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PRINCIPAL EIGENVALUES FOR SYSTEMS OF SCHRODINGER
EQUATIONS DEFINED IN THE WHOLE SPACE WITH
INDEFINITE WEIGHTS

LAURE CARDOULIS*

ABSTRACT. We present in this paper some results for the existence of princi-
pal eigenvalues for equations or systems defined in RY involving Schrodinger
operators with indefinite weight functions and with potentials which tend to
infinity at infinity.

1. INTRODUCTION

We consider the eigenvalue problem for the following system:

(=A + g)u; = X | mu; + Z mgju; | in RN, i=1,---,n. (1.1)
J=Lj#i
We consider the following hypothesis for each i =1,...,n:
(HY): ¢ € L, (RY)n L} (RY), p > 2, such that lim, |, gi(z) = oo and

loc loc PR
q; > cst > 0.
We will later specify the hypotheses on each weight m; and on each function m;;
and we denote by A a real parameter. The variational space is denoted by

V= Vo, (RY) - x Vy, (RY),

where for each i = 1,...,n, V,, (RY) is the completion of D(RY), the set of C*°
functions with compact supports, with respect to the norm

July, = [ 190 + g
RN
We recall that the embedding of each V,, (RY) into L?(RY) is compact.

The aim of this paper is mainly to study the existence of principal eigenvalues for
the system (1.1) with indefinite weights m; which are not necessarily bounded and
with coefficients m;; which are also not necessarily bounded. This extends earlier
results obtained either for the Laplacian operator in a bounded domain (see [5],
[15], [17]), or for the Laplacian operator with an indefinite weight in RY (see [4]),
or for equations involving Schrédinger operators —A + ¢; in RY with indefinite
and non necessarily bounded weights (see [6]), or for systems involving Schrodinger
operators —A + ¢; in RY with indefinite and bounded weights and with bounded
coefficients (see [7]).

1991 Mathematics Subject Classification. (AMS) 35J10.
Key words and phrases. Schrodinger operator, indefinite weight, principal eigenvalue.
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2 LAURE CARDOULIS

We rewrite the system (1.1) under the following form
LU = \MU (1.2)

where L is the diagonal matrix given by L = diag(—A+¢;), U = u = (u1,- -+ ,uy)
and M is the n X n-matrix given by M = (m;;) with m;; := m,.

Our main result concerns the existence and uniqueness of a positive, global and
principal eigenvalue A ps for (1.2) with a cooperative and symmetric matrix M
(i.e. m;; > 0 and m;; = my; for all i # j) and with indefinite weight m, €
LN2RNYN LN (RN) N L2 (RN) (N > 3) and non necessarily bounded coefficients
m;;. We also obtain a Courant-Fischer formula for this positive principal eigenvalue

Ai v

Our paper is organized as follows: In Section 2 we recall some results for the scalar
case, i.e. for the eigenvalue problem (—A + q)u = Amu in RY where ¢ is a po-
tential which satisfies (Hé) and where m is an indefinite weight, non necessarily
bounded. We also recall some results for the cooperative system (1.2) in the case
of indefinite and bounded weights (see [7, Theorems 2.5,2.6]). The Section 3 is
devoted to the study of the eigenvalue problem for the cooperative system (1.2) in
the case of indefinite weights m; € LN/2(RN) N LN (RN) N LS (RY) (N > 3). First
for positive weights m;, as in [6, 7, 15], we obtain the existence and uniqueness of a
positive principal eigenvalue A; 5; by using a general version of the Krein-Rutman
Theorem given in [11] which allows us to work in L2 (RY), where 2* = %, whose
positive cone has empty interior. We also obtain a Courant-Fischer formula for
A1 pr. Then for indefinite weights m;, we adapt the ideas expressed in [15, 6, 7]
to our case by rewriting (1.2) in an equivalent form with positive weights and a
parameter function o depending upon A. Then using the properties of the function
o and the variational characterization of the corresponding principal eigenvalue ob-
tained in the case of positive weights, we can get the existence and uniqueness of
a positive and principal eigenvalue for (1.2). Moreover we can compare Aj ps to
each principal eigenvalue of —A + ¢; associated with m; in RY. So in Section 3 we
extend some results already obtained for bounded weights and bounded coefficients
to non necessarily bounded weights and non necessarily bounded coefficients. We
conclude this paper by the Section 4 where we give two examples of studies of the
existence of a principal eigenvalue for a two-by-two system which is non cooperative.

