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UNIVERSAL FAMILIES OF EULERIAN MULTIPLE ZETA
VALUES IN POSITIVE CHARACTERISTIC

KWUN CHUNG, TUAN NGO DAC, AND FEDERICO PELLARIN

ABSTRACT. We study positive characteristic multiple zeta values associated
to general curves over [Fy together with an F,-rational point oo as introduced
by Thakur. For the case of the projective line these values were defined as
analogues of classical multiple zeta values. In the present paper we first estab-
lish a general non-commutative factorization of exponential series associated
to certain lattices of rank one. Next we introduce universal families of multiple
zeta values of Thakur and show that they are Eulerian in full generality. In
particular, we prove a conjecture of Lara Rodriguez and Thakur in [28]. One
of the main ingredients of the proofs is the notion of L-series in Tate algebras
introduced by the third author [31] in 2012.

INTRODUCTION

0.1. Classical multiple zeta values.

Multiple zeta values are positive real numbers that have been involved in certain
investigations by Euler in the late eighteenth century. They generalize the values of
Riemann’s zeta function at integers > 2 and occur naturally in the computation of
their products. Surprisingly, these particular real numbers are ubiquitous in several
mathematical and physical theories. For instance, they are connected with peri-
ods of mixed Tate motives, and with values of Feynman integrals in perturbative
quantum field theory. It is also known that they are related to a certain univer-
sal vector bundle with connection on the projective line with the points 0,1, co
removed. These, and other properties, made multiple zeta values the center of
intensive studies, especially in the last three decades. We refer the reader to the
survey of Zagier [43] and the book of Burgos Gil and Fresdn [15] for a detailed
introduction to these topics, as well as for further references.

Let N be the set of positive integers. By definition, the classical multiple zeta
values are the values of the convergent series

1
¢(ny,y...,n.) = Z ————— wheren; €N, n; >2.

ni kn-,.7
k1> >k.>0 1 s

Here r is called the depth and w = nqy + - -+ + n, the weight of the presentation
¢(n1,...,n,). For notational convenience, we set (()) = 1. For r = 1 and n > 2
we recover the special values ((n) of the Riemann zeta function.

In 1735, Euler proved that

2 1B
é( )7;) = (-2 foralln > 1,
T n

(0.1) 2 (2n)!
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where for k > 0, By denotes the k-th Bernoulli number. In view of this, it is

natural to classify tuples (ni,...,n,) with n; > 1,n; > 2 such that the quotient
¢(n1,...,ny) /T T s rational. In this case, following [27, 18], we say that the
multiple zeta value {(n1,...,n,) is Eulerian.

For example ((2,...,2) with n > 1 is Eulerian. This follows from the identity
——

n
2n

" omi1  sin(mz) n T 2n+1
(0.2) ;(—1) €(2,...,2)z* " = — —g(—l) @t .,

n

an elegant proof of which is given by Zagier in [44]. Further, one can show that
¢(3,1,...,3,1) is Eulerian (conjectured in [43] and proved in [13]). We refer the
—_————

n
reader to [27, Remark after Conjecture 4.3] and [39, §7.5] for more details and more
complete references on Eulerian multiple zeta values. Brown formulated a sufficient
(and conjecturally necessary) condition for Eulerian multiple zeta values in terms
of motivic multiple zeta (see [14, Theorem 3.3]). This condition is not completely
effective (see [18, §1] for more details).

Finally, we mention that Siegel and Klingen were able to extend Euler’s formulas
(0.1) for Dedekind zeta values (r(.) attached to a number field F' and showed that
for a totally real number field F' and all even n > 2, (r(n) is an algebraic multiple
of 77U (see [33] for further details).

0.2. Multiple zeta values in positive characteristic.

There is a deep analogy between the arithmetic of number fields and that of
global function fields of positive characteristic. Through this analogy one can track
similarities in the comparison of the arithmetic over the ring Z on one side, and
the arithmetic over the ring A of rational functions over a given smooth curve X
over a finite field, which are regular away from a distinguished point (see below
for a rigorous description of the settings). Carlitz, in the years 1930s, inaugurated
this study in the case of X the projective line (the genus zero case). As a natural
consequence, a theory of positive characteristic multiple zeta values associated to A
emerged, pioneered by Thakur. At this level of generality (X a curve over a finite
field), the description of the algebraic relations connecting multiple zeta values
offers new challenges that do not seem to be immediately visible in the classical
setting. It is our aim to shed new light and perspectives on these aspects.

Throughout this paper, let F; be the finite field with ¢ elements and characteristic
p > 0. Let K be the function field of a geometrically connected smooth projective
curve X over IF, and let oo be a place of K of degree do = 1. Let g be the genus
of X and let

(0.3) A= H(X \ {0}, 0x)

be the ring of elements of K which are regular outside oo (A is called the base ring).
The oo-adic completion K, of K is equipped with the normalized additive co-adic
valuation ve @ Koo — Z U {+00}. Let us set deg(-) := —voo(+). The completion
Co of a fixed algebraic closure K o, of K., comes equipped with a unique valuation
extending v, which will be again denoted by v... We fix a uniformizer m of K,
so that we can identify K., and the field of formal Laurent series Fq((m)). This
choice also allows to introduce a sign function sgn : K — F. This is the unique
group homomorphism defined by sgn(m) = 1. We define A to be the set of monic
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elements of A, i.e., the set of a € A such that sgn(a) = 1. For all ¢ € N, we also set
Ay ={a € Ay : deg(a) =i}

The genus 0 case. We consider the genus 0 case where X = P! and oo is an Fo-
rational point on it. Then A = FF,[] the polynomial ring in 6, a rational function
over P! which has a simple pole at oo and which is regular everywhere else on
P!. We denote by K = F,(0) the fraction field of A and by K., = F,((1/6)) the
completion of K at the place associated with oo.

Recall that N denotes the set of positive integers. In [16] Carlitz introduced, for
n € N, the elements (4(n) given by the convergent series

1
Ca(n) = Z € Koo
a€Ay
which, through the previously mentioned analogy, correspond to classical special
zeta values in the function field setting and are called the Carlitz zeta values. For
any tuple of positive integers s = (s1,...,s,) € N", Thakur [36] considered the

elements (4(s) (or Ca(s1,...,8,)) of Ky defined by the convergent series
1
(0.4) Cals) =)  —— € Kuo
ai...ar
where the sum runs through the set of tuples (a1,...,a,) € A%, with dega; > ... >

deg a,. These are Thakur’s multiple zeta values, characteristic p analogues of the
classical multiple zeta values. We call r the depth of (a(s) and w(s) = s1+ -+ s,
the weight of (4(s). We extend the definition of (4 (s) to the empty tuple by defining
the associated zeta value (4(0) to be 1. We note that Carlitz zeta values (4(n) are
exactly depth one multiple zeta values. It can be proved that for any s as above,
Ca(s) € KX (see [38]). A much stronger property holds: Thakur’s multiple zeta
values (4(s) and 1 span an Fj-vector space which is also an F,-algebra, graded by
the weights (see [17, 39]).

In 1935 Carlitz [16] introduced analogues BC,, € K* (n > 1) of the Bernoulli
numbers of even order and proved an analogue of Euler’s result (0.1) (see also [25,
§9.2]):

CA(TZ) - BCn
an T,
Here I, € A is the n-th Carlitz factorial, and 7 € CZ, denotes the Carlitz period
which is defined up to multiplication by an element of F (see [25, 36]).

Thakur called C4(s) Eulerian (see [36, Definition 5.10.8]) if Ca(s)/7*() belongs
to K. Since {(psi,...,psr) = ((s1,. .., )P, we restrict ourselves to primitive tuples
s, characterized by the property that not all the coefficients s; are divisible by p.

Chen [20], Lara Rodriguez and Thakur [27] proved the following remarkable
theorem:

Theorem 0.1 (Chen, Lara Rodriguez and Thakur). Assume that A =TF,[0]. Then
for allm > 1 and k > 0, the multiple zeta value

Ca (qn —1,(g—=1Dq",...,(qg— l)qn+k71>

foralln >1, n=0 (mod g —1).

is Eulerian.

