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Abstract

We present a novel approach for multiview canonical correlation analysis
based on a variational graph neural network model. We propose a non-
linear model which takes into account the available graph-based geometric
constraints while being scalable to large-scale datasets with multiple views.
This model combines the probabilistic interpretation of CCA with an au-
toencoder architecture based on graph convolutional neural network layers.
Experiments with the proposed method are conducted on classification, clus-
tering, and recommendation tasks on real datasets. The algorithm is com-
petitive with state-of-the-art multiview representation learning techniques,
in addition to being scalable and robust to instances with missing views.

Keywords: Canonical correlation analysis, Dimensionality reduction,
Multiview representation learning, Graph neurals networks, Variational
inference
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1. Introduction

Interconnected societies generate large amounts of structured data that
frequently stem from observing a common set of objects (or sources) through
different modalities. Such multiview datasets are also encountered in many
different fields like computational biology [3], acoustics [4], surveillance [5],
or social networks [6], to list a few. In many of these applications, datasets
are structured (in graphs, trees or sequences), large and it is common that
some of the views have missing entries. Although there exist many tools to
analyze and study multiview datasets [7], analyzing large-scale structured
multiview datasets with missing or incomplete views efficiently is still a very
challenging task.

Canonical Correlation Analysis (CCA) [8, 9] can be used for multiview
representation learning, by seeking latent low-dimensional representations
that are common to the different views. This common representation that
encodes information from different datasets can be leveraged to improve the
performance of machine learning tasks, e.g., clustering [10]. There are two
general approaches to CCA: algebraic or probabilistic.

The algebraic approaches to CCA were initially proposed for two-view
data following [8] and they obtain a latent low-dimensional manifold by
maximizing correlations between the projections of the different views onto
it. Being nonparametric, these approaches are powerful and versatile but
do not scale well to large datasets. Nevertheless, there have been numer-
ous extensions: to the multiview setting, see [9]; or to account for nonlinear
dependencies (beyond correlations), see Kernel CCA [11, 12], Deep CCA
[13, 14], or Autoencoder CCA [15]. Despite significant improvements in per-
formance, many of these approaches suffer from scalability issues [16, 17],
mainly due to the prohibitive costs of the underlying eigendecomposition on
which most of such methods rely on, and the difficulty to extent this settings
beyond two views.

Alternatively, probabilistic approaches to CCA were developed: CCA
solves a Bayesian inference problem [18]. As recent advances in variational
autoencoders [19] made Bayesian inference scalable, the probabilistic CCA
approaches gained popularity because of their potential (e.g., inference task
such as generating new dataset samples) and scalability, e.g, see VCCA(p)
[20], or VPCCA [21]. Using a probabilistic model, these methods scale eas-
ily to large datasets. However, they are less versatile to adjust to model
mismatch or to data structure as these methods are model based.
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Concomitantly to these advances, it was shown in [22, 23] that incor-
porating the available graph-induced knowledge about the common source
into multiview CCA improves performance of various machine learning tasks.
We refer to this graph-aware multiview CCA method from [23] as GMCCA.
However, GMCCA suffers from the involved eigendecomposition costs. In
essence, there are no CCA methods that have the advantages of both worlds:
being able to incorporate prior graph-based structure in the latent space and
being scalable. Such a method is proposed here. The present work attempts
to reconcile scalability and versatility for multiview CCA.

In the following, we develop a scalable multiview variational graph au-
toencoder for CCA (MVGCCA), which is robust to the presence of instances
with missing views in multiview datasets. Section 2 recalls some background
and technical elements for multiview CCA. Section 3 describes the proposed
approach and its key contributions. In particular, we show how graph struc-
ture can be enforced in the common latent space while preserving scalability.
Additionally, we discuss how the proposed method is robust toexistence of in-
stances with missing views, and how to improve that with the idea of “views
dropout”. Section 4 describes the datasets that are used for numerical exper-
iments. These experiments are described and discussed in Section 5. Finally,
we conclude in Section 6.

2. Multiview CCA

Multiview datasets - We consider M-view data X where each instance® has
M views, each in space R, m = 1,...,M. We have n instances in X.
The m-th view of instance i is written as X! € R% and the collection of
views for instance i is denoted as X' = {X! }M_|. We also introduce the
data matrix X,, € R%*" related the m-th view, whose columns are X ,
1 <7 < n. See Figure 1 for an illustration. Not to be confused with data
Xi € R¥ we denote x,, any variable vector in R%"  when needed in the
text.

