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HUI XIAO, ION GRAMA, AND QUANSHENG LIU

ABSTRACT. Let (gn)n>1 be a sequence of independent and identically
distributed random elements with law g on the general linear group
GL(V), where V. = R%. Consider the random walk G, = gn...g1,
n > 1, and the coefficients (f, Grv), where v € V and f € V*. Un-
der suitable moment assumptions on p, we prove the strong and weak
laws of large numbers and the central limit theorem for (f, G,,v), which
improve the previous results established under the exponential moment
condition on p. We further demonstrate the Berry-Esseen bound, the
Edgeworth expansion, the Cramér type moderate deviation expansion
and the local limit theorem with moderate deviations for (f, G,v) un-
der the exponential moment condition. Under a subexponential moment
condition on pu, we also show a Berry-Esseen type bound and the mod-
erate deviation principle for (f, G,v). Our approach is based on various
versions of the Holder regularity of the invariant measure of the Markov
chain G-z = RG,v on the projective space of V' with the starting point
x = Ro.
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1. INTRODUCTION

1.1. Background and main objectives. Since the pioneering work of
Furstenberg and Kesten [20], the theory of random walks on linear groups
(also called products of random matrices) has attracted a great deal of at-
tention of many mathematicians for several decades, see for instance the
influential work of Le Page [40], Guivarc’h and Raugi [32], Bougerol and
Lacroix [7], Goldsheid and Margulis [21], Benoist and Quint [6], and the
references therein. This theory has important applications in a number of
research areas such as spectral theory [7, 10, 9], geometric measure theory
[43, 35, 22], statistical physics [17], homogeneous dynamics [8, 4], stochastic
recursions and smoothing transforms [38, 31, 42], and branching processes
in random environment [41, 24]. Of particular interest is the study of as-
ymptotic properties of the random walk

Gn:i=¢gn...g1, n=1,

where (g, )n>1 is a sequence of independent and identically distributed (i.i.d.)
random elements with law z on the general linear group GL(V) with V = R¢,
One natural and important way to describe the random walk (Gy,),>1 is to
investigate the growth rate of the coefficients (f, G, v), where v € V and f €
V*, and (-, ) is the duality bracket: (f,v) = f(v). Bellman [3] conjectured
that the classical central limit theorem should hold true for (f,G,v) in
the case when the matrices (g,) are positive. This conjecture was proved
by Furstenberg and Kesten [20], who established the strong law of large
numbers and central limit theorem under the condition that the matrices g,
are strictly positive and that all the coefficients of g,, are comparable. This
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condition was then relaxed by Kingman [39], Cohn, Nerman and Peligrad
[12] and Hennion [33].

As noticed by Furstenberg [19], the analysis developed in [20] for positive
matrices breaks down for invertible matrices. It turns out that the situation
of invertible matrices is much more complicated and delicate. Guivarc’h and
Raugi [32] established the strong law of large numbers for the coefficients of
products of invertible matrices under an exponential moment condition: for

any v € V' \ {0} and f € V*\ {0}, a.s.

. 1
lim ~log|(f, o) = Au, (L1)

where A\; € R is a constant (independent of f and v) called the first Lyapunov
exponent of . It is worth mentioning that the result (1.1) does not follow
from the classical subadditive ergodic theorem of Kingman [39], nor from
the recent version by Gouézel and Karlsson [28]. The central limit theorem
for the coefficients has also been established in [32] under the exponential
moment condition: for any ¢t € R,

log |{f, Gpv)| — nA\1 B
IP’( o < t> — (1), (1.2)

where @ is the standard normal distribution function on R and ¢2 > 0 is
the asymptotic variance of ﬁlog“ f,Grv)|. Recently, Benoist and Quint

[6] have extended (1.1) and (1.2) to the framework of the general linear
group GL(V) with V = K¢, where K is a local field. Moreover, they also
established the law of iterated logarithm and the large deviations bounds.
The first objective of this paper is to prove the weak law of large numbers
under the first moment condition: we prove that, if [q,log N(g)u(dg) <

oo with N(g) = max{||g||, |l¢g"||}, then (1.1) holds in probability. Moreover,
under the second moment condition that [,y log® N(g)u(dg) < oo, we
prove the strong law of large numbers, namely that (1.1) holds a.s. Under
the same second moment condition we also prove the central limit theorem:
we show that the Gaussian approximation (1.2) holds.

Our second objective is to investigate the rate of convergence in the central
limit theorem (1.2). To this end, we first establish a Berry-Esseen bound un-
der the exponential moment condition: we prove that if fGL(V) N(g)*u(dg) <
oo for some € > 0, then there exists a constant ¢ > 0 such that for all n > 1,
teR,veVand f e V*with |[v|| = | f|]| =1, and any y-Holder continuous
function ¢ on P(V),

C
E {w(Gn-x)ﬂ g (.G =y gt}} - V(@)q)(t)‘ < %WPHw (1.3)

where ||¢]|, is the y-Hélder norm of the function ¢. Our result (1.3) improves
a very recent Berry-Esseen bound with ¢ = 1 in [18], where a different

lim

n—oo
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approach is applied. In fact we will establish a much stronger result, that
is, the first-order Edgeworth expansion (cf. Theorem 2.3). Moreover, under
a subexponential moment condition, we prove that a weaker version of the
Berry-Esseen bound holds true. Namely, the bound (1.3) holds with the

B .
Clo# (for some § > 0) instead of —=

We next establish the moderate deviation principle under the subexpo-
nential moment condition that fGL(V) €8 N(9) 1y (dg) < oo for some constant

rate

€ (0,1): for any Borel set B C R and any sequence (by,),>1 of positive

1
real numbers satlsfylng — 0 and b, = o(n?-=) as n — oo, we have

2 —
— inf L hmmfb lo P(logKf,an N EB)

teB° 202 T n—oo by,
1 Gnv)| — nA t2
< limsup - log]P’( 08 {f, Gnv)| = ndy € B> < —inf —,
n—oo b bn teB 20

where B° and B are respectively the interior and the closure of B.

We then reinforce the moderate deviation principle (1.4) to the Cramér
type moderate deviation expansion under the exponential moment condi-
tion: we prove that if [i,1) N (9)°p(dg) < oo for some e > 0, then uniformly
inte[0,0(y/n)],veVand f € V* with ||v]| = || f]| =1, as n — o0,

log |(f,Gnv)|—nA1
P( : 0\/ﬁ>| >t)_ef4(
1—®(t)

where ( is the Cramér series (cf. (2.4)). A similar expansion for the lower tail
is also obtained. More generally, we prove the Cramér type moderate devi-
ation expansion for the couple (G, -z,log|(f, Gnv)|) with a target function
¢ on the Markov chain (G, -z) on the projective space P(V'); see Theorem
2.8. We mention that Bahadur-Rao type and Petrov type large deviation
asymptotics for the coefficients (f, G,v) have been recently established in
[48], which give precise estimation of the rate of convergence in the weak
law of large numbers (1.1).

Our third objective is to establish the local limit theorem with moderate
deviations for the coefficients (f, Gpv): for any real numbers a; < ag, we
have, as n — oo, uniformly in |t| = o(y/n),

P(log |(f, Grv)| — nA1 € [a1,a2] + \/ﬁat)

t

W1+ o(1)], (1.5)

_ 2
- L “ —7+f4(%)[1 +o(1))]. (1.6)
2mn
See Theorem 2.9 for a more general statement where a local limit theorem

with moderate deviations for the couple (G, -x,log|(f, Gpv)|) with target
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functions is given. We would like to mention that using the approach devel-
oped in this paper, it is possible to establish some new and interesting limit
theorems for the Gromov product of random walks on hyperbolic groups;
we refer to Gouézel [26, 27] on this topic.

Finally we would like to mention that all the results of the paper remain
valid when V is C¢ or K¢, where K is any local field.

1.2. Proof strategy. Our starting point is the following decomposition
which relates the coefficients (f, G,v) to the cocycles o(G,,x): for any
z=RveP(V)and y=Rf € P(V*) with | f|| = 1,

log |(f,Gpv)| = 0(Gn, ) + logd(y, Gp-x), (1.7)

where d(y,x) = ||‘§Cf|'|ﬁ)"~>1‘” The proof of (1.1) given in [32, 6] is based on the
exponential Holder regularity of the invariant measure v of the Markov chain
(G-x) on the projective space P(V'), which requires the exponential moment
condition. We refer to Bougerol and Lacroix [7] for a comprehensive account
of the proof strategy developed in [32]. In order to relax the exponential
moment condition, we will establish a weaker form of the Holder regularity

of v: we prove that for any € > 0,

lim P (5(y, Gp-ar) <€) =0, (1.8)

provided that the first moment condition holds. See Proposition 3.4. The
weak law of large numbers for the coefficients follows from this and the law
of large numbers of Furstenberg [19] for the norm cocycle o(Gp, x).

To prove the strong law of large numbers, we show the following stronger
regularity of v: if the second moment condition holds, then for any € > 0
there exists a sequence of positive numbers (ay) such that > 72, ar < oo
and that foralln > k > 1,

P (5(y, Gp-x) < e_Ek) < ay. (1.9)

See Lemma 3.5. This permits us to conclude the strong law of large numbers
for the coefficients, using that of Furstenberg [19] for the norm cocycle.

Using again (1.9), together with the central limit theorem for the norm co-
cycle 0(Gyp, x) due to Benoist and Quint [5], allows us to prove the Gaussian
approximation (1.2) under the optimal second moment condition.

For the proof of the Edgeworth expansion and the Berry-Esseen bound
(1.3), we first use a partition (x;, ;)x>1 of the unity to discretise the compo-
nent logd(y, Gy -x) in (1.7). This allows to reduce the study of the coeffi-
cients to that of the norm cocycle o(G,,, x) jointly with the target function
th p(Grn-x). Then our strategy is to make use of the Edgeworth expansion
for the couple (G,,-z,0(G,,z)) with target functions on the Markov chain
(Gp-x). Finally, the result (1.3) is obtained by patching up these expansions
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by means of the exponential Holder regularity of the invariant measure v.
For the proof of the Berry-Esseen type bound (Theorem 2.5) under a subex-
ponential moment condition, we establish a subexponential regularity of the
invariant measure v (Theorem 2.6) and make use of the previous result in
[15] on Berry-Esseen bounds for the norm cocycle o(Gy, x).

To prove the moderate deviation principle (1.4), we use again the subex-
ponential regularity of the invariant measure v together with the moderate
deviation principle for the norm cocycle o(Gy, x) established by in [14].

To establish the Cramér type moderate deviation expansion (1.5), our
approach is different from the standard one which is based on performing
a change of measure and proving a Berry-Esseen bound under the changed
measure; see for example Cramér [13] and Petrov [44]. However, even with a
Berry-Esseen bound under the changed measure at hands, we do not know
how to obtain (1.5) using this strategy. Our approach is to use again a
partition of the unity and for each piece to pass to the Fourier transforms
under the changed measure, and then to establish exact asymptotic expan-
sions. We then patch up these expansions by using the exponential Holder
regularity of the invariant measure v.

The proof of the local limit theorem with moderate deviations (1.6) follows
the same lines as that of (1.5), together with the uniform version of the
exponential Holder regularity of the invariant measure of the Markov chain
(Gp-z) under the changed measure.

2. MAIN RESULTS

2.1. Notation and conditions. For any integer d > 1, denote by V = R?
the d-dimensional Euclidean space. We fix a basis e1,...,eq of V and the
associated norm on V is defined by [|v]|2 = 2L, |v;|? for v = 2L | vie; € V.
Let V* be the dual vector space of V and its dual basis is denoted by
e, ..., ey s0 that ef(e;) =1if i = j and e} (e;) = 0 if i # j. For any integer
2 < p < d, let APV be the p-th exterior product of V and we use the same

symbol || - || for the norms induced on APV and V*. We equip P(V) with
the angular distance
A /
d(z,2') = W for z =Rv e P(V), 2/ =Rv' € P(V). (2.1)

We use the symbol (-, -) to denote the dual bracket defined by (f,v) = f(v)
for any f € V* and v € V. Set

§(z,y) = [, v)l forx =Rv e P(V), y=Rf € P(V*).

IR

Denote by €(P(V)) the space of complex-valued continuous functions on
P(V), equipped with the norm [|¢|[oc := supep(v) [p(2)| for ¢ € € (P(V)).
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Let v > 0 be a fixed small enough constant and set

|p(z) — p(a)]
olly = lelloo + sup _—
” H’Y H ”OO z,z' €P(V):x#a’ d(xv x/)’y

Consider the Banach space

By = {p e CB(V)) : [lplly < oo},
which consists of complex-valued y-Holder continuous functions on P(V).
Denote by .Z(%4.,, %) the set of all bounded linear operators from %, to
%, equipped with the operator norm ||-|| BB, The topological dual of %,

endowed with the induced norm is denoted by %; Let %, be the Banach
space of y-Holder continuous functions on P(V*) endowed with the norm

le(y) — eyl
lollz: = sup |o(x)] + sup —
7 yeP(V*) Y,y €P(V*): y#y’ d(ya y/)’y

where d(y,y') = % for y=Rf e P(V*) and yy = Rf’ € P(V*).
Let GL(V') be the general linear group of the vector space V. The action of
g € GL(V) on a vector v € V is denoted by gv, and the action of g € GL(V)

on a projective line z = Rv € P(V) is denoted by g - x = Rgv. For any

g € GL(V), Iet ||g]| = sup,ei (o) i and denote N(g) = max{|gl, g~}

Let p be a Borel probability measure on GL(V'). We shall use the following
exponential moment condition.

A1l (Exponential moment condition). There exists a constant € > 0 such
that Jer,0r) N (9)°p(dg) < oo.

Let T'), be the smallest closed subsemigroup generated by the support
of the measure . An endomorphism g of V is said to be proximal if it
has an eigenvalue A with multiplicity one and all other eigenvalues of g
have modulus strcitly less than |[\|. We shall need the following strong
irreducibility and proximality condition.

A2. (i)(Strong irreducibility) No finite union of proper subspaces of V is
I, -invariant.
(ii) (Proximality) I', contains a proximal endomorphism.

Define the norm cocycle o : GL(V) x P(V) — R as follows:

o(g,x) = log HHQUUHH’ for any g € GL(V) and x = Rv € P(V).

By [45, Proposition 3.15], under A1 and A2, the following limit exists and
is independent of z € P(V):

0% i= lim ~E[(0(Gu,z) —nh)?] € (0,0). (2.2)

n—oo n,
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For any s € (—so,50) with sy > 0 small enough, we define the transfer
operator Ps as follows: for any bounded measurable function ¢ on P(V),

Popa)= [ e 0p(galuldg), weB(V).  (23)
GL(V)

It will be shown in Lemma 4.1 that there exists a constant sy > 0 such that
for any s € (—sg, s0), the operator Py € £(%,, %) has a unique dominant
eigenvalue x(s) with £(0) = 1 and the mapping s — k(s) being analytic.

We denote A = logr. Set 4y, = A (0) for any m > 1. In particular,
v1 = A1 and v = o2. Throughout the paper, we write ¢ for the Cramér
series [44]:

v =373, 573 — 1074372 + 1593
¢(t) = 3/2 24~3 t+ 9/2
65 72 1207y,

which converges for |¢| small enough.

Under A1l and A2, the Markov chain (G, -x)n>0 has a unique invari-

ant probability measure v on P(V') such that for any bounded measurable
function ¢ on P(V),

Lo | elgamdgwian) = [ p@widn) =v(o).  (25)
P(V) JGL(V)

B(V)

e, (24)

2.2. Law of large numbers and central limit theorem. In this sub-
section we present the law of large numbers and the central limit theorem
for the coefficients (f, G,v).

