , m 2,0 ,d, µ p , µ m , q hp , q cm , σ). Using the definition of the random variables Y i , we can state the likelihood function associated to our mechanistic-statistical model with unknown parameters θ:

L(θ) = P(Y |θ, t) = 8 i=1 1 Y i Y i σ p(t i )/σ Γ p(t i ) σ -1 e -Y i /σ . ( 6 
)
For each of the three experiments (plant with Cuba8, plant with CC4, and plant with Cuba8 and CC4), we have 8 replicates, which therefore provide us with 24 data sets. For each data set, we obtain an estimator θ of the parameters θ by minimizing the function -log(L(θ)). The minimization was performed using the Matlab constrained gradient-based minimization algorithm, fmincon, with the constraint:

θ ∈ [0, 10] 2 ×[0, 20] 2 ×[0, 0.5]×[0, 0.3]×[0, 0.5] 2 ×[0, 2]×[0.01, 10] 2 ×[1, 6]×[0.5, 5]×[0, 0.65] .
In the computation of -log(L(θ)), the numerical evaluation of the quantities p(t i ) i=1,...,8 was based on the numerical computation of the ODE model using the Matlab (R2020b) ode45 solver.

Results

Differences in carbon sink strength and plant productivity:

Overall, our theoretical as well as our experimental results show that a temporal synergy in productivity can be observed when associated fungi present differences in their carbon sink strength. Below we discuss model predictions and their comparison to experimental data.

Theoretical work: Our theoretical study predicts that plant final size decreases with increasing carbon sink strength, while plant average growth rate responds nonmonotonically to changes in carbon sink strength (β), increasing when carbon sink strength is low and decreasing when carbon sink strength is high (Fig. 2a). Thus, if the plant is in simultaneous association with two isolates of AM fungi differing only in their carbon sink strength, when the plant growth rate is enhanced by the isolate with low carbon sink strength, and the plant final size is enhanced by the isolate with high carbon sink strength, the plant will do better when both isolates are present than in association with either of the isolates alone (Fig. 2c). A fungus with low carbon sink strength (e.g., β ∼ 1) will benefit productivity when plant biomass is large, by increasing the plant final size. A fungus with higher carbon sink strength (e.g., β ∼ 1.5) will maximize the average plant growth rate when plant biomass is small. If the plant is in simultaneous association with two isolates of AM fungi differing only in their carbon sink strength, the plant final size is enhanced by the isolate with low carbon sink strength, and the plant final size is enhanced by the isolate with high carbon sink strength. Thus, adding an isolate with high carbon sink strength to an isolate with low carbon sink strength will lead to an increase in the plant growth rate, and a decrease in the plant final size.

Adding an isolate with low carbon sink strength to an isolate with high carbon sink strength will decrease the plant growth rate, but increase the plant final size. Additionally, for a certain period of time, co-inoculation of two isolates with different carbon sink strength can lead to higher productivity than when the plant is in association with either isolate separately, and drive a temporal synergistic effect in plant growth, as shown in Fig. 2c.

Our theoretical predictions suggest that differences in phosphorus supply do not lead to a synergistic effect on plant growth. The plant growth rate and final size both increase with increasing fungi to plant supply (Fig. 2b) and productivity at any point in time is always higher when the plant is associated with the isolate with the higher phosphorus transfer ability (Fig. 2d).

From Fig. 3 we see that the synergistic effect is stronger and can be observed for a longer period of time when the difference in carbon sink strength of the two fungal isolates is large. High initial fungal biomass and high intrinsic growth rate of the plant can reduce the intensity and duration of the synergy. Stress factors, quantified in an increase of the maintenance rates µ p and µ m , and the phosphorus transfer ability of the fungi (parameter α) do not affect the synergy duration or intensity.

From numerical simulations we expect a synergy to be observed also in the presence of multiple isolates differing in their carbon sink strength (Fig. E.1). Our analysis shows that the gain in productivity is affected by the average as well as by the variability in carbon sink strength observed among isolates (see Appendix E). A comprehensive analysis of the synergistic effect in the presence of multiple fungi is complex, and will be left for future work.