Graph - We assume that each instance is associated to a node in a graph G
having a structure connecting the different instances. This graph captures
closeness and similarities between the different instances. The adjacency

matrix of the graph G is denoted A. We denote the neighborhood of node

2The instances can be designed as sources of the views.
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i in the graph as V(i) and denote V'(i) as the [ hop neighborhood of node.
We define also the following sets of features on the nodes (which are the
views of instances) associated to these neighborhoods in the following way:
Let us write d{}j the length of the shortest path in graph G between nodes
(instances) ¢ and j, and define:

VI(XT) = {X7 € X|d < 1)

which is the set of multiview features of the neighborhood of 7 up to a distance
[ in graph G (of adjacency matrix A). We define the equivalent set, limited
to view m:

V(X)) ={X], € Xpnld,; <1}

Notations - For any matrix B, B(i,:) denotes the i-th row and B(:,7) de-
notes the i-th column. The vector [cy, ¢a, . .., )T obtained by concatenation
is denoted by [cx]t_;. | - |F is the Frobenius norm; tr(-) is the trace oper-
ator; [i, k] is the set of integers between i and k (including the boundary).
For given distributions p and ¢, Dk (p|q) is the Kullback-Leibler distance
between these distributions.

Different M Views of the dataset
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Figure 1: Multiview dataset with graph structure. An illustration of a multiview
dataset. We have pictures taken from different angles for several people. The set of
pictures of one subject is an instance and the set of pictures taken from the same angle is
a view. Instances of the dataset can be related by an relationship on a graph. For example
here, theses instances (i.e subjects) could be part of a social network, in which people are
connected according to their friendship relations.
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Method Complexity 1.\Ion >2 views | Graph | Robustness
Linear
CCA O(n) X X X X
Kernel CCA O(n?)? X X X
Deep CCA O(n X X X
GMCCA O(n?) X X
VCCA(p) O(n) X X X
VPCCA O(n) X X X
MVGCCA O(n)

Table 1: Key properties of methods related to CCA. n is the number of elements in the
dataset. The column entitle ‘Graph’ indicates whether or not potential graph structure is
taken into account. The column ‘Robustness’ indicates whether or not the model is robust
to missing views in the data.

2.1. Algebraic approaches: linear CCA and extension

CCA. Let X; € R"*" and X, € R%*" denote two views of dimension d;
and dj for n instances. Given a dimension d << min (dy, ds), CCA seeks the
best projectors U; € R“*? and U, € R%*? such that the correlation between
Ul'X, and Uf X, is maximized. This can be formulated as the following
optimization problem:

Imin UL X, — UF Xs5|3 st UL(X,, XU, = I, for m € {1,2}.
1,2

(1)

Introducing Y11, Y99 the (regularized) correlation matrices?:

1

Emm:
n—1

XXy + Tl (rm >0) (m=1,2) (2)

and the cross correlation matrix X5 = ==X, X7 . The solution (U}, Us) of
the problem to Eq. (1) is obtained via an eigendecomposition [13, 23]:

(UF,U3) = (511 7Uy, Say "2 V) (3)

4r, and 7, are regularization parameters allowing to avoid degenerate correlation ma-

trices and irrelevant correlations [24].
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where Uy € R"*4 (resp. V; € R%*?) are the d leading left (resp. right)
eigenvectors of the matrix T' = 211_5212222_%. This formulation can easily
be extended to take into account non-linear relationships by replacing, in
Eq. (1), X; and X, by any non-linear function of X; and X, (e.g., Kernel
CCA [11, 12], Deep CCA [13, 14], autoencoder CCA [15], etc.).

Multiview CCA (MCCA). A direct way to extend classical CCA to mul-
tiview datasets with M > 2 is to maximise pairwise correlations between all
pairs of views:

min Z [Un X = U Xl s:te Un (XX Ui = Lo, (4

(Umm1m1

m’'>m

Unfortunately this problem is well known to be NP-hard [25]. In order to
overcome this issue, it is usual to introduce a unique common and low-
dimensional representation S € R%™. The problem is reduced to finding
S and projections {U,,}*_; in order to maximize correlations between S and
all the projected views {ULX,,}M_ . Tt leads to the formulation detailed
in Eq. (5) with v = 0. This relaxation of Eq. (4) is also solved using an
eigenvalue decomposition. Indeed, the matrix S* has columns equal to the k
leading eigenvectors of the matrix M XT(X,, X1)X,, [22].