We first present the law of large numbers for (f, G,v): namely we state
a weak law of large numbers under the existence of the first moment and a
strong law of large numbers under the second moment assumption. Denote
by A1 and Ag the first and second Lyapunov exponents of p:

— lim — lim LR 1oe N2 Gall
Ap = lim ﬁElogHGnH, Az := lim EIElog TN (2.6)

We say that I';, is irreducible if no proper subspace of V' is I',-invariant.

Theorem 2.1. Assume that fGL(V) log N(g)p(dg) < oo. Assume also that

A1 > A2 and that Ty, is irreducible. Then, we have, as n — oo, uniformly in
veV and f € V* with |v]| = || f] =1,

1
- log |(f, Gpv)| = A1 in probability and in L. (2.7)
Moreover, if fGL(V) log? N(g) u(dg) < oo and condition A2 holds, then the

convergence in probability in (2.7) can be improved to the a.s. convergence.

Notice that, by a theorem of Guivarc’h [29], condition A2 implies that
A1 > A2 and that I is irreducible. Under the exponential moment condi-
tion A1l together with the strong irreducibility and proximality condition
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A2, Guivarc’h and Raugi [32] proved the a.s. convergence in (2.7) for the
special linear group SL(d,R) (the set of d x d matrices with determinant 1);
Benoist and Quint [6] extended it to the general linear group GL(V). Our
Theorem 2.1 states the weak law of large numbers for GL(V') under the first
moment condition, and the strong law of large numbers under the second
moment condition. The question remains open whether the strong law of
large numbers holds true under the first moment condition.

It is worth mentioning that Aoun and Sert [2] proved the weak law of large
numbers for the spectral radius of G, under the first moment condition, and
the strong law of large numbers under the second moment condition.

In the next theorem we formulate the central limit theorem for the coef-
ficients (f, G,,v) under the second moment condition. Recall that

Dt 20, teR

1 t
-l

21 J—co
is the standard normal distribution function, and o2 is the asymptotic vari-
ation given by (2.2).

Theorem 2.2. If [q1,y) log® N(g) u(dg) < oo and condition A2 holds, then
for any t € R, uniformly inv € V and f € V* with ||v]| = || f| = 1,

o (log |(f, Gav)| — n\y
1 P
im ( o/

Theorem 2.2 improves the results of Guivarc’h and Raugi [32] on SL(d, R)
and those of Benoist and Quint [6] on GL(V) by relaxing the exponential
moment condition A1l to the optimal second moment condition.

We mention that the central limit theorem for the spectral radius of G,
has been obtained by Aoun [1].

< t) = O(t). (2.8)

n—o0

2.3. Edgeworth expansion and Berry-Esseen bound. In many appli-
cations it is of primary interest to give an estimation of the rate of con-
vergence in the Gaussian approximation (2.8). In this direction we prove a
first-order Edgeworth expansion. For any ¢ € %, define the functions

by () := nli_)ngoE[(a(Gn,x) —nAN(s)p(Gp-z)], x€P(V) (2.9)
and
diy) = [ elalogdly.eld), yeBO) (210)

It is shown in Lemmas 4.7 and 4.8 that both functions b, and d, are well-
defined and b, € %, d, € %,
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Theorem 2.3. Assume A1 and A2. Then, for any € > 0, uniformly in
teR, z=RveP(V), y=RfePV*) with |v| = | fl]| =1, and ¢ € A,,
asn — oo,

E[W(Gn'x)ﬂ{w@ﬂ

ovn

AI// 0
= v(p)[0() + 603(\/%

+vipo( =) + Il O (=)- (2.11)

As a consequence of Theorem 2.3 we get the following Berry-Esseen bound
with the optimal convergence rate, under the exponential moment condition.

(1—)e(t)] -

Theorem 2.4. Under A1 and A2, there exist constants v > 0 and ¢ > 0
such that for anyn > 1, t € R, z = Rv € P(V) and f € V* with ||v|]| =
Ifll =1, and ¢ € B,

B [0(Gue)1 mtsnaioons | ~H(@BO)| < Tl 12

Under the same conditions, our result (2.12) improves on two very recent
results in [18] and [16]: it is proved in [18] that (2.12) holds for the particular
case when ¢ =1, and in [16] the authors also consider the case where ¢ =1

logn

but the convergence rate f in (2.12) is replaced by T

It is an open question how to relax the exponential moment condition
A1l in the Edgeworth expansion and in the Berry-Esseen bound. For posi-
tive matrices, the Edgeworth expansion (2.11) and the Berry-Esseen bound
(2.12) have been recently obtained using a different approach in a forthcom-
ing paper [49] under optimal moment conditions. In the following theorem
we get a Berry-Esseen type bound for invertible matrices under the sub-

1
exponential moment condition, with an extra loge n factor.

Theorem 2.5. Assume A2 and that there exists a constant o € (0,1) such
that p(log N(g) > u) < exp{—u“a(u)} for any u > 0 and for some function
a(u) > 0 satisfying a(u) — oo asu — co. Then, there exists a constant ¢ > 0
such that for anyn > 2,t € R, v € V and f € V* with ||v|| = || f]| = 1,

1
‘P<log!<f,Gnv> o <t> _@(t)’ _ clogi n
ovn vn
Note that the condition p(log N(g) > u) < exp{—u®a(u)} holds true if
Jaro elog®*9 N(g) u(dg) < oo for some € > 0.

Recently in [16], under the polynomial moment condition of order p > 3,
that is, fGL 1og N(g) 1u(dg) < oo, a Berry-Esseen type bound is obtained

_p=1
with the convergence rate n= 2 .

(2.13)
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The proof of Theorem 2.5 is based on the Berry-Esseen type bound re-
cently established in [15] and on the subexponential Holder regularity of the
invariant measure v which is the subject of Section 2.4.

2.4. Subexponential Holder regularity. We shall establish the follow-
ing subexponential Hoélder regularity of the invariant measure v under only
subexponential moments condition. This turns out to be an important step
for proving the Berry-Esseen type bound (2.13) as well as the moderate
deviation principle for the coefficients (f, Gpv) (see Theorem 2.7 below).

Theorem 2.6. Assume A2 and that there exists a constant a € (0,1) such
that p(log N(g) > u) < exp{—u“a(u)} for any u > 0 and for some function
a(u) > 0 satisfying a(u) — 0o as u — o0o. Then, there exist constants ¢ > 0
and ko € N such that for alln >k > ko, v € P(V) and y € P(V*),

P ((5(Gn-x,y) < e_k) < exp (—ck®). (2.14)
Moreover, there exists a constant n > 0 such that
sup / exp (n|log d(z,y)|Y) v(dz) < +oo. (2.15)
yeP(V*) JB(V)

In particular, there exist constants ¢ > 0 and n > 0 such that for any
y € P(V*) and r > 0,

v(B(y,r)) < cexp (n|logr|®), (2.16)
where B(y,r) ={x € P(V) : §(y,x) < r}.

Notice that if A2 holds and that subexponential moment condition in
Theorem 2.6 is strengthed to the exponential moment condition A1, then
by a theorem due to Guivarc’h [30], the invariant measure v satisfies a
stronger regularity property: there exists a constant n > 0 such that

1
yeb (V) /P(v) 5(fc,y)”y(dx) = e (2.17)
In this case, we say that the invariant measure v is exponentially Hoélder
regular.

Under the p-th moment condition that fGL(V) log?” N(g) u(dg) < oo for
some p > 1, Benoist and Quint [5, Proposition 4.5] have recently established
the log-regularity of v: under A2,

sup / |log 6(x, y) [P v(dx) < +o0. (2.18)
yeP(V*) /EB(V)

This result is one of the crucial points for establishing the central limit
theorem for the norm cocycle o(G,, z) under the optimal second moment
condition [qy,y) log? N(g) u(dg) < oo, see [5].
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2.5. Moderate deviation principles and expansions. In this subsec-
tion we state a moderate deviation principle and Cramér type moderate
deviation expansions for the coefficients (f, G,v).

We first present the moderate deviation principle under a subexponential
moment condition, whose proof is based upon the regularity of the invariant
measure v shown in Theorem 2.6.

Theorem 2.7. Assume A2 and that [qy, elo8” N(9) 1y(dg) < oo for some
constant o € (0,1). Then, for any Borel set B C R and any sequence (bn)n>1

of positive numbers satisfying 2 N and b, = o(n?-a a) as n — 00, we
have, uniformly inv € V and f € V* with ||v|| = || f|| = 1,

2
Y log |(f, Gnv)| — A1
— yleanO 5,7 S hm mf b—2 log ( b € B
. log [(f, Grv)| — nAy y?
<t logp (RGN € ) < - g

where B° and B are respectively the interior and the closure of B.

When the sub-exponential moment condition is strengthened to the expo-
nential moment condition A1, we are able to establish the following Cramér
type moderate deviation expansions for the coefficients (f, G,v), and more
generally, for the couple (Gy,-z,log|(f, G,v)|) with a target function ¢ on
the Markov chain (G, x)n>0.

Theorem 2.8. Assume A1 and A2. Then, we have, as n — oo, uniformly
inv eV and f e V* with ||v|| = ||f|| =1, and t € [0,0(y/n)],

p(lelilalnh 5 )

ov/n =)
NV
a0 e 1+ 0(1)], (2.19)
P (log\(f ,Gnv)|—ni1 < t)
T = 71+ o(1)]. (2.20)

More generally, for any ¢ € %, with v > 0 sufficiently small, we have, as
n — oo, uniformly in x = Rv € P(V) and f € V* with ||v| = ||f|| = 1, and
t € [0,0(v/n)],

E (p(Gn-l')]l o nV)|—nA1=>/not 2
[ {llg_lh(;((?t))I Aizy/n }} — ovast )[V((p)+0(1)}, (2.21)

=

E {‘P(Gn'x)ﬂ{log|<f,Gnv)\—n)\1<—\/ﬁat}}
(1)
Note that the rate o(1) in (2.19), (2.20), (2.21) and (2.22) depends on the
rate o(y/n) in t € [0, 0(y/n)].

=e IC( )[y(cp) +o(1)]. (2.22)
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Theorem 2.8 clearly implies the following moderate deviation principle
for the couple (G,-x,log|{f, Gpv)|) with a target function ¢ on the Markov
chain (G, -z): under Al and A2, for any sequence of positive numbers
(bn)n>1 satisfying %” — 0 and % — 00, any Borel set B C R and real-
valued function ¢ € %, satisfying v(p) > 0, we have that uniformly in
r=RveP(V),veVand f € V*with ||v|| = || f]| =1,

2

. t R )
— jof 5~ < liminf 2 logE[w(Gn-x)ﬂ{ log (/.G =n2y 63}}

n t?
< i = . < _inf ——
< lim sup 0 logE[sD(Gn z)1 (o8 141Gy GB}} < tlélg 552"
where B° and B are respectively the interior and the closure of B. This
moderate deviation principle is new even for ¢ = 1.

2.6. Local limit theorem with moderate deviations. In this subsec-
tion we state the local limit theorem with moderate deviations and target
functions for the coefficients (f, G,v).

Theorem 2.9. Assume A1 and A2. Then, for any real numbers —oo <
a1 < az < 0o, we have, uniformly inv € V and f € V* with ||v|]| = ||f|| =1,

and [t| = o(y/n),

- 2 .3
P(log|<f, Gnv)| —nA1 € [ar, az] + \/ﬁat) e B W B L

V1 + (1))
(2.23)

oV 2m™n

More generally, for any ¢ € %, with v > 0 sufficiently small, and any
directly Riemann integrable function v with compact support on R, we have,
as n — oo, uniformly in x = Rv, v € V and f € V* with ||v|]| = ||f| = 1,

and |t] = o(/n),
E{(p(Gn-x)z/J(log I(f, Grv)| — nA — \/ﬁat)}

e 2 Vvn>'Vn
e [V(¢) / W(u)du + 0(1)} . (2.24)
oV2mn R
The asymptotic (2.23) improves the recent results obtained in [25] and
[18]: the result in [25] corresponds to the case when ¢ = 0, and that in [18]
to the case when ¢t = o(1).

3. PROOFS OF THE LAWS OF LARGE NUMBERS

The following strong law of large numbers for the norm cocycle (G, x)
is due to Furstenberg [19]. Recall that I',, is irreducible if no proper subspace
of V' is I ,-invariant.
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Lemma 3.1 ([19]). Assume [qy,)log N(g)u(dg) < oo and that I'y, is irre-
ducible. Then, uniformly in x € ]P’(V),

lim 70(6’”, z)

= )\1 a.s.,
n—o00 n

where A1 € R is the first Lyapunov exponent of L.

In the next lemma, we state two laws of large numbers for ||G,| and
| A2 Gp|l. The first law is due to Furstenberg-Kesten [20], which can be
proved by Kingman’s subadditive ergodic theorem [39]; the second one is also
an easy consequence of Kingman'’s ergodic theorem [39] using the definition
of Ay given in (2.6).

Lemma 3.2 ([20, 39]). Assume [q1, logN( Ju(dg) < oo. Then,
.1 .
Jim - log |G|l = A1 and Jim ﬁ log | A* Gl = A1+ A2 a.s.

Denote by K the group of isometries of (V, ||-||) and by AT the semigroup
AT = {diag(ai,...,aq) : a1 = ... = aqg > 0}, where diag(ai,...,aq) is a
diagonal endomorphism under the basis e1,...,eq of V. The well known
Cartan decomposition states that GL(V) = KATK. For every g € GL(V),
we choose a decomposition (which is not necessarily unique)

9 = kgagly,
where kg, 1, € K and a, € AT, Recall that (e})1<;<q is the dual basis in V*.
Set
M _ mo_ *
zry =Rkger and  y," = Rigey.

Let ¢g* denote the adjoint automorphism of g € GL(V'). Following [5, 6],
M ¢ P(V) and yg' € P(V*) are called respectively the density point of g
and g*.
The next result is taken from [5, Lemma 4.7].