Experimental work & Statistical analysis:

Our theoretical model with the inferred parameters from our statistical analysis predicts plant biomass over time to follow a logistic growth curve, where a synergy due to differences in the carbon sink strength of the isolates is expected to occur around weeks 4 or 5 (Fig. 2c). Experimental data also show a tendency toward logistic growth, and a synergy at weeks 4, 5 and 6 was indeed detected in most of the experiments (Fig. 4). Although the statistical significance is low, other statistics performed considering the mean of the experimental observations, instead of the median, show a statistically significant synergy at week 4 (see Appendix D). Our analysis suggests therefore that the synergy predicted by our simulations is also present in the experimental data.

A synergy at weeks 1 and 2 was also observed. This early synergy was not expected to occur theoretically, as our model is linear at low density, and non-additive effects (such as a synergy) are not expected to occur when the fungal biomass is small. We can therefore not draw any conclusion from the gain in productivity observed in weeks 1 and 2. No synergy was detected at week 3, which suggests that the synergy at weeks 1 and 2 and the synergy at weeks 4, 5 and 6 might be due to different mechanisms.

In Fig. 5a we can see that a temporary synergy in plant growth in Cuba8-CC4 mixed inocula was observed in 75% of the experiments conducted. In half of the cases the synergy was observed for at least 3 out of 8 weeks of measurements. When the synergy occurred, the increase in productivity (or % gain in plant biomass) was higher than 33% in half of the cases (Fig. 5b). The medians of the phosphorus and carbon transfer parameters recovered from the statistical analysis are α 1 = 2.06 and β 1 = 1.94

for isolate 1 (Cuba8) and α 2 = 2.39 and β 2 = 1.64 for isolate 2 (CC4) (Fig. 5c).

The two fungal isolates Cuba8 and CC4 were selected because of their different carbon sink strength and potentially similar phosphorus transfer ability (see Appendix A).

The medians of the resource exchange parameters obtained by fitting our model to the experiments reflect this difference in carbon sink strength, with Cuba8 having a larger carbon sink strength than CC4 (β 1 (Cuba8) > β 2 (CC4)). However, the median of the recovered phosphorus transfer ability of Cuba8 is lower than CC4 (α 1 (Cuba8) < α 2 (CC4)), although the statistical test conducted in the preliminary analysis suggest that the phosphorus transfer ability of the two isolates might be similar on average (Fig 1). 3)) and (b) duration for which a synergy in plant growth is observed (in days) as functions of the carbon sink strength of the two associated fungi (parameters β 1 and β 2 , incremented in steps of size 0.1). (i) Parameters at their default values (see Table 1), (ii) higher plant intrinsic growth rate r p , (iii) higher initial fungal biomass m 0i , (iv) higher plant and fungal maintenance rates µ p and µ m , (v) lower phosphorus transfer ability α i . The darker colors indicate a smaller gain in productivity and a shorter duration of the synergistic effect. Note that figures are symmetric about the β 1 = β 2 diagonal.

Fig. 4: The red curves represent the median of experimental measurements of plant biomass over 8 weeks when the plant is grown in association with an isolate with high carbon sink strength (Cuba8), with an isolate with low carbon sink strength (CC4), or with a mix of both isolates. The boxplots show the first and third quartile (box edges), the median (bar plots), and the range of the data of the gain in productivity at each sampling date, computed as described in Eq. ( 4)). 

Discussion

It has been proposed that complementarity in the reward provided by fungi to their host plant (i.e., phosphorus transfer) positively correlates with increased plant biomass [START_REF] Mensah | High functional diversity within species of arbuscular mycorrhizal fungi is associated with differences in phosphate and nitrogen uptake and fungal phosphate metabolism[END_REF][START_REF] Jansa | Phosphorus acquisition strategies within arbuscular mycorrhizal fungal community of a single field site[END_REF]. This hypothesis is supported by studies on tripartite interactions of legumes with AM fungi and rhizobia, showing that minimal functional overlap in the rewards provided might not only benefit plant growth, but also microbe growth, as a fitter host would be able to provide a higher reward in return [START_REF] Afkhami | Multiple mutualist effects: conflict and synergy in multispecies mutualisms[END_REF][START_REF] Afkhami | Multiple mutualist effects on genomewide expression in the tripartite association between medicago truncatula, nitrogen-fixing bacteria and mycorrhizal fungi[END_REF] (but see [START_REF] Franklin | Population-level variation in host plant response to multiple microbial mutualists[END_REF]; Martignoni et al. (2020a)). Less intuitive, however, is how functional differences in the reward received from the host (e.g., carbon supply) might ultimately affect host benefit. It is likely that species providing very distinct rewards to different mutualists (such as a plant providing pollen to bees and nectar to butterflies) should experience enhanced benefit (such as pollination from both bees and butterflies) [START_REF] Afkhami | Multiple mutualist effects: conflict and synergy in multispecies mutualisms[END_REF]. However, empirical evidence assessing those potential productivity benefits is lacking.