Graph Multiview CCA (GMCCA). Chen et al. [23] have proposed GM-
CCA as an extension of MCCA in which graph-based prior knowledge on S,
when available, can be incorporated. It can lead to an increase in clustering
performance. The graph structure is taken into account by ensuring smooth-
ness of S on the known graph, which is represented using the graph Laplacian
matrix L € R™". By doing so, a graph-regularized CCA problem can be
posed as follows:

min Z UL X, — S|3 + ytr(SLST) s.t. SST =1, (5)
Um I\l

The solution S * of this problem has columns equal to the k leading eigen-
vectors of the matrix S | X7 (X, X7)X,, — L ; see [22] for more details.

Due to the eigendecomposition involved in all these algebraic methods,
they do not always scale well for large datasets (see Table 2). An alternative
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method based on a variational approach applied to a probabilistic model has
recently gained attention to reduce the computational cost. This relies on
the work of Bach et al. [18], where it is shown that CCA has an equivalent
probabilistic model.

2.2. Probabilistic CCA

PCCA. Bach et al.[18] have shown that linear CCA optimal projections, as
in Eq. (3), can be obtained from a graphical model [18], where the views of
an instance come from a latent variable (the common source) denoted z. Let
us define a prior distribution on this latent space p(z) and the conditional
probability (also called decoders) for each view py, (x,,|z) which is the prob-
ability to have a certain view x,, given the latent vector z and parameters
0,,, hence®S we have ¥m € {1,2},Vz € R Vz,, € Rém:

2z~ N(0, I);

6
T ~ Do, (Tin|2) = N (Winz + fim, Vi) o

with p,, € R W,, € R*d and ¥,, € RI*dm = ( (positive semidefi-
nite). We collect the trainable parameters in 6,, as 0, = (W, ttm, V). The
optimal parameter 6* is computed by maximizing the data log-likelihood with
respect to 6 = (01, 6,):

log pn (X1 X2) = 373 log / Pon, (X 2)p(2)dz. (7)

i=1 m=1

The parameter 6* is the one for which the dataset X = (X, X3) is the most
probable for py, and therefore the best parameter to explain the data. Let
us introduce the distribution p,, that is the unknown true distribution of
data view m. Thanks to Bayes theorem, the optimal encoder distributions
pox (2| X1, are perfectly defined, and we have Vi € [0, n]:

Po;, (Xiu[2)p(2)

po;, (2 X;,) = (8)

5Notation z ~ p means z follows distribution p.
6 Abuse of notation: any distribution p is indiscriminately written as p(x) or p.

7
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The expectation of optimal decoder is then exactly the optimal projection
(cf. Eq. (3)) coming from CCA (cf. Eq. (1)):

E.-pps, (2X;,) = M UL X, (9)

The solution is known up to some arbitrary matrices M, € R such that
M M, = P;where P, is a diagonal matrix of the first d canonical correlations
[18]. In this framework, CCA has a natural multiview extension to M > 2.
To do so we introduce as many decoders as the number of views in data. We
will use such an extension, while incorporating graph regularization like in
23].

Yet, solving the inference problem for a model such as Eq. (6) (i.e., a
multi-dimensional probability distribution) is often intractable: first because
it requires maximization of the log-likelihood and thus to integrate over all
the latent spaces, and, second, because the true distribution p,, of each view
is not known. Even if we were able to compute #*, we could not compute the
decoder distributions (Eq. (8)). A variational approach solves these issues,
as we will see next in recalling the method of variational autoencoder [26].

With that, probabilistic CCA solves the problem in O(n) and is thus
scalable. Moreover it opens up to perform inference tasks such as generating
and recovering missing views. Conversely, GMCCA has initially the advan-
tage of adding a prior information (coming as a graph) over data structure,
so as to compute better low dimensional representation. This prior imposes
a smoothness property on this representation such that the common view
S is smooth on the associated graph of Laplacian L. While it can be seen
as a prior, it acts in the problem as an additional regularization term and
the solution comes with the additional cost of requiring an eigendecomposi-
tion. Hence the method incurs O(n?); therefore it does not scale well. Our
objective is to get the best properties of both model, by forming a fully
probabilistic CCA model while having such prior on the graph.

