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We report experiments on high-amplitude sound wave propagation in an acoustic metamaterial composed
of an air-filled waveguide periodically side-loaded by holes. In addition to the linear visco-thermal and
radiation losses, high amplitude sound waves at the locations of the side holes introduce nonlinear losses. The
latter, result in an amplitude-dependent reflection, transmission and absorption, which we experimentally
characterize. First, we evidence that nonlinear losses change the nature of the device from a reflective to
an absorbing one, showing the possibility to use the system as a nonlinear absorber. Second, we study the
second-harmonic generation and its beating phenomenon both experimentally and analytically. We find that
when considering the propagation of both the fundamental and the second harmonic, nonlinear losses cannot
be neglected. Our results reveal the role of nonlinear losses in the proposed device, and also provide a quite
accurate analytical model to capture the effect of such losses.

Acoustic metamaterials is undoubtedly an important
research theme in recent years. A plethora of applications
have been developed, including acoustic cloaking1–4, per-
fect absorbers5,6, sound focusing based on gradient index
lenses7–9, acoustic topological systems10–12, and others.
In addition, recently, nonlinear acoustic metamaterials
have been receiving increased attention through studies,
e.g., on acoustic diode13,14, bifurcation-based acoustic
switching and rectification15, nonlinear acoustic lenses16,
and acoustic solitons17. However, so far, only few works
have systematically considered the effect of dissipation
in nonlinear acoustic metamaterials, although losses are
non-negligible and should not be ignored. For example,
Henŕiquez et al.18 found that losses could destroy the pre-
dicted behaviour of double negative acoustic metamate-
rials designed by Graćia-Salgado et al.19. In some works,
weak dissipation was associated with linear losses20–22;
however, in acoustics, nonlinear losses may easily appear,
e.g., due to geometrical discontinuities23,24.

In this work, we experimentally and analytically study
high-amplitude waves propagating in an acoustic meta-
material. In particular, we consider an air-filled waveg-
uide periodically side-loaded by holes with sharp edges
(geometrical discontinuities). This structure exhibits
both linear and nonlinear losses. The former, are due
to the radiation and viscothermal boundary layers, while
the later appear due to jet and vortices formation at the
locations of holes, when the wave amplitude is sufficiently
high. We characterize the nonlinear losses by perform-
ing amplitude-dependent experiments measuring the re-
flection, transmission and absorption coefficients. First
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evidence for nonlinear losses is that they result in the
transformation of this metamaterial from a sound reflec-
tive system to a sound absorptive one. Pertinent results
suggest the possibility of designing a perfect absorber,
which is also a timely research topic in acoustics5,6. Sec-
ond evidence for the nonlinear behaviour of the system
is the generation of higher harmonics. In that regard,
it is mentioned that Lombard et al.25 studied acoustic
second-harmonic generation by a single layer of bubbles,
while Bradley20 and Li et al.26 showed the beating of
the second harmonic in acoustic metamaterial periodi-
cally loaded with resonators or scatterers. However, in
these works, the effect of nonlinear losses was not high-
lighted. Here, we experimentally study second-harmonic
generation, and measure its beating due to dispersion in
the presence of nonlinear losses. We provide an analyt-
ical model to capture the effect of the nonlinear losses
in both the scattering coefficients and in the higher har-
monics. Our analytical results clearly illustrate that non-
linear losses play an important role in the structure.

The experimental set-up used for the characterization
of the amplitude-dependent reflection, transmission and
absorption is shown in Fig. 1 (a). It consists of a 3 m
air-filled acoustic cylindrical waveguide with internal ra-
dius r = 0.025 m, periodically loaded by 40 side-holes
with a periodicity of d = 0.05 m. At one of the ends
of the waveguide, there is a source radiating white noise
with frequencies from 200 Hz to 1000 Hz. The other
end is closed with a properly designed anechoic termi-
nation to avoid back reflections, in the frequency range
of 10 − 1000 Hz27,28. The radius of the side holes is
rH = 0.0035 m, while its length is lH = 0.005 m, equal
to the wall thickness of the waveguide. Because the struc-
ture is open to the environment through the holes, the
experiments take place in an anechoic room.
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FIG. 1. (color online) (a) Picture of the experimental setting
for the measurement of the amplitude-dependent reflection,
transmission and absorption coefficients. (b) Dispersion rela-
tion of the system without considering nonlinear losses; the
shaded area stands for the band gap.