In our work, the amount of plant carbon supplied by the host to each fungal mutualist is determined by an intrinsic characteristic of the fungus (i.e., its carbon sink strength), and it is independent of the amount of phosphorus that each fungus provides in return. We show that differences in the rates at which plant carbon is supplied to the AM fungi can effectively lead to plant productivity benefits, regardless of phosphorus supply. Fungal isolates with high carbon sink strength are most beneficial when the total fungal biomass is low. In this case, a higher amount of carbon per biomass intake by the fungi helps the quick establishment of an abundant fungal community, with a consequent increase in fungi to plant nutrients supply and thus in the plant growth rate. Fungal isolates characterised by low carbon sink strength are not able to support plant growth when fungal biomass is low, but by reducing the carbon cost to the plant they help the plant to reach a higher final size. We expect the synergistic effect to be stronger when fungal biomass is initially low, and when the plant is highly dependent on the AM symbiosis for nutrient provision, as in this case quick establishment of a fungal community is particularly important.

As AM fungal inoculants are being used as organic fertilizers worldwide [START_REF] Gianinazzi | Inoculum of arbuscular mycorrhizal fungi for production systems: science meets business[END_REF], our findings constitute an important contribution for agricultural management [START_REF] Ryan | Little evidence that farmers should consider abundance or diversity of arbuscular mycorrhizal fungi when managing crops[END_REF]. We suggest that to maximize plant productivity in depleted soils (i.e., where fungal biomass is low), plants should ideally associate with multiple fungal species or isolates with high and low carbon sink strengths, where fungi with high carbon sink strength contribute to an initial increase in the plant growth rate, and fungi with low carbon sink strength support maximal productivity once plant biomass is large.

Synergistic effects in productivity due to the presence of a diverse AM fungal community have been found in plants subjected to multiple stress factors and in the presence of taxonomically distant AM fungal species [START_REF] Yang | The roles of arbuscular mycorrhizal fungi (amf) in phytoremediation and tree-herb interactions in pb contaminated soil[END_REF][START_REF] Thonar | Competition and facilitation in synthetic communities of arbuscular mycorrhizal fungi[END_REF][START_REF] Crossay | Is a mixture of arbuscular mycorrhizal fungi better for plant growth than single-species inoculants?[END_REF][START_REF] Gosling | Evidence for functional redundancy in arbuscular mycorrhizal fungi and implications for agroecosystem management[END_REF][START_REF] Maherali | Influence of phylogeny on fungal community assembly and ecosystem functioning[END_REF]. While the context of these papers is different from the one we studied, they provide evidence of synergistic effects arising from the presence of multiple fungi. Here we show that synergies can be explained by an interaction mechanism that does not require any stress factors. We propose that, even in the absence of stress, differences in fungal carbon sink strength can drive a synergistic effect in productivity. Indeed, our theoretical work

shows that variations in environmental stress did not affect the overall dynamics.

Competition between fungi is also known to affect productivity benefits [START_REF] Berruti | Arbuscular mycorrhizal fungi as natural biofertilizers: let's benefit from past successes[END_REF][START_REF] Gosling | Evidence for functional redundancy in arbuscular mycorrhizal fungi and implications for agroecosystem management[END_REF][START_REF] Koch | Evolutionary asymmetry in the arbuscular mycorrhizal symbiosis: conservatism in fungal morphology does not predict host plant growth[END_REF]. In particular, our previous studies have shown that strong competition between fungi can negatively affect productivity benefits in mixed cultures [START_REF] Martignoni | Diversity within mutualist guilds promotes coexistence and reduces the risk of invasion from an alien mutualist[END_REF]. If the observed dynamics were due to competitive interactions alone, we would have expected to see a reduction in plant productivity in the presence of two isolates over the whole time window considered, which was not the case in our experimental results.

