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MAXIMUM TIME STEP FOR HIGH ORDER BDF METHODS
APPLIED TO GRADIENT FLOWS

MORGAN PIERRE

Dedicated to Héléne

ABSTRACT. For a backward differentiation formula (BDF) applied to the
gradient flow of a semiconvex function, quadratic stability implies gradi-
ent stability. Namely, it is possible to build a Lyapunov functional for the
discrete-in-time dynamical system, with a restriction on the time step. The
maximum time step which can be derived from quadratic stability has pre-
viously been obtained for the BDF1, BDF2 and BDF3 schemes. Here, we
compute it for the BDF4 and BDF5 methods. We also prove that the BDF6
scheme is not quadratically stable. Our results are based on the tools devel-
oped by Dahlquist and other authors to show the equivalence of A-stability
and G-stability.

Keywords: gradient flow, BDF method, semiconvex function, Lasalle’s in-
variance principle, Lojasiewicz inequality, Allen-Cahn equation.

1. INTRODUCTION

Backward differentiation formulae (BDF) were first introduced by Curtiss
and Hirschfelder for the numerical resolution of stiff ordinary differential equa-
tions [I1]. They have been extensively studied (see [15] [16, 27] and references
therein). In recent years, BDF methods have been proved to be very pow-
erful for the time discretization of semilinear parabolic problems in various
situations. In particular, the Nevanlinna-Odeh multipliers which date back to
1981 [23] have been used to obtain stability and errors estimates on finite time
intervals in the works [2, 21].

BDF methods also have very nice properties regarding the asymptotic be-
haviour of solutions. This is well illustrated by the Allen-Cahn equation, which
reads

0

8—1;—Au+f’(u):0, e, t>0, (1.1)
where ) is a bounded subset of R? with smooth boundary (d = 1, 2 or 3). The
unknown function w is the order parameter and the function f’ is the derivative
of a double-well potential. A standard choice is the quartic potential

£(5) = (2= 1?2 (s€R), (1.2)

 4e2
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where ¢ > 0 represents the typical thickness of the interface between two
phases. The Allen-Cahn equation is usually endowed with homogeneous Neu-
mann boundary conditions. It is the L?(2)-gradient flow of the energy

g = [ SIVal + fu)ds. (1.3)
Q

This can be used to prove that every solution to with the quartic poten-

tial converges to a steady state as ¢t goes to infinity. This result is based

on Lasalle’s invariance principle and on a Lojasiewicz-Simon inequality, which

involves the analycity of f [26]. We refer the reader to the review [17] for more

details.

In [13], Elliott and Stuart proposed several time and space discretizations
of which preserve the gradient flow structure. In particular, they proved
that for k = 1, 2 and 3, the k-step BDF method (BDFk) has this property, with
a restriction on the time step. They managed to build a Lyapunov functional
which is a modified version of for the discrete-in-time dynamical system.
As a consequence, every solution to the time discrete problem converges to a
steady state: this result is based on arguments similar to the time continuous
problem [4] [5, [7, (18] 22].

In [27], Stuart and Humphries generalized the result in [I3] to the case of
semiconvex functions. They also proposed to investigate the gradient stability
of the k-step BDF method for k = 4, 5 and 6. In [7], the author and his
collaborators generalized the construction in [27] and proved that the BDF4
and BDF5 are gradient stable, with a restriction on the time step. For this
purpose, they introduced a notion of quadratic stability involving quadratic
forms. Quadratic stability implies gradient stability and it is a definition easier
to work with, because of its algebraic nature. Numerical simulations suggested
that the BDF6 method is not quadratically stable. For & > 7, k-step BDF
methods are not zero stable [I5] and so they cannot be gradient stable [7,
Remark 2.8].

In [25], the author computed the maximum time step which can be derived
from quadratic stability for the BDF3 scheme applied to a gradient flow. The
purpose was also to try and have a better understanding of the BDF6 scheme,
but the method was incomplete to achieve this goal. In this paper, we manage
to compute the maximum time step for the BDF4 and BDF5 schemes, and we
prove that the BDF6 scheme is not quadratically stable. The idea is to apply
to our situation the powerful tools developped by Dahlquist [12], Baiocchi and
Crouzeix [0] (see also [16], Section V.6]) to show the equivalence of A-stability
and G-stability.