Lemma 3.3 ([5]). For any g € GL(V), = Rv andy = Rf withv € V\{0}
and f € V*\ {0}, we have

llgvll IA%g]l
(1) 0(z,yp") < ”g“;” <o(z,yg) + ||g||292 “7
* A g
(2) o(zg",y) < 1 fyizp < O g g y)+ g
(3) d(g-z, i) (w, yy) < W5l

Using Lemmas 3.1-3.3, we get the following:

Proposition 3.4. Assume that [y, log N(g)u(dg) < co. Assume also
that Ay > X2 and that T, is irreducible. Then, for any e > 0, we have that
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uniformly in x € P(V) and y € P(V*),

JLHC}OIP (d(G X xG )= e AQ_E)") =0, (3.1)
Jlim P (3(x,.y) < ™) =0, (3:2)
Tim P (8(Gpew,y) < e ™) =0, (3.3)

Proof. We first prove (3.1). For every g € GL(V'), using the Cartan decom-
position g = kgayl, and the fact that kg is an isometry of (V|| - ||), we get
that for any z = Rv € P(V),

sgoa oty - Lo A Eeerl _ Lgaglyo nEgerl _ Jaglo A
77 lgvllllkgen lgvll lgol
Since a4 = diag(az,...,aq), we have |laglyv A er|| < ag||v|. This, together
with the fact that ay = H”gﬁ”, implies that d(g-x,xg/[) < H”/;ﬁ"yl}ﬁ”. Hence,
for any t = Rv € P(V) and n > 1,
[ A2 Gallllv]
d(Gr2, 1) < (3.4)
Gl Groll”
By Lemmas 3.1 and 3.2, we get that for any € > 0, uniformly in v € V'\ {0},
. A2 Gallllv]l
lim P l —_— ()\2—>\1) e :0,
=00 < & GGl

which implies that uniformly in v € V'\ {0},

: A% Galllloll o -2 )
lim P > e~ Wimhamen ) —
n—o0 (HG Gnoll =

Hence, using (3.4), we obtain (3.1).
We next prove (3.2). By Lemma 3.3 (2), we have that for any ¢’ > 0 and
any y = Rf with f € V*\ {0},

» Gifl IAG
P(6(zY y) <e " <IP’<‘ n — <e M|, 3.5
(9at,-) ) <PlGETm e (8:5)

Applying Lemma 3.2 and Lemma 3.1 to the measure p* (u* is the image of
the measure p by the map g — g*, where g* is the adjoint automorphism of
g € GL(V)), we get that for any ¢ > 0,

: H N Gn H —Xo—e)n | _
nh_)rg@IP’( G2 >e” =0, (3.6)
and that for any y = Rf with f € V*\ {0},
, G/l - )
lim P ( <e ) =0. (3.7
N T )
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From (3.6) we derive that as n — oo,

IGafl IA2Gal )
IP) n _ ge en
(HG;:HIIfII Gl
IGEFl UA2Gall o | A2 Gl N
<]P) 3 o < ETL’ 2— E) 1
(IIGZIIHfH G S¢ " TaE < o)

IGLI e/ —(M—Aa—
<P<n<65n+e(1 26)n>+0(1)
G

= o(1),
where in the last line we used (3.7). This, together with (3.5), gives (3.2).
We finally prove (3.3). Since, for any a € P(V) and y € P(V*) it holds

that §(a,y) = d(a, z), where z = y is the element in P(V') orthogonal to y.
By triangular inequality, we have, for all a,b € P(V) and y € P(V*),

d(a,y) = d(a,z) < d(a,b) +d(b, z) = d(a,b) + (b, y).
It follows that
8(Gn-w,y) = 6(xgt,,y) — d(Gn-m, 2fy).
Therefore, using (3.1), we get that, as n — oo,
P (5(Gn-m,y) < 6_5,”>
<P (6, y) — d(Guez, 2l ) <em=)
<P ( (J:G Y) — d(Gn-az,x]g[n) < e_sln,d(Gn':c,x]\G/[n) < 6_()‘1_>‘2_5)”) +o0(1)
<P (3(ad,y) < e emMmRmam) 4 o(1)
= o(1),
where in the last line we used (3.2). This ends the proof of (3.3). O
The following result is a direct consequence of [5, Lemma 4.8].

Lemma 3.5. Assume that [q, log N(g)u(dg) < oo and that condition
A2 holds. Then, for any e > 0, there exist constants ai > 0 with > 72, ap <
00, such that for alln >k >1, x €e P(V) and y € P(V*),

P (5(9, Gpw) < 6_5’“) < ag.
Proof. Denote G, 1, = gn . - - gn—k+1 for n > k. Notice that
P ((5(y, Gr-x) < efsk)

= P (5(% GrkIn—k---91°T) < 675]6) p(dgn—k) - - - u(dg).
GL(V)n—*
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By [5, Lemma 4.8], for any ¢ > 0, there exist constants a; > 0 with
Yor g ak < oo, such that foralln >k > 1, z € P(V) and y € P(V*),

P (5(3/, Gn-x) < efsk) < ag.
The desired result follows. O

Proof of Theorem 2.1. We first prove the assertion (2.7). Note that for any
r=RveP(V)and y=Rf € P(V*) with ||v|| = || f]| = 1,

log |(f, Gpv)| = 0(Gp,x) +logd(y, Gp-x). (3.8)

Using Lemma 3.1 and (3.3), we get that, as n — oo, < log|(f, Gyv)| con-
verges to A1 in probability, uniformly in v € V and f € V* with ||[v]| = || f]| =
1. This, together with the fact that the sequence { log |{f, Gyv)|}p>1 is uni-
formly integrable, proves (2.7).

Now we prove the almost sure convergence based on Lemmas 3.1 and 3.5.

By Lemma 3.5 and Borel-Cantelli’s lemma, we get that for any € > 0,
|
llnrgg‘}f - logd(y,Gpn-z) > —¢ a.s.

Together with Lemma 3.1 and the fact that §(y, Gy -z) < 1, this yields that
limy, o0 = log [{f, Gpv)| = A1, a.s. O

In the proof of Theorem 2.2, we will use the central limit theorem for the
norm cocycle (G, z). Under the exponential moment condition A1, this
result is due to Le Page [40]. Recently, using the martingale approximation
approach and the log-regularity of the invariant measure v, Benoist and
Quint [5] relaxed condition A1 to the optimal second moment condition.

Lemma 3.6 ([5]). Assume that [y ) log? N(g) pu(dg) < oo and that con-
dition A2 holds. Then, for any t € R, it holds that uniformly in x € P(V),

. o(Gp,x) —nA
1 Pl —————— <t | = ®(¢).
i ( o/ ) (*)

Now we prove Theorem 2.2 using Lemmas 3.5 and 3.6.

Proof of Theorem 2.2. By Lemma 3.6 and Slutsky’s theorem, it suffices to
prove that ﬁlog 0(y,Gyp - ) converges to 0 in probability, as n — oo.

Namely, we need to show that, for any ¢ > 0, uniformly in x € P(V) and

y € P(V7),
. IOgé(% an) > _
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To prove this, taking ¥ = |[\/n| in Lemma 3.5, we get that uniformly in
x € P(V)and y € P(V*),

log 0(y, Gn )
P

where a|, /| converges to 0 as n — 00, since e a < 0. U

_5> =P (6(y,Gn-x) < 6750‘/?1) < |y

4. PROOF OF THE EDGEWORTH EXPANSION

4.1. Spectral gap properties and a change of measure. For any z €
C with |Rz| small enough, we define the complex transfer operator P, as
follows: for any bounded measurable function ¢ on P(V),

Ppla)= [ T0g(gauldy), € PV). (D)
GL(V)

Throughout this paper let By, (0) := {z € C : |z| < so} be the open disc
with center 0 and radius sg > 0 in the complex plane C. The following result
shows that the operator P, has spectral gap properties when z € B,)(0); we
refer to [40, 34, 31, 6, 45] for the proof based on the perturbation theory of
linear operators. Recall that %”7 is the topological dual space of the Banach
space ., and that £ (%4, #,) is the set of all bounded linear operators
from %, to 4, equipped with the operator norm |-|| Boy— By

Lemma 4.1 ([6, 45]). Assume A1 and A2. Then, there exists a constant
so > 0 such that for any z € Bg,(0) and n > 1,

P! =r"(z)v;®@r,+ L7, (4.2)

z

where
2= k(2)€C, zmr1.€%B), 2z v.€R, 2z L. L (BB,

are analytic mappings which satisfy, for any z € Bg,(0),
(a) the operator M, := v, ® r, is a rank one projection on H., i.e.
M. = va()r- for any ¢ € By
(b) M,L, = LM, = 0, P,r, = k(z)r, with v(r,) = 1, and v,P,
K(2)vy;
(c) k(0) =1, ro =1, vy = v with v defined by (2.5), and k(z) and r,
are strictly positive for real-valued z € (—sg, So).

Using Lemma 4.1, a change of measure can be performed below. Specifi-
cally, for any s € (—so, sg) with sg > 0 sufficiently small, any x € P(V') and
g € GL(V), denote
e*7(97) r (g-x)

rM(s) rs(x)

4 (z,9) = , n=1
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Since the eigenvalue x(s) and the eigenfunction r, are strictly positive for
s € (=50, S0), using Psrs = K(s)rs we get that

sn(dgt, ... dgn) = q,(z,Gn)p(dgr) - .. pdgn), n 21,

are probability measures and form a projective system on GL(V)N. By
the Kolmogorov extension theorem, there is a unique probability measure
Q% on GL(V)Y with marginals Q5. We write Egz for the corresponding
expectation and the change of measure formula holds: for any s € (—sg, so),
x € P(V), n > 1 and bounded measurable function ~ on (P(V) x R)",

1
WE [rs(Gn.x)esa(Gn,x)h(Gl x,0(G1,x),...,Gp-z,0(Gy, x))}
= Eqr [h<G1‘x,U(G1,az),..., Gp-x, U(Gn7;p)>:|' (4.3)

Under the changed measure Q¥, the process (G, -%)n>0 is a Markov chain
with the transition operator Qs given as follows: for any ¢ € € (P(V)),
Ps(ers)(z), xeP(V).

Q™) = @

Under A1 and A2, it was shown in [45] that the Markov operator Q)5 has a
unique invariant probability measure 7wy given by

ro() = ) gy 0 € €V, (4.4)

vs(rs)

By [45, Proposition 3.13], the following strong law of large numbers for the
norm cocycle under the changed measure Q7 holds: under A1l and A2, for
any s € (—sg,80) and =z € P(V),

lim 70((;”’ 7)
n—00 n

=A(s), Qlas.

where A(s) = logk(s). For any s € (—sg,s0) and v € R, we define the
perturbed operator Ry ;, as follows: for p € €(P(V)),

Ryiup(a) = Bge |00 N Do) 2 eP(V).  (45)
It follows from the cocycle property of o(-,-) that for any n > 1,
Rl (@) = Bgy [0 (Cnn)nM @Gy 0)| 2 e P(V),
The next result gives spectral gap properties of the perturbed operator R, ;.

Lemma 4.2 ([45]). Assume A1 and A2. Then, there exist constants sg > 0
and 6 > 0 such that for any s € (—sg, s0) and u € (=6,0),

g,iu = A?,iun&iu + giuv (46)
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where

Nsiu = eA(eriu)fA(s)fiuA’(s), (47)

and for fized s € (—so, o), the mappings u +— Il 4, : (=9,0) = L (A, B,),
u = Ny : (=0,0) = L(By, By) and u ' Ag iy = (—6,0) = R are analytic.
In addition, for fized s and u, the operator Il ;, is a rank-one projection
with I, 0(p)(x) = ms(p) for any ¢ € B, and x € P(V), and Il 4Ny =
Ns,iuHs,iu =0.

Moreover, for any k € N, there exist constants ¢ > 0 and 0 < a < 1 such
that

dk:
<c¢, sup sup H—N"
X 6 ktVs,iu
By By |s|<s0 u]<6 !l du

n
< ca”.

By — By

dk
sup sup HWH?ML
|s|<so |u|<s " OU

(4.8)

We end this subsection by giving the non-arithmetic property of the per-
turbed operator R ;.

Lemma 4.3 ([45]). Assume A1 and A2. Then, for any compact set K C
R\{0}, there exist constants sg,c,Cx > 0 such that for any n > 1 and
o € B,

sup  sup sup |RY;,0(2)| < ce” "k
s€(—s0,50) UEK z€P(V)

4.2. Exponential Holder regularity of the invariant measure 7. We
need the following exponential regularity of the invariant measure 74 from

[25].

Lemma 4.4 ([25]). Assume A1 and A2. Then there exist constants so > 0
and n > 0 such that

1
sup sup / ms(dx) < +o00. 4.9
s€(—s0,50) yeP(V*) JB(V) 0(y, )" (dz) (4.9)

We also need the following property:

Lemma 4.5 ([25]). Assume A1 and A2. Then, for any € > 0, there exist
constants sy > 0 and ¢,C > 0 such that for all s € (—sg,80), n =k > 1,
x € P(V) and y € P(V*),

Q2 (logd(y, Gu-x) < —ck) < Ce™*. (4.10)

Note that (4.10) is stronger than the exponential Holder regularity of the
invariant measure g stated in Lemma 4.4.
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4.3. Proof of Theorem 2.3. We shall prove a more general version of
Theorem 2.3 under the changed measure Q¥. For any s € (—sgp,s0) and
p € #., define

bs(z) == Jim Eqq [(0(Gn,z) = nN'(8)p(Gp-2)], zeP(V) (4.11)
and

duol®) = | o, P 080 D) (de), Y BV (412)

These functions are well-defined as shown in Lemmas 4.7 and 4.8 below. In
particular, we have by, = b, and do, = d,,, where b, and d,, are defined in
(2.9) and (2.10), respectively.

Our goal of this subsection is to establish the following first-order Edge-
worth expansion for the coefficients (f, G,v) under the changed measure Q7.
Note that o5 = /A”(s), which is strictly positive under A1 and A2.

Theorem 4.6. Assume A1 and A2. Then, for any € > 0, there exist
constants v > 0 and so > 0 such that uniformly in s € (—so,s0), t € R,
z=RveP(V), y=Rf PV with ||v| = ||f|| =1, and ¢ € A, as
n — oo,

Eq: [@(Gn‘ﬂﬁ)ﬂ{ log |(f.Gr) | =nA/ () gt}}

gsv/n
= () [0 + g b1 - ()] - el L)y
+me)o( =) + IO (=)

Theorem 2.3 follows from Theorem 4.6 by taking s = 0.
We begin with some properties of the function b, (cf. (4.11)) proved
recently in [45].

Lemma 4.7 ([45]). Assume A1 and A2. Then, there exists so > 0 such
that for any s € (—so, o), the function b, is well-defined and

dll, .
bs,p(T) = dz’ z:Ogo(x), xz e P(V). (4.13)

Moreover, there exist constants v > 0 and ¢ > 0 such that bs, € %, and
[bs,plly < cllolly for any s € (=so, s0)-

In addition to Lemma 4.7, we prove the following result on the function
ds,, defined in (4.12).

Lemma 4.8. Assume A1 and A2. Then, there exists sy > 0 such that for
any s € (—s0,50), the function ds is well-defined. Moreover, there exist
constants v > 0 and ¢ > 0 such that ds, € % and ||ds |y < cll¢lloo for
any s € (—so, So0).
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Proof. Since a < e® for any a > 0, for any n € (0, 1) we have —nlogd(y, z) <
d(y,z)~", so that

[l 1
—d ms(dx).
elt) < n Jew) 6(y, )" oAdo)
Choosing 1 small enough, by Lemma 4.4, the latter integral is bounded
uniformly in y € P(V*) and s € (—so, S0), which proves that ds, is well
defined and that ||ds ¢ ||ec < cf|¢]/co-
Note that |log(1 4 a)| < c|a| for any |a| < . Then, using this, for any

2
y =Rf e P(V*), y" =Rf” € P(V*) and any v > 0, we deduce that

log 6(y/, z) —log 6(y", )|
= 1 5 /7 —1 (5 I/, ]]. ! x)— "ox
logd(y/', ) — log 6(y", )| {|30n) o) | 1)

5(y" )
+ |log 0 /, lo (5 ]l ® "oz
logd(y', ) —log d(y", z)| {|pnsare| 1y
5, z) =0y, z)|”
2" (og 0/, )] + g 8 ) | L5200
oy, z) — d(y", 2) |

+¢ |log 8(y/, x) — log oy, x)|'

5y, x)

Taking into account the fact that —nlogd(y, x) < d(y,z)~", from the previ-
ous bound, we obtain

|[log d(y", ) —log d(y", z)]
S ¢y (5(24',?6)_"5( ") 0y )T [ w) = oy a)|
+ ey (50, 2)” %( )7 3y ) ) 8y ) — 6y o)
CTI’Y (5(3/7:6 )_ + 5(3/”’ x)—U—W) lé(ylva) - 5(3/”7'1')W
(6<y’,w> 1 +6< )46 a) ) [0 ) = 3y )
Since Hﬁ - IIfT;/HH < d(y',y") where d(y',y") is the angular distance on
P(V*), it follows that
U(f/) f// H f//
R Hf’H 11

By the definition of the function d; ,, using the above bounds, we obtain

‘dS,go(yl) - dsw(?/”)’
d(y',y")"

< C777'Y||90H00 A(V) (5(?/ J") 2n + 5( ) ot + 5(y//,$)77]77> Ws(div).

10y, 2) = d(y", )| = <d(y,y").
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By choosing n and + sufficiently small, the last integral is bounded uniformly

iny,y" € P(V*) and s € (—so, So) by Lemma 4.4. This proves that ds, €

B O
gl

In the proof of Theorem 2.4 we make use of the following Edgeworth
expansion for the couple (G, - z,0(G,, z)) with a target function on Gy, - z,
which slightly improves [45, Theorem 5.3] by giving more accurate reminder
terms. This improvement will be important for establishing Theorem 2.4.