Finally note that, as in [7], we can get the classical maximum principal result for
(1.1) and the existence of solutions for linear systems (see for example the maximum
principle and its extension known as the fundamental positivity in [1, 2, 3, 6, 7, 12,
14, 18, 19] and also the antimaximum principle and the fundamental negativity in
[2,9,7, 16, 19)).

2. REVIEW OF RESULTS

2.1. Review of results for the scalar case. We recall in this section some results
for the eigenvalue problem for the Schréodinger operator —A + ¢ associated with the
weight m. We assume that ¢ is a potential which satisfies (H). We will add another
hypothesis upon the potential ¢ which assures that any element of the weak domain
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of the operator —A + ¢ belongs to the strong domain D(—A +¢q). It is the following
hypothesis.

(Hi): Any element of the weak domain of the operator —A + ¢ belongs to
the strong domain D(—A + q).

(H3): For all 2 € RN and all h € RN, h # 0, | 2@ 9@ < o\ fy(a

Note that for example, the potential ¢(x) = 1+ |z| satisfies (H3). Then we have
the following lemma based on the methods of translations due to Nirenberg.

Lemma 2.1. ([7, Lemma 2.1]) Assume that the potential q satisfies (HY) and
(H3). Let u be a weak solution of (—=A + q)u = f in RN with f € L*(RYN). Then
u e H*(RY), qu € L*(RY) and therefore u € D(—=A + q). So q satisfies (HZ).

The weight m will assume one of the following hypotheses:
(H:): 0 <m < estin RV,
(H2): m e LN2RN)N L2 (RN) (N > 3), m >0, m # 0.

(H2): m € L*®(RY), m is positive in the open subset Qf, = {z € RY m(z) >
0} with non zero measure and m is negative in the open subset Qm ={ze
RN m(z) < 0} with non zero measure.

(H2): m e LN2(RN) N L3S (RY) (N > 3), m is positive in the open subset

QF with non zero measure and m is negative in the open subset ) with
non zero measure.

For a positive weight we have:

Theorem 2.1. (¢f [6, Theorems 2.1,2.2]) Assume that q satisfies (HY) and m
satisfies (HiY) or (HZ ). Then there erists a unique principal eigenvalue Ai q.m
which is simple and associated with a positive eigenfunction ¢1 qm and:

(A4 qQ)1.gm = Mgm M G1gm M RY; Xy g0 > 05 1 gm > 0. (2.1)

Jan [[VO]* + q¢7]
fRN me?

For a weight m which changes sign in RY, we have:

Al,q,m = 1nf{

, p€V,(RY) s. ¢ / m¢* > 0}. (2.2)

RN

Theorem 2.2. (cf [6, Theorem 3.1]) Assume that q satisfies (H), (H3) and m
satisfies (H2L ) or (H!2 ). Then the operator —A+q associated with the weight m has
a unique positive principal eigenvalue A1 4, associated with a positive eigenfunction
D1,q.m and (M gm, P1,qm) satisfy (2.1) and (2.2). Moreover the operator —A +
q associated with the weight m has a unique negative principal eigenvalue 5\1,q,m
associated with a positive eigenfunction ¢ q.m and (N.q.m; @1.q.m) Satisfy

(*A + q)ﬁgl,q,m - 5\1,q,m m Qzl,q,m m RN; S\1,q,rn < 0; (Z;l,q.,m > O

Jan [V + q¢7]
f]RN me?

5‘17117771 = sup{

, p € V,(RY) 5. ¢ / me? < 0}.