2.3. Variational bound and graph autoencoder

VAE. Kingma et al. [26] have shown that by introducing parametric distribu-
tions ¢,(2|X?) = ¢,(2|X{, X3), with parameters 7, instead of the intractable
distribution pg(z|X?) = pp(z| X}, X3), one can lower bound the log-likelihood
in Eq. (7). This lower bound is referred to as the evidence lower bound
objective (ELBO), given as:
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log po(X1, X2) = Y E.y, xt.xp l0g(pa(X1, X512))] = Dicr(aq(21X1, X5)Ip(2))-
i=1

(10)

The first term of ELBO ensures a correct data reconstruction due to
the encoded latent representations. The second term acts as a regularizer
ensuring that the posteriors distributions ¢, for each multiview instance re-
main coherent in the latent space. It corresponds to the loss function of the
variational autoencoders, used in most existing variational CCA methods.

ELBO is easier to approximate than the data log-likelihood so we max-
imise this lower bound with respect to both 6 and 1. Moreover this formu-
lation gives directly the decoders as ¢,- without requiring the knowledge of
the true view distributions p,,.

Graph VAE (GVAE). It is possible to account for geometric structure
by using the variational autoencoder extension proposed by Kipf et al. [19]
for link prediction on graphs. In their single-view framework (M = 1),
data reside on the nodes of a graph having a weighted adjacency matrix
A € 1]0,1]™". On the contrary of Eq. (10) where the ELBO is a sum of terms
depending only on one instance ¢ of the data, here we have to introduce a
latent matrix Z € R%*" to express the probability to have graph A between
n latent variables”.
Then the graph-aware ELBO loss function is defined as :

Lpro = Bz, (z1x,m)llog(pe(AlZ))] — Drr(q,(Z]1X, A)lp(2)),  (11)

where ¢,(Z]X, A) is the parametric probability distribution for encoder
which is now parametrized by a graph neural network, p(A|Z) is the graph
decoder distribution and p(Z) = I ,p(Z(:,4)) is the prior on the latent
space, taken as a multivariate normal distribution. Following [19], ELBO
first term will ensure graph reconstruction from latent space, but it does not
allow for data reconstruction (which is useless for link prediction task). On
the contrary, the second term acts as a regularizer of the latent space. We

"Note that we could introduce the model with two latent variables only, and that would
be enough to write the model for link prediction.

9
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Xm, A .. @ Zu : .‘J*" @ Xy | e,
o, | og® b LAG) ~ B sigmoid (207 26,5))
e e e e e e e e ——

................................

Figure 2: Representation of MVGCCA. All the views are encoded to their own latent
space Z,, using the common graph. They are merged to form a common view Z. Finally,
7 is tailored to decode all the views and original graph.

will use a similar approach to develop our method, while extending it for
multiple views.

3. Variational graph MCCA

3.1. Model

We now present our contribution which consists of proposing a proba-
bilistic multiview CCA model that can deal with missing views. Specifically,
starting from Eq. (6), our contributions are as follows:

1. To extend the framework of [18] for M > 2. We introduce M decoders
corresponding to the number of views. These decoders are parametrized
by multilayer perceptrons (noted as MLP);

2. To take into account a prior graph structure on the latent space of z;
inspired by [19], we add graph decoders into the PCCA frameworks;

3. To build a model that can deal with missing views in instances of
datasets.

To this end, we define the following probabilistic model that forms the basis
of our contribution, Vm € {1,..., M},Vz € R? Vz,, € R%:

z ~ N(O,Id);

q (12)
T ~ Py, (Tm]2) = N(WHECMLP,,(2), ¥,,).

10
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This model relies on two hypotheses, in accordance to previous works [18,
19, 26]. First, z follows a multivariate normal distribution; this assumption
may look unreasonable for most data, but is often used in variational autoen-
coders in the literature [26, 19] as this distribution of the prior is supposed to
be mostly informative through its mean and variance, yet the specific shape
is uninformative. In practice, it leads to good performance and it leads
to a more convenient mathematical framework. In particular, it is easy to
sample elements from Gaussian distribution and it leads to explicit formula-
tion in the ELBO. The second hypothesis is that the conditional probability
distributions of the view decoders are taken as multivariate Gaussian distri-
butions parametrized by a multilayer perceptron for the mean, and a weight
for the covariance matrix. Precisely, this hypothesis combined with the first
one, allows to have an explicit form of Kullback-Leibler divergence on ELBO
(Eq. (24)).