The situation for quadratic stability is therefore very analogous to what hap-
pens with the Nevanlinna-Odeh multipliers, which are valid for BDF schemes
up to order 5 only. However, for k& > 2, there is a possible gap between qua-
dratic stability and gradient stability [25], Section 3.5]. Therefore, there is still
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a slight chance to prove that the BDFG6 is gradient stable. In a related man-
ner, stability results on finite time intervals have recently been obtained in the
work [3] for the BDF6 scheme applied to semilinear parabolic equations.

The manuscript is organized as follows. In Section[2] we compute a maximum
value related to quadratic stability for the BDF4, BDF5 and BDF6 schemes, by
using tools developped for Dahlquist’s equivalence theorem. In Section [3], we
show how quadratic stability implies gradient stability with a maximum time
step for this approach. We also derive some consequences for the asymptotic
behaviour of discretized gradient flows, including the non-autonomous case.
Our analysis is made in the Euclidean space RY, but we stress that the tools
developped here also apply to the infinite dimensional case, for PDEs such as
the Allen-Cahn equation [7] or the Cahn-Hilliard equation [5] [§].

2. OPTIMAL CONSTANTS FOR QUADRATIC STABILITY
We consider the k-step BDF scheme applied to the gradient flow
y(t) = —VF(y(t), t>0
in RV, where F' : RV — R is of class C'. The k-step BDF method with fixed

time step At > 0 reads: let yo,...,yp—1 in RY and for n =0, 1, ..., let y, s
solve
1 <1
S ik = —VF(yurr), 2.1
At j:1j Yn+k (Yntk) (2.1)

where 0,1k = Ynaik — Ynik—1 1S the backward difference operator and by in-
duction, &y, = &1 (Oypys) for j > 2.

If F'is a semiconvex function, in order to find a Lyapunov function for the
discrete-in-time dynamical system , we take the inner product of
with 9y, (see (3.15))) and we are led to consider the quantity

k
1 .
Fk = <Z Eajyn+ka 8yn+k> ) (22)

j=1

where (-, -) denotes the inner product in RY. By induction, it is easily seen that
for j > 1, 37y, is a linear combination of Oyy1, . .., Oynir. Thus, it is conve-
nient to see '}, as a quadratic form depending on the variables Oy, 11, ..., OYnix
in RV, namely

k
1 .
Fk = <Z jajilaynJrk: ayn+k> .

=1

We introduce the polynomial of degree k — 1

Or(z) =) =(1—2)' = Z 82", (2.3)

J=1

.|
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so that

k-1
Iy = <Z 0iOYntk—is ayn+k> (2.4)
i—0

The polynomial §j, is analogous to the “defining polynomial” used for the anal-
ysis of multistep schemes (see, e.g., [15, 27]), but we use here the variables
nits -5 OYnyy instead of y,,...,ynsx. The fundamental idea is to apply
Dahlquist’s theorem, which is stated below, to the polynomials §(z) = dx(2)—f
and p(z) = 1, where 5 € R is optimal.

Lemma 2.1 ([6, [12] and Section V.6 in [16]). Let 6(2) and p(z) be real poly-
nomials of degree at most k — 1 (at least one of them of exact degree k — 1)
that have no common divisor. If

4]
Reﬁ >0 for |z] <1, (2.5)
p(z)
then there exist a symmetric positive definite matriz G = (g;;) € RF! x RF!
and real numbers ay, ..., ay such that for all vy, ... v, € RV,
k—1 k—1 k—1 k—1 k 2
<Z 0iVk—i Zﬂjvk—j> = Z 9ij Vi1, Vjg1) — Z 9ij Vi, vj) + Z ;v
i=0 =0 ij=1 ij=1 i=1
(2.6)
Hereafter, || - || denotes the Euclidean norm in RY. We have
3 1
) = ——=
2(2) 5 2%
11 7 1
0. = S ——z4+=2
3(2) 5 6% + 3%
25 23 13, 1,
WE) = Rttt T
137 163 137 21 1
5 A O At B L ST
s(2) 60 60 6 20 5

de(2) = 421_3 - ;—[1)2 + ;—322 - %23 + %24 - éz?
For 2 < k < 6 we consider the region
Dy =A{0k(z) : [2] <1} (2.7)
which is drawn in pink in Figures and we define
Br = inf{Redx(z) :|z| < 1}.
By examing the curve 6 — 0, (') for 6 € [0, 27] we find that
fr = min{Redg(z) : |z| =1}.
and we obtain