Theorem 4.9. Assume A1 and A2. Then, there exists so > 0 such that,
as n — 0o, uniformly in s € (—=so0,50), v € P(V), t €R and ¢ € %,

Eqz [@(Gn ' $)]1{ o (Gn)—nA/(s) gt}}

2
= ) [00) + oz (1= (0] - 22 o)
+m)o(5=) +Ieh0(,):
Proof. For any z € P(V), define
F(t) = Egg [9(Gr-2)1 {Cunone <t}} bgf\(/? &(1), teR,

Al// (S)
6o3v/n

Since F(—o0) = H(—o0) =0 and F(c0) = H(o0), applying Proposition 4.1
of [45] we get that

H(t) = Eqz[p(Gr-2)] | 0(1) + (1-2)g(t)], teRr.

1
sup |[F(t) — H(t)| < =(I1 + Ir + I3 + 1), (4.14)
teR ™
where
1 c c
I =o(— H'(t I, <Ce ™™ , I3< — , Iy < — )
1=o( = )sw H' O, T < Ce el T < el i<l

Here the bounds for I, I3 and I4 are obtained in [45]. It is easy to see that

1
II =0 Ege (an) .
(77)Bar [e(Gn-a)]
This, together with the fact that
Eg: [0(Gne)| < malp) + Ce™ ]y

(cf. Lemma 4.2), proves the theorem. O
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In the following we shall construct a partition (sz) k>0 of the unity on
the projective space P(V'), which is similar to the partitions in [48, 25, 18].
In contrast to [48, 25|, there is no escape of mass in our partition, which
simplifies the proofs. Our partition becomes finer when n — oo, which
allows us to obtain precise expressions for remainder terms in the central
limit theorem and thereby to establish the Edgeworth expansion for the
coefficients.

Let U be the uniform distribution function on the interval [0,1]: U(t) =t
fort €[0,1], U(t) =0fort <0and U(t) =1 for t > 1. Let a,, = . Here

logn*
and below we assume that n > 18 so that a,e® < % For any integer k > 0,
define

Unplt) = U (

t— (k—1ay,
BZD0) () = Unil0) — U (), 1€ R

QA
It is easy to see that Uy, = Y .52,, hn i for any m > 0. Therefore, for any
t > 0 and m > 0, we have

m

i hn,k(t) =1, Z hn,k(t) + Un,erl(t) =1 (415)
k=0 k=0

Note that, for any k£ > 0,

By i(8) — h ()] 1
sup k() = Ini(® 1 (4.16)
5,t>0:87#£ |S B 75| tn

For any x = Rv € P(V) and y = Rf € P(V*), set
X (T) = hnp(—logd(y,x)) and X, () = Upk(—logd(y,z)), (4.17)

where we recall that —logd(y,x) > 0 for any = € P(V) and y € P(V*).
From (4.15) we have the following partition of the unity on P(V): for any
zeP(V),yeP(V*) and m > 0,

o0 m
Z X () =1, Z Xor k() + X1 () = 1. (4.18)
k=0 k=0
Denote by supp(x? ,.) the support of the function x¥ ,. It is easy to see that
for any £ > 0 and y € P(V¥),
—logd(y,z) € [an(k —1),a,(k+1)] for any 2 € supp(x}, ). (4.19)

Lemma 4.10. There exists a constant ¢ > 0 such that for any v € (0,1],
k>0 andy € P(V*), it holds x¥ , € P, and, moreover,

cevkan
I g lly < —T (4.20)

n
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Proof. Since || XZ,kHOO < 1, it is enough to give a bound for the modulus of
continuity:
U ) )
ks oz €P(V):a! #x! d(a’, ") ’
where d is the angular distance on P(V) defined by (2.1). Asume that
' =Rv' € P(V) and 2" = Rv” € P(V) are such that ||o/|| = ||v”|| = 1. We
note that

lo" ="l < V2d(a',2"). (4.21)

For short denote By, = ((k — 1)an, kay,]. Remark that the function h,,j is
increasing on By and decreasing on Byy1. Set for brevity ¢ = —logd(y, 2’)
and t" = —logd(y,z”). First we consider the case when ¢’ and t” are such
that t/,t” € By. Then, using (4.17) and (4.16), for any v € (0, 1], we have

I8 1. (@) = i (@) = TR go(t) = R o () i (8) = P i (87

t— " 1
< ra®) ~ a9 < EE = L logul togup, (122

n
where we set for brevity u' = d(y, ') and u” = §(y, 2"). Since v’ = e~ v’ =
e~ and t,t € By, we have v’ > e % and |u/ — | < e~ (b=Dan _ g—kan,
Therefore,

u — u —(k—l)an . e—kan

e—kan

Which, together w1th the inequality |log(1 + a)| < 2|a| for any |a| < 1

29
implies
!/ //‘

/ —
|logu' —logu”| = |log (1 + % — 1)‘ < Q‘Uu//u. (4.23)

Since u” > e7#en  using the fact that ||[v/|| = ||v"|| = 1 and (4.21), we get

han | £ (V1) = ()]
[l
ron
= ek“”W < V2ekund(a! 2. (4.24)
Therefore, from (4.22), (4.23) and (4.24), it follows that for v € (0, 1],
vkan
I la') = X ()] < 3= da! "), (4.25)

an

|u/_u//|

ul’ < ekan|6(y7x/) - 5(y7x,/)| =€

The case t',t” € By, is treated in the same way.

To conclude the proof we shall consider the case when ' = —log §(y, 2’) €
Bj_1 and t”" = —logd(y,z”) € Byg; the other cases can be handled in the
same way. We shall reduce this case to the previous ones. Let z* € P(V)
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be the point on the geodesic line [2/,2”] on P(V) such that d(z/,2") =
d(z',z*) + d(z*,2") and t* = —log d(y, 2*) = ka,,. Then

\Xi,k(x’) - X%k(w//)‘ < \xi,k(x’) - X%k(@“*)’ + ’X%7k(37//) - X%k(ﬂf*)‘
e'ykan e’ykan

d / *\ Y 3

a3

e'ykan
——d(a,2")7. (4.26)

an

<3

<6

evkan

From (4.25) and (4.26) we conclude that [XZ,k]’Y < 6%_5—, which shows
(4.20). O

We need the following bounds. Let M, = |Alog?n|, where A > 0 is a
constant and n is large enough. It is convenient to denote

Phr=exny for 0Sk<My—1, @), =oX - (4.27)

Lemma 4.11. Assume A1 and A2. Then there exist constants sg > 0 and
¢ > 0 such that for any s € (—so,80), y € P(V*) and any non-negative
bounded measurable function ¢ on P(V),

My,
>k + Dams(@h) < ~dny) + 20 )
k=0
and
M,
Sk~ Danma(el ) > ~dao0) — 2amle) - elE0e.
k=0

Proof. Recall that d,(y) is defined in (2.10). Using (4.18) we deduce that

My,
o) = =3 [ @) logbly, p)m(do)
k=0 7F(V)

M,

= Z(k - 1)0%71'5(90%,]@)
k=0
M

= Z(k + 1)(1%775(9031719) — 2a,7s(9),
k=0

which proves the first assertion of the lemma.
Using the Markov inequality and the exponential Holder regularity of the
invariant measure m; (Lemma 4.4), we get that there exists a small n > 0
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such that
- Yo (x)logd(y, x)me(dx
Ly Pt () om0y, 2 ()
e—nAlogn
<c / ———(y, x) "ms(dx
ol [, Sy d(0n2) )
= el [ gy, a) ) < el E,
P(V)

n2

where in the last inequality we choose A > 0 to be sufficiently large so that
nA = 2. Therefore,

My,
=3 [, P 080 0)m(d2)
=0

M,—1
< (k + 1)an7rs(80%7k) +c

elloo
n2

g =
4

N
M:

1

(k — Danma(? ) + 2anms(p) + 12

n2

B
§II
o

<) (k- 1)an7rs(goz7k) + 2a,7s(p) + ¢

B
Il
=)

This proves the second assertion of the lemma. ]

Proof of Theorem 4.6. Without loss of generality, we assume that the target
function ¢ is non-negative. With the notation in (4.27), we have

I(t) == Eqs |:<P<Gn'$)]1 wgmw—wgt}}

gsvn
My, M,
= Eq: [@Z,k(Gn {long Gnv)|=nd; <t}} =) Fui(t).  (4.28)
k=0 75V k=0

For 0 < k < M,, — 1, using (1.7) and the fact that —logd(y,z) < (k+ 1)a,
when x € supp (pfl &> We get

Foi(t) < Eqge [@%7k(Gn-x) {2Cn. :L‘\)/:n)\l <t+(k+1\}i" }} =: H,1(t). (4.29)
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For k = M,,, we have

Fo, (8) < Eqg [@Z,Mn(Gn'if)]l{logo(c:n,z)—ml <t (Mn+Dan }]

gsvn gsvn

Y
+ EQ§ |:<pn,Mn (Gn'x)]l{_10g6(y,Gn~x)2(Mn+l)an}:|
=: I1n M, (t) + Wh (t)a (430)

where, by Lemma 4.5, choosing A large enough,

Wa(t) < [[¢lloe Q5 (—1og d(y, Gn - ) = Alogn)

C Co
Slelloorz < el s (4.31)

Now we deal with H,, ;(t) for 0 < k < M,,. Denote for short t,, =t +
%. Applying the Edgeworth expansion (Theorem 4.9) we obtain that,
uniformly in s € (—sg,50), x € P(V),t € R, 0 < k < M, and ¢ € &, as

n — 00,

Ho(0) = 7l ) [000m0) + g (1= £,00(000)

b57 Z:Lk(x) 1 1

By the Taylor expansion we have, uniformly in s € (—sg,s), x € P(V),
teRand 0 <k < M,

(k4 1)a, n O(log2n>

Ptnk) = ®() + () =7 n

and

(1= )0(tnx) = (1= )00+ 0 (<2

Moreover, using Lemma 4.7,

by v () by v ( ]

Pk 5,90 & y ogn
——0(t = ————0( (@) .

e btng) = = P00 + ek O (5 )

Using these expansions and (4.29), (4.30) and (4.31), we get that there exists
a sequence (B )n>1 of positive numbers satisfying 3, — 0 as n — oo, such
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that for any 0 < k < M,

Far(®) < Tl )[04 55k (1= )60
bsawi,k (m) ¢( )

—Wéb(t) Us\f s(op 1) (k+ 1)an

I5; clogn
el T el (4.32)
By Lemma 4.10, it holds that for any v € (0,1] and 0 < k < M,
I8 11l < clllloon™ log” n+ 1ol (4.33)

Summing up over k in (4.32), using (4.33) and taking v > 0 to be sufficiently
small such that yA < £/2, we obtain

D=3 Fux < ml@) o) + 21 0
k=0 Govn
- osxf Z (Pra)lf+ e
+ (o) + ol (434)

Combining (4.34) and Lemma 4.11, together with the fact that a,, — 0 as
n — 00, yields the desired upper bound.

The lower bound is established in the same way. Instead of (4.32) we
use the following bound, which is obtained using (1. ) and the fact that
—logd(y,z) > (k — 1)ay, for z € supp ¢! xand 0 <k < My,

Fu(®) > Bz | 4(Grr)l oty imay |- (435)
gsv/n gsv/n

Proceeding in the same way as in the proof of the upper bound, using (4.35)
instead of (4.29) and (4.30), we get

uy N |
=3 B > ml)[0(0) + 603\/5(1 —)p(t)]
k=0
e kS~

+m(elo( =) + usanO(%)-

The lower bound is obtained using again Lemma 4.11. O
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5. PROOF OF THE SUBEXPONENTIAL REGULARITY AND APPLICATIONS

In this section we first establish Theorem 2.6 on the regularity of the in-
variant measure v under a sub-exponential moment condition. Then we shall
apply Theorem 2.6 to prove Theorem 2.5 on the Berry-Esseen type bound
for the coefficients (f, G,v), and Theorem 2.7 on the moderate deviation
principle for (f, Gy, v) also under a sub-exponential moment condition.

5.1. Proof of Theorem 2.6. The following moderate deviation principle
is proved in [14] under a subexponential moment condition.

Lemma 5.1 ([14]). Assume A2. Assume also that gy, log® N(g) u(dg) <
oo and

lim sup — 2 log [nu(log N(g) > bn)} = —00, (5.1)

n—oo

b"—>0and%—>

where (by)n>1 is a sequence of positive numbers satisfying
o0 as n — co. Then, for any Borel set B C R,

) 2 . 0(Gp,x) — nA;
e 27 <R @ og, nf, P (22— € )

G —n\ t2
hmsup 5 log sup P (U(n’x)nl € B) < —inf —
n—oo  Yp zeP(V) bn

where B° and B are respectively the interior and the closure of B.
The following result is an easy consequence of Lemma 5.1.

Lemma 5.2. Assume the conditions of Lemma 5.1. Then, there exist con-
stants ¢, > 0 and ng € N such that for any n > ng and v € V' \ {0},

6_6/% < <HGnUH > >\1n+bn) (5.2)

o]
e_c/% < ]P) <HG’NUH )\171 bn) _Ci (53)

o]

/05

e <P (G 2 M) < e (54)
B < P (HGnH < eAln*bn) < e ‘. (55)
Proof. Inequalities (5.2) and (5.3) are direct consequences of Lemma 5.1. By

(5.2) and the fact that ||G,| > > IGnvll the first inequality in (5.4) follows.

[[o]]
To show the second inequality in (5.4), since all matrix norms on V are
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equivalent, we get

P (Gl = emhtt) <P (max Gres|| = enxl+bn)

1<i<d

2
bn

d
<Y P (Gl = et ) < e

i=1
where the last inequality holds due to (5.2). This concludes the proof of
(5.4). Using (5.3), the proof of (5.5) can be carried out in the same way as
that of (5.4). O

The following purely algebraic result is due to Chevalley [11]; see also
Bougerol and Lacroix [7, page 125, Lemma 5.5].

Lemma 5.3 ([11, 7]). Let G be an irreducible subgroup of GL(V'). Then,
for any integer 1 < p < d, there exists a direct-sum decomposition of the
p-th exterior power: N\P(V) =V @ ... @V}, such that (\Pg)V; = Vj for any
g € Gand1l < j<k. Moreover, NP(G) := {APg : g € G} is irreducible on
each subspace Vj,j =1,--- k.

Using Lemma 5.3 and the strategies from [7, 46], we extend (5.4) and
(5.5) to the exterior product APG,,.

Lemma 5.4. Assume the conditions of Lemma 5.1. Let 1 < p < d be an
integer. Then there exist constants ¢,d > 0 and ng € N such that for any
nz= no,

/b% . b%

e <P (| A Gyl > " i M) L e (5.6)
/b% . b%

e P (| AP G| < e &N ) et (5.7)

Proof. We first prove (5.6). Since the Lyapunov exponents (\p)i<p<a of 1
are given by A1 > Ay = ... = Ay, the two largest Lyapunov exponents of
NPG,, satisfy S0 A\ > 3P0\ (see [7]), where we use the convention that
Ai+1 = Ag. Without loss of generality, we can assume that >7_; \; = 0;
otherwise we replace APG,, by e~ PBEREIPN: Gh.