R
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2.2. Review of results for systems. We recall in this section some results for
the existence of a positive principal eigenvalue when the cooperative system (1.1)
has bounded weights. So we consider the eigenvalue problem for the system

n
(A +qi)u; = X | myu; + Z mijuj | mRY, i=1,---,n,
J=1j#i

where each of the potentials ¢; satisfy (Hcll) and each of the weights m; satisfy one
of the hypotheses among (H;}) and (H/L). We denote by M the n x n-matrix given
by M = (m;;) with m;; ;== m;. We will consider the following hypotheses:

(H3): For all i # j, m;; € L=®(RY) and m;; > 0.

(H4): M is a symmetric matrix.

(H5): Q:=nN7",Q; is an open subset of RV with non zero measure and with

Qf == {z e RY m;(z) > 0}.

For positive bounded weights, we have:

Theorem 2.3. (7, Theorem 2.5] Assume that each of the potentials q; satisfy (HY)
and each of the weights m; satisfy (Hil). Assume also that (H3) is satisfied.
Then there ezists a unique principal eigenvalue Ay pr > 0 associated with a positive
eigenfunction ®1 a1 = (P10, > Pnpr) € Voi= Vo (RY) x - x Vo (RY) for the
system (1.1). Moreover if (H4) and (H2) are satisfied then

Ay = inf Licy ”qui u= (U, - ,up) €V
7 Dy Jan maud + 3005 e maguiug oo

n
Z / MU > 0. (23)
JrN

1,J39#]

n
such that Z/ mauz +
i=1 /RY

Note that the condition Y7 | [on miuf +3°7 0 [n mijujuj > 0 is automatically
satisfied if M is a definite positive matrix (i. e. for all X # 0, {XMX > 0).

For indefinite bounded weights, we have:

Theorem 2.4. [7, Theorem 2.6] Assume that each of the potentials q; satisfy (H(ll)
and (H2) and each of the weights m; satisfy (Hi,). Assume also that (H3)-(H5)
are satisfied. Then there exists a unique principal eigenvalue Ay pr > 0 associated
with a positive eigenfunction ®1p = (1M, s Pn,m) €V =V, (]RN) X oo X
Vg, (RM), dim >0 and Ay satisfies (2.3).

3. EXISTENCE OF A GLOBAL POSITIVE EIGENVALUE

In this section (N > 3), we consider the eigenvalue problem for the system (1.1)

(—A“!‘Qi)ui =A| mu; + Z mi;uj | in RN, 1=1,---.,n,
J=1j#i
where each of the potentials ¢; satisfy (HE) and (H2) and each of the weights m;
satisfy (H3,) or (H/3). We will consider the following hypotheses:
(H3)): m € LYRYN) N (LN2(RYN) U L= (RY)) N LS (RY) (N > 3), m > 0.

loc
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(H2): m € LNRY) n (LN2RYN) U L= RN)) N L2 (RN) (N > 3), m is
positive in the open subset 2} with non zero measure and m is negative
in the open subset €2, with non zero measure.

(H6): For all i # j, my; € LN(RN) N (LY2(RN) U L=(RN)) N L2

lOC(RN) and
mg; > 0.

For strictly positive weights, we can prove the existence of a positive eigenvalue
associated with a positive eigenfunction for (1.1).

Theorem 3.1. Assume that each of the potentials q; satisfy (Hé) and each of the
weights m; satisfy (H3,). Assume also that (H6) is satisfied. Then there exists
a unique principal eigenvalue Ay pr > 0 associated with a positive eigenfunction
D10 = (P15 s Pm) €V i= Vo (RY) x -+ x V,, (RYN) for the system (1.1).
Moreover if (H4) and (H2) are satisfied then Ay ar satisfies (2.3).