Bo=1, By = %, Bi=0.8141...8; =0.1855... and Bs = —1.37.... (2.8)
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The exact value of Sy is

B — 664  43v/43
Y729 2016
and the exact value of 5 is rather lengthy (see (2.10)). It is easy to check that

Bs < 0. For instance, we have

ﬁﬁ < Re ((56(6_2i7r/3)) = —19—0 < 0. (29)

Example 2.2. Let us compute 85 (the other cases are similar). We consider
the curve {d5(¢”) : 6 € [0,27]} in C (cf. Figure[2} right). We have

z(0) = Re (5k(ew)) = ps(cos(h)),

where
8 21 89 13
X)=-X*—- X34+ X2+ X + -,
Ps(X) = 3 T T
d
Thus, @x(e) = —sin(#)ps(cos 0) with
32 63 89 13
L(X)=ZX3— X2+ =X 4+ —.
(X)) =~ 5 T3 T30

The critical points of x(#) are obtained for sin# = 0 or pL(cosf) = 0. The only
real root of pf is

21 1121 1
X, = — — —1/49041 — 16+/3891895.
32 96/49041 — 164/3891895 96\/

Among these critical points, the minimal value of x(6) is obtained for cosf =
X and so

Bs = p5(X71) = 0.1855459753 . . .. (2.10)

03

FIGURE 1. Region (2.7) for BDF2 (left) and BDF3 (right).

The analysis above shows:
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FIGURE 2.

T T T T T T T T T T T T T 1
1 2 3 4 5 6 7 8 9 10 11 12 13 14

FIGURE 3. Region (2.7)) for BDF6.

Lemma 2.3. Let 2 < k < 6. Then for every 5 < B, we have
Redp(z) —B>0 for |z <1, (2.11)
where By, given by (2.8)). Moreover, if > Py, then property (2.11) fails.

From these considerations, we deduce:

Theorem 2.4. Let 2 < k < 6 and let 6y be defined by . For each B < B,
there exist a symmetric positive definite matriz Qr = (q;;) € R¥1 x R*1 and
a symmetric positive definite matriz Ry, = (r;;) € RF x R* such that for all
Viy...,V GRN,

k-1 k—1 k—1 k
<Z 5ivk—i7vk> = ﬂHkaz-i‘ Z Qi (Vit1, Vjp1) — Z ¢ij (v, vj) + Z 75 (Vi, V;).
i=0 ij=1 ij=1 ij=1
(2.12)
The value By is the supremum of the numbers for which this property holds.
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Proof. By Lemma we may apply Lemma to the polynomials §(z) =
0k(2) — B and p(z) = 1. Thus, there exist a positive definite matrix G =
(9i5) € RF=1 x R¥=! and real numbers ay, ..., a; such that
k-1 k-1 k—1 k 2
<Z 6ivki7vk> = Brllvel? + Z 9ij Vi1, Vjg1) — Z 9i5 (i, vj) + Zaﬂ%
i=0 ij=1 ij=1 i=1
(2.13)
Let 8 < [Br. We consider for € > 0 the symmetric matrix
G. = (g;;) e RFT x RM!
defined by
g5 = 9ij if @ # J,
“ giis +ie  if i =j.
By expressing G in terms of G., equation ([2.13]) becomes
k-1 k-1 k-1
<Z (Sivk—i7vk> = Blloe]l* + Z 95 Vi1, V1) — Z 955 (vi, vj)
=0 ij=1 ij=1
k-1 k 2
+(Be— B — (k= De)lluell® + &> llvill* + || D awi|| (2.14)
i=1 i=1

By continuity, for € > 0 small enough, the matrix G, is positive definite and
Br—pB—(k—1)e>0. (2.15)

This shows that formula (2.12)) holds with @ = G. and Ry defined by the

second line of ([2.14]).
Conversely, we assume now that (2.12)) holds for a number 5 € R, a sym-

metric positive definite matrix ) and a positive definite matrix Rj,. We may
assume that N = 1 since R ~ R x {0}~ € RY. Then (2.12) shows that for
all vy,..., v, € R, we have

k—1
> Giokior = Blogl” + V5 QeVa = VP QuVi + VI R,Y,
=0

where
V= (vl,...,vk)T, V= (vl,...,vk,l)T and V5 = (vg,... ,vk)T.