Contrary to the classical setting, for ¢ > 2, it is conjectured that these series
exhaust all the (primitive) Eulerian tuples when the depth exceeds 2 (see [18, §6.2]
and [39, §7.3]). The depth is formally defined in §1.2.
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The higher genus case. The analogy mentioned in the beginning of §0.2 focuses
on the comparison between the arithmetic theory over Z and that over an IF-algebra
A as in (0.3). For this reason, Carlitz’s theory only gives an incomplete view. We
now move to include the general situation of the higher genus cases and present our
main results.

The definition (0.4) of (a(s) extends without modification to the case of general
A with co € X (Fy) such that do, = deg(oo) =1 as in (0.3) (see also §1.2 for precise
definitions). Following Lara Rodriguez and Thakur in [28], we say that (a(s) is
Eulerian if CA(E)/TTZ(E) is algebraic over K, where m4 := 7y € C is the period
attached to the standard sign-normalized Drinfeld module of rank one associated
to A (see §3.1).

It turns out that for alln > 1 and n =0 (mod ¢ —1), (a(n) is Eulerian (see [25,
§8.18] and note the proximity with the Klingen-Siegel theorem mentioned above).
However, only five other cases of Eulerian multiple zeta values were known by
the recent work of Lara Rodriguez and Thakur [28]): they are all of the form
Calg—1,q(q—1)) or Ca(¢*—1,(g—1)g?) for one of the four base rings A of
class number one. The proofs are based on explicit log-algebraicity formulas de-
veloped in [34, 37| (see for examples [1, 2, 5, 7, 30] for further developments about
log-algebraicity identities). Based on extensive use of computer aided numerical
experiments, Lara Rodriguez and Thakur conjectured that the appropriate gener-
alization of the statement of Theorem 0.1 remains valid for these four base rings
(see [28, Conjecture 3.1]).

0.3. Main results.

In this paper we work with the general case where A is an arbitrary base ring as
given in §0.2. We first establish a non-commutative analogue of Zagier’s formula
(0.2) in our settings, with A as in (0.3) and d = 1.

Theorem 0.2 (Theorem 3.4). Let A be an arbitrary base ring and let ¢ be the
corresponding standard sign-normalized Drinfeld module of rank one. Then

Z(—l)kCA (g—1,...,(¢— 1)qk_1) * = %{;1 expy Ty € Kool[T]]-
k>0

In particular, for all k €N, (alq —1,q(q —1),...,¢* (g — 1)) is Eulerian.

Here 7y € Co is any fundamental period attached to ¢ and exp, € Koo[[7]] is the
exponential function associated to ¢ (see §3.1). As T, is defined up to multiplication
by an element of F, the formula does not depend on its choice.

We then extend Theorem 0.1 with explicit formulas for a base ring A as in
the hypotheses of Theorem 0.2, and prove the aforementioned conjecture of Lara
Rodriguez and Thakur in full generality.

Theorem 0.3 (Theorem 3.6). Let A be an arbitrary base ring and let n > 1 be an

integer. We denote by H C K, the Hilbert class field of A. Then for all k > 0,

there exists an explicitly computable constant an i, € H (see (3.8)) such that
Cald"=L(g=1)q" ... (¢ = )" ") = anrla (" - 1).

In particular, Ca (q” —1,(g—1)g",..., (¢ — l)q”"‘k_l) is Bulerian.

As pointed out by Lara Rodriguez and Thakur in [28], such identities also hold, in
the genus zero case, at ‘finite levels’ (that is, at the level of partial sums). However,
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different phenomena occur in the case of X of genus g > 0. In this case, identities
of multiple zeta values (‘infinite level’ identities) are regulated in a different way
and Theorems 0.2 and 0.3 do not seem to mirror identities at the finite level. It is
in fact the analysis of the interesting phenomenology described in [28] that brought
us to the path that gave rise to the present paper. The reader will also notice
similarities in the processes behind the proofs of, on one side, [27, Theorem 3.2]
and, on the other side, the proof of [24, Lemma 6.11].

We now briefly describe the ingredients of the proofs. Our approach is completely
different from that of the previous works. To prove Theorem 0.2 we provide a
non-commutative factorization of the so-called Carlitz-Hayes polynomials. Then,
passing to the limit, we obtain a non-commutative factorization of the function
exp 4 = %;1 exp,, Ty from which Theorem 0.2 follows.

The proof of Theorem 0.3 is based on the key notion of L-series in Tate algebras
introduced by the third author in [31]. This notion has turned out to be very
fruitful in function field arithmetic, see for example [5, 6, 7, 9, 10, 11, 12, 24, 26].
In our setting, these functions can be identified with rigid analytic functions over
the analytification (X \ {co})&" of the affine curve Spec(A®p, C) over Co. Note
that other classical functions of the theory, such as the exponential functions exp,
and exp,, are rather rigid analytic functions over the rigid affine line Al an

We prove a key and unexpected new general identity in Theorem 2 4 among
L-series in Tate algebras at finite levels. As a consequence, we obtain a harmonic
product formula in Proposition 3.5 which allows us to conclude.

Finally, as an application, for class number one base rings, we show in Theorem
4.2 that our explicit expressions match with those conjectured by Lara Rodriguez
and Thakur [28, Conjecture 3.3].

Acknowledgements. The authors are deeply thankful to Dinesh Thakur for a
careful reading of a preliminary version of the present manuscript, and for useful
corrections, suggestions and discussions.

1. BACKGROUND

1.1. Notation. We keep the notation of the Introduction. Recall that N is the set
of positive integers. We denote by Z=° the set of non-negative integers. Let K be
the function field of a geometrically connected smooth projective curve X over F,
and oo be a place of K of degree do, = 1. Let g be the genus of X and A be the
base ring of elements of K which are regular outside co. Let vy, be the additive
valuation at oo and let us set deg(-) := —voo(-). We denote by K, the completion
of K at oo and by C4 the completion of an algebraic closure K .. Let K be the
algebraic closure of K in K

We fix a uniformizer 7 of K, so that we can identify K, and the field of formal
Laurent series F,((7)). This choice also allows to associate to it a sign function
sgn : K, — F;* which is the unique group homomorphism such that e(7) = 1 (see
[25, §7.2]). We define A, to be the set of monic elements of A, i.e., the set of a € A
such that sgn(a) = 1. For all i € Z=°, we also set A, ; = {a € A, : deg(a) = i},
and

A(<i)={a€ A:deg(a) <i}, A(<i)={a€ A:deg(a) <i}.
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Further, for any field extension L of F,, we have a uniquely determined sign
function

sgn: (L®r, Koo)* — L™
extending sgn. We also set

XL =X X]Fq L.

1.2. Multiple zeta values of Thakur, and in Tate algebras. We follow Thakur
in [39, §3] and Lara Rodriguez-Thakur in [28, §2]. To the datum (K, oco,sgn) we
associate certain multiple zeta values

CA(Sla"'us’r‘) € Ky

in the following way. For d > 0 and n € N we consider the power sum of degree d
and order n given by

Sd(n): Z GTEK.

a€AL 4

By convention we define empty sums to be 0 and empty products to be 1. Thus if
A4 4 =0, then Sg(n) = 0. Note that some such sums can vanish. Along with this,
we also set

d—1
Sca(n) := ZSz(n) e K
i=0

and iteratively for r > 1 and s1,...,s, € N,

Sa(s1y ..., 8r) = Sa(s1)S<a(sa,...,s),

d—1
S<d(81, .. .7ST) = ZSi(sl,.. .,Sr) eK.
=0

It is easily seen that Sg(n) tends to 0 in K., as d tends to oo, the sequence

S<a(s1,...,8,) converges in K, for any choice of s1,...,s, € N. We write
(1.1) (A(sl,...,sr) = lim Sc4(s1,...,8r) € K.
d— o0

For notational convenience, we also set
Ca(®) :=1€ Kw.