Proof. We denote by M : ((L*" (RN))™, [l (z2* @ayyn) = (LARN)™, |l p2@vyy»)
the operator of multiplication by the matrix M. The operator M is well-defined
since the coefficients of the matrix are in LY (R”). Let the operator

LM (L% R™)™ [l zer @vyyn) = (PR, (Ll z2@ayye)-

The operator L='M is compact because of the compact embedding of V into
(L?(RN))™ and, due to the strong maximum principle for each operator —A + g;
in RY and the hypotheses (H2,) and (H6), is also strongly positive in the sense of
quasi-interior points in (L2 (RY))", in the sense of Daners and Koch-Medina. This
implies that L='M is irreducible and we apply the version of the Krein-Rutman
Theorem given in [11, Theorem 12.3] to deduce that 7(L~1M), the spectral radius
of L7'M, is a strictly positive and simple eigenvalue associated with an eigenfunc-
tion @1 a7 = (¢p1,Mm,*+ , Pn,m) Which is a quasi-interior point of (LQ* (RM))™, that
is @i > 0in RY for all i. Of course Ay py = ﬁ > 0 and r(L~'M) is the

only one eigenvalue of L~ M associated with a positive eigenfunction.

We recall that V 1=V, (RY) x - -- x V,, (R") and the inner product in V' is defined
by

<u, v >y= Yo < ug,v; >, forall u = (ur, -+ ,u,) €V and v = (v, ,v,) €
V. We set the bilinear form

B(u,v) = ; /RN m;u;v; +

Note that H'(RY) ¢ L? (RY) (N > 3) with a continuous embedding. Therefore
from hypotheses (H4) and (H6), § is a bilinear, symmetric and continous form.
From the Riesz Theorem, we get the existence of a continuous linear operator
T:V >V, T=(T1, - ,T,), such that f(u,v) =< Tu,v >y for all u € V and
veV.

Z / msjuv; forallu € V and v € V.
JRN

1,j=15i#£]

Now we prove that the operator T' is compact.
Let (up)p = (Uip, -+ ,Unp) be a bounded sequence in V. We want to show that
there exists a convergent subsequence of (Tju,), which is a Cauchy sequence for
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I-llq;- We have:

[Ty~ Toll, = [ ity i) (Try=Tou)+ > [ oz Ty~ Tow).
Y j=tigi 7 RY
If the weight m; € LV/2(RY) (similarly the coefficient m;;) then:

2N | N+2 2N ( N-—2
ma(usy ) Loty =Tou) < ([ (g a) [#52) 5[ Ty~ To #5) 5,
RN RN RN
Since N > 3, the embedding of H*(R™) into L? (RY) is continuous where 2* = 2
and so the embedding of V,,(RY) into L2 (RY) is continuous too. Therefore we
get the existence of a positive constant k such that:

. mi(wip — wir) (Tiup — Tiwg) < kllmg(ugp — uu)||L13$2 ') | Tiup — Tiw|g, -

Moreover, since the sequence (uj,), is bounded in Vg, (RY), we deduce that the
sequence (u;p), is bounded in H'(Bg) for all ball Bg = {z € RY, |z|| < R}. Since
Bpg is bounded, the embedding of H'(Bg) into L?(Bg) is compact and we get

that (u;,), admits a convergent subsequence in L?(Bpr) and therefore in L™ (Br)

(because of the continuous embedding of L?(Bg) into L% (Bgr)). Let € > 0. We
have:

2N
i (uip—ui)| 2 = i (i — wir)| ¥ 4 (i — uag)| ¥ .
LN+2(]RN) Bp RN —Bp

Since (z + )"/ < /P 4 yV/P for all p > 1, z,y > 0 we get:

N2 N2
It g gy < ([ sy =5 ) 7 ([ ity =l )
M (Uip—Uj1 2N S mi\Uip — Uqg mi(Uip — Uqg .
i\ Wip il 75 (RN) B i\Wip 7 RN — B i \Wip 7

Moreover:

[l (wip — uiz)||L]352 (RN —B) < mill pavz @ - poyllwip — witll g2 @y — Bg)-
Since (u;p), is a bounded sequence in V,,(RY) and so in L2 (RY), we deduce that
|lwip—witll L2* (m~ _ B ) 18 uniformly bounded respect to R. Furthermore m; € LN/2(RN)
and we can choose R sufficiently large to make ||m;|| ~/2my_p,) as small as we
need. Thus there exists Ry such that

[l (wip — “il)HLA%$2 BB < ¢ for all n,p and R > Ry.