If we consider R and (); as hermitian matrices, this implies that for all Z =
(21,...,2x)T € C*, we have

K1
Re (Z 5i2k—¢2k) = Blawl® + 23 QrZa — Z{ QrZ1 + ZT Ry Z,
i=0

where

Zl = (21,...,Zk_1)T and ZQ = (ZQ,...,Zk)T.
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Let ¢ € C such that |[¢| > 1. On choosing Z = (¢*,¢?,...,¢"), we obtain

k—1
¢ Re (Z 5@‘C—i) = BICI** + (IC? = 12T QuZy + ZTRi Z.

=0

Since |¢| > 1 and @y, Ry are positive definite, this shows that

k—1
Re (Z Mﬁ') —3>0.
i=0
By Lemma 2.3 we necessarily have 5 < [, and the proof is complete. O

Remark 2.5. Since g < 0, Theorem shows that the BDF6 scheme is not
quadratically stable in the sense defined in [7]. The cases k > 6 and k < 6
have been considered in [7]. Therefore, the k-step BDF method is quadratically
stable if and only 1 < k < 5.

Remark 2.6. For a given 5 < [, the couple (Qg, Rx) in Theorem is
generally not unique. For instance, if k =2 and f =1/2 < 5 = 1, we have

3 1 1 1 1 1

§||U2|’2—§<U27711> = 5HU2H2+ZHU2||2— Z\|v1!\2+11\v1 —U2|’2+§||02H2> (2.16)
in which case Q2 = (1/4), or

3 1 1 1 1 1 3

§||U2||2—§<U2701> = 5||U2||2+§||U2||2—§||Ul||2+§||vl—§U2||2+§||U2||27 (2.17)

in which case Q2 = (1/2).

Remark 2.7. There is a constructive proof of Lemma as explained in [16],
Section V.6]. In turn, this gives a constructive proof of Theorem For-
mula (2.13]) can be obtained as follows. We first introduce the polynomials

pr(2) = 2" (0k(1/2) — Bi) and ox(z) = 2" 1.

Then, we consider the function

EA@==%Q%@ﬁmuh0+pavaUuﬁ>
It can be factorized as
k—1
BEy(2) = ap(2)ax(1/2) with ay(z) = Z i7", (2.18)

The coefficients ay, ..., a; in (2.13)) are given by the coefficients of the polyno-
mial ay(z). Next, we consider the polynomial

1

Pk(w7C) = 5

QM@%@+%@%W0-%MWK)
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By (2.18)), P vanishes when w( — 1 = 0. It can therefore be written as

k—1
Po(w,¢) = (w6 —1) Y gyw' ¢

ij=1
This gives the matrix Gy = (g;;) in (2.13). Once formula (2.13) is known, it
is easy to find € > 0 small enough such that G. is positive definite and (2.15
holds (cf. examples below). We note that in many applications, formula (2.13

is sufficient but in some cases, it is best to have a positive definite matrix Ry,
(see, e.g., Theorem [3.7)).

Example 2.8. If k = 2, we have ps(2) = 2/2 — 1/2 and 09(z) = 2. Thus,

Ex(z) = %1(2 — 2 —1/2) = as(2)as(1/2) with as(z) = z/2 — 1/2.
The polynomial P; is
Py, ) = 7(6C — 1),
so Gy = (1/4). Thus, formula reads

3 1 1 1 1
<§v2 — §Ul,vz> = Balva|]” + ZHU2H2 - ZHUlHQ + 1||U2 —u|”.

If we choose = 1/2 and € = 1/4 in ([2.14)), we recover formula (2.17)).
Example 2.9. For k = 3, we have

81 7 1
p3(z) = %zQ s + 3 and o3(2) = 2%
The algorithm described in Remark [2.7] gives
1, 7
az(z) = —=(("——-2+1

A(2) = (- 1 D

and 1 65 7
PO = (o6 = 1) (5 + o = (w0 +0))

and so

Gs = % (—71/4 6—57//1@ '

The Cholesky factorization of Gj is G3 = Lng with

L= 5 (—71/4 (f)'

We recover the same formula as in [25, Theorem 1], where 53 was obtained by
maximizing the constant 5 in (2.12)).