For an r-tuple s = (s1,...,8,) € N" we shall write (4(s) instead of using the
long expression (1.1). The weight of s is w(s) = 51+ - -+ s, and its depth is r. We
shall also say that the presentation (4(s) is of depth r and weight w(s).

These elements of K, are the oo-adic multiple zeta values of the papers [28, 39,
40]. At this level of generality, not all the basic properties of the multiple zeta values
of §0.2 are known to be true. For instance, it is unclear if all the values defined in
(1.1) are non-zero. Moreover, while it is fairly well known that the F,-subvector
space they span in K, also is an Fp-algebra (with the product rules being identical
to those in the genus zero case), it seems that we miss a proof that the algebra they
generate is graded by the weights.
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1.2.1. A family of rigid analytic functions. We recall that C., is the completion of
an algebraic closure K, of K.,. We present here the basic multiple zeta values in
Tate algebras that we study in the paper. We consider the Fg-algebra homomor-
phism

x:A—Axr, Cx

determined by a — a®1. There is a natural bijection z — Y, between closed points
z € X(Cx) \ {00} (where for F' a field extension of Fy, X (F) denotes the set of

F-rational points of X)) and [F,-algebra homomorphisms A X2y Coo. We denote by
E the unique point of X (Cu) \ {oo} such that x= is the natural inclusion A C C.
For any given a € A the assignment 2 — x,(a) € C defines a rational map

X(Coo) \ {00} X%

which is regular everywhere away from oo, with a pole of order deg(a) at co. If
x € X(Cyx) \ {o0} we denote by x.(a), or x(a)., or x(a)|., the image of x by x(a)
and we call it the evaluation of x(a) at x.

If F is a subfield of C,, we consider the Tate algebra

T(F) = A&, F|

—

with the completion (-) relative to | - || the multiplicative Gauss valuation extending
a fixed multiplicative valuation |- | over 1 ® F', trivial over A® 1. Let B = (8;)ie9
be a basis of the F,-vector space A. Note that J is countable set. Every element f
of T(F') can be expanded in a unique way as a series

f= Zﬁifia i €F,
i€d

with F' the completion of F, where f; — 0 for the Fréchet filter over J. Then
Il fl = sup;eq |fil- An entire function f over X(Cy) \ {oo} is by definition one
such formal series in T(C,,) such that additionally, |f;|pd¢(%) — 0 for all p > 1.
Equivalently, the sequence (fix.(Bi)):; tends to zero for all x € X(Cy) \ {oo}.
We denote by f(x) or f|, the sum of the convergent series ). fixz(8i) € Cx
This is the evaluation of the entire function f at x € X(Cs) \ {oo}. It is not
difficult to see that this evaluation does not depend on the choice of the basis B,
and that the evaluations taken with respect to different bases agree. Also, let Xg"
be the analytification of X over Co.. It is easy to verify that if f = >, Bif;
is an entire function over X(Cy) \ {00}, then the everywhere convergent series
defines a rigid analytic function X&" \ {oo} — Cs. In the case X = P! with
oo an [Fg-rational point, this coincides with the usual notion of an entire function
f 1 Cox — Cux (see [25, Chapter 3]). We denote by E the C-algebra of entire
functions X (Cw) \ {00} = Cwo.

The unique continuous and open A® 1-linear automorphism 7 of T(C,) extend-
ing ¢ — ¢? over 1 ® C, induces an automorphism of E. Explicitly, if

=Y Bif;
€]
is the series expansion of the entire function f, relative to the basis B, then

f0 =) =S8 ke

ieJ
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is another entire function over X(Cy) \ {oco}, well defined independently of the
choice of the basis B. If  — 2(!) denotes the Frobenius map X (Co) — X (Co)
then f()(z(M) = f(z)9 for all z € X(Cy) \ {o0}.

We consider the rational functions X(Cy) \ {o0} = Coo

a
(1.2) Sa= Y. Xi) € Awy, K.
a€A 4
Note that they are also entire in the above terminology.
In the present paper, we study the functions 7™(Z)) where, for all k > 0, we
define Zj, by the formal series

Zk = sts<d (q - ]-7 ((] - ]-)qa ) (q - 1)qk71)

d>0

which converges in T(K). They are all entire functions, as shown by the following
lemma:

Lemma 1.1. For all k > 0, the series Zy, € T(K) defines an entire function
X(Coo) \ {0} = Co.

Proof. Tt suffices to show that for all x € X(Cy )\ {o0}, the sequence of evaluations
(Si ‘T)iZO

of §; at = tends to zero uniformly for the standard admissible covering of Xg" \ {oc}.

The proof we give is a simple adaptation of the proof of [8, Lemma 7]. We set,
for r > 0, y, = ¢"*' — 1 which p-adically tends to —1 € Z, as r — oo. Note that
for all 7 > 0, assuming that A ; # 0,

> xla)a? = > L(ni+b)Lo(ni +b)7 "+ Ly(n; +b)"" € A, A,
aCAy ; beA(<1i)
where 7; is any element of A, ;, L is the Fy-linear form a — a ® 1 and L; is the
F,-linear form a — 1 ®a? for j=0,...,r. By [25, Lemma 8.8.1], ZaeAH x(a)a¥r
vanishes if 1 + (r 4 1)(¢ — 1) < dimp, (A(< 7)). We can therefore choose

2 ifg>2,
3 otherwise.

r = dimg, (A(< 7)) — {

assuming at once ¢ large enough so that r is non-negative. In particular we have,
for this choice of 7, the identity }-,c 4, , x(a)a¥" = 0.

We consider a € A4 ;. Since €(a) = 1, there exists a unique element (a) €
KX NnKer(e), depending on 7, such that a = (a)7~%. Note that |(a) — 1] < || < 1.

We have
_ -1 Yr .
@ =@ = ((5) - (7)) ta -1 e 5yl
i>0 J J
J>
Since (771) — (?’;T) =0for j =0,...,¢"T! —1, the above difference has multiplicative

valuation strictly smaller than \77|qr+1. This implies that 8; € A ®r, Ko has the

property that there is a finite expansion §; = ZGGA+ . a® ag with, for a € Ay,

aq € Ko such that |o,] < |7r|i+qT+l. From this we deduce that the sequence of
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entire functions §; tends to zero uniformly for the standard admissible covering of
X@" \ {oo}. The covering is given by the filtered union

U Spm (A@EOO”.HP),

pEICK|
p>1

where Spm denotes the maximal spectrum, and where we take the completions with
respect to || ||, the multiplicative valuation which restricts to | -| over 1 ® Co, such

that [ja ® 1||, = p?°8(»). By the above discussion, for all z € Spm (A@EOOH.HP) we
have, by the maximum principle, and for large values of i:

o
[8i(2)| < |ISill, < o'
which tends to zero for any fixed p > 1 as i — oo. (]

Remark 1.2. The entire function Z;, can be viewed as an example of multiple zeta
value in the Tate algebra T(K). These functions have been investigated in [24] in
the case of X = P! and oo an Fg-rational point. We will not pursue the general
theory of such functions because in the present paper we only need to work with
the entire functions

T™(Zk), mn,k>0.

However, we mention here that, in agreement with the notations of ibid., we could

have written:
1
Zk=Ca <{1} qgl (qlﬂ)qk1> € T(K),

to stress the analogy. Note that, following this notation, we have Zy = (4 ({i}).
We also set Z_1 := 0. Also, Lemma 1.1 can be easily generalized to match with the
formalism of [24] and the reader can see that all the functions that naturally arise
in this picture define entire functions over products of the curve X (Cq) \ {o0} in
an appropriate sense.

2. A UNIVERSAL FORMULA

2.1. Auxiliary results. We recall several results from [34, §0 and §1]. For all
i € Z2° and n € N, we set, with appropriate conventions for empty sums and

products,
Di = H a,

a€Ay ;
e(z)= [] (z-w),
a€A(<1)
61(2) Z k
= Aikzq
D; k>0
1
Sl(n) = Z an’
ac€Ay ;
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If Ay, # 0, then by [34, Eq. (13)],
eir1(2) = ei(2)? — DI lei(2).