Next, we take into account a prior graph structure on the latent space of z
using techniques inspired by [19]. Specifically we introduce a graph condi-
tional probability distribution (graph decoder) which gives the probability
to have an adjacency matrix A € [0, 1]"*"™ given the n latent space vectors
concatenated in the matrix Z € R¥" :

Z (1) ~ N(0, Iy);

A~ py(A]2). (13)

In this context, we assume that all links of the graph are independent. Hence
we introduce a weight decoder distribution p;(a = 1|z,2") ~ B(1,£(z72")),
parametrized by a Bernoulli law B, where £(-) is the logistic sigmoid function
and a € [0, 1] is the possible weight of a link. Thus the probability to have a
graph defined by an adjacency matrix A given Z is:

A|Z Hle ,]‘Z Z(:aj))' (14>

=1 j=1

3.2. Fuvidence lower bound objective
Using the hypothesis that all the views are independent one from others, as
well as from the links, the log-likelihood can be written in the following form:

log pg(X, A) = log (po({Xm }m—1) Pg(A)) . (15)

11



244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

In this equation, py({X,,}}_,) is the joint probability on all the views, X;
to Xy; hence, this equation gives the probability of obtaining the multi-
view dataset X = {X,,}M_, with the graph A given the model ps. We can
explicitly express these probabilities as in Eq. (7):

oo (X =30 o / P (X |2)p(2)dz:
=1 m=1 (16)

log py(A Zzlog / Aijlz, 2 )p(2)p(2)dz=dz"

=1 j=1

Since this computation is also intractable, we follow the methodology of
Kingma et al. [26] in order to define an efficient approach. We introduce a
parametric distribution written as in Eq. (17). As we are going to parametrize
this distribution with graph neural networks, we need the notation V' intro-
duced earlier to refer to the features in the neighborhood of a node up to a
distance [ in the graph, i.e, we have:

n

(21, 4) = [La 2OV 0, 4) = [T TT o (260D (). 4),
i=1 i=1 m=1 (17)

Were 1, is the trainable parameter for view m distribution encoder g, and
we have n = (11,...,mu). The parameter [ depends on the parametrization
of the graph neural networks, which will be decided on the experimental
part. Let us consider the Kullback-Leibler divergence between the parametric
decoders and the decoders as:

Dir(gq(Z]1X, A)|pe(Z]X, A)) = 0. (18)

More explicitly, we have:

q’?(Z‘X7A)
71X, A)log 222 g7 > 0, 19
/RWM X A)log 22 (19)

Using Bayes theorem, we can write Eq. (19) as

12
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qﬁ(Z‘X7 A)pG’(X? A)
q,(Z|1X, A) log dz > 0. 20
X ot 20
which develops into:
/ L(Z1X, A)log 21X A) 1)
Rnxd p(Z)

(21)
_ / (21X, 4) log po(X, A|Z)dZ > ~logpo(X. A).
RTLX

In other word, we have the inequality:

log po(X, A) > Ezeg,z1x,2)10g (X, A|Z) — Drr(qy(Z|1X, A)|p(Z)).  (22)

The ELBO (lower bound of Eq. (22)) takes finally the following explicit form
(similarly as in Eq. (10)):

Lrrpo = Z Z E zeogn (2| VHX?),A logpg( 0312, Z')

i=1 j=1 2'~qqn(z |Vl(XJ)A)

n M
F YD gy iy, 108 D, (X0 ]2) (23)

i=1 m=1

3" Dicnlay (IVI(X), A)p(2)).

=1

In this formula, we obtain a graph reconstruction term, an explicit data
reconstruction term, and a regularizer in the latent space. All these terms
involve the parametric view decoders ¢, that we define next.

3.3. Parametric decoders

We choose in this model to parametrize each g¢,,, by a multivariate Gaus-

sian distribution with a Krylov Graph convolutional neural networks® (GCN)
27] as:

8log in log o, is applied element-wise on matrix o,,.