Since the action of APG,, on APV is in general not irreducible, we need
to consider a decomposition of APV. Applying Lemma 5.3 to G = G,
(the smallest closed subgroup of GL(V') generated by the support of u),
we get the following direct-sum decomposition of the p-th exterior power
NV NPV =Vi @ Vo @ ... DV}, where V; are subspaces of APV such that
(APg)V; = Vj for any g € G, and 1 < j < k. Moreover, AP(G),) := {APg :
g € G} is irreducible on each subspace Vj. Since the set of all Lyapunov
exponents of APG, on the space APV coincides with the union of all the
Lyapunov exponents of (APG,,) restricted to each subspace Vj, 1 < j < k,
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we can choose Vi in such a way that the restrictions of APG,, to Vi and
Vi :=Va@® ...V, denoted respectively by G, and G/, satisfy:

| AP G| = max{|| G}, [, [|GR 1}, (5.8)
and a.s.,
1 ? 1 s,
nlgngoﬁlog 1G4 = ;A =0 and nlgngoﬁlog|]Gg|\ — Z;A <0. (5.9)

Here, G), and G!! are products of i.i.d. random variables of the form G/, =
gn gy and Gl = g - - - g{. We denote by uy the law of the random variable
g1, by dy the dimension of the vector space V1, and by I, the smallest closed
subsemigroup of GL(V}) generated by the support of p1. Then, following the
analogous argument used in the proof of the central limit theorem for |G, ||
(see [7, Theorem V.5.4]), one can verify that the semigroup I',,, is strongly
irreducible and proximal on Vj. Therefore, we can apply the moderate
deviation bounds (5.4) and (5.5) (with G, replaced by GJ,) to get

/07 by /7 by
e H<P(IG > ) e, e <P(lEn) <) <o
(5.10)
From (5.8) and (5.10), the lower bound of (5.6) easily follows:
b2
e <P ([ AP Gl = ). (5.11)

Now we prove the upper bound of (5.6). Since the first Lyapunov expo-
nent of the sequence (G),>1 is strictly less than 0 (see (5.9)), we have

1
7E 1 1
T (log |Gl ) < 0

for sufficiently large integer m > 1. If we write n = km + r with £ > 1 and
0 < r < m, then we have the identity

G = [Gr(Gl) G (Gl 1)) 1 (G (G Y G
and hence

log |Gyl < log |G (Gin) ™Ml + 108 |G (Gl 1ym) "l + - - 4 log |G-
(5.12)

For fixed integer m > 1, we denote u,, :== —E(log||G%,||) > 0. Then,
B(log |G| > 0) < P(log |G (GL) | = k")

+ P (108 G (Glyiy) M -+ Tog Gl + o > K721, (5.13)
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For the first term, using (5.8) and the inequality || A? g|| < ||g||P for any
gely, we get

_ Um, Um,
P(log |G (Gm) Il > k5" ) = B(log |G| > k5" )

<P(log]| 7 G| > ) = P(Zz;logn W gl > k)

T T
u U
<Y P(logl| W gl > k) < ;P(log\|gl| > kﬁ)

i=1 r
c by
< Ee_cf, (5.14)

where in the last inequality we use condition (5.1). The second term on the

right hand side of (5.13) is dominated by e~/* by using the moderate
deviation bounds for sums of i.i.d. real-valued random variables. This,
together with (5.14), (5.13) and the fact that k > n/(m + 1), yields that

b
P(log||Gp|| > 0) < e “n. (5.15)
From (5.8), (5.10) and (5.15), we derive that
2

P12 Gul > ) <P (1G> ) + P(IG1] > ) < 27

Combining this with (5.11), we get (5.6).
The proof of (5.7) can be carried out in a similar way. O

Our next result is an analog of Proposition 3.4 under a subexponential
moment assumption.

Proposition 5.5. Assume the conditions of Lemma 5.1. Then, there exist
constants ¢ > 0 and ng € N such that for any n > ng, x € P(V) and
y e P(V7),

b

P (d(Gyez,wll) > emCimdantbe) < oot (5.16)
2
P (5(x]\G/[n, y) < e_b") < e_c%, (5.17)
2
P (5(G’n-x,y) < e_b”) < s (5.18)

Proof. We first prove (5.16). By (3.4), we have

2
M —(A1=A2)n+bn | A* Gall[lv]l —(—A)ntbn | _.
HUCESAET R ( GalllGool =€) T
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Using (5.3) gives

A2 Gllllv Go . -
In < P (MM e —A2)n+bn , HHZH” > e)\lﬂ—g) + p—C
n

< IP || /\2 Gﬂ” > e)\2n+2bn +e” C%.
h Gl ~

In the same way, from (5.5) and (5.6) it follows that

2

A2 G 03
I, <P (” e H”” > NSt |G || > emébn> + 2w
n

b
<P A2 Gyl| = eMrirantsin 4 ge-est
b2

< 3e (5.19)

which concludes the proof of (5.16).
We next prove (5.17). By Lemma 3.3 (2), we have that for any y = Rf
with f € V*\ {0},

. Girl IAG
P (6(z y) <ebn gP(” — Le ) = J,. (5.20
(3, ) <) <P G ~ Tap (5.20)

Following the proof of (5.19), one has

| A% Gl )\)+b> _ctn
P > e ( 2O | L em %,
(HG 12

Using this together with (5.3) and (5.4) applied to the measure p* (p* is
the image of the measure u by the map g — ¢*, where ¢g* is the adjoint
automorphism of g € GL(V') acting on the dual space V*), we get

IGhfl A Gall o IAGall 0y —asyntd _cn
Jn <P — Leln f T < emMmAndbn )y ooy
<\|G*||||f|! |Gnl? |Gnl?
Gl b ) _cha
<P ¢t o
<IIG*|||fH cr)Te
G* bn ﬁ
<P <”G*f” < 2&1"—) et
[l
b2
< 3e

which ends the proof of (5.17).
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We finally prove (5.18). Since
0(Groz,y) 2 8(ag,,y) — d(Guoz,23y,),
using (5.16), (5.17) and the fact that A\; > A2, we get
P (5(Gn-az,y) < efb")

<P (3(z,y) — d(Gpow,ad) < ™)

2
by

<P (5(1‘1\@4”, y) — d(Gn-:U,:rgn) <e i, d(Gn-m,xé‘fn) < e_(’\l_’\Q)”er") +e

2
b

<P (5(1‘&, y) <e '+ e—<A1—A2)n+bn> -

which concludes the proof of (5.18). O
As a consequence of Proposition 5.5, we get the following:

Proposition 5.6. Assume the conditions of Lemma 5.1. Then there exist
constants ¢ > 0 and ko € N such that for alln > k > ko, x € P(V) and
y € P(V¥),

2
b

P (5(Gn-x,y) < e_b’“> <e “%. (5.21)

Moreover, there exist constants ¢ > 0 and ng > 0 such that for any n = ng
and y € P(V*),

2
b

v (x eP(V):d(x,y) < e_b”) <e . (5.22)

Proof. By using (5.18), the proof of (5.21) is similar to that of Lemma 3.5.
Inequality (5.22) is a consequence of (5.18) and the fact that v is the unique
invariant measure of the Markov chain (G, x)n>0. O

Proof of Theorem 2.6. As a particular case of (5.21), by taking b, = k” with

B € (3,1), we get that if A2 holds and p(log N(g) > u) < exp{—uLﬁla(u)}
for any u > 0 and for some function a(u) > 0 satisfying a(u) — oo as u — oo,
then there exist constants ¢ > 0 and kg € N such that for all n > k > ko,
x€P(V)and y € P(V*),

P (5(Gn-x,y) < e_kﬁ> < exp {—ck%_l} .

Letting o = wT_l, this implies that if A2 holds and p(log N(g) > u) <

exp{—u®l,} for some o € (0,1) and any u > 0, then there exist constants
¢ > 0 and kg € N such that for all n > k > ko, x € P(V) and y € P(V*),

P (5(Gn-x7y) < e_k) < exp {—ck®}.
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This proves (2.14).
Now we prove (2.15). Taking k& = n in (2.14), we get that there exist
constants ¢g > 0 and ng > 0 such that for any n > ng and y € P(V*),

vz eP(V):d(z,y) <e ™) e @, (5.23)

Set By = {x € P(V): e ") < §(x,y) < e} for y € P(V*) and n > 1.
From (5.23) we deduce that for any 7 € (0, ¢p), uniformly in y € P(V*),

[ exp (nllog 8(a.y)|") v(d)
P(V)

<e™i + 3 /B exp (n|log d(z,y)|*) v(dz)
n,y

n=ng

o0
< e 4 Z e~lCommn® < oo, (5.24)

n=ng

since o > 0. This concludes the proof of (2.15).
Using (2.15) and the Markov inequality, one can easily get (2.16). O

5.2. Proof of Theorem 2.5. To prove Theorem 2.5, we shall use Theorem
2.6 and the following Berry-Esseen bound for the norm cocycle o(Gy,, ).

Lemma 5.7 ([15]). Assume A2 and that [qy, log? N(g) u(dg) < oo.
Then, there exists a constant ¢ > 0 such that for any n > 1, t € R and
zeP(V),

The same result has been obtained in [37] under the slightly stronger
moment condition [qy, log® N(g) u(dg) < oc.

Proof of Theorem 2.5. We first prove (2.13). The lower bound is a direct
consequence of Lemma 5.7 and the fact that log [(f, Gpv)| < log |Gpv|: there
exists a constant ¢ > 0 such that forany n > 1, t e R,ve Vand f e V*
with [lof| = |[f]] = 1,

_ p (L8]t Guv) = n e
I, = IP’( " < t) > d(t) N (5.25)

The upper bound follows from Proposition 5.6 together with Lemma 5.7.
Specifically, from the identity (3.8) and Theorem 2.6, we get that for x = Rv
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and y = Rf with [|v] = || f] =1,

_ o (log|(f,Gnv)| — nAy
In—]ID( o/
log |(f, Gpv)| — nAs
+p( o

log ||Grv|| — nA1 k ) ek
P <t+ —— “ars, 5.26
( oyv/n + ov/n e (526)

Taking k = L(%log n)éj, we get that there exists a constant ¢ > 0 such
that e~ %" < —~. By Theorem 4.9, we get

< t, 5(y7Gn : :I:) > e_k)

g t7 6(?/) Gn : I) < ek>

<

N
IP)(logHGan—n)\l <t4 k ><¢(t+ k >+C
ov/n o\/n ov/n n
1
clogan
<® 2
(0 + <5 (5.27)

The desired bound (2.13) follows by combining (5.25), (5.26) and (5.27). O

5.3. Proof of Theorem 2.7. In this subsection we establish Theorem 2.7
using Theorem 2.6 and Lemma 5.1.

Proof of Theorem 2.7. By Lemma 4.4 of [36], it suffices to prove the follow-
ing moderate deviation asymptotics: for any ¢ > 0, uniformly in v € V' and
fe Ve with [lo| = [If]] = 1,

m log |(f, Gnv)| —nA1 _ [\ __ #°
..n log |{f, Gpv)| — nA\1 12

We first prove (5.28). The upper bound is an easy consequence of Lemma
5.1. Since there exists a constant o € (0,1) such that p(log N(g) > u) <
cexp{—u®} for any u > 0, clearly [q, log? N(g) u(dg) < oo. Moreover,

by taking (by,),>1 such that % — oo and b, = o(nﬁ) as n — 0o, we get

. n . n
lim sup 7l log [n,u,(log N(g) > bn)} = lim sup 0 log [u(log N(g) > bn)}

n—00 n—oo O

< lim sup (—b£a> = —00. (5.30)

n—00 n
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Therefore, from Lemma 5.1 it follows that for any ¢ > 0,

tQ (Gn,fﬁ) B n)‘l
g < s ot P (TR = > )

Gn,x) — nA t2
< limsupﬁ2 log sup P (U(mx)nl > t> <—55-  (5.31)
n—o00 n xG]P’(V) bn 20

Hereafter, (b,)n>1 is any sequence of positive numbers satisfying % — 00

and b, = o(nﬁ) as n — oo. By (5.31) and the fact that log|(f, Gpv)| <
0(Gp,z) for © = Rv € P(V) with ||v|| = || f]] = 1, we get the desired upper
bound: for any ¢ > 0, uniformly in v € V and f € V* with |jv|| = [|f]| =1,

_ 2
<log\<f, Gnvu)| —nA\ > t) <_ t
by, 202"

lim sup — 0 log P

n—oo

(5.32)

The lower bound can be deduced from Lemma 5.1 together with Theorem
2.6. Specifically, by (2.14), there exist constants ¢; > 0 and kg € N such
that for any n > k > ko, any v € V and f € V* with ||v| = || f| =1,

1, =p (el va>| )

lOg | f7 n)\l

> P

> t, log§(Gyprm,y) > —k>

'%

>t, logd(Gp-x,y) > k)

> P

(
(o Gn,x
(e

z SLCAN t) ekt (5.33)

where b, = b, + & and ¢ > 0. We take

AL (534

where co > 0 is a constant whose value will be chosen large enough. Since

% — 00 and %" — 0 as n — oo, from b}, = b, + % and (5.34), we get that

as n — 0o,

o

b, k by 1-a

/ /
2 00 and =14 — < —+ nm—>0.
vn n n tn n

From (5.31) it follows that for any ¢ > 0 and € > 0, there exists ng € N such
that for any n > ng and z € P(V),

_ (b/)2
P(W>t>>e n(2+)
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Substituting this into (5.33), we obtain

2 2
I, > 6_(1)&) (2%4-5) {1 _ 6—0116"‘-5-(}’4;) (2‘0—22-1-5)}

/)2
Choosing ¢y > 0 in (5.34) to be sufficiently large, one gets (b;;) (% +e) <
c1k®, so that there exists a constant ¢z > 0 such that

)2 (42
I,>2e n (272“) (1 - 6’03’“@).

Since k = L(@%)éj S ooand 1< & = 1+bi <l+cha
it follows that

liminf%logfn > liminfﬁ[— (b;L)2( r +€)} = —(i +8>.

n—00 n—oo % n 20’2 20’2

Letting € — 0, the desired lower bound follows: for any ¢ > 0, uniformly in
veVand feV*with ||v]| = | f|l =1,

R} log |(f, Gnv)| — nA1 £
This, together with the upper bound (5.32), concludes the proof of (5.28).
The proof of (5.29) can be carried out in the same way. O

6. PROOF OF CRAMER TYPE MODERATE DEVIATION EXPANSION

6.1. Smoothing inequality. For any integrable function h : R — C, de-
note its Fourier transform by h(u) = Jge “h(w)dw, v € R. If h is
integrable on R, then by the Fourier inversion formula we have h(w) =
> Jr ¢ h(u)du, for almost all w € R with respect to the Lebesgue mea-
sure on R.

Now we fix a non-negative density function p on R with compact support
[—1, 1], whose Fourier transform p is integrable on R. For any 0 < ¢ < 1,
define the scaled density function p.(w) = 1p(%), w € R, which has a
compact support on [—e~ 1, e 1.

For any € > 0 and non-negative integrable function ¢ on R, set

P (w)= sup ww') and I (w)= inf P'), weR. (6.1)

|lw—w’|<e |lw—w'|<e
We need the following smoothing inequality shown in [23]. Denote by h *ho
the convolution of functions hy and hs on the real line.

Lemma 6.1 ([23]). Assume that ¢ is a non-negative integrable function on
R and that v and 1> are measurable for any e € (0,1). Then, there exists
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a positive constant Cy(e) with Cp(e) — 0 as e — 0, such that for any w € R,

e pe2(w) — e (w —u)pez(u)du < p(w) < (1+ Cp(e))Y * pez(w).

|u|>e
For sufficiently small constant sp > 0 and s € (0, sg), let
Ys(w) = e =0, weR.

With the notation g (w) = inf,_y<- ¥s(w’) (cf. (6.1)), we have that for
any € € (0,1),

1/1;8(11)) = 673(“’*5)]1{11125}7 w € R. (6.2)

By elementary calculations, for any s € (0,s9) and € € (0,1), the Fourier
transform of ¢, is given by
672i5u

Vs e(u) = /Re_www;g(w)dw = e_QEsm, u € R. (6.3)
6.2. An asymptotic expansion of the perturbed operator. The goal
of this section is to establish the precise asymptotic behaviors of the per-
turbed operator R;. This asymptotic result will play an important role
for establishing the Cramér type moderate deviation expansion for the coef-
ficients (f, G,v) in Theorem 2.8. In the sequel, for any fixed ¢ > 1, we shall
choose s > 0 satisfying the following equation:

ot

v
For brevity we denote o5 = /A”(s). By [45], the function A is strictly
convex in a small neighborhood of O so that s > 0 uniformly in s € (0, sp).