Otherwise, if A, ; = 0, we get e;41(2) = e;(2). In particular, for all i € Z=°,
Diy1A11y0 and DAy agree up to a sign so that we can write D 1A 110 =
iDgAiO and
(DOD1 - Di_l)qil

D;
Now, if Ay ; # 0, by [34, Eq. (18)], we have

AiO — Z Zia:ZSi(n—’—l)zn‘

Ap =+ £0.

1= 3 Az aCAy n>0
Consequently,
(2.1) S; = 8i(1) = Aio #0,
and forall 1 <n<qg—1,
(2.2) Si(n) = SI.

For all d € Z=°, we recall that we have set (see (1.2))

Sa= Y. @

a€AL q
We additionally set

d—1 d—1
Scai=Y 8i, Sca:=» S
=0 1=0

We put Sﬁd =8.4+1 and Sgd = Scdy1-

If D is a divisor over X, then we denote by £(D) the K-subvector space of
the fraction field of X7 consisting of functions f such that (f) + D is effective:
(f) > —D. For all m € Z=°, we define j,, to be the smallest non-negative integer
such that dimg £(jmo0) = m + 1. Note that £(jm(00)) = A(< jm) ®r, K, where
A(< {) is the Fy-vector space spanned by the elements a € A such that deg(a) < ¢.
We have jo = 0 < j; < jo < ... and for m sufficiently large, j,, = m + g by the
Riemann-Roch theorem.

Lemma 2.1. For all m > 1, the function 8, vanishes at =, ..., =M1,

Proof. Let us choose an element n,, € Ay ;.. Then Ay ; = 1, + A< jim-1).
Note that by the definition of the sequence {j, }m>0, dimg, A(< jim—1) = m. Since

S, EN = > a” = Y Lo(m A L1 (g + )
ac€Ay g, bEA(<jm—1)
where L; is the Fy-linear form a — a? for i = 0,...,7—1,8;, (20)) vanishes for
j=0,...,m—1in virtue of [25, Lemma 8.8.1]. O

Lemma 2.2. The set {S;,,...,8,, } forms a basis of L(jmo0).

Proof. We observe that for all k € Z=29, 8;, has a pole of order j; at co. The
integers jo,...,Jjm being distinct, §;,,...,8; . are linearly independent over K.
Since dimyz £(jmo0) = m + 1, the Lemma follows. O
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Lemma 2.3. The function 8, does not vanish at Z(™).

Proof. We suppose by contradiction that §;  vanishes at =2(m) . Combining with
Lemma 2.1 implies that for all k > m, §,, ,...,8;, belong to L(jroo—=—-- —Em),
We choose k sufficiently large so that by the Riemann-Roch theorem,

o dimy L(jro0) = jr+1—g,

o dimpL(jroo—ZE— - —EM) =5 —(m+1)+1—g.
The first equation implies ji + 1 — g = k+ 1. Putting this into the second equation
yields

dimfﬁ(jkOO—E—n-—E(m)):jk—(m—i—l)—l—l—g:k‘—m.
By Lemma 2.2, we know that §;_,...,8;, are linearly independent over K. Thus
we get a contradiction since
k—m = dimg L(jroo —Z —--- — Z(M)
> dimeect(Sjm, RPN 7Sjk)
=k—m+1.
We conclude that 8, does not vanish at Z(™). O

2.2. A key identity. We now prove the main result of this section.
Theorem 2.4. For all i € Z2°, we have
1
S =8, Si(q—1).

Proof. Note that if ¢ # j,, for all m, then A4 ; = 0. Thus §; = S;(¢ — 1) =0 and
we are done. Therefore, it suffices to prove that for all m € Z29,

(2.3) 8 =8, -85, (q—1).

We observe
S 1)

o | =

=S

Im

-1
(¢g—1)=5]".

Here the second equality holds by (2.2). By (2.1), it follows that 8{")| # 0. Thus
(2.3) is equivalent to -
s

(2.4) IR
0 Sgm
Sjm

We now prove (2.4) by induction on m. For m = 0, (2.4) holds since 8<;,, =
8 =5; (¢ —1) =1. Suppose that for all 0 < k <m — 1,

8t
Sjk =
We show that
g
(1) =Jm
Sjm ,
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In fact,
S
F:=—2" € L(jn0).
S

.7’7Tl E
By Lemma 2.2, the set S;,,...,8;,. forms a basis of the K-vector space £(j;,00).
Therefore, there exist ag, ..., a, € K such that
(25) F= aOSjO + -+ CLmSjm.

We show by induction on 0 < k < m — 1 that ax = 1. For k = 0, we evaluate
(2.5) at E. The left-hand side gives F|z = 1. By Lemma 2.1, the right-hand side
returns

aOSjO + -4 amSjm = agp.

We then obtain ag = 1.
Suppose that for all j such that 0 < j < k, we have a; = 1. We have to prove
that ar = 1. We evaluate (2.5) at =k Note that 1 < k <m — 1. By Lemma 2.1,

F|E(k) = O
We get
(a08j0 +eee At amsjm)‘g(k) = aOSjo =(k) +eee amsjm =(k)
= ClonD — + -4 CLijk —
= Sjo — +-- 4+ Sjk — + (ax — 1)Sjk —
= (Sjo 4t Sjk) =) + (ak — 1)Sjk —
=8| T lan =185 |_ -

Here the second equality follows from Lemma 2.1 again. The third equality holds
as ag =---=ap_1 = 1.
Since k < m — 1, by the induction hypothesis and Lemma 2.1,

S
Ik | =(k)
S<in| oo = =y =0
= lam (1

Sjk =

We then get
(@08jo + -+ + am8;y,)|_ ) = (ax =185 |_, -
Putting all together yields
0= Flzw = a8, =w T S ‘E(k) = (ax = 1)8;, =0

By Lemma 2.3, §;, " # 0. We deduce that ap = 1 as desired.

To finish the proof, we show that a,, = 1. We look at the sign of both sides of
(2.5). The left-hand side gives

(gD q

— Sgn(sj ) Sj

sgn(fF) = T = - =5, .
) s Siml@=1)

Im | =
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Here the last equality follows from Lemma 2.2. The right-hand side equals a,,,:S;,, .
Thus S;,, = amSj,.. As S;, # 0, we deduce a,, = 1 and the proof is complete. [

As a direct consequence, since Zy = lim, o 8<,, € T(K), we deduce that the
entire function Zo vanishes at the points 21, = .. and Zo|_ = 1. The genus
one case of Theorem 2.4 can also be deduced from the explicit arguments of Green
and Papanikolas in [26].

3. UNIVERSAL FAMILIES OF EULERIAN MULTIPLE ZETA VALUES

3.1. Sign-normalized rank one Drinfeld modules. If R is an F,-algebra we
denote by R[7] the skew polynomial ring in 7 (denoted by R{7} in [25, Chapter 1]),
and by R[[7]] the ‘ring of Frobenius power series’ (denoted by R{{7}} in [25, §4.6].)
Let ¢ : A — Ko[7] be a rank one Drinfeld module such that for all a € A\ {0},

$o = a+ - +sgn(a)ries,

Such a Drinfeld module ¢ is said to be sign-normalized. In [26] a sign-normalized
rank one Drinfeld module is called a Drinfeld-Hayes module. By [25, Theorem
7.2.15], there always exist sign-normalized rank one Drinfeld modules. Further, if
we denote by H the Hilbert class field of A and Op the integral closure of A in H,
then for all a € A, ¢, € Og[7].