We perform four experiments with different source am-
plitudes, and use a four microphone method29 to exper-
imentally determine the amplitude-dependent transmis-
sion, reflection and absorption for each case. A pair of
microphones (1/2 inch B&K) connected to each side of
the structure is employed, allowing the measurement of
both the forward and backward waves for the fundamen-
tal frequency. Here, we only consider the fundamental
frequency, and neglect the second harmonic (as we will
show later, the amplitude of the second harmonic is 40 dB
lower than the fundamental frequency amplitude).

We start by using a small-amplitude signal around
100 dB (black circles in Fig. 2), which can be consid-
ered as the linear limit. As shown in Ref. [30], in this
case the system features a band gap from zero- up to a
cut-off-frequency, marked by the gray area in Fig. 2, and
also shown in the real part of the dispersion relation in
Fig. 1 (b). Then, we increase the excitation amplitude
to achieve pressure amplitudes of 120 dB (green squares
in Fig. 2), 130 dB (blue stars in Fig. 2) and 140 dB (red
triangles in Fig. 2). The amplitude level is determined at
a reference frequency chosen to be 600 Hz. The experi-
mental results are shown with the markers in Figs. 2 (a),
(b) and (c), where the amplitudes of the coefficients R
(reflection), T (transmission) and α (absorption) are re-
spectively plotted as functions of frequency for each am-
plitude. When the amplitude of the source is increased,

both the reflection and the transmission coefficients de-
crease. This leads to a significant enhancement of the ab-
sorption coefficient (maximum value) and a broadening
of its bandwidth. According to our analytical findings,
this enhanced absorption is due to the nonlinear losses
appearing at the side holes. In addition, we note that in
the low frequency regime (around 200 Hz, namely in the
band gap of the structure), the absorption is significantly
enlarged (8 times larger) transforming the meta-structure
from a sound reflective to a sound absorptive one.

This amplitude-dependent phenomenon that we ob-
serve is also well captured by the transfer matrix method,
using a nonlinear impedance model for the side-holes23,24

(see solid lines in Fig. 2). According to this approach
(see details in the Supplementary Material), the n-th side
hole is characterized by a lumped element of impedance
ZH(n) = ZL+ZNL(n), composed by (i) a linear part, due
to both hole geometry and the radiation losses, and (ii)
a nonlinear impedance (resistance), given by:

ZNL(n) = βHZcHM(n)St
1/3
(n) , (1)

where ZcH is the characteristic impedance of a hole31,
M(n) is the acoustic Mach number, St(n) is the acoustic

Strouhal number23,24,32, and βH is a “fitting” parame-
ter. In Refs. [33] and [34], βH is determined by means
of numerical simulations: Disselhorst and Wijngaarden33

found values of βH between 0.6 and 1.0, while Peters and
Hirschberg34 evaluate βH to 0.2. In our case, by direct
comparison with experiments, we found that βH depends
on the amplitude as βH(140 dB) = 0.6, βH(130 dB) = 0.4,
βH(120 dB) = 0.3, while βH(100 dB) = 0 (linear case), i.e.,
the side holes feature no nonlinear losses when the am-
plitude of the source is small (. 100 dB).

We now proceed with experiments regarding the sec-
ond harmonic generation. The set-up is similar to that of
the previous experiment, except that the number of holes
is increased to 60, so as to better capture the beating
phenomenon of the second harmonic. The signal source
is now sinusoidal, with a fixed frequency fph = 600 Hz.
This driving frequency is chosen inside the propagating
band, but close enough to the cutoff frequency, where the
effects of dispersion and nonlinearity are stronger.