A(s) — A(0) = (6.4)

Proposition 6.2. Assume conditions A1 and A2. Let s > 0 be such that
(6.4) holds. Then, for any € € (0,1) and any positive sequence (tp)n>1
satisfying t, — oo and t,//n — 0 as n — oo, we have, uniformly in

s€(0,s0), z € P(V), t € [tn,0(/n)], ¢ € By and |l| = O(ﬁ),

o/ [ €T RE () (@)D (pea(w)du ~ VI

<o+ D) gl + e (1A + —= ) liglls- (6.5)
(7=+2 7

Proof. Without loss of generality, we assume that the target function ¢ is
non-negative on P(V). By Lemma 4.2, we have the following decomposition:
with § > 0 small enough,

~

sou/in [ R (@) Wha(Wdu =+ o+ I, (66)
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where

Li=sow/n [ e ™RY(9) @)Dy (u)pes (u)du,

|u|=8
I, = sog\/n s e MMNTL () ()5 (u)pea (w)du,
u
I3 = sos\/n s e MmN T g () (2) 5 (1) Pz (w) .

For simplicity, we denote K,(iu) = log As i, and choose the branch where
K;(0) = 0. Using the formula (4.7), we have that for u € (=4, 9),

K(iu) = N (s +iu) — A'(s) — iud'(s).

Since the function A is analytic in a small neighborhood of 0, using Taylor’s
formula gives

AR (g
K,(iu) = Z A k'( )(w)k, where A(s) = log k(s) (6.7)
k=2
and
N(s) = N(0) = k; G T 1)!3’“1, where 7, = A®(0).  (6.8)

Combining (6.4) and (6.8), we get

\‘;% - ,;7(% 1’“1)!5’*?—1. (6.9)

Since 72 = 02 > 0, from (6.9) we deduce that for any ¢ > 1 and sufficiently
large n, the equation (6.4) has a unique solution given by

=mr s () et () e 6w
’YZ 72 6’}/2

For sufficiently large n > 1, the series on the right-hand side of (6.10) is
absolutely convergent according to the theorem on the inversion of analytic
functions. Besides, from (6.4) and ¢ = o(y/n) we see that s — 07 as n — oo,
so that we can assume s € (0, sg) for sufficiently small constant sg > 0.

Estimate of I;. By Lemma 4.3, for fixed § > 0, there exist constants
¢, C' > 0 such that

sup sup sup |RLup(@)] < Ce gl (6.11)
s€(0,s0) |u|=6 z€P(V)

From (6.3) and the fact that p.2 is a density function on R, we see that
1

sup |1, . (u)| < ¥;.(0) = =7, sup|p2(u)| < p2(0) =1.  (6.12)
u€eR S u€R
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Using (6.11) and the first inequality in (6.12), and taking into account that
the function p,2 is integrable on R, we obtain the desired bound for I;:

1L < Cem el (6.13)

Estimate of I,. Using the bound (4.8), we have that uniformly in s €
(0,50), u € (—0,9) and = € P(V),

[Nei(0)(@)] < [Ngiullz, -2, [0lly < Ce™ 0]l
This, together with (6.12), implies the desired bound for Is:
L] < Cellly- (6.14)
FEstimate of Is. For brevity, we denote for any s € (0, sg) and z € P(V),
Vo (u) = Moin(p) (@) (P2 (u), —0<u<d  (6.15)
Recalling that K,(iu) = log As iy, we decompose the term I3 into two parts:
I3 = Ig1 + I, (6.16)
where

€nKS (iu)—iulnqjs . (u)du,

I3 = 503\/71/

1
n~ 2 log n<|u|<é

I3p = sog/n e (w)_wz”\llm (u)du.

1
lu|<n™ 2 logn

Estimate of I31. By (4.8), there exists a constant ¢ > 0 such that for any
s € (0,50), u € [—0,0] and = € P(V),

s, (p) (2)] < ellplly- (6.17)
This, together with (6.12), yields that there exists a constant ¢ > 0 such
that for all s € (0, s¢), |u| < ¢, z € P(V) and ¢ € £,,
c
Ws.o(u)] < Zllelly- (6.18)

Using (6.7) and noting that A”(s) = 02 > 0, we find that there exists a
constant ¢ > 0 such that for all s € (0, so),

R(Ks(iu)) =R (;Z; KS(:W) < —éa?uQ < —cu?.

Combining this with (6.18), we derive that there exists a constant ¢ > 0
such that for all s € (0,59), z € P(V) and ¢ € %,,

o 2
Tl < evliely [ e <

C
— . 6.19
s Tllelh (6.19)
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FEstimate of Iso. By a change of variable u' = o4/nu, we get

oslogn w2 oo ng) - \k )
Iso :S/ e_QGXp{Z(O)(Zu) e—zul\/ﬁ/US\IIS’m< U )du

—oslogn P ok k! nk/2-1 s/

= I301 + I322 + I303,

where
oilogn 2 = K (0)(iu)* iul u
_ W2 A T(U)uw)™ | —iuly/n/os
s S/—Us logn © |f3Xp {kz:;; 0'§ kI nk/2—-1 lie \IISJ: (Us\/ﬁ> du
oslogn w2 . u
Ta99 = 3/ e T e Vo _ 1| g <> du
322 o logn [ } PN\ o/

S

oslogn U
1323 = S/ ez () du.
—oslogn > O—s\/ﬁ
Estimate of I301. By simple calculations, there exists a constant ¢ > 0
such that for all |u| < o5logn and s € (0, sp),

= KM(0) (iu)k
eXp{Zagk;!nk/?—l -1

k=3

Jul®

NG

This, together with (6.18) and the fact |e~*V"/?s| = 1, implies that

<c

c
I < — . 6.20
321 \/HHSOHV (6.20)
Estimate of Igp. Since |e= W% 1| < |uly/n/os| < c|l|y/n|u|, combin-
ing this with (6.18) gives

| I322| < clllv/nll¢lly- (6.21)

Estimate of I3a3. We shall establish the following bound for I303: there
exists a constant ¢ > 0 such that for all s € (0,s¢), z € P(V), t € [tn, 0o(/n)]
and ¢ € %,

c c
[Tazs = Vorm(9)] < esllelloo + =llelh + llelle: (622)
Now let us prove (6.22). For brevity, denote
u
Up = )
" og/n

In view of (6.15), we write

U, 2 (up) = hi(upn) + ho(un) + ha(un) + ha(uy),
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where
hi(un) = [ S,iUn (p)(x) — ms(ep )]i;s(un)@?(un)v
ha(un) = m ( ), ( )[ps2(un) P=2(0)]
ha(ttn) = 7o(p) e (ttn) = 2 (0)] 522 (0),

h‘4(un) - 7TS< )ws s( )pEQ( )
With the above notation, the term I303 can be decomposed into four parts:
I3z = J1 + Jo + J3 + Jy, (6.23)
where for j =1,2,3,4,
oslogn w2
Jj = s/ e 2 hj(up)du.
—oslogn

Estimate of J. By Lemma 4.2, we have |IL, ,, (@) (z)—s()] < ¢ Lol
uniformly in z € P(V), s € (0,50) and |u| < o5logn. Combining thls with
(6.12) gives |71 (un)| < e2%¢]l,, and hence

|J1] < (6.24)

%”SDHW‘
Estimate of Jo. It is easy to verify that |p.2(un) — p.2(0)| < %. This,

together with (6.12), leads to |ha(un)| < 5 |:%, and therefore,

(6.25)

Estimate of Js3. By the definition of the function w;a (see (6.3)), we have

Ve (un) — 5o(0) = e (6_ _ 1)

s+iu, S

— e—2ese—i5un ( 1‘ . 1) + 6—2551 (e—iaun o 1)
S+, S S

: 2
1) —1SUp — U

n

__—2es ( —1EUR
=e e —
s(s? 4+ u2)

; 2

—2¢s5 _1SUn — Uy —2531 —iEUn __

te s(s? +u?) e s\ !
n

=: Al(t) + Ag(t) + Ag(t).
Since p.2(0) = 1, it follows that J3 = J31 + J32 + J33, where

oslogn w2

Jg; = sws(gp)/ e 2 Aj(u)du, j=1,2,3.

—oslogn



LIMIT THEOREMS FOR PRODUCTS OF RANDOM MATRICES 45

To deal with J31, we first give a bound for A;(u). Using the basic inequality
le* — 1| < e®%)2], 2 € C, we get

sun| +u?

A < —2es
)] < 2| S

2 2
__—2es Up, _253|Un‘ Uy,

=€ 7, .2 € 2.2

§°+ug s s+ uy

u? N lu|  w

c——+c———

t2 + u2 t 2+ u?
_ w2 Ju?
SeE T

2

~X

Then, recalling that s = O(ﬁ) and |7s()| < ¢||¢]|co, We obtain that there
exists a constant ¢ > 0 such that for all n > 1, s € (0, s9) and ¢ € %,,

| Ja1] < (6.26)

=lel

NG Plloo-
For J3o, using again s = O(ﬁ) and the fact that the integral of an odd
function over a symmetric interval is identically zero, by elementary calcu-

lations we deduce that there exists a constant ¢ > 0 such that for all n > 1,
s € (0,s0) and ¢ € A,

u2

—2es s logn - n d < E 6 27
€ TrS((p) € S2+U2 Ul X tQHSOHOO ( . )
n

—oslogn

N5

| J32| =

For J33, using again the inequality |e* — 1| < €%*?|z|, z € C, we see that there
exists a constant ¢ > 0 such that for alln > 1, s € (0, s9) and ¢ € %,,

|J33] < (6.28)

el
e

Consequently, putting together the bounds (6.26), (6.27) and (6.28), we
obtain

C C
Ty < Jllplle + llplle (6.29)

Estimate of Jy. It follows from (6.3) and p.2(0) = 1 that

oslogn 2

Jy = Ws(go)e_%s/ e~ 2 du. (6.30)

—oslogn
Since there exists a constant ¢ > 0 such that for all s € (0, sg),

u2
\/27r>/ e 2du>Vor— —,

oslogn c
—oslogn n
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we get
—2es 1
Jy =V 2rms(p)e 1+ O(f) .
n

Note that s = O(-%) with y > 1. Tt follows that

n

ct
1= V2 ()] < el (6.31)
In view of (6.23), putting together the bounds (6.24), (6.25), (6.29) and
(6.31), and noting that ||¢|« < ||¢||y, we obtain the desired bound (6.22).
Combining (6.20), (6.21) and (6.22), we derive that there exists a constant
¢ > 0 such that for all s € (0,s0), x € P(V), t € [tn,o(v/n)], ¢ € A, and

1= 0().
1~ Varm () < (= + 3 ) Il + e (VA + 72 ) el (6:32)
Vot Vn
Putting together (6.13), (6.14), (6.19) and (6.32), we conclude the proof of
Proposition 6.2. O

For s € (—s0,0) where sg > 0 is sufficiently small, let
¢s(w) = e <0y, weER.

With the notation in (6.1), for € € (0,1), the function ¢ is given as follows:
To(w) =0 when w > &; ¢f_(w) = 1 when w € [—¢,¢]; ¢, (w) = e~*(w+e)

S,E S,E
when w < —e. By calculations, one can give the explicit expression for the

Fourier transform of ¢ _:

sin(eu)

’ 1
+ e —, ueR. (6.33)
u —s—iu

ba) = [ e ot w)dw =2

In the sequel, for any fixed ¢ > 1, we choose s < 0 satisfying the equation:

, , ot
AN (s) —A'(0) = NS (6.34)
Proposition 6.3. Assume conditions A1 and A2. Let ¢I€ be defined in
(6.33). Suppose that s < 0 satisfies the equation (6.34). Then, for any 0 <
e < 1 and any positive sequence (tp)n>1 satisfying lim, oo t, = 400 with
tn, = o(v/n), we have, uniformly in s € (—sp,0), x € P(V), t € [tn,o(y/n)],
0 € By andl € R with |I| = O(ﬁ),

\—sosﬁ ) [ R (o) ()8 (wea (w)du — Vorr ()
R b b

1 1
+55) el +e (v + =) el

<<;ﬁ Vi
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Proof. Since the proof of Proposition 6.3 can be carried out in an analogous
way as that of Proposition 6.2, we only sketch the main differences.

Without loss of generality, we assume that the target function ¢ is non-
negative. From Lemma 4.2, we have the following decomposition: with § > 0
small enough,

—sou/in [ R (@) (Wpaudu = T+ L+ T, (6.35)
where

I = _SO-S\/E e_itlnR?,iu(So) (x)qgj,a (t)ﬁEQ (u)duv

|u|>=8

I, = _SUS\/H <5 efiuln s,zu((p)(x>$s+,5(u)ﬁ€2(u)dua
u

= s [ L) @) )
u

Similarly to the proof of (6.9), from (6.34) one can verify that

ot _ ° Yk k—1
o k; e (6.36)

where 7, = A®(0). For any y > 1 and sufficiently large n, the equation
(6.36) has a unique solution given by

1 < t> 73( t)2 mw—3v§( t>3
6 — ) - B (=) S A2 T ) ... (637
AR V) 23\ Vi 675> vn (047

2

The series on the right-hand side of (6.37) is absolutely convergent, and we
can assume that s € (—sg,0) for sufficiently small constant n > 0.
Estimate of I. By Lemma 4.3, there exist constants ¢, C' > 0 such that

sup sup sup |R2p(x)| < el (6.39)
s€(—50,0) |u|=0 zeP(V)

From (6.33) and the fact that p.2 is a density function on R, we see that

. . 1 ~ R
sup |¢375(u)] < ¢::(0) = — +2¢, sup|p2(u)] < p2(0) = 1. (6.39)
u€R —S u€R

From (6.38) and the first inequality in (6.39), the desired bound for I
follows:

1| < Cem |l (6.40)
FEstimate of I>. Using the bound (4.8) and (6.39), one has
[Io] < Cem |l (6.41)
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FEstimate of Is. For brevity, we denote for any s € (—sp,0) and z € P(V),

U, o (u) == Hs7iu(go)(x)A;€(u)ﬁgz (u), —d<u<d. (6.42)
Recalling that K,(iu) = log As iy, we decompose the term I3 into two parts:
I3 = I31 + I3z, (6.43)

where

enKS (iu)—iuln‘ljs x(u)du,

I3 = *80'5\/5/

1
n~ 2 logn<|u|<é
I3o = —s04\/n i e"Ké‘(w)_’“l"\Ifs,x(u)du.
lul<n™ 2 logn

FEstimate of I31. Using (4.8) and (6.39), we get that there exists a constant
¢ > 0 such that for all s € (—=s0,0), |u| <d, z € P(V) and ¢ € %,,

C
Psw(uw)] < — llelly- (6.44)

Similarly to the proof of (6.19), it follows that there exists a constant ¢ > 0
such that for all s € (—s0,0), x € P(V) and ¢ € %,,

c
I31] < ev/n / ey < .
Il <evilels [, < 2=l

FEstimate of Iso. Making a change of variable v’ = uos\/n, we get

oslogn 2 oo (k) (0)(2u)k . ”
. _ut s —iuly/n/os
132 = —S/ e 2 exp{ E 70_!: k!nk/Q_l }6 / \11571« (JS\/ﬁ> du

(6.45)

—oslogn =3
oslogn 2 > (k) (O) (w)k ] u
—(_ _u? s _1 —zul\/ﬁ/asqjsx ( ) d
( S) [Uslogne : [eXp{kzg g?k!nk/Qil } 1 ¢ ’ O'S\/?l b
oslogn w2 . U
+ (—s / e |emtulVR/os _ 1|, () du
( ) —oslogn |: } ’ O'S\/ﬁ

oslogn w2 U
+ (—s / e 22U () du
( ) —oslogn o Us\/ﬁ
=: I321 + I322 + I323.