There exist unique elements exp,, log, € H[[7]] such that

expy, log, € 1+ H{[7]]T,
Va € A, exp,a = ¢qexpy,,

exp, log, = logy expy = 1.
We write

exp, = Zeiri, €; € H,
i>0

log, = > A7’ X €H.
i>0

The formal series exp, and log, are respectively called the exponential series and
the logarithm series associated to ¢. Additionally, exp, defines, in a unique way,
an Fg-linear entire function Coc — Co (unlike the functions Zj which are entire
X(Cux) \ {00} = C). In what follows, we identify the operator exp, with this
entire function Co, — C hence tolerating an abuse of notation. The kernel of exp,
is a projective A-module of rank one embedded discretely in Co. By [35, Theorem
5.8], the coefficients A; are non-zero for all ¢ > 0. Theorem 3.2 of [35] describes
non-vanishing criteria for the coefficients ¢;’s at a superior level of generality, i.e.
with oo a closed point of X not necessarily [Fy-rational. Note that the condition
ds = 1 ensures that they are all non-zero.

Drinfeld proved that there is a bijection between the set of sign-normalized rank
one Drinfeld module ¢ and a set of certain functions f called shtuka functions in
the rational function field F := Frac(A @, K) of X (see [22, 23, 35]). It follows
that one can associate a shtuka function f, € F'* to any sign-normalized Drinfeld
module of rank one ¢. The divisor (fg) associated to fs can be expressed in the
following way:

(fo) = VY = Vg + 2 - 00,
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for some effective divisor Vj of X (K) of degree g. We call it the Drinfeld divisor
attached to ¢. Note that the points Z and co do not belong to the support of V
(see [35, Corollary 0.3.3]).

There exists a unique sign-normalized Drinfeld module of rank one ¢, called the
standard sign-normalized Drinfeld module, such that the kernel of exp, is a free
A-module of rank one. From now on, we only work with this standard Drinfeld
module ¢. Then,

Ker(exp,) = ATy

for some element 74 € CX, uniquely defined up to multiplication by a factor in

Fy. We also denote by f and V, respectively, the associated shtuka function and
the associated Drinfeld divisor.

We now come back to the multiple zeta values of Thakur, in K. We choose
an r-tuple s = (s1,...,s,) € N”, with r > 0. We recall from the introduction the
following definition (see the first paragraph concerning the higher genus cases).

Definition 3.1. The multiple zeta value (4 (s) is Eulerian if CA(s)/?rZ(s) € Cy is
algebraic over K.

Remark 3.2. We consider the genus 0 case, i.e., X = P! with co an F,-rational
point. Then as already noticed, A = F,[f] and K = F,(#) for some rational function
6 over P. In this case we have ¢ = C the Carlitz module. It is uniquely defined by
the identity Cp = 0 + 7 in K[r]. We write T = T¢ and we have already mentioned
that if g—1 | n with n > 1, (4(n) is Eulerian, see [25, 36] for more details. By using
a positive characteristic variant of Baker’s theory and a seminal result of Anderson
and Thakur [4], Yu proved the following result for n > 0: (4(n)/7" € K if and
only if (a(n)/7™ € K, and of course the latter property occurs if ¢ — 1 | n (see
[41, Corollary 2.6]). This result was generalized for multiple zeta values associated
to F,[60], of arbitrary depth, by Chang [17]. Chang and Yu explicitly computed in
[19, 42] the transcendence degree of the subfield of C, generated by K and the
zeta values C4(n), n > 1. The methods of [17, 19] do not use Baker’s theory but
rest on the transcendence methods of Anderson, Brownawell and Papanikolas [3],
and Papanikolas [29].

Recall that expy = ZiZO ;7" with ¢; € H. Let us consider
z
exp(z) =z H (1 - 5) , z2€Cx.
ac€ A\{0}

This product converges for all z € C,, and defines an entire [Fy-linear function
Coo — C with kernel A C C, that we identify with an operator

expy = Z et € Kool[7]).
k>0

The link between the operators exp, and expy is given by the following identity in
Coollr]]:

(3.1) expy = %;1exp¢ T

We also have the identity of meromorphic functions over Co, and of formal series
of K[[7]]:
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z
——— =1+ > (a(n)2" € Ky[[2]].
expy(2) 1
(a-D)|n
From it we get
(3.2) Cald® —1) = N7l !, k>0,

Note that this implies Ay # 0 for all ¥ > 0, which is Theorem 5.8 of [35] (and
essentially the same proof). Further, we deduce that for all n > 1 with n = 0
(mod g — 1), Ca(n) is Eulerian (see [25, Lemma 8.18.1]).

3.2. Carlitz-Hayes polynomials. We know that for all n > 1 there exists a
unique polynomial called the n-th Carlitz-Hayes polynomial

&, € K[7]
such that, for all z € C,
Enlz) =2 H 1-2
acA(<n)\{0}

Here gn (z) denotes the evaluation of En at z. Let K, m be the coefficient of 7™ in
&, seen as a linear combination of 1,7,72,...

Proposition 3.3. With the above notation, we have
Rp,m = (_1)mS<n(q - 1a Q(q - 1)a ey qm_l(q - 1))

Proof. Since the zeros of gn are exactly the elements of the F,-vector space A(< n)
with multiplicity 1, we can write

En=(1—n17)En1
for some «,,_1 € K. Thus we obtain a non-commutative factorization
En =1 —-ap_17) (L —a17)(1 — ap7)
with ag = 1. It follows that
(3.3) Kn1=—(oo+a1+ -+ ap_1).

Now, by considering the zeros, degree and the constant term, we see that, for
any a € CX,

q—1
I1 (1 - i) —1-Z_
ca ad-1
cEF?
Thus
~ 2a—1
En(z) =2 H (1— a41> .
aeA(<n)\{0},
We deduce

(3.4) Fng=— Y q1_1~

aEA(<n)\{O}, a
a monic
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Combining (3.3) and (3.4) yields, inductively,
1
Qp_1 = Z 1 = Snfl(q - 1)

—1
ad
a€AL 1

We then get an explicit factorization
g, = (1 — Sp_1(q— 1)7) (1 — Si(q— 1)7).
The Proposition follows. (I

Note that the multiple zeta value (4 (¢—1,...,(¢ —1)¢""') has depth k. If
k=0, we have set (4 (¢ —1,...,(¢—1)¢" ") =Ca(0) = 1.

Theorem 3.4. We have the following identity

(3.5) expy = (-DFCa(g—1,....(g— )" ") " € Kyo[[r]].
E>0

In particular, for all k € N,

(36) CA(q - ]-7 q(q - 1)a ceey qk_l(q - 1)) = (_l)kgk%gk71~

Proof. We observe that gn(z) converges uniformly on every compact subset of Co,
to the function exp, € Ko[[7]]. By the previous discussion, (3.5) follows immedi-
ately and, viewing (3.1), it suffices to justify (3.6). O

As a direct consequence of Theorem 3.4 we deduce that the multiple zeta values
Calg—1,9(g—1),...,¢" (g — 1)) are all Eulerian in the sense of Definition 3.1.

Note that the special case of A = F,[f] is considered in [32, Proposition 4.4.9].
Unlike (3.2), (3.6) does not seem to deliver non-vanishing properties of the coef-
ficients €;. We can however consider the reverse implication and deduce that the
multiple zeta values (a(q —1,q(q¢ —1),...,¢* (g — 1)) are non-zero by using [35,
Theorem 3.2].

3.3. Harmonic products. We are ready to prove our main result, by variants of
the harmonic products discussed in [24].

Proposition 3.5. For all k € N we have the following identity of entire functions

an

over Spec(A)E" :
Zo-Cala =1, d" Ma = 1) = Zi+ 2,
Proof. By Lemma 2.4,
Zo-Calg—1,...,¢"a— 1)) — Zy
=Y 8<i-Silg—1,q(q—1),...,¢"(q— 1))

i>0

= 8<i-Silg—1)S<ilglg—1),...,¢"(q - 1))

i>0
=38V Scialg—1),..., ¢ g - 1)
i>0

(1)
=2y -
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As a consequence, we obtain

Theorem 3.6. Let n > 1 be an integer. Then for all k > 0, there exists o, 1, € H
such that

(3.7) Ca(d" =1L (g—1)q" ... (¢ = )" ") = ansla (¢"F = 1)
Further,
n+1
(3.8) an k= (— n+k ZATLH% i -
In particular, the multiple zeta value Ca(q™ —1,¢"(q —1),...,¢" T+ (g —1)) is
FEulerian.