Moreover, from the convergence of the sequence (u;p), in L (Bg,), we get:
I (uip—uan)ll | e, (Bro) < lmill oo () llwip—uitll | 22, (Bro) < e for p, 1 sufficiently large.

If the coefficient m;; € L°°(RY) (similarly the weight m;) then:
/N mij (wjp —ujr) (Tiup — Tiwr) < cstl|mig || poe vy llugp — wjill 2wy | Tivp — T g, -
R

Since the embedding of Vg, (RY) into L?(RY) is compact, there exists a subsequence
of (wjp)p, still denoted by (u;,),, which is a convergent sequence in L2(RY). There-
fore we obtain the compactness of the operator 7.
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We can conclude for the rest of the proof as in [7, Theorem 2.5]. Since the matrix M
is assumed to be symmetric, the operator T is selfadjoint. So the largest eigenvalue
of T is given by:

< Tu,u >y > et fRN mui + ZZj:l;i;éj fRN M U;Ui
Him = Sup —————— = Sup 0 B} 3
weVuzto < U, U >y uEV,u#0 Zi:l fRNHVUi‘ + qiu?]
Choosing u = (uy,- -+ ,u,) € V such that supp u; C {z € RY m;(z) > 0} for one i

and u; = 0 if j # 4, we get that pq 2 > 0.

Now, we prove that Ay a = L We have L7 *M®; pr = r(L71M)®q 5 or equiv-

Iy

alently L®q p = A17MM<I>17M.’Therefore foralli=1,---,n:

(—A+qi)pinm = A v (midiovr + Z mijbjar) in RY.

=Tyt
Thus for all v = (vq,--- ,v,) € V, we have:
n n n
Z/ (Vi -Vuitqidi mvi] = A v Z / mMids MV; + Z / My i M Vi
i=1 /RY i=1 \/RY j=152i /R

For v; = ¢; v, we get:

1 Doy Jan M7 nr + 307 vy Jan b Pim

= < M- (3.1)

Aim iy Jan (Vi m|? + i3 ]
Moreover, since p1,p is an eigenvalue of the operator T defined above, let ¢ =
(11,--- ,%n) be an eigenfunction associated with pq . Since TY = ug mtp, we

have for allv € V :
M1, M < 1;[}3 v >y=< T¢7U >y = B(IZ’:U) and so

M1, M ;/RN [V); Vv + qiivs] = ;/RN miv; +

For v = (0,---,0,v;,0,---,0) € V, we get:

n
E / mijwjvi.
. JRn

1,j=1;j#1

n

1
/ [V Vv + qiivi] = mv; + Z / mij;v;
RN Hi,m RN L Jrn
J=1j#i
Therefore we have L) = mlM M) or equivalently L™ M = py aep. Thus gy ar is
an eigenvalue of the operator L='M and
1
0<pinm <r(L7'M) = : (3.2)
Ay

From (3.1) and (3.2), we deduce that p1 = — and Ay s satisfies (2.3). O

Now, for indefinite and non necessarily bounded weights m;, we prove the existence
and uniqueness of a principal positive eigenvalue for (1.1) which extends the Theo-
rem 2.6 in [7] to the case of non necessarily bounded weights and coefficients of the
matrix M. Indeed, since N > 3, we have H'(RY) ¢ L?"(RY) with a continuous
embedding and so V, (RY) ¢ L?"(RY) with a continuous embedding too and this
allows us to work with weights m; € LY/2(RY) and coefficients m;; € LV/2(RY)
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contrary to [7] where we had m; € L>®°(RY) and m;; € L>°(RY) . This is the
following result.

Theorem 3.2. Assume that each of the potentials q; satisfy (HE) and (H2) and
each of the weights m; satisfy (H3). Assume also that (H4)-(H6) are satisfied.
Then there ezists a unique principal eigenvalue Ay pr > 0 associated with a positive
eigenfunction ®1 p = (d1 01, s Ipar) €V = Vo (RN ) x -+ x V (RN), ¢jar >0
and Ay pr satisfies (2.3).