Remark 2.10. In Theorem , it is possible to replace RY by a Hilbert space
H and (-, -) by the inner product (-, )3 in H. The Euclidean norm is replaced by
the Hilbertian norm in H, || - ||3. For the Allen-Cahn equation, H = L?(2) [7]
and for the Cahn-Hilliard equation, H = H~! [§].
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3. GRADIENT STABILITY OF BDF SCHEMES

3.1. The continuous problem. We consider the gradient flow
y'(t)=-VF(y(t), t=0, (3.1)

where y : [0, +00) — RY and F' € C*(RY,R). Hereafter, we assume that F
satisfies the following two conditions,

(VF(v) — VF(w),v —w) > —cplv —w||?, VYv,weRY, (3.2)
for some constant ¢y > 0 and

lim F(v) = +oc. (3.3)
[[v]|—+o0
Condition (3.3) is a coercivity condition. Condition (3.2)) is known as a one-
sided Lipschitz condition for VF. Equivalently, we can say that v — VF +cpv
is a maximal monotone operator on RY or that the function

v Fo) + ol

is convex on RY. A function F which satisfies (3.2)) is called a semiconvex
function.

If F' is semiconvex, then there exists a minimum number ¢}, > 0 for which
property holds and we denote by cr this optimal constant. In particular,
F' is convex if and only if c¢p = 0.

By the Cauchy-Peano theorem and by monotonicity (see, e.g., [9]), for every
Yo € RY, there exists a unique y € C*([0, +00), RY) of such that y(0) =
Yo- On taking the inner product of by —y/(t), we obtain that

S P(y() =~y 0 (3.4

for all ¢ > 0. In particular, F'(y(t)) is nonincreasing, and the coercivity condi-
tion (3.3)) implies that y is bounded. By Lasalle’s invariance principle [17], the
w-limit set of y(0), defined by

w(y(0)) = {y* cRY : 3, = +oo, y(t,) — —i—oo} ,

is a nonempty compact and connected subset of RY, which is included in the
set S of critical points of F', that is

S={yeR"Y : VF(y)=0}. (3.5)

If the critical points of F' are isolated, this implies that y(¢) tends to a critical
point y* of F'in RY as t tends to +o00. Otherwise, convergence to equilibrium
may fail. We refer to [I, 17, 24] for such counterexamples where the w-limit
set is a cycle. Lojasiewicz [19, 20] proved that if F' is real analytic, then y(t)
converges to a critical point of F' as t tends to 4o0.

In [I0, Section 5.1], Chill and Jendoubi proved that a similar convergence
result holds for the non-autonomous gradient flow

y'(t) = =V EF(yt) +g), t>0, (3.6)
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where ¢ : [0,400) — R is a given function which tends to 0 at infinity in an
appropriate sense. In this case, the system (3.6]) is asymptotically autonomous.

3.2. BDFk scheme applied to a gradient flow. Let At > 0 denote the
time step. The general k-step backward differentiation formula (BDF) for (i3.1])

reads: let yo, ..., yr—1 in RV and for n =0, 1, ..., let g, solve
|
Z Eajynﬂc = —AtVEF(Ynir)- (3.7)
j=1

The one-step BDF method is the backward Euler scheme:
Yni1 — Yn = —AtVF(ypy1), n>0. (3.8)

The two-step BDF method reads

3 1
§yn+2 - 2yn+1 + iyn = _AtVF(ynJrZ)a n = 0. (3'9)

If F e C*2(RY R) (k < 6) and if the initial conditions are well chosen, the

error between the solution y of and its approximation given by the BDF

scheme is of order O(At*) on finite time intervals [27, Theorem 3.5.7].
We will consider a non-autonomous version of , namely

k
1 .
> ;8Jyn+k = —AtVF(ypir) + Mgy, n >0, (3.10)
7=1

where (g, )nen is a given sequence in RY which belongs to [2(N)¥. In particular,
gn — 0 and the scheme (3.10)) is asymptotically autonomous. It is a discrete

version of (3.6)).

For 1 < k < 6, we define
k
=Y 1/j>0. (3.11)
j=1

At every step n > 0, the vector y, r in (3.10) is computed from ¥,, Yni1,

.+y Ynsk—1 by solving a nonlinear equation. The assumptions (3.2))-(3.3)) on
F imply that the scheme is solvable for all At and uniquely solvable if At is
small enough [7].