Note that the depth of the multiple zeta value in the left-hand side of (3.7)
equals k£ + 1. The coefficient «,,  is well defined because A, never vanishes, as
previously noticed. If k = 0 the left-hand side is just (4(¢™ — 1) so that a, , =1
in this case.

Proof of Theorem 3.6. Let us write

F:=) (-1)"zZpr* € T(K)([7]].

k>0

The coefficient of 1 = 70 is therefore Z;. We also set
§:=> (-1 ala—1...(a = 1" ") 7" € Kc[[7]].
k>0
We recall that by (3.5),
G=expy € Kxo[[7]].
Hence Proposition 3.5 implies the identity in T(K)[[7]]:
F—7F =Zpexpy, .

This allows to write

J= Z (Zo)T" exp 4,
i>0

a series expansion which is convergent for the 7-adic topology. Explicitly, equating
the coefficients of 7%, we find

(3.9) Zy = Zek T2 Y, k=0,

Applying 7" we get

k

Aok gt g™
Tn(Zk) = (*1)]C ZGk i Tl+n(Zo)7Téq a')a .
=0

Evaluating at Z the above identity of entire functions and using (3.1) and (3.2)
together with the identities

(Zo)z = Calg' — 1), >0,
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we obtain

Calg" =1 (g—1)g",.... (g —1)g* ") =
k
_ n+1i n
= (=) A0, (Z Anyich ) Calg* ™ = 1),
i=0
and (3.8) holds. This completes the proof of the Theorem. O
Remark 3.7. Applying 7" for n > 0 to both sides of the identity of Proposition

3.5, evaluating at =, and assuming that X = P!, yields directly [20, Theorem 5.1].
If k=1, (3.9) yields

Zk = —6120%q71 — Z[()l)
Since €; = —A; the above is equivalent, by (3.2), to the harmonic product formula
(3.10) ZoCalg—1) =2V + 7,

A particular case of this formula, when ¢ = C is Carlitz’s module, so that A = FF4[6)],
appears in [24, §7.2.1].

Remark 3.8. Applying 7" with n > 0 to both sides of (3.10) and evaluating at =
yields the formula

Ca(q” — 1)Calg— 17" = Calg™™ = 1)+ Ca(g" — 1,(g — 1)q")

which is a generalization of [37, Theorem 4]. The case n = 0 makes sense too, but
returns a tautological identity. Theorem 3.6 in the case k = 1 rewrites as

o
An€]

An+1

(3.11) Calg"=1,(¢—1)q") = - ( + 1) Calg™™ = 1)

and agrees with the above formula again in virtue of the fact that e; = —\;.

4. APPLICATIONS

In this section, we consider Drinfeld modules on elliptic curves and ramifying
hyperelliptic curves as studied in [21, 26]. We then derive a simple formula for the
ratio au,,1. As a consequence, we prove a conjecture of Lara Rodriguez and Thakur
(see Theorem 4.2).

4.1. Elliptic curves: the genus 1 case. We work with Drinfeld modules on
elliptic curves (i.e., ¢ = 1 and do, = 1) which were studied in detail in [26]. We let
E be the elliptic curve defined over [ given by

E:n?4a10n+asn = 0%+ a0® + a0 + ag, a; e,

We denote by A = F,[0, 7] the ring of functions on E and K its fraction field. We
recall the F,-algebra homomorphism x : A -+ A® C given by a — a® 1. We put
y = x(n) and ¢t = x(0).

The shtuka function attached to the standard sign-normalized Drinfeld module
of rank one is given by
v _y—n—m(t—10)
= 5 t— o




UNIVERSAL FAMILIES OF MULTIPLE ZETA VALUES 19

where m = Z:SZ = (o, B) € E(H) is the Drinfeld divisor. Recall that for all
1 >0,

1 5(i+1)
0 iz M T 00 @l
The first equality is proved by Thakur [35, Proposition 0.3.6] as mentioned be-
fore. The second equality is shown by Anderson [35, Proposition 0.3.8], Green and

Papanikolas [26, Theorem 3.4 and Corollary 3.5].

By (3.11),
)\ne‘fn
nl = — 1

(n+1) £(n+1)
B (A L
S(n+2) = (f|5(1) )a"

p(n+1) 1
_ ( +1> |
= (flza)”"

4.2. Ramifying hyperelliptic curves. In [21], the first author extended the pre-
vious results to the case of ramifying hyperelliptic curves. More precisely, letting
g > 1 be an integer, we consider a ramifying hyperelliptic curve X defined over F,
is given by

€ =

X 2 + Fy(0)n = Fi(0)
with F; € F,[0], F1 monic of degree 2¢g + 1 and F» of degree at most g. Thus the
genus of X equals g. We denote by A = F,[0, 7] the ring of functions on X and K
its fraction field. We recall the F,-algebra homomorphism x : A -+ A ® C given
by a — a® 1. We put y = x(n) and t = x(0).
By [21, Proposition 3.1], the shtuka function attached to the standard sign-
normalized Drinfeld module of rank one can be expressed as

v
1=5
where v =y —n — Q and 4,Q € H[t] of degree g in t. Further, we have sgn(v) =
sgn(d) = 1. Then by [35, Proposition 0.3.6] and [21, Proposition 3.3], we still get
1 SG+D
T D =0’ N T 500 O

Thus we obtain a similar expression for a, ;:

N V(n+1) 1 1
n,1 = — _ " .
= (f’gu))q

4.3. Class number one base rings. Following Thakur [35] (see also [28]), another
important class of base rings consists of class number one rings, i.e., we require that
A is a principal ideal domain. There are exactly four of them listed as Examples
(i)-(iv) in [28]:
(i) A=T2[0,n]/(n* +n+6°+0+1);

i) A=F3(0,n]/(n*—(0° -0 —1));

) IF4[9,77]/(172 +1n+ 6% +w), where w? +w+1 =0, i.e., w is a generator

€; =

>a>>

mwnym2+n+m+ﬂ3+n.
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They considered the following ratios (in [28], these ratios are denoted by R,,)
_Calg" —1,¢" —q")
an,l L n+1 I’
Calgntt = 1)

and conjectured that they are in K in the above four cases. In each of the four
cases, we will set X and Y to be some ¢"-th power of # and 7 respectively.

Conjecture 4.1 (28], Conjecture 3.3). The following formulas hold in Examples
(i)-(iv) above:
(i) Set X :=0>" and Y :=n>". Then
B 92”’+1 +92
Oén,l - 772n,+1 +n+92n+1+1 + 9
_ X? + 62
Y244+ 0X2 40
(ii) Set X := 0" and Y :=n>". Then
02" —0)(n®" —n)2+ (603" —0)(—6>" — 6% —0+1)
§2:3" "t 4 g3nti+1l 4 g3t 4 33"+l 192 — 9+ 1
(X-0)(Y —n)?—-X?>+(-P+1)X+6>-90
W3+ X6+ (0+D)X3+62—6+1
i11) Set X := an =t en
(iii) Set X :=0*" andY :=n*". Th

= AT ) + (07 4 9O 4 6% + 1) + (61 +6)
" O2ATTIHZ L (4T 4 9) (AT 4 ) + 04!
(4.3) X ) + (X HONPX P+ )+ X+ 0
02X8 + (X414 0) (Y4 +n) + X4
(X4+0)Y 1+ + X+ (P + D)X+ (0°+1)X +60"+6"+0
(X4 +0)(Y*+1n) +62X8 4 X4 '

(iv) Set X :=02""" and Y :=n*" . Then

1
Ul = X2 X164 (94 1)X5 102 10

(4.4) (XXX (020 D)X X0+ X X8

(4.1)

Qp 1 =

(4.2)

(X” +(1+6)

+X5+(Y+v7)(X4+X2)+92+9).

Theorem 4.2. Conjecture 4.1 holds.