Proof. We follow a method developed in [15] (for an equation in a bounded domain)
and in [7, Theorem 2.6]. Let QFf = {z € RN, m;(z) > 0}, meas (QF) > 0,
Q7 = {z € RN, m;(z) < 0}, meas (;) > 0, and Q? = {zx € RN m;(z) = 0}.
Let U = (uy,- - ,u,) be a solution of (1.1). Let h > 0, h a fixed function which
satisfies h € LY (RY) N LN/2(RN) N L (RY). We have for all i :

(=A + qi)ui + Am; u; = Nmu; + Z mijuj) in RY. (3.3)
J=15#1
For given A > 0, we rewrite (3.3) as an eigenvalue problem with parameter o(\).
For all i,

(—=A+g)ui+Am; +1;h)u; = o(N) | (m] + L;h)u; + Z mizu; | in RY (3.4)
J=1j#i

where 1; denotes the characteristic function of QY U Q; . We denote by Q; \ =
¢ + A(m; + 1;h) and p; :== m;” + 1;h. Then (3.4) is equivalent to

(—A + Qi’)\)ui = U()\)(piui + Z mijuj) in RY. (35)

j=Liji
Note that the weight p; > 0 in R, p; satisfies (H3,)and the potential Q;,» satisfies
(HY) and (H2) since A > 0. From Theorem 3.1, we deduce that the system (3.5)

has a unique principal eigenvalue o()) associated with a principal eigenfunction
Dy = (P10, ,Pnr)s Pix > 0. From (2.3), we get:

0()\) —inf Z?:1 RN[|V¢1'|2 + %@2] + )‘22;1 fRN (mz_ + 1zh)¢$
22;1 I]RN (mj_ + lih)(ﬁ + Z;L,jzl;i#j fRN mij¢i¢j

such that » / (m) + 1;h)¢? + / Mijdid; >0 . (3.6)
i=1 /RY

1,j=15i#£]

Therefore, o(A) < AT,Q, ~ the principal eigenvalue of the operator Lg associated
with the matrix N = (n;;) where Lo = diag (—A + Qi x), ni = pz and n;; = m;
in Q = N, QF with Dirichlet boundary condition. Note that A 1.o.n 1s In fact
independant of A. Therefore the function o is bounded. Note that o : A — ()
is increasing and continuous and that o(0) > 0. Therefore for all A > 0, we have
0<0o(0) <o(\) <Af o.n- Thus we deduce that there exists 0 < A< AIQJV such
that o(\) = \. Proceeding as in [15], we can show that \ is unique.

Indeed, let A > p > 0. If we denote by @5 = (¢1.x, -, Pn,r), ¢ix > 0, and by

7¢:(¢1a"'a¢n)ev
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@, = (D15 Pnop)s i > 0 the associated eigenfunctions with o(\) and o(u),
from the variational characterization (3.6), since A # p we have:

a(N) —o(p) < Z;L:1 fRN (m; + 1;h) zz,u
A= p DI s (m +1:h) zg,p, + Z?,jzl;iyéj Jan Mij i i
For,u:5\<)\7 we get,
a(\) — X Yict Jan(mi + 1ih)¢i2,;\

< — — <1
A=A Zz’:l f]RN (mj + 1ih)¢i;\ + Zi,j:l;i;éj f]RN mij¢i,&¢j,f\

And so o(\) < A for A > A. In the same way we show that o(\) > A for A < A and

this gives the uniqueness of \.