The similarities found between the experimental results and our simulations suggest that, despite its simplicity, our model can be an efficient tool in predicting, and explaining the mechanisms behind, the response of plant productivity to a fungal community.

Our results lend support to the benefits of having redundancy in biological systems, even if symbionts are ecologically similar, as both the average plant growth rate as well as final plant biomass can be important determinants of productivity. Whether our findings are valid for all conditions is not clear. For example, it would be worthwhile to consider plant growth when resources are limiting, or in the presence of multiple plants.

The model could be expanded to consider the consequences of temporal variation in carbon and phosphorus allocation strategies over time [START_REF] Lekberg | Seasonal carbon allocation to arbuscular mycorrhizal fungi assessed by microscopic examination, stable isotope probing and fatty acid analysis[END_REF], the influence of enemies on plant performance [START_REF] Morris | Direct and interactive effects of enemies and mutualists on plant performance: a meta-analysis[END_REF], potential anastomosis and cytoplasmic exchange between the isolates [START_REF] Novais | Compatibility and incompatibility in hyphal anastomosis of arbuscular mycorrhizal fungi[END_REF], or competition between fungi [START_REF] Martignoni | Diversity within mutualist guilds promotes coexistence and reduces the risk of invasion from an alien mutualist[END_REF][START_REF] Franklin | Forests trapped in nitrogen limitation-an ecological market perspective on ectomycorrhizal symbiosis[END_REF][START_REF] Hammarlund | Limitation by a shared mutualist promotes coexistence of multiple competing partners[END_REF]. Investigation of these factors is an important avenue of future work. We hope that the work presented here will call for further studies to understand how productivity responds to co-inoculation with multiple symbionts differing in their resource exchange capacity. So if mean(% gain in productivity ) is significantly larger than zero, so does mean(% gain in productivity) and the confidence intervals of (% gain in productivity ) can be used to describe the confidence intervals of (% gain in productivity).

In Fig. D.1 we see that the mean is significantly above zero in weeks 1, 2, and 4, and significantly below zero in weeks 6, 7 and 8. The gain in productivity at week 3 is not significantly different than zero, while when considering the median (Fig. 4) we obtained a significant loss in productivity at week 3. 

Fig. 1 :

 1 Fig. 1: Schematic representation of the scenarios used to address questions 1 (left panel) and 2 (right panel), through numerical simulation. On the left we consider a plant interacting separately with two different isolates of AM fungi, m 1 and m 2 , taken one at a time. On the right the plant interacts with the two fungal isolates simultaneously. Fungi m 1 and m 2 share the carbon supplied by the plant and therefore interact indirectly with each other.

  study, and 2) CC4 (DAOM 229457), which demonstrated significantly lower carbon sink strength. No statistically significant difference was found in the phosphorus transfer ability of Cuba8 and CC4 (Fig. A.1). AM fungal inoculum: Isolates Cuba8 and CC4 were grown with Ri T-DNA transformed carrot roots on Petri plates (60-mm diameter and 15-mm height) (VWR) with

  for 1 min each, in sterilized distilled water. The surface sterile seeds were germinated in Petri dishes on wet sterile 11 cm filter papers (VWR) and kept in an incubator (CONVIRON ADAPTIS CMP6010) at 26 • C (no light) until a radicle was observed.Inoculated pots were placed in the greenhouse where the temperature ranged from 26 to 20 • C (day/night) with a photoperiod of 18 h per day, of 200 µmol s-1 m-2 per µA as measured with a LI-250A light meter (Biosciences). Two weeks post inoculation and weekly thereafter, plants were fertilized with Low P fertilizer 

  . A.1).

Fig. 2 :

 2 Fig. 2: Projections of plant final size (blue dotted line) and average growth rate (red dashed line) (see Eq. (2)), as a function of (a) carbon sink strength β and (b) phosphorus supply α, when the plant is considered in pairwise association with a single AM fungal isolate. (c) Numerical simulations showing plant biomass over time when the plant is associated with a fungal isolate with high carbon sink strength (β H , dashed curve), with an isolate with low carbon sink strength (β L , dotted curve), or with a combination of both isolates (β L+H , solid curve). We assume that the isolates have the same phosphorus exchange ability (α = (2.06 + 2.39)/2) and differ only in their carbon sink strength (β H = 1.94, β L = 1.64). (d) Numerical simulations of plant biomass over time when the plant is associated with a fungal isolate with low phosphorus supply (α L , dashed curve), with an isolate with high phosphorus supply (α H , dotted curve), or with a combination of both isolates (α H+L ). We assume that the isolates have the same carbon sink strength (β = (1.94 + 1.64)/2) and differ only in their phosphorus supply (α H = 2.39, α L = 2.06). The chosen parameter values correspond to the parameters recovered from the statistical analysis of the experimental data (Fig.boxplots(c) and Table1).