Employing the transmission line (TL) approach devel-
oped in Ref. [21], we have analytically derived the pres-
sure distribution of the fundamental, pωph

(x), and the
second harmonic, p2ωph

(x) (see Suplemental material for
details). Pertinent analytical expressions are obtained
using the continuum approximation, leading to a nonlin-
ear partial differential equation for the pressure, which is
analyzed by means of perturbation theory, and upon con-
sidering an input signal that fits the experimental source.
The source generates a weak second harmonic compo-
nent, defined as p2ωph

|(x=0) = Apha cos(2ωpht) where Apha
is measured at the vicinity of the source, and is found
to be 40 dB less than the amplitude of the fundamen-
tal component. Therefore, in the analytical expression of
p2ωph

, we have to incorporate an additional term due to
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FIG. 2. (color online) Amplitude of the (a) reflection coefficients, (b) transmission coefficients and (c) absorption coefficients.
Black circles (lines), green squares (lines), blue stars (lines) and red triangles (lines) present the experimental (analytical)
results with a source level around 100 dB, 120 dB, 130 dB, and 140 dB, respectively.

the source, and we finally arrive at the following result:

p2ωph
=

2β(−2iω+γH)A2
ph(2ω2+iγωω)

D(2ω,2k)ρc20

× sin
(

∆kph
2 x

)
sin(2ωpht− kpheffx)

+Apha cos[2ωpht− kph(2ωph)x].

(2)

In Eq. (2), β = 1.2 is the coefficient of nonlinearity in

air35, ω =
ωphd
πc0

and k =
kphd
π are dimensionless form

of frequency ωph and wavenumber kph, γH and γω stand
for the dimensionless resistances of the side holes and
the waveguide respectively, D(ω, k) is dimensionless lin-
ear dispersion relation of the system, Aph, ρ and c0 are
amplitude of source, density and the speed of sound re-
spectively, ∆kph = kph(2ωph) − 2kph(ωph) is the detun-
ing parameter that describes the asynchronous second-

harmonic generation, and kpheff = 1
2 [kph(2ωph) + 2kph(ωph)]

is the effective wavenumber. To account for the nonlin-
ear losses appearing at the positions of the side holes, we
add an amplitude-dependent term to the radiative losses,
by using the average value of the nonlinear impedance
ZNL(n) along the tube, and substitute into γH (see Sup-
plementary Material for details). An interesting feature
of the solution of Eq. (2) is that it describes a field with an
amplitude oscillating in space. This effect, called second-
harmonic beating, is in fact a consequence of the phase

mismatch, and is described by the term sin(
∆kph

2 x). The
positions of the minima of the beating are related to the
second-harmonic phase mismatch, and are given by:

xn = (2n)π
∆kph

. (3)

To illustrate the beating phenomenon and highlight
the importance of nonlinear losses, we perform experi-
ments for a specific frequency of 600 Hz, and we mea-
sure the temporal signal at different locations uniformly

distributed inside the waveguide (every 5 cm). Using a
Fourier analysis, we get the amplitude of the fundamen-
tal component pωph

and the generated second harmonic
p2ωph

. This experiment is repeated for three different
amplitudes of the source, Aph = 28 Pa (equiv. 120 dB),
Aph = 89 Pa (equiv. 130 dB) and Aph = 283 Pa
(equiv. 140 dB).

The analytical and experimental results are shown in
Fig. 3, where the first component amplitude is displayed
in Fig. 3 (a), (c) and (e) for 120 dB, 130 dB and 140 dB
respectively, and second harmonic in Fig. 3 (b), (d) and
(f), for the same source amplitudes. The solid lines cor-
respond to the analytical results, while the dashed ones
present the analytical results but without taking into ac-
count the nonlinear losses. The results of the experiments
are shown by the markers (circles for the first component
and square for the second harmonic).

For the fundamental frequency component, we demon-
strate that the influence of the nonlinear losses is not neg-
ligible when the amplitude of the source increases. For
example, with a source amplitude of 140 dB [Fig. 3 (e)],
the decrease is doubled after a propagation 3 m with
the nonlinear losses. If only linear losses are considered
(dashed line) the analytical results do not capture the ex-
periments correctly. However, using our additional non-
linear impedance we obtain the solid line which is in a
very good agreement with the experiments.