Now, we verify that A satisfies (2.3). We proceed exactly as in [7, Theorem 2.6].
Let us denote by

V= inf Yoy Jan VOl + ¢id?]
Z?:l f]RN ml(ﬁzg + ZZj:l;i;éj f]RN mijQidj

,(;5:((151,"',(;3“)6‘/

> _/RN m;jgip; >0

i,j=15i#]

n
such that Z/ mi¢? +
i=1 /RY

Since .
it Jan IV 517+ Qi¢i;\} +AY L Jpv (my + 1ih)¢i;
Z;L:l fRN (mf‘ + 1ih)¢i;\ + ZZj:l;i;ﬁj fRN mij(bi,j\d)j,j\

we have \ > )\,
Moreover let ¢ = (¢1,--+ ,é,) € V be such that

é/ﬂw mid; + an _/RN mijpid; > 0.

i,j=15i#£]
Since A = o(\), we get

A=

bl

i Jan [[Veil® + qi¢7]
Doim Jan midF + 30 gy Jan mijdid;

Thus ) < \*. 0

A<

As in [7], note that for all i =1,--- ,n, Ay pr < M,g;ma-
Indeed, from (2.1) and (2.3), we have Ay pr < Ay g m,- Suppose that Ay p =
Al,q;,m;- Then we have:

n
(7A+Qi)(¢i7fwi¢l,qmmi) = >‘1-,q7:,mimi(¢i,M7¢1,qi,mi)+)‘1,qi,mi Z mijd)j-,M in RY.
J=1j#1
Multiplying by ¢1,4,,m, and integrating over R we obtain (since M, qim: > 0),

S~ Z;L:l;j# Mij i M P1,g;,m; = 0. Since my; > 0, ¢; pr > 0 and ¢y g, .m,; > 0 we get
a contradiction.
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4. SOME TWO-BY-TWO NON COOPERATIVE SYSTEMS

We will study in this section the existence of a global positive eigenvalue Aj 5/
associated with a positive eigenfunction ®; s (i.e. a pincipal positive eigenvalue)
in the case of two 2 X 2 non cooperative systems. In a first example, we study
a non cooperative system with constant coefficients and with the same potential
q = q1 = g2. So we rewrite (1.1) under the following form

(—A + q)u = Mau + bv) in RY (4.1)
(—A +q)v = Mcu + dv) in RY ’
where the constant coefficients satisfy the following hypotheses
ac€R,a>2,0eR,b<0,|b| < +a.
(H7): { c=b+k+ bk with k = —2FVPH4a2)
1 " btk 2
The idea here is to insert this non cooperative 2 x 2 system (4.1) (b < 0) into a
strictly cooperative and symmetric 3 x 3 one. But we cannot follow the insertion
used in [13, 8] because we need to obtain a 3 x 3 symmetric system with strictly

positive off-diagonal coefficients in order to apply Theorems 2.3 or 2.4. We have
the following result

>0andn € R,n > 3a—1.

Theorem 4.1. Assume that the potential q satisfies (HS) and (H2). Assume also
that (HT) is satisfied. Then there exists a principal positive eigenvalue A1 pr > 0
associated with a positive eigenfunction @1 pr = (P10, P2.m) € V = Vq(RN) X
Vo(RN), ¢; ar > 0 for the system (4.1).

Proof. First note that b+ k > 0 (and so ¢ > 0). Also note that d > 0 (since
n > 3a —1). Let (u,v) be a solution of (4.1) and let w = u — kv. Then (u,v,w)
satisfies the following system

(—A+qu=A(a—Du+ (b+k)v+w) in RN

(—A+q)v = A((b+ k)u+ (d+ k2 EE)o + ) in RV (4.2)
(—A+ qw = Au + 2Ey 4+ (1 — k2R )w) in RV,
Moreover 1 — k% > 0. Since the matrix of the system (4.2) is symmetric and

with strictly positive coefficients, from the Theorem 2.3 we get the existence of
a positive principal eigenvalue A; pr > 0 associated with a positive eigenfunction
10 = (d1,m, P20, P2,01) €V = Vy(RY) x V(RY) x Vi(RN), ¢ pr > 0 for the
system (4.2). And we have

(A4 q@)p1,m = A v((a—1)g1m + (b+ k)dpoar + d3,0) in RY
(—A+q)ponm = A ((D+ k)10 + (d + k‘%)@,M + %%,M) in RV
(=A+ @) b3 = A (D100 + ZEGo ar 4+ (1 — k2EE) gy 0r) in RN,