13



272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

291

292

293

294

295

Gy (2[VI(XG,), A) = N (k5 (2, 4), diag (o7 (:, 1))
pene = Wk ““Krylov,, (X, A). (24)
logo¢ = W7 ““Krylov,, (X, A).

enc

where "¢ and log o7 are matrix output by Krylov layer whose i-th column
is, respectively, the mean and the diagonal of the covariance matrix of ¢,,,.
We use the log to ensure positivity of sigma.

The reason for the choice of a GCN is that they are efficient to extract fea-
ture information of a node considering its neighborhood [28, 29]. They have
been widely used in node classification, node clustering, and other graph an-
alytic tasks. Currently, many GCN have similar performance [30], and since
the choice is not critical, we simply use a truncated Krylov GCN architec-
ture [27] which has been proven to have good properties when stacking across
graph layers.

3.4. Parameters of the model and inference

Globally, the trainable parameters (i.e., the ones to infer) of the models are
the weights W,,,, W 4 W ¢ WH ¢ regpectively the parameters of the
multilayer perceptron MLP,, and of the Krylov GCN layers Krylov,,,.

In order to infer these parameters efficiently, we will use the ELBO of
Eq. (23). Even if this ELBO is not separable in a sum of terms depending
only of one instance i, it can be decomposed in terms containing only subsets
of some instances i. This leads to a training strategy of the model in a batch
manner, using a suitable optimization method. For every instance 7, each
view m (i.e., X! ) has it’s own latent representation, which is computed sim-
ilar to Eq. (9) i.e E.og,  (vi(xi),a) = Hm<(:,4). These latent representations
of views allow us to build the common latent representation of instance ¢ as
(see Fig. (2) for illustration):

enc

EZNCIW(ZWZ(Xi)vA) = — Oenc2 k Z /Z Oen02 <25>

k=1

These representations are used for the experiments presented later on.
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3.5. Robustness and “views dropout”

The formula (25) comes from the choice of ¢, as a product of multivari-
ate Gaussian distribution with diagonal covariance matrix. This particular
choice gives the model robustness property to deal with missing views. In-
deed by model assumptions, each view of an instance ¢ of the dataset is
derived from a latent variable we seek for. For each view, the distribution
@ (2|VH(XE,), A) gives the probability that the latent variable z generates the
corresponding views. Thus we have g, (z|V!(X?), A) = IY_,q,.. (z|V/(X},), A)
which is the probability that z generates (all the views of ) an instance ¢; hence
the probability of an instance is given by the product of probability mass of
the different views of this instance 7. Thus, the more probability mass the
different views m gives to z, the more likely z are the sources of i (i.e of
these views). But these views do not contribute equally to the probability.
Some views or groups of views contains more information than others about
z, as can be seen in Eq. (25) by the fact that z is the barycenter (using the
precision (inverse variance) as weight) of view’s most probable latent space
vector (i.e the mean of decoders).

In the case in which some views are missing, if the sum of precisions
associated to missing views is not large compared to the one associated to
existing views, the computation of Eq. (25) without these views will be still an
accurate approximation of z. So given enough views, we could still compute
a good approximation of the common latent representation. This potential
ability to deal with missing views is successfully confirmed in the experiments
reported under Section 5.3.2 and 5.3.3. There is no such direct possibility
with other variational CCA approaches. Indeed in the 2-views variational
model VCCA [20], ¢, is parametrized only by one of the two views, hence
this cannot be robust to the absence of the corresponding view for some
instances. The improved model VCCA-private in the same article also suffers
from this. The more recent variational model VPCCA [21] can deal with
limited numbers of views available, but needs to have these views available
for each instance to compute the low dimensional common latent space which
makes it obviously not robust to real missing views situations where different
instances could have different missing views (see Fig. (3)). The present model
exploits the maximum amount of information available for each instance.

In order to reinforce the robustness of the proposed model, we introduce
for the experiments the novel notion of ”views dropout”. This consists of
randomly ignoring certain views during the encoding part of the training
phase while still asking the model to be able regenerate all the views as well
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as the adjacency matrix. This procedure is more detailed and evaluated in
experiment part 5.3.2 and 5.3.3.

As a summary of this methodological part, we repeat that our model is
the only CCA model which is scalable, graph aware, and robust to missing
Views.

Remark: The choice for all ¢, involves that ¢, (cf. Eq. (17)) is not a
correctly normalized distribution. However, g, is proportional to a distribu-
tion (there is a constant K such that K¢, is a distribution). If we resume the
calculation started in Eq. (18) with K¢, it will lead to the same ELBO up
to an additive and a multiplicative constant that does not change inference,
so we can work as if ¢, was a distribution.