For I321 and I399, in a similar way as in the proof of (6.20) and (6.21), we
have

C
[T321] < ﬁHsOHw | I22| < cll|v/nllelly- (6.46)

For I353, we shall establish the following bound: there exists a constant ¢ > 0
such that for all s € (—s0,0), x € P(V), t € [t,,0(v/n)] and ¢ € A,

t c c
[Tozs = Vorms(0)| < e lelloo + Z=llolly + el (647
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For brevity, denote u,, = U“—\/ﬁ In view of (6.42), we write

Vs o (upn) = hi(un) + ha(un) + ha(up) + ha(uy),

where
i (n) = [Ty i, (0)(2) = ()] B (un) ez (1),
hi(ttn) = 7 (9)05 e () [P (n) = 522 (0)]
hi(un) = 7s(9) [ 612 (un) = 61.(0)] 522 0),

ha(un) = 75(2)$4(0)p-2 (0).
Then I303 can be decomposed into four parts:
Iso3 = J1 + Jo + J3 + Jy,
where for j =1,2,3,4,

oslogn w2
Jj = —s/ e 2 hj(uy)du.

—oslogn

49

(6.48)

FEstimates of J1 and Jz. Similarly to the proof of (6.24) and (6.25), one

can verify that

(6.49)

c
J < - = ) ‘] X ~ :
1< Sl 1l < S lelle < 2l
Estimate of J3. By the definition of the function qu,e (see (6.33)), we have
~ o _ sin euy, _ ) ( ietn 1 _ 1)
¢s,5 (Un) ¢s,5 (0) < U, e+ (e —s— Z’U,n —s
_Q(Sineun _8> +ei5“"—.1 +< L
Up, —s — ity —S — iUy,
=: A1(u) + Az(u) + Az(u).

Since p.2(0) = 1, it follows that J3 = J31 + J32 + J33, where

oslogn w2
J3; = —sws(gp)/ e 2 Aj(u)du, j=1,2,3.

—oslogn

For J31, since |A1(u)| < clul?/n and |7s(0)| < ¢¢]|oo, We have
C

—S
[ Fatl < =2 elloo < loo

For J3z, using the inequality |e* — 1| < e®#|z], z € C, we get

Aaa)] < — ek el

| — s —du,| = —s

(6.50)
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Hence,
c

LD

For Js3, note that Ag(u) = % and s = O(\;—%) Using the fact that

the integral of an odd function over a symmetric interval is identically zero,
by elementary calculations we derive that

oslogn
mle) [ e

—oslogn 52 + U%

|[J52] < —=[1@]loe- (6.51)

2

Un

|

|J33] = du

c
< Slple (652
Putting together (6.50), (6.51) and (6.52), we obtain
c c
J3 < —=||¢]loc + 5|¥llco- 6.53
< Tl + gl (6.5)

Estimate of Jy. Similarly to the proof of (6.31), one has
el
VR

In view of (6.48), combining (6.49), (6.53), and (6.54), we obtain the desired
bound (6.47) for I393. Putting together the bounds (6.40), (6.41), (6.45),
(6.46) and (6.47), we finish the proof of Proposition 6.3. O

‘J4 - \/%rs(go)] <e (6.54)

6.3. Proof of Theorem 2.8. The goal of this section is to establish The-
orem 2.8. To this aim we first prove the moderate deviation expansion in
the normal range y € [0, 0(n'/6)] for the couple (G, -z,log |({f, Gnv)|) with a
target function ¢ on G, -x.

Theorem 6.4. Assume A1 and A2. Then, as n — oo, uniformly in x =
Rv € P(V) and y = Rf € P(V*) with ||v|| = ||f|| = 1, t € [0,0(n'/)] and
Y € By,

E[o(Gn @) L1og |(£.Gro)|—nrasv/mot}]
o) =v(p) + [lellyo(1),

E [@(Gn 'x)]l{log [{f,Gnv)|—nX1 <—\/ﬁcrt}]
e — v(p) + lglho(D)

In order to establish Theorem 6.4, we need the exponential Holder regu-
larity of the invariant measure v (Lemma 4.5 with s = 0) and the following
moderate deviation expansion for the norm cocycle o(Gy, ) proved in [45].
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Lemma 6.5 ([45]). Assume A1 and A2. Then, we have, as n — oo,
uniformly in x € P(V'), t € [0,0(y/n)] and ¢ € A,

E {@(Gn'x)]l{ (G, x)—nA1>/n t}] 3 .0t t
o(Gn,x)—ni1>v/no (L) + 1>:|
— o vnslym v
E [@(Gnl‘)]]_{ (G )_ >\1<_\F t}} +3 + t
o(Gn,x)—nA < no —t_(-L) —|—1>:|
— o R cT o

Proof of Theorem 6.4. Without loss of generality, we assume that the target
function ¢ is non-negative. We only show the first expansion in Theorem
6.4 since the proof of the second one can be carried out in a similar way.
The upper bound is a direct consequence of Lemma, 6.5. Specifically, since
log [(f,Gnv)| < 0(Gp,z) for f € V* with ||f|| = 1, x = Rv € P(V) with
|lv]| = 1, using the first expansion in Lemma 6.5, we get that there exists
a constant ¢ > 0 such that uniformly in f € V* = = Rv € P(V) with

[o]l = I£] = 1, and ¢ € [0, 0(v/n)],

E [‘P(Gn"r)]l{log|(f,Gnv)|fn)\1>\/ﬁcrt}}
1—®(t) b

_t t+1
I o) + elell,

(6.55)

The lower bound follows from Lemmas 4.5 and 6.5. By Lemma 4.5 with
s = 0, we have that for any € > 0, there exist constants ¢,C' > 0 such that
forallm >k >1,and f € V* with ||f|| =1, 2 = Rv € P(V) with |jv]| =1,

P(log|(f, Guv)| = 0(Gn, ) < —ck) < Ce™*
Using this inequality, we get
E {‘P(Gn‘x)]l{log|<f,Gnv>|—nA1>\/ﬁat}}
[ (Gr2) L f1og | (£, Go)] i > \/ﬁat}]l{bg|(f7GnU)|—U(Gna$)>—5k}}
{90 (G- ]l{a Gy —nA12f0t+ak}]l{log\ (£,Gnv)| =0 (Gn,2)>— 8k}}
> E [

(Gn2)L (6, ) n)\1>fat+sk}} Ce™[|]loc. (6.56)

Take k = |Alogn] in (6.56), where A > 0 is a fixed sufficiently large con-
stant. Denote t; = Lemma 6.5, we have, as n — oo, uniformly

inzeP(V), tel0,Iogn] and ¢ € %,,

E [gp(Gn'x)]l{U(Gn,x)—nk1>\/ﬁat+ek}:| 311
1—a(t)) =v(p) + [lell,O < 1ﬁ ) . (6.57)
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We claim that uniformly in ¢ € [0, /log n],

2
1-¢ e 7d t+1
1>q)<):1—ft‘eu22“>1—cJr log 7. (6.58)
1- (t) jfo e 2 du \/ﬁ
Indeed, when y € [0,2], the inequality (6.58) holds due to the fact that
1 = t+ \/ﬁ and k = |Alogn|; when ¢t € [2,y/logn], we can use the
u2
inequality e B [e zdu> % — t% > % to get
2
1 —"—d _ —t2/2 1
17w>1—%>1fct+ log n.
A e_%du et /2 vn
Hence (6.58) t}l = 0L+ ) uniformly in t €

( ), t € [0, Iogn)|

[0, /Iog n]. Consequently, we get that uniformly in z €
and ¢ € %,

E [@(Gn‘x)]l{g(cn,x)—n,\l%/ﬁatﬁk}}
This, together with (6.56) and the fact that e=°* /[1 —®(t)] decays to 0 faster
than 1, implies that uniformly in f € V* with [|f|| = 1, z = Rv € P(V)
with |[v]| =1, t € [0,/logn] and ¢ € £,,

log n.

E [SD(an)]l log [{(f,Gnv)|—nA1=>v/not } t+1
LSt > () = el S logm. - (6.5)
It remains to prove the lower bound when t € [y/Togn, o(n'/%)]. We take

k = | At?] in (6.56), where A > 0 is a fixed sufficiently large constant. In
the same way as in (6.57), we get that, with ¢; = ¢ + oekn, uniformly in

z € P(V), t € [logn,o(n'/5)] and ¢ € %,

E[@(Gn.x)]l{g(% n>\1>\fat+ek}} 411
T e +lho (). o)
1

2 u2
Using the inequality % > eT [ e Tdu > — t% for t > 0, by elementary

calculations, we get that uniformly in t € [y/Iogn, o(n'/%)],

> (1 - t‘;) (1 - f;;) . (6.61)

Taking into account that tfl = O(%) and that e ¢4 /[1—®(t)] decays to

0 faster than 2 (by taking A > 0 to be sufficiently large), from (6.56), (6.60)

=2

1*(13(751) t 1\ 2 ¢
1>——~Us (1
1— ®(t) tl( t?)‘”

w\
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and (6.61) we deduce that uniformly in f € V* with || f|| = 1, z = Rv € P(V)
with [[v]| = 1, t € [yIogn,o(n'/%)] and ¢ € 4.,

E [@(Gn'x)]l{logKfG Y—nA1=v/n t}} 1 t3
,Gnv nAyLz2vno > _ J— — . .
T > v(p) C||90Hv<t2 - \/ﬁ) (6.62)

Combining (6.55), (6.59) and (6.62) finishes the proof of Theorem 6.4. [

Now we apply Propositions 6.2 and 6.3 to establish the following moderate
deviation expansion when t € [n®, o(n'/?)] for any o € (0,1/2).

Theorem 6.6. Assume A1 and A2. Then, for any ¢ € %, and o €
(0,1/2), as n — oo, we have, uniformly in x = Rv € P(V) and y = Rf €
PV*) with |[v]| = [[f] = 1, and t € [n®, o(v/n)],

E [SD(G’IL 'x)]l{log [{f,Gnv)|—nA1 Qﬁat}}

_ ) v(e) +o(1)],  (6.63)

1- (1)
E @(Gn'x)]l og |{f,Gnv)|—nA1 <—+/not 1t
[ {1 @((f_Gt) )<y }} = T [u(g) +o(1)]. (6.64)

Proof. As in Section 4.3 we define a partition of the unity. Let U be the
uniform distribution function on the interval [0,1]. Let a € (0,3] be a
constant. For any integer k£ > 0, define

Ui(t) = U (t‘““‘”) L h(t) = Ukl(t) — Uen (), tE€R.

Note that U, = > 5=, hx for m > 0 and for any ¢ > 0 and m > 0,
[o¢] m
S he() =1, D hi(t) + Upsa(t) = 1. (6.65)
k=0 k=0

For any x = Rv € P(V) and y = Rf € P(V*), set
Xi(x) = hi(=logé(y,z)) and Xj(z) = Up(~logd(y,z)).  (6.66)

From (6.65) we have the following partition of the unity on P(V): for any
xeP(V),yeP(V*)and m > 0,

m

i xXi(z) =1, Z Xh(x) + Xop () = 1. (6.67)
k=0 k=0

Denote by supp(x%) the support of the function XZ. It is easy to see that
for any k > 0 and y € P(V*),

—logéd(y,z) € [a(k —1),a(k +1)] for any x € supp(x})- (6.68)
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As in Lemma 4.10 we show that there exists a constant ¢ > 0 such that for
any v € (0,1], k > 0 and y € P(V*), it holds x} € %, and

Ceyka

Xkl < (6.69)

av
Without loss of generality, we assume that the target function ¢ is non-
negative. We first establish (6.63). Since the upper bound of the moderate
deviation expansion for the couple (G,-z,log |(f, Gnv)|) has been shown in
(6.55), it remains to establish the following lower bound: for any ¢ € %,
and o € (0,1/2), uniformly in x = Rv € P(V) and y = Rf € P(V*) with
lol = £l = 1, and £ € 22, oy/m)],

E [@(Gn '$)]l{log [{f,Grnv)|—nA1 2\/77015}}

lim inf 3
=)
evn> Vil [l — ®(t)]

n—oo

> u(p). (6.70)

Now we are going to prove (6.70). From the change of measure formula (4.3)
and the fact A\ = A’(0), we get

An': =E [@(Gn-2) L f10g (7 Goy|—nre>vrot} | (6.71)
= ry(@)r"(9)Eqs [(ors )(Gu2)e ™ DL o) viiot) )
For brevity, we denote
T? = 0(Gp,z) —nA'(s), YV = logd(y, Gn-x).

Choosing s > 0 as the solution of the equation (6.4), from (6.71) and (3.8)
it follows that

A, = T‘S(x)e_n[SA/(s)_A(s)]EQg [(QDTS_I)(Gn‘$)€_ST:LC]1{TI+Y$*’>O}} .

Using (6.4), one can verify that

2 3
SN (s) — A(s) = 2% - &g(\;ﬁ) (6.72)

where ( is the Cramér series defined by (2.4). Thus A,, can be rewritten as

2 3

An — rs($)677+ \/EC(%)EQ‘; [(@T;I)(Gn$)e_ST3]l{Tﬁf+Yf’y20}} . (673)
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Since the functions ¢ and rg are positive, using the partition of the unity
(6.67) and (6.68), we have that for M, = |logn| and a € (0,1/2),

t T
Ap 2 rs(T)e 2 TR > Eq: [ IXZ)(Gn‘x)e_ST"1{T$+Y$’y>0}]
k=0

_t= _t _sT*®
> rg(x)e +f< ZEQZ { lxz)(Gn-:z)e T”]l{T%,a(kJrl))O}} )
(6.74)

3

Let
el () = (ers'xP)(@), x e P(V),
and
Ys(w) = e >0, weR.
It then follows from (6.74) that
()

_2 48 My
Ay = ro(@)e” T TR 3¢ T DBy | (G a)s(Ty — alk+1)]

which implies that

A 30 B el G U T — etk + 1)
3 = s .
ViR~ a(1)] P 71— d(1)]
From Lemma 6.1, it follows that for any small constant € > 0,
VYs(w) = P * pea(w) — . VYs(w —u)p2(u)du, w€ER,
ul>e

where ¢ is given by (6.2). Using this inequality we get

My
C(*;l" > ry(z) Y Buk = Dk (6.75)
evat V1 — (1)) im0 eT[1— ()]

where

By = e DB [0V (Go) (U7 # pea) (T3 — alk + 1)),

Dy, = e+ /| 5 B (8 (Grem) o (T = a(k +1) = w) | peo(w)duw.
w| =€
Since By > Dpy and sup,ep(yy [rs(z) — 1] — 0 as n — oo, by Fatou’s
lemma, we get

lim inf —; thmf 7]1%@/1"}.