Proposition 3.1. Let vy, ...ys_1 be given in RY. For each At > 0, there
exists a least one sequence (Yn)nen in RY with initial values yo, ... yr_1 which

complies with (3.10). If cp At < oy, this sequence is unique.

If cp At > ay,, uniqueness may fail [25, Example 1].
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3.3. Gradient stability of BDFk schemes. Let us see how quadratic sta-
bility implies gradient stability. We assume that 2 < k£ < 5 since the BDF6
method is not quadratically stable. The case k = 1 is considered in [14].

By Theorem , for each B € (0, fx), there exist a symmetric positive defi-
nite matrix Qf = (gi;) € R*! x R*! and a symmetric positive definite matrix
R) = (r};) € R¥ x R¥ such that for all v;,...,v; € RY, formula holds.
We denote by ¢/ and 7 the positive definitive quadratic forms on (RV)*~! and
(RM)* associated to Qf and Rf , respectively. Namely,

k—1
@ (v1, ..., vp_1) = Z Gij(vi,v;)  and  r(vy,. .. vp) = Z 735 (vi, ;).

ij=1 ij=1
For a sequence (¥, )nen in RY, we write
Untk = (?/n+k7 Wty - - - ,3yn+2)
and )
F,B(Qn-i—k) = F'(Ynsr) + A_tqf(ay"“’ ooy OYnar)-

In other words, the function Fj is defined for every (vy,vs, ..., v;) € (RV)* by

. 1
Fg(vy,. .., vg) :F(vl)—i—gqf(vk,...,vg). (3.12)
The gradient stability of the BDFk scheme ([3.10)) reads as follows.

Theorem 3.2. Let 2 < k < 5. Assume that cpAt < 20y, let § € (cpAt)2, k)
and set € = B — cpAt/2 > 0. If (Yn)nen is a sequence in RN which complies
with the non-autonomous BDFk scheme (3.10)), then for all n > 0 we have

~ 1 A At
Fg(Jnvr) + Eﬂf(aywb ey OYngr) < Fp(Gngr—1) + EHgmkHQ- (3.13)
Proof. Using assumption (3.2)), we easily obtain that

F(v) — F(w) > (VF(w),v —w) — %Hv —w|? Vo,weRY. (3.14)
We take the inner product of (3.10) with Jy,.x. We find

Fk = At<VF(yn+k)7 Yn+k-1 — yn-‘rk) + At(.gn-i-ka ayn+k>7 (315)
where T’y is defined by (2.2)). Using (3.14)), the Cauchy-Schwarz inequality and
Young’s inequality, we obtain

Cp At2
Dk < At (Fynia-1) = Flgnes) + S 100112) + l0ymial® + - lgusnl®

4e

Now, we use (2.4) and formula (2.12)). This yields
crp At
(/B— F2 —E)Hayn-i-k”z +q£(ayn+27...,ayn+k) —C_Zg(ayn_;r_l,...,ayn_;’_k_l)
At?

+7”}f(0?/n+1> oy OYpai) < A (F(Ynth—1) — F(Yntr)) + z“gmkHz,




MAXIMUM TIME STEP FOR BDF METHODS 13

which is equivalent to ((3.13]). U
If (yn)nen is a sequence in RY, we define its w-limit set by
w((Yn)nen) = {y* € RN : 3n, — 400 such that y,, — y*}.
We recall the following standard result (see, e.g., [25, Lemma 2]):

Lemma 3.3. If (y,)nen 45 a bounded sequence in RN such that y,i1 —yn — 0,
then w((yn)nen) is a nonempty compact and connected subset of RY.

Corollary 3.4. Let 2 < k < 5 and assume that cpAt < 2By. If (Yn)nen 1S a
sequence in RN which complies with (3.10), then Oy, — 0 and w((yn)nen) is @
nonempty compact and connected subset of RY included in S (cf. (3.5)).