The beating of the second harmonic is clearly shown
in the panels (b), (d) and (f) of Fig. 3. Once again,
we demonstrate the strong influence of the nonlinear
losses on the second-harmonic generation and the result-
ing beating. The difference between the results includ-
ing and neglecting nonlinear losses is increasing with the
amplitude of the wave, illustrating the amplitude depen-
dence of this phenomenon. Without the nonlinear losses,
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FIG. 3. (color online) Experimental and analytical results for the second-harmonic generation. The source is of the form
Aph sin(ωpht) amplitude, 120 dB (a)-(b), 130 dB (c)-(d), and 140 dB (e)-(f). The symbols (solid lines) are experimental
(analytical) results. Circles (squares) stand for the experimental results of pωph (p2ωph). Dotted lines are analytical results
without considering nonlinear losses.

the amplitude of the beating during propagation is much
less decreasing. These results are confirmed by the exper-
iments, and our analytical approximations capture the
observed behavior quite well, apart from the case shown
in Fig. 3 (b) and (f). In Fig. 3 (b), the experimental re-
sult (green squares) does not show the beatings of p2ω in
space, because the excitation amplitude (120 dB) is not
strong enough, and the generated second harmonic is hid-
den in the experimental noise. In Fig. 3 (f), the experi-
mental result (red squares) shows the significant decrease
of the amplitude of the beatings, which could validate our
prediction about the importance of considering nonlinear
losses. However, there is still 2 dB difference between an-
alytical and experimental results, probably because our
analytical approach only considers the second-harmonic
generation, while the third harmonic exists in this case,
due to large amplitude of the wave excitation (140 dB).
Finally, as predicted by the model [see Eq. (3)], the po-
sition of the minima of the second harmonic, due to the
beating, are not sensible to the source amplitude, and
are very well captured by the analytical model.

In conclusion, we have studied both experimentally
and analytically nonlinear wave scattering in an 1D air-
filled waveguide periodically side-loaded by holes. We
have treated nonlinear losses using an analytical model
based in transfer matrix theory. By performing scatter-
ing experiments with different amplitudes we have de-
termined the amplitude-dependent reflection, transmis-
sion and absorption coefficients of the structure, and our
analytical results where found to capture the observed

enhanced absorption. Additionally, we have performed
experiments in order to observe the beating phenomenon
of the generated second harmonic. The importance of
nonlinear losses was also illustrated in this case, and our
analytical model captures the experimental results quite
accurately. Our results concerning nonlinear losses, espe-
cially regarding the observed large value of the absorption
coefficient in a relatively large bandwidth, are encourag-
ing for the design of amplitude-dependent absorbers. On
the other hand, the emergence and the good analytical
description of the second-harmonic generation could be
used for controlling and tailoring nonlinear waves. Fi-
nally, it would be interesting to study harmonic genera-
tion in higher dimensional acoustic metamaterials.

SUPPLEMENTARY MATERIAL

See the Supplementary Material for details on the
transfer matrix theory considering the experssions for the
nonlinear part of the impedances of the holes, as well as
for the transmission line approach used in this work to
analyze the beating phenomenon.

DATA AVAILABILITY STATEMENT

The data that support the findings of this study are
available from the corresponding author upon reasonable
request.



5

1S. Cummer and D. Schurig, “One path to acoustic cloaking,”
New J. Phys. 9 (2007).

2D. Torrent and J. Sanchez-Dehesa, “Acoustic cloaking in two
dimensions: a feasible approach,” New J. Phys. 10 (2008).

3B. I. Popa, L. Zigoneanu, and S. A. Cummer, “Experimental
acoustic ground cloak in air,” Phys. Rev. Lett. 106(25) (2011).

4C. Faure, O. Richoux, S. Félix, and V. Pagneux, “Experiments
on metasurface carpet cloaking for audible acoustics,” Appl.
Phys. Lett. 108 (2016).

5G. Ma, M. Yang, S. Xiao, Z. Yang, and P. Sheng, “Acoustic
metasurface with hybrid resonances,” Nat. Mater. 13, 873–878
(2014).
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