" N — )] ko " €T - ()]
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FEstimate of By, j,. Since the function p.2 is integrable on R, by the Fourier
inversion formula, we have

_ 1 i .
Viopa(w) = 5o [ U (Wpa(wdu, we R

Substituting w = T;7 — a(k + 1), taking expectation with respect to Eqz,
and using Fubini’s theorem, we get

|, —iua n - ~
B = e ) [ R () 0)0 L (wpa (w)du, (6.76)

where

R25u(¢24)(@) = Ege ¢4 (Gue)e™™F], z e B(V).

a(k+1)

Applying Proposition 6.2 with [ = and ¢ = gozs’ﬂk, by simple cal-
culations we deduce that uniformly in z € P(V), y € P(V*), s € (0, s0),
0< k< M,andte [n*o(yn),

—iua n b= ) m
e R () @) @) (w)du = ()

SO’S\/E
t 1 logn
> —C|—+——= Y —
<sn + st2\/ﬁ) 25 klloe

||<Ps kH’Y

Note that o, = /A”(s) = o[1+O0(s)]. From (6.10), we have sai/ﬁ =140(s),
2
and thus — t\/ﬁ =1+ O(s). Using the inequality \/27rtet7[1 —®(t)] < 1 for
any t > 0, it follows that
Jr e_m(kJrl)R?w(@g,k)(w)iz;s(u)ﬁﬁ (wdu (o7 )2t
T s\¥sk
¢ (1 — (1) S0sVn
t2 1 tlogn
>-C|— o — C——
(sn + St\/ﬁ> ||<ps k:” ||§Os k”’Y
t 1 tlogn
> =0 (= + ) Iebullo — CEER el (6.77)

Using the construction of the function goz x and (6.69) give that uniformly
inse(0,s9), weP(V*), p€ By and 0 < k < M,

oo < €f[¢llo (6.78)

and
'yk
1% klly < C||90Hw+c —l@lloo- (6.79)
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Recalling that ¢ € [n®, 0(y/n)] and taking v > 0 sufficiently small such that
evk < n®2, from (6.77) we deduce that

i 2 R (PO Tt
e e [1 - a(1)

As s = o(1) as n — oo for any fixed k > 1 and a € (0,1), it holds that
lim,, o0 e ***+1D = 1. Then, in view of (6.76), it follows that

lim ————
(1 — ()
This, together with (4.18), implies the desired lower bound:

> vlghy) x 2

= V(Spg,k)~

B o
lim inf 711 > v(o? ) = v(o). 6.80
Z P £ — o) {k<Mp} # ’;) (%,k) (¢) ( )

Estimate of Dn,k. We shall apply Fatou’s lemma to provide an upper
bound for D,, ;. An important issue here is to find a dominating function,
which is possible due to the integrability of the density function p.2 on the
real line. More specifically, in the same way as in the proof of (6.76), we use
the Fourier inversion formula and the Fubini theorem to get

_ 1 —sa(k+1)
CL 27re

<[] [t e Ry () @) (s () pe(w)d.
|lw|>e L/R ’ ’

We decompose the integral in D, j, into two parts:

_ Dap b sy { / . / }
£ o
ez [1—d(t)] e<lwl<vn  J|w|zvn

Je -w(a(ff“)*w)R?m(soi’,k)(sc)i;g(u)ﬁgz(u)du

X pe2(w)dw
71— B(1)
=: Lk +Fn,k- (6.81)
Estimate of Ey . Since k < M, and |w| < \/n, we have |I| := |a(k+1) +
w|/n:O(\f) Note that t\f:H—O( )ande2[1 D(t)] > \/%(%—t%),

t > 1. Applying PrOpOSItIOH 6.2 with [ = (a(k + 1) + w)/n, we get that
uniformly in € < |w| < /n,

e RY () )0 ()7 ()
e e[t - 2()

=27 X s (9 )-
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As above, for any fixed £ > 1 and a € (0, %), we have lim,,_,oo e 52kt —

1. Since the function p.2 is integrable on R, by the Lebesgue dominated
convergence theorem, we obtain that there exists a constant ¢ > 0 such that

n—oo

lim Ey, 31 rcir,) = V(ngk)/| o pe2(w)dw < cey(wak).
w| =€

This, together with (4.18), implies that

o0
ZHIL%O B lgren,y < ce Z <p0k < cev(p). (6.82)

Estimate of Ey, 2. Notice that there exists a constant ¢ > 0 such that
for any n > 1,

[ e e IR RY () () ) ()
R 5 )

< et [ Per ()

<

Using the fact that ¢t = o(y/n) and p.2(u) < 5, and again the inequality

+2
ez[l—®(t)] > \/%7(% - %) t>1, we get

limsup Fy, x Lp<nr,) < Ce 11msupt/|w|>\/ﬁpsz (w)dw < nlLIgOT 0.

n—oo n—o0
Hence
Z lim sup F, pLp<nr,y = 0. (6.83)
k=0 n—o0

Since € > 0 can be arbitrary small, combining (6.81), (6.82) and (6.83), we
get the desired bound for D, ;:

Z lim Sup D, Lirens,y = 0. (6.84)
=5 moe e[l - ‘I’( )]
Putting together (6.80) and ( .84), we conclude the proof of (6.70) as well
as the first expansion (6.63).
The proof of the second expansion (6.64) can be carried out in a similar
way. As in (6.71) and (6.73), using (6.67), we have

E [@(Gn 'x)]l{log [(f,Gnv)|—nA1 <—\/ﬁat}}

_2 S et _ T
=ry(@)e” 2 VTN By [(0rs XD (Grew)e T L gy e gy
k=0

fry(a)e” TR T EG [(or ¥ 00 G )e T Ly vy
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where this time we choose M,, = [Alogn]| with A > 0, and s < 0 satisfies
the equation (6.34). The main difference for handling the first term consists
in using Proposition 6.3 instead of Proposition 6.2. For second term, we
have

Egs |(9rs Xht,11) (G 0)e ™ Ly vy

_ zy
< ellpllocBoz [Xy, 11(Gnem)e™” ]

< cllpllooe* 8" Q (~log 8y, Gy - ) > aAlogn)

C
< el (6.85)

where in the last inequality we use Lemma 4.5 and choose A large enough.
Using (6.85), the inequality tez B <I>( t) > for all ¢ > 0 and the fact that
t =o(y/n), we get

\/ﬁ

3 S —IPlloo 2 X Plloo X Plloo-
e‘%“‘ﬁ)@(_t) n eTO(—t) N vn
This finishes the proof of the expansion (6.64). O

Proof of Theorem 2.8. Theorem 2.8 follows from Theorems 6.4 and 6.6. [

7. PROOF OF THE LOCAL LIMIT THEOREM WITH MODERATE DEVIATIONS

The goal of this section is to establish Theorem 2.9 on the local limit
theorems with moderate deviations for the coefficients (f, G,v).

The following result which is proved in [45] will be used to prove Theorem
2.9. Assume that ¢ : R — C is a continuous function with compact support
in R, and that v is differentiable in a small neighborhood of 0 on the real
line.

Lemma 7.1 ([45]). Assume conditions A1 and A2. Then, there exist con-
stants sg,0,¢,C > 0 such that for all s € (—sp,0), v € P(V), |I] < ﬁ,
peByandn > 1

ot [ R (o)e >¢<t>dt—mws<w>w<o>|

C C / —Ccn
< %Hva +—llely s (Iv@) + [ (D)) + Ce HSOIH/RW(t)!dt- (7.1)

We also need the result below, which is proved in [48, Lemma 6.2].
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Lemma 7.2 ([48]). Assume A1 and A2. Let p > 0 be any fized constant.
Then, there exists a constant sg > 0 such that

1
sup sup sup sup Ege () < +00.
n>1 se(—so,50) yeP(V*) z€P(V) 6(y, Gp-x)Plsl
Using Lemmas 4.5, 7.1 and 7.2, we are equipped to prove Theorem 2.9.
Proof of Theorem 2.9. It suffices to establish the second assertion of the
theorem since the first one is its particular case. Without loss of generality,
we assume that the target functions ¢ and v are non-negative.

By the change of measure formula (4.3), we get that for any s € (—so, so)
with sufficiently small sy > 0,

I:= E[@(Gn-x)w(o((}n, x) —nA\ — \/ﬁat)} (7.2)
= 1 (@)K (5)Eqs [(r7) (Gu)e ™)y (log |( ., G| — mAs — Vi)
As in the equation (6.4), for any [t| = o(y/n) (not necessarily ¢t > 1), we

choose s € (—sop, s9) satisfying the equation
A(s) = M(0) = 2L, (7.3)

\/ﬁ
Note that s € (—s0,0] if t € (—o(y/n),0], and s € [0,s0) if ¢ € [0,0(y/n)).

s
In the same way as in the proof of (6.72), from (7.3) it follows that for any

[t = o(v/n),

sA'(s) — A(s) = ;jl — 1;,5;2((\;%),

where ( is the Cramér series defined by (2.4). For brevity, denote
T? = o(Gp,z) — niN'(s), YV =logd(y, Gp ).
Hence, using (3.8), we have
I = ry(@)e N O=MNEg, [(or ) (G-2)e™ Ty (17 + Y,

t

— ry(@)e” TR Eg, (1) (Grea)e Ty (T2 + Y.

Notice that rs(z) — 1 as n — oo, uniformly in x € P(V). Thus in order
to establish Theorem 2.9, it suffices to prove the following asymptotic: as
n — 0o,

J = oV2mnEg: [(gorgl)(Gn-m)e*ST’fw(Tﬂf + Yf’y)} — V(go)/Rw(u)du.
(7.4)
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We shall apply Lemmas 4.5 and 7.1 to establish (7.4). Recall that the
functions x} and X}, are defined by (6.66). Then, using the partition of the
unity (6.67) as in the proof of Theorem 6.6, we have

J=:J1 + Jo, (7.5)

where, with M,, = [ Alogn| and a sufficiently large constant A > 0,

i = oV2mn B [(or; 'Ry, ) (Guea)e 0 (T + ¥,
h=ovEm Y Eo [(ers X (Goew)e T (T + Vv )|
k=0

Upper bound of Jy. In order to prove that J; — 0 as n — oo, we are led
to consider two cases: s > 0 and s < 0.

When s > 0, since the function ¢ has a compact support, say [b1, ba], we
have TF + Y,"Y € [b1, ba]. Noting that Y,7¥ < 0, we get T.¥ > by, and hence
e~*Tn < e70 < ¢. Since the function 1) is directly Riemann integrable on
R, it is bounded and hence

Ji <evnQi (VY < —[Alogn]).

Applying Lemma 4.5 with £ = | Alogn| and choosing A sufficiently large,
we obtain that, as n — oo, uniformly in s € [0, so),

Ji < Cy/mectAlen] g (7.6)

When s < 0, from T% + Y,*Y € [by, ba], we get that e 57n < e—sbatsYnY
Hence, by the Hoélder inequality, Lemmas 4.5 and 7.2, we obtain that, as
n — oo, uniformly in s € (—sq, 0],

1 1/2
J1 < Cvn {EQg <W> Q?(Yff’y < —LAIOgnD}

< C\/ﬁe—cLAlognj -0,

where again A is large enough.

Upper bound of Jo. Note that the support of the function x} is contained
in the set {zx € P(V) : =YY € [a(k — 1),a(k + 1)]}. Therefore on supp x}
we have —a < Y;"Y + ak < a. For any w € R set U5(w) = e *"¢(w) and,
according to (6.1), define WF_(w) = sup, e, () ¥Ys(w'), for e € (0, 3). Let
also

pl(@) = (ory'XP)(@), @ e P(V). (7.7)



62 HUI XIAO, ION GRAMA, AND QUANSHENG LIU

With this notation, choosing a € (0, ¢), it follows that

Jo < ov2mn Z Ege [gazs/k(Gn-x) —sYn y\Il+ Ty — ak)}

)

Mp—1

< ovV2mn Z e*s“(kfl)E@asc {apgk(an)\Ilje(Tff - ak)].
k=0

Since the function \I/j,g is non-negative and integrable on the real line, using
Lemma 6.1, we get

M,—1

Jo < (1+ Cp(e))a\/% Z e—sa(k—1)
k=0

x Eg ¢ 4(Gn-2) (W1, * p2) (T — ak)|

where Cy(e) > 0 is a constant converging to 0 as ¢ — 0. Since the function
P2 is integrable on R, by the Fourier inversion formula, we have

1 I z_q = o~
(Ve s pea)(TE = ak) = 5 [ T8, (w)pa(u)du.

By the definition of the perturbed operator R, (cf. (4.5)), and Fubini’s
theorem, we obtain

Jo < (1+Cpf ,/ Z PO o

x /R TR () () U () ez (u) du (7.8)

To deal with the integral in (7.8), we shall use Lemma 7.1. Note that
2
e S lasn — 00, uniformly in 0 < k < M, — 1. Since the function

\flj -2 is compactly supported on R, applying Lemma 7.1 with ¢ = cps o
P = Ut sehe2 and [ = 25— , we obtain that there exists a constant C' > 0 such
that for all s € (—sg,50), z € P(V), y € P(V*),0< k< M, -1, p € B,
and n > 1,

\/ E R (o) (@) B )P () — T (02O ()

Using (6.79) and choosing a sufficiently small v > 0, one can verify that
the series WZM" !

we

are allowed to interchange the limit as n — oo and the sum over k in (7.8).
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Then, noting that p.2(0) = 1 and \Tlag(O) = JgSUDyen, (w) Yo(w')dw, we
obtain that uniformly in v € V and f € V* with ||v[| =1 and ||f|| =1,

limsup Jo < (1 + C’p(e))/ sup Wo(w')dw Y v (gp&k)
k=1

n—oo R ”LUIEIBE('LU)
=1+ Cp(e))v(go)/ sup  Wo(w')dw, (7.9)
R w’eBe (w)

where in the last equality we used (4.18). Letting e — 0, n — 00, and noting
that C,(e) — 0, we obtain the desired upper bound for Jy: uniformly in
veVand feV* with ||v]| = || f] =1,

limsup Jy < V(gp)/ Y(u)du. (7.10)
n— 00 R
Lower bound of Jy. Since on the set {=Y, 7Y € [a(k — 1),a(k + 1)]}, we

have —a < Y,7Y + ak < a. Set Vy(w) = e”*"Y(w), w € R and U] (w) =
inf,ep, (1) Ys(w'), for € € (0, 3). Then, with a € (0,¢),

M,—1 »

> ov/2r Z Ege ! (Gn-2)e™ %" Wy (T3 — ak)]
Mn—l

>o0V2mn Y e Ege [(pgk(Gn-x)\I/;E(Tff - ak)}.
k=0
By Fatou’s lemma, it follows that

liminf Jy > Z linniicgf oV 27Tne_5“kEQ§ {cpz’k(Gn':ﬂ)\I’;E(Tﬁ - ak:)] .

n—oo

Since s = o(1) as n — oo, we see that for fixed k > 1, we have e — 1 as
n — oo. Since the function ¥ is non-negative and integrable on the real
line, by Lemma 6.1, we get

hm mf Jy > Z hm 1nf oV 2mnEge [(p w(Gn-x) (Y x p2) (T — ak)}

— Z lim sup ov/2 Eqsz [goi’,k(Gn-x)\Il;E(T,f —ak — w)} pe2(w)dw

n—00 |w|>e

= J3 —Js. (7.11)

Lower bound of Js. Proceeding as in the proof of the upper bound (7.9)
and using Lemma 7.1, we obtain

J3 > /IR inf \IJO8 Ndw Z (cpg’k> . (7.12)

w’' €Be (w)
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Taking the limit as ¢ =& 0 and n — oo, we get the lower bound for Js:
uniformly in v € V and f € V* with |[v|| =1 and || f|| = 1,

liminf J3 > V(go)/ (u)du. (7.13)

Upper bound of Jy. By Lemma 6.1, we have W < (1+ Cy(e)) ¥, * pea.
Applying Lemma 7.1 with ¢ = ¢¥, and ¢ = @Ieﬁaz, it follows from the
Lebesgue dominated convergence theorem that

o0

T < (14 Co0) S v () 9. (0)p2(0) / _pelwhdw, (714)
k=0 wize
which converges to 0 as € — 0.
Combining (7.11), (7.13) and (7.14), we get the desired lower bound for
Jo: uniformly in v € V and f € V* with |jv|]| =1 and ||f|| =1,

lim inf J > V(go)/Rw(u)du. (7.15)

Putting together (7.5), (7.6), (7.10) and (7.15), we obtain the asymptotic

(2.24). This ends the proof of Theorem 2.9. O
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