Denote by ¢ = ¢1.pr — k¢2 0. Then

(=B 0)6 = Apar((a1h{b+R) o+ (k)0 (18 ) g ) i Y
Therefore
(—A+q)o =AM v (d1,m + bt k(bz,M +(1- ks k)d’s,M) = (=A+q)¢s3,n in RY.

n n
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So ¢ = ¢3ar and (1., P2,1) satisfies

{ (—A+q)d1ar = A ar(adnar + bz pr) in RY
(—A+ @)po,m = A1 p(cdr,m + dpa,ar) in RN,

O
We now consider as a last example of this section the following system:
(—A + q1)u = Mau + bv) in RY (4.3)
(—A+ g2)v = Mcu + dv) in RN ’

where the coefficients a, b, ¢, d are bounded. The ideas, here, are to decouple the sys-

tem in order to diagonalise the matrix M. We denote by M (x) = ( (Zg; 283 )

the coupling matrix of the coefficients of the system (4.3). Following [10], we intro-
duce S an invertible 2 x 2 matrix of constants such that S diagonalises M (z) for
all z. In [10], it is proved that such a choice is possible only if either (case I) b(x)
and ¢(x) are both multiples of a(z) — d(x) or (case II) a(xz) = d(x) for all z and
b(x) and c¢(x) are positive multiples of each other. We will only consider the case I
in order to have a non cooperative system. We define the functions u* and v* by

( u* ) =61 ( Z ) and since S is a constant matrix, we obtain

(5 ) (F)os(£). o

We suppose that the coefficients a, b, c,d of the system satisfy the following hy-
potheses:

(k1s): {

We rewrite the matrix M (x) under the following forms:

_ a(x) b*(a(z) — d(x))
M(z) = < c*(alz) — d(z)) d(z) >

where a # d and b* and ¢* are constants.

(i) a,b,c,d € L= (RY).
(#4) b and ¢ are positive multiples of a — d.

Following [10], we can decouple the system (4.4) if and only if 1 + 4b*c* > 0.

If 1+ 4b"¢* > 0 and b* < 0, ¢* > 0, we define the two positive constants p; =

1+1+4b%ct Vl;“b*c* and p, = 1=v1HdbTer Vl;“b*c*. We choose S = _pb _pb and we have
1 2
u=—b*(u* +v*) and v = pyu* + pav*. Now, if we define the functions
1
pa(z) == p— [p1d(z) — p2a(z) + 2p1p2(a(z) — d(x))] (4.5)
1
pa(o) i= ~——[pra(e) ~ pad(z) ~ 2p1palals) — d(a)], (4.6)

then we can write the decoupled system as

(—A + q)u* = Apgu® in RY
(—A + q)2v* = A\gv* in RV,

Therefore we have the following result

(4.7)
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Theorem 4.2. Assume that each of the potential q; satisfy (Hé) Assume also
that (H8) is satisfied. Then if M g, iy = M.gspin (T€5D- if Mogy.ps = M.ga.un) there
exists a principal positive (resp. negative) eigenvalue Ay pr associated with a positive
eigenfunction ®1 = (d1.01,P2.01) €V = Vi (RY) x Vo, (RN), ¢i pr > 0 for the
system (4.3), where A1 g, ui (1€Sp- M.gu;) 8 the unique positive (resp. negative)
principal eigenvalue for the operator —A+q; associated with the potential u; defined
by (4.5) and (4.6).

Proof. Assume that for example A1 g, 4, = A1,g0,u.- Then from Theorems 2.1, 2.2
there exists ¢1,4,,,, > 0 a positive eigenfunction associated with the eigenvalue
Mg, and there exists ¢1,4,,., > 0 a positive eigenfunction associated with the
eigenvalue A\ g, o = M,qipu- Then (d1,g,,15 @1,q0,u.) 15 a solution of (4.7). Let

p1.m = =0 (P1,g1,0 + Pligoue) > 0 and b2 v = p11,gy 0 + P201,g0,u0 > 0. We
get that (¢1,ar, P2,0r) is a positive solution of (4.3) associated with the positive
eigenvalue Ai g, ;- g
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