Fig. 3 :

 3 Fig. 3: (a) Maximal gain in productivity (see Eq. (3)) and (b) duration for which a synergy in plant growth is observed (in days) as functions of the carbon sink strength of the two associated fungi (parameters β 1 and β 2 , incremented in steps of size 0.1). (i) Parameters at their default values (see Table1), (ii) higher plant intrinsic growth rate r p , (iii) higher initial fungal biomass m 0i , (iv) higher plant and fungal maintenance rates µ p and µ m , (v) lower phosphorus transfer ability α i . The darker colors indicate a smaller gain in productivity and a shorter duration of the synergistic effect. Note that figures are symmetric about the β 1 = β 2 diagonal.

Fig. 5 :

 5 Fig. 5: (a) Average duration of the synergy in plant biomass observed when the plant is associated with two different fungal isolates. (b) Increase in productivity (expressed as % gain in plant biomass) observed when a synergy occurs. (c) Estimation of the α i parameters (quantifying phosphorus exchange) and the β i parameters (quantifying carbon exchange) of fungal isolates Cuba8 and CC4, recovered by fitting our model to the experimental data. Boxplots show the first and third quartile (box edges), the median (middle red line), the range of the data (whiskers), and data outliers (red crosses). Other parameters estimated from the statistical analysis are provided in Fig. (C.1).

Fig. A. 1 :

 1 Fig. A.1: Linum usitatissimum (Flax) mycorrhizal response of (A) total biomass and (B) % shoot P, for different fungal isolates (x-axis). Cuba8 has a higher carbon sink strength compared to CC4 since the plant biomass was significantly lower (p <0.05) but the two isolates are not different in their P sink strength (p = 0.99). Blue line indicates the mean value of the non-mycorrhizal plants. Boxplots show the third and first quartile (box edges), the median (middle black line), the range of the data (whiskers) and data outliers (black open circles).

Fig. D. 1 :

 1 Fig. D.1: Equivalent of Fig.4when considering the mean instead of the median of the experimental observations. The red curves represent the mean of experimental measurements of plant biomass over 8 weeks when the plant is grown in association with an isolate with high carbon sink strength (Cuba8), with an isolate with low carbon sink strength (CC4), or with a mix of both isolates. The boxplots show the first and third quartile (box edges), the median (bar plots), and the range of the data of the gain in productivity at each sampling date, computed as described in Eqs. (7) and (8).

  

  

  

Table 1 :

 1 Brief description of the variables and parameters of the model of Eq. (1) and default values used for simulations. Default values are based on the statistical analysis of the experimental data (see Appendix C). Values in brackets correspond to case variations shown in Fig.3.

	Symbol Description

weeks when the plant is grown in association with an isolate with high carbon sink strength (Cuba8), with an isolate with low carbon sink strength (CC4), or with a mix of both isolates. The boxplots show the first and third quartile (box edges), the median (bar plots), and the range of the data of the gain in productivity at each sampling date, computed as described in Eqs. (7) and (8).
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Appendix A: Preliminary analysis for the selection of AM fungal isolates Experimental design: In order to test the carbon and phosphorus sink strength of multiple Rhizophagus irregularis isolates we performed a greenhouse experiment in a completely randomized block design (n = 10, total 100 experimental units) where we used a single spore-single plant inoculation approach (as described by [START_REF] Kokkoris | The role of in vitro cultivation on asymbiotic trait variation in a single species of arbuscular mycorrhizal fungus[END_REF]) for nine R. irregularis isolates and pre-germinated plantlets of Linum usitatissimum (Flax, var. Bethune). This experiment was conducted at UBC Okanagan greenhouse from May 2018 to September 2018 and was part of a larger study (of 400 experimental units) designed to assess life history variation among R. irregularis isolates. Variation in plant biomass reflects differences between the carbon sink strength of the isolates while % shoot P reflects differences between the P sink strength of each isolate.