Proof. In the case of elliptic curve and ramifying hyperelliptic curves, we have
proved an expression in terms of the shtuka function f for the standard sign-
normalized rank one Drinfeld module ¢:

(n+1)
®n,l == ( §(n+2)

LI 1>
= (flzm)? '

Here v, are respectively the numerator and denominator of the shtuka function
f, as given in §4.1 and §4.2. Upon evaluation and reusing the notations from
Conjecture 4.1, we have
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_y—n—-0t-90)
t—g—1

2n+1

f flzn =1,

Oénl:n—’_n +02"+1+1+9+1
(4.5) ’ 02 +0+1
Y4+ 6XP40+1
B X440+1

(i)
_y—n—nt-10) _ 1
f_ —0—1 5 f‘E(l)_n7
B e A Ot VU A
(4.6) " 0T g +1
YHX3—0—-1)+nY — X% +60—1
X9—-0+1 '

y—n—60*(t—0) 1
f= f—0 ) f|5<1):m7
B B U S ) | A S A B A
an Y.
(Y*4+ )X+ X)+ X +0X"2 4+ 60X+ 0
X16+0 '

f_y+n—(t+9)(94+63+62(t+1)) flao = 1
T Bt + A+ 2+t =0 T g2t

1 2n+1
Oén,l - 0342n+2 I 02_271+2+1 + (1 + 0)92n+2 + 92 I 9 ((77 + n

+ (9 + 92n+1)(04.2n+1 + 93.271«#1 + 02'2714»1 (9 + 1))) . (9271+1 + 02n)

F (T 02T L (140)0" 467 + 0))

1

= y4

X24+0X16+((9+1)X8+02+0(("+
(4.8) +(0+ X)X+ X2+ (0+1)X7)) - (X + XP)

+ (X + 06X+ (9+1)X8+92+9)>

B 1

X2 49X 4 (0 +1)XB + 60240
+ X2+ 1D)(X0 X 4 (0 +1)X10 4 x4

(<n FYH(Xt 1 X?)

+ (P + )X+ X0+ (0+1)X3 + 602 +0).
We now prove that our expressions match those in Conjecture 4.1.

Example (i) A =TF2[0,1]/(n* +n+ 6%+ 60+ 1).

21



22 KWUN CHUNG, TUAN NGO DAC, AND FEDERICO PELLARIN

Set (4.1) and (4.5) to be equal and cross multiply. We want to show that the
following equality holds:

VP4 +PX 402 + Y 4+ +0X2 +0 =X+ 0°X* + (0 + 1) X* + 0° + 6°.
Using n%2 +n = 03 + 0 + 1, we can simplify the above equation as
YP4+Y2=X0+ X%+ 1.
This is true since
Y24y = 49 = (P +0)? = (@ +0+ 1) =X+ X +1,

and we obtain the desired equality by squaring this equation. This proves that the
expressions (4.5) and (4.1) are equal.

Example (ii) 4 = F3[0,n]/(n* — (63 — 0 —1)).
By squaring 7% = 6% — 6 — 1, we have n* = 05 4+ 6* + 63 + 6% — 0 + 1. Hence

YVi=(") = X0+ X'+ X3+ X2 - X +1.

Thus we can rewrite the expression in (4.6) as

(4.9) an1= nY + X7 —0X5 + X°

X g1l
+(—0+ DX —0X> - (0+1DX*+ (0 +1)X +1).
We also expand the terms involving Y in (4.2). First, we have that
V=) =(0*-0-1)" =X*-X-1.
Thus
Y =n)?=Y?+qY +1
=(X?-X—-1)+nY +(0°-0-1)
=Y + X3 - X +63-0+1.
At the same time,
Y3P=v?2.v=(X*-X-1)Y.
Putting these into (4.2), we have that the expression equals
(X—-0)(nY + X - X+6°—0+1)— X?+ (-0 +1)X+6*—-0
(X3-X—-1nY +X64+(0+1)X3+62-0+1
(X —0)nY + X4 —0X3+X2-X—62+0
(X3—X—-1nY +X64+@+1)X3+02—-0+1"
Set this and (4.9) to be equal and cross multiply, we want to show that the
following equality holds:

(X —0X7+ (=0 +1)X + 6> - 0)ny + X" — X" + X
— XY (=0 + )X + (-0 + )X + (02 - 0)X?
+(0+D)X2+ (0 -1)X+0>+060%+0

=X - X -1)Y2+ (X' —0X? + (=0 + 1)X + 6% — 0)nY
+X13—9X12+X11—Xlo+(—92+9)X9+(—93+9+1)X6
— @+ D)X+ (P 4+ + DX+ (- - DX+ (P +1)X
+6%—0+1.
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Cancelling common terms and rearranging, we want the following equality to
hold:

(XX -1)Y? = -0-1)X+(0®>-0-1)X*+(6°-0-1)X?
+ (@ —0-DX2— (P —-1D)X +(0>—0-1).
This is indeed true since 72 = #% — 6 — 1, and
(XX -1 =(X*-X -1 =X+ X"+ X3+ X? - X + 1.
This proves that the expressions (4.6) and (4.2) are equal.

Example (iii) 4 =F4[0,7]/(n* +n+ 6° + w) where w? + w+ 1 =0.
Set the expressions (4.3) and (4.7) to be equal and cross multiply. We want to
show that the following equality holds:

(XY + 00X 40X +0%)(Y* +0h) + 02X + (03 + )X + (0° + 1)XT
+ 0T+ 0" +0) X+ X+ (0 + )X+ (07 +0)X + 0%+ 0° + 6
= (X + XP+0X* +0X)(Y*+ 1) + (X7 + 60X + X® + XP
Loxt +62)(Y4 ) 02X 93X 1 (0% 4+ 1)X 1T 4 X1
+ 06X + 03 X% + 0X*.
Recall that n2 = n + 03 + w. Squaring both sides, we have that
=P+ +uw =+ 4+t +w=n+6°+6°+1

Using this and rearranging the long equation, we want to show that the following
equality holds:

(XB+XP+0X +0X) (Y +n)? + (XB+ X+ 00X +0X)(Y* +1)
= (X 4+ 0X X +6%)(0° + 0% +1) + X204+ (6°+6*) X7 4+ (67 + o) X 'O
+ 00X 4 03X8 + 03X 01X 4+ (07 +0)X + 6 +6° 4 6%
The right hand side can be simplified to
X2 4 XY 40X 40X 4+ 03X5 4 03X + 0P Xt + 00X
= X34+ XP+0X* +0X)(X'? +6%)
Hence, it suffices to show that
(Y 40?2+ (Y +0n) = X2 465
Raising n? + 1 = 63 4+ w by 4 - 4”-th power, we have that
Y847t =X" 4w

4 = w as w € Fy. Thus,

In particular, w
Y 4+ (Y 4+ =Y+ Y+ +n=X"+w+ 0> +w=X"+6°
completing the proof.
Example (iv) A =F5[0.n]/(n* +n+6° + 6% +1).
This one is the easiest among the four examples. The expression (4.8) has the
same denominator as Lara Rodriguez-Thakur’s expression (4.4). Hence it suffices

to show that their numerators are the same. By setting the numerators to be equal,
it boils down to showing that

YiP4+Y = X"+ X0+ X5+ X3,
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Or equivalently,

772n+1 4 7]27%1 _ 01042n—1 4 06-2"71 n 05.2n—1 4 03_2n71

for n > 1. This follows from the equality

nt+n=0"+6°+6"+06°

by squaring n? = n + 6% + 63 4+ 1. The proof is complete. O
REFERENCES
[1] G. Anderson. Rank one elliptic A-modules and A-harmonic series. Duke Math. J., 73(3):491—

2]
(3]
[4]
(5]
[6]
7]
(8]
(9

(10]

(11]
(12]
(13]

[14]
(15]

[16]
(17)
(18]
(19]
20]
(21]
(22]

23]
24]

542, 1994.