Proof. By summing relation (3.13)) from n = 0 to p, we obtain
p

N 1 .
Fp(Gp) + 15 > 1 (Onsts - Oynin) < Faliiar) Z gn-+x]%.
n=0

Since ¢/ and 7 are positive definite, this shows that (F(Ynix))nen is bounded
from above. By coercivity of F (cf. - (Yn)nen is bounded. The function
F' is also bounded from below, so by letting p tend to +o00, we obtain

1 « At
AL er(ayml, ooy OYngn) < lan + F3(f-1) + - Z [ gnl? < +o0.
n=0

In particular, r,’f (OYns1, - -+, OYnsr) tends to 0 and since r,f is positive definite,

we have Oy,+1 — 0 as well. We may therefore apply Lemma If y* €
W((Yn)nen), we choose n, — 400 such that y, r — y*. By letting n = n, tend
to infinity in (3.10)), we obtain that VF(y*) = 0. This concludes the proof. [

Remark 3.5 (Uniqueness vs. stability condition). For k = 4 or 5, we have
206, < 2 < ay. Thus, for k =4 or 5, a gradient stable sequence which complies
with is uniquely defined by its initial values. In contrast, for k =1, 2 or
3, we have oy < 20y, so if At € [ag/cr,20k/cr), there may be several gradient
stable sequences with the same initial values [25, Section 3.5]. These remarks
are summarized in Table [II

E 1] 2 | 3 1 5 6
an || 113/2] 11/6 | 25/12 | 137/60 | 49/20
2B, 2] 2 [95/48 | 1.62...]0.371... | —2.74. ..

TABLE 1. Uniqueness and stability numbers for BDFk methods

We will use the following result, which is a direct consequence of |4, Theorem
2.4] and Lojasiewicz’s inequality for analytic functions [19].

Theorem 3.6 ([4, [19]). Let ® : RM — R be real analytic. Consider a bounded
sequence (T )nen in RM which satisfies the following conditions:
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H1: There exists a positive constant ¢, such that for each n € N,
D(2,) = @(Tnt1) > cif|Tpsr — wall;
H2: There exists a positive constant co such that for each n € N,
IVE(zn)l| < cal|wna — aall.
Then the whole sequence (z,,)nen converges in RM.

Theorem 3.7. Let 2 < k < 5 and assume that cpAt < 2B;,. If F: RV — R
is real analytic and if (yn)nen is a sequence in RN which complies with (3.7),
then the whole sequence (Y, )nen converges to a critical point of F.

Proof. We apply Theorem to the sequence =, = (Yn, .- ., Ynsk—1) With the
function ®(x,) = Fs(Jnik—1) where Fp is defined by (3.12). Namely, if x =
(ai,...,ax) € (RM)* we have

1
(b(alv SR 7ak‘) = F(a'k’) + Ktqlf(aalm B ,8@2)-

Since F' is real analytic and q,f is a polynomial, it is clear that ® is real analytic.
The relation (3.13|) shows that assumption H1 is satisfied (we consider here the
autonomous case (g, )nen = 0). Indeed, since ¥ is positive definite on (RN it
is equivalent to the Euclidean norm on (R™)*. The proof of Corollary 3.4/ shows
that the sequence (Up1x)nen is bounded, and so (x,),en is bounded. Since q,f
is quadratic, for each 1 < i < k, &liq,f (Oag, . ..,0as) is a linear function of
(Oay, ..., 0a). Furthermore, the scheme shows that VF(y,4x) is a linear

combination of
(OYnt1s -+ OYnir) = OTpa.

This shows that assumption H2 is satisfied and we are in position to apply
Theorem [3.6l The proof is complete. O

Example 3.8. Theorem can be applied to a standard finite element dis-
cretization of the Allen-Cahn equation (1.1) with the quartic potential (|1.2))
and Neumann boundary conditions. In this case, the constant cp associated
to the discrete version of the energy (1.3)) is equal to 1/£% since [4, Proposition
5.1]
f"(s) = (3s* —1)/e* > —1/&%

Thus, the condition on the time step reads At < 28,2, Other examples are
the Swift-Hohenberg equation [I4] or the Cahn-Hilliard equation [3] §].

The convergence result of Theorem can be generalized in several ways.
For instance, it is possible to consider the non-autonomous case . The
sequence (gn)nen is assumed to satisfy a condition which implies that (g, )nen
belongs to I*(N)" [14, Remark 3]. The BDF1 and BDF2 schemes have been
considered in [I4] (see also [4, Scheme (4.4)]). In Theorem [3.7) it is also possi-
ble to require less regularity on F: the function F' need not even be differen-
tiable [25].
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