Growing conditions: AM fungal isolates and host plants were grown in 2L pots containing (v/v=1:1) sterilized medium-fine sand (SAKRETE Play Sand) and vermiculate. Plants were grown for approximately three months (to flowering stage). Water and fertilizer were as described for the main experiment. The temperature ranged from 26 to 20 • C (day/night) with a photoperiod of 18 h per day, of 200 µmol s-1 m-2 per µA as measured with a LI-250A light meter (Biosciences).

Harvest and Plant responses: Upon harvest, roots were separated from shoots and wet weight of each part was obtained. Roots were fragmented and stained for AM fungal colonization status assessment (positive vs negative) and shoots were dried at 60 • C until weight stability was achieved (approximately after 72h). After recording the dry shoot weight, the tissue was pulverized, homogenized, and was used to calculate the % P in the flax shoot using the color development method described in the main manuscript [START_REF] Murphy | A modified single solution method for the determination of phosphate in natural waters[END_REF].

Statistical analysis:

To evaluate the carbon and phosphorus sink strength of each isolate we first calculated the mycorrhizal response (MR) for the total plant biomass and % shoot P. MR describes any benefit or detriment for a specific plant trait (e.g. biomass and phosphorus in our case) as a result of AM fungal inoculation [START_REF] Baon | Mycorrhizal responses of barley cultivars differing in p efficiency[END_REF][START_REF] Sawers | Cereal mycorrhiza: an ancient symbiosis in modern agriculture[END_REF]. The MR was calculated as: MR = ln (X/Y) where X= response of mycorrhizal plants and Y= mean response of non-mycorrhizal (control) plants.

We used a mixed effect linear model to examine the variation between the isolates with AM fungal isolate identity as a fixed factor and block as a random factor followed .07, µ p = 1.44, µ m = 1.05, q hp = 2.93, q cm = 2.93, σ = 0.02. Parameters q cp and q hm have been set equal to 1.

Appendix D: Statistical analysis based on the mean average of the experimental observations

In this appendix we present the analysis of the experimental data resulting when considering the mean, instead of the median, of the experimental observations. The mean of the synergistic effect is computed as Eq. ( 7) corresponds to Eq. ( 4) where the median of the experimental measurements has been substituted with the mean.

The confident intervals of the synergistic effect in Fig. 4 are obtained by computing % gain in productivity (w

We make this choice for two reasons: First, the confident intervals obtained when considering Eq. ( 7) are large because of the small amount of data (8 data points per weeks), while in Eq. ( 8) we do have more data available (8 × 64 = 512 data points per weeks). Secondly, the mean of the gain in productivity obtained by using Eqs. ( 7) and ( 8) are similar, as the variance of max(p H , p L ) is small. We can write:

mean(% gain in productivity (w)) = mean p H+L (w) max(p H (w), p L (w))

-1 × 100 , (9)

and we can show that, at each week,

From the Jensen's inequality we know that, at each week,

Given that the variance of max(p H , p L ) is small, we can assume that max(p H , p L ) follows a normal distribution. We obtain:

As V ar(max(p H , p L )) 1, we obtain that at each week:

≤ mean(% gain in productivity) . ( 13)

Appendix E: Multiple fungal partners Analysis of plant final size: We assume that all fungi provide the same amount of phosphorus to the plant (i.e., α i = α) but differ in their access to carbon (i.e., β i differ, where β = (β 1 , . . . , β N )). We want to understand how the plant final size p * depends on the carbon sink strength of all mutualists. From Martignoni et al. (2020a) we know that

where the non-dimensionalized variables P * and M i are defined as P * = qcmβ q hm α p * and M i = qcpβ i q hm α m i (Martignoni et al., 2020a). Non-dimensionalized parameters Q, η M i and η P are defined as Q = qcmq hp qcpq hm , η P i = µp qcmβ i , and η M i = µm qcpβ i (Martignoni et al., 2020a).

To go further, we need to come back to the original variable for η M i and η P i . We define β = mean(β) and we obtain

We can see that

Thus we obtain

and p * (β) = q hm α q cm β P * (β) -d .

(18)

Eq. ( 18) shows that p * (β) is decreasing with respect to the mean β of β and decreases with respect to the variance V ar(β).