G. Anderson. Log-algebraicity of twisted A-harmonic series and special values of L-series in
characteristic p. J. Number Theory, 60(1):165-209, 1996.

G. Anderson, W. D. Brownawell, and M. Papanikolas. Determination of the algebraic relations
among special I'-values in positive characteristic. Ann. of Math. (2), 160(1):237-313, 2004.
G. Anderson and D. Thakur. Tensor powers of the Carlitz module and zeta values. Ann. of
Math. (2), 132(1):159-191, 1990.

B. Angles, T. Ngo Dac, and F. Tavares Ribeiro. Stark units in positive characteristic. Proc.
Lond. Math. Soc. (3), 115(4):763-812, 2017.

B. Angles, T. Ngo Dac, and F. Tavares Ribeiro. Exceptional zeros of L-series and Bernoulli-
Carlitz numbers. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 19(3):981-1024, 2019.

B. Angles, T. Ngo Dac, and F. Tavares Ribeiro. On special L-values of t-modules. Adv. Math.,
372:107313, 33 pp., 2020.

B. Angles and F. Pellarin. Functional identities for L-series values in positive characteristic.
J. Number Theory, 142:223-251, 2014.

B. Anglés and F. Pellarin. Universal Gauss-Thakur sums and L-series. Invent. Math.,
200(2):653-669, 2015.

B. Angles, F. Pellarin, and F. Tavares Ribeiro. Arithmetic of positive characteristic L-series
values in Tate algebras. With an appendix by F. Demeslay. Compos. Math., 152(1):1-61,
2016.

B. Angles, F. Pellarin, and F. Tavares Ribeiro. Anderson-Stark units for Fy[0]. Trans. Amer.
Math. Soc., 370(3):1603-1627, 2018.

B. Angles and F. Tavares Ribeiro. Arithmetic of function fields units. Math. Ann., 367(1-
2):501-579, 2017.

M. Borwein, D. Bradley, D. Broadhurst, and P. Lisonék. Special values of multiple polyloga-
rithms. Trans. Amer. Math. Soc., 353(3):907-941, 2001.

F. Brown. Mixed Tate motives over Z. Ann. of Math. (2), 175:949-976, 2012.

J. Burgos Gil and J. Fresdn. Multiple zeta values: from numbers to motives. to appear, Clay
Mathematics Proceedings.

L. Carlitz. On certain functions connected with polynomials in Galois field. Duke Math. J.,
1(2):137-168, 1935.

C.-Y. Chang. Linear independence of monomials of multizeta values in positive characteristic.
Compos. Math., 150(11):1789-1808, 2014.

C.-Y. Chang, M. Papanikolas, and J. Yu. An effective criterion for Eulerian multizeta values
in positive characteristic. J. Bur. Math. Soc. (JEMS), 21(2):405-440, 2019.

C.-Y. Chang and J. Yu. Determination of algebraic relations among special zeta values in
positive characteristic. Adv. Math., 216(1):321-345, 2007.

H.-J. Chen. Anderson-Thakur polynomials and multizeta values in positive characteristic.
Asian J. Math., 21:35-52, 2017.

K. Chung. Factorization of coefficients for exponential and logarithm in function fields.
arXiv:2010.12979v1, 2020.

V. Drinfeld. Elliptic modules, Math. Sbornik 94 (1974), 594-627. Math. U.S.S.R. Sbornik,
23:561-592, 1976.

V. Drinfeld. Elliptic modules II. Math. U.S.S.R. Sbornik, 31:159-170, 1977.

O. Gezmis and F. Pellarin. Trivial multiple zeta values in Tate algebras. to appear, Interna-
tional Mathematics Research Notices rnabl04, 2021.



UNIVERSAL FAMILIES OF MULTIPLE ZETA VALUES 25

[25] D. Goss. Basic Structures of function field arithmetic, volume 35 of Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3). Springer-Verlag, Berlin, 1996.

[26] N. Green and M. Papanikolas. Special L-values and shtuka functions for Drinfeld modules on
elliptic curves. Res. Math. Sci., 5(1):Paper No. 4, 47 pp, 2018.

[27] J. A. Lara Rodriguez and D. Thakur. Zeta-like multizeta values for Fy[t]. Indian J. Pure
Appl. Math., 45(5):787-801, 2014.

[28] J. A Lara Rodriguez and D. Thakur. Zeta-like multizeta values for higher genus curves. to
appear, J. Théor. Nombres Bordeauz, arXiv:2003.12910v3, 2020.

[29] M. Papanikolas. Tannakian duality for Anderson-Drinfeld motives and algebraic independence
of Carlitz logarithms. Invent. Math., 171(1):123-174, 2008.

[30] M. Papanikolas. Log-algebraicity on tensor powers of the Carlitz module and special values
of Goss L-functions. work in progress, 167 pages (last version: 28 April 2015).

[31] F. Pellarin. Values of certain L-series in positive characteristic. Ann. of Math., 176(3):2055—
2093, 2012.

[32] F. Pellarin. From the Carlitz exponential to Drinfeld modular forms. In B. Anglés and T. Ngo
Dac, editors, Arithmetic and Geometry over Local Fields, volume 2275 of Lecture Notes in
Mathematics, pages 93-177. Springer, Cham, 2021.

[33] C. Siegel. Advanced analytic number theory, volume 9 of Tata Institute of Fundamental
Research Studies in Mathematics. Tata Institute of Fundamental Research, Bombay, second
edition, 1980.

[34] D. Thakur. Drinfeld modules and arithmetic in function fields. Int. Math. Res. Not.,
1992(9):185-197, 1992.

[35] D. Thakur. Shtukas and Jacobi sums. Invent. Math., 111:557-570, 1993.

[36] D. Thakur. Function field arithmetic. World Scientific Publishing Co., Inc., River Edge, NJ,
2004.

[37] D. Thakur. Relations between multizeta values for Fy[t]. Int. Math. Res. Not., (12):2318—
2346, 2009.

[38] D. Thakur. Power sums with applications to multizeta and zeta zero distribution for Fg[t].
Finite Fields Appl., 15(4):534-552, 2009.

[39] D. Thakur. Multizeta values for function fields: a survey. J. Théor. Nombres Bordeaus,
29(3):997-1023, 2017.

[40] D. Thakur. Multizeta in function field arithmetic. In G. Bockle, D. Goss, U. Hartl, and
M. Papanikolas, editors, t-motives: Hodge structures, transcendence and other motivic as-
pects, EMS Series of Congress Reports, pages 441-452. European Mathematical Society,

2020.

[41] J. Yu. Transcendence and special zeta values in characteristic p. Ann. of Math. (2), 134(1):1—
23, 1991.

[42] J. Yu. Analytic homomorphisms into Drinfeld modules. Ann. of Math. (2), 145(2):215-233,
1997.

[43] D. Zagier. Values of zeta functions and their applications. In First European Congress of
Mathematics, Vol. II Paris, 1992), volume 120 of Progr. Math., pages 497-512. Birkh&user,
Basel, 1994.

[44] D. Zagier. Evaluation of the multiple zeta values ¢(2,...,2,3,2,...,2). Ann. of Math. (2),
175(2):977-1000, 2012.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, SAN DIEGO (UCSD), 9500 GILMAN
DrIVE 0112, LA JoLra, CA 92093-0112, UNITED STATES OF AMERICA (USA)
Email address: k7chung@ucsd.edu

Un1v LyoN, CNRS, UNIVERSITE CLAUDE BERNARD LyoN 1, INSTITUT CAMILLE JORDAN, UMR
5208, F-69622 VILLEURBANNE, FRANCE
Email address: ngodac@math.univ-lyonl.fr

INsTITUT CAMILLE JORDAN, UMR 5208, SITE DE SAINT-ETIENNE, 23 RUE DU DR. P. MICHE-
LON, F-42023 SAINT-ETIENNE, FRANCE
Email address: federico.pellarin@univ-st-etienne.fr



	Introduction
	1. Background
	2. A universal formula
	3. Universal families of Eulerian multiple zeta values
	4. Applications
	References