First missing views scenario Second missing views scenario

9 .
o |

£ DD

vy ; e Jlhg

Dataset with some views fully available Dataset with many views corrupted

4P LN { | = e ‘| 5]

Figure 3: Multiview dataset with missing views. On the left, one can see a multivew
dataset where some views are missings but some are fully available. Variational model such
as VCCA (limited to two-view dataset) and VPCCA can deal with these kind of data. We
evaluate MVGCCA in this scenario in Section 5.3.2. On the right one can see a dataset
were many views are corrupted. This dataset is a much more realistic representation
of errors which can be found on real dataset. The proposed model can deal with these
kinds of missing data during both training and testing. MVGCCA exploits the maximum
amount of information available for each instance. MVGCCA is evaluated in this scenario
in Section 5.3.3.

4. Datasets

4.1. UCI handwritten digits dataset

UCIT Handwritten Digits Dataset? is a multiview dataset of n = 2000
samples images representing digits. FEach image has a label from 0 to 9
(200 instances for each), and 6 views with different dimensions: d; = 76,

9archive.ics.uci.edu/ml/datasets/Multiple+Features
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‘ Dataset H uci7 H ucilO H Recommendation H
‘ Metric H Acc. ‘ ARI ‘ ARI2 H Acc. ‘ ARI ‘ ARI2 H Prec. ‘ Recall ‘ Mrr H

PCA 0.84 | 0.55 - 0.69 | 0.42 - 0.1511 | 0.0795 | 0.3450
GPCA 0.93 | 0.71 | 0.77 || 0.87 | 0.63 | 0.62 | 0.1578 | 0.0831 | 0.3649
MCCA 0.86 | 0.66 - 0.76 | 0.59 - 0.0815 | 0.0429 | 0.2225

GMCCA || 0.95(0.83 | 0.84 || 0.90 | 0.69 | 0.71 | 0.2290 | 0.1206 | 0.4471
MVGCCA | 0.95 | 0.82 | 0.85 || 0.94 | 0.74 | 0.77 | 0.1753 | 0.0583 | 0.4432

‘ Dataset H H Recommendation Large H
‘ Metric H H Prec. ‘ Recall ‘ Mrr H
| MVGCCA | | 0.1745 [ 0.0960 | 0.4301 |

Table 2: Results of experiments on the different datasets and tasks; see text for the
detailed discussion. Acc. stands for accuracy in classification; ARI for adjusted rank
index in clustering tasks: ARII if using K-means and ARI2 if using spectral clustering.
For the Recommendation task, Prec. is precision and Mrr is the mean reciprocal rank.

dy = 216, d3 = 64, dy = 240, d5 = 47 and dg = 6. These views correspond
to specific transformations of the original image: Fourier coefficients of the
character shapes X; € R%*™: profile correlations X, € R%*™: Karhunen-
Loeve coefficients X5 € R%>"; 240 pixel averages in 2 x 3 windows X, €
Rd4*": Zernike moments X5 € R%*": and 6 morphological features Xg €
R*n  Clustering, classification and reconstruction tasks are performed on
this whole dataset (ucilO); also, we consider as in [23] for comparison, a
partial version (uci7) where classes 0, 5 and 6 have been removed. The
obtention of a prior graph is an important step for the analysis. As the
objective is to be able to compare the method to existing one, like [23], the
choice is made to follow exactly the method described in Chen et al. [23]
(Section VII.C) to build the prior graph over data.

4.2. Twitter friend recommendation

A multiview dataset!? based on post from Twitter has been proposed
in [6]. It consists of multiview representations of messages of users. They
took 1% of the publicly available users data in April 2015. They removed all
tweets that are not in english, and those from users who did not post between
January and February 2015 . Finally they only kept the last 100 tweets from
the remaining users, yielding n = 102327 users. These data for each user

Opttp://www.cs. jhu. edu/~mdredze/data/
UThere are other minor exclusion criteria which may be found in [6].
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Figure 4: Illustration of two-view MNIST dataset. Three samples of two-view
MNIST dataset. For each digit (1, 5 and 8) we display on the left : original image,
middle: first (rotated) view, right: second (noisy) view.

are in the form of 6 1000-dimensional views: EgoTweets, MentionTweets,
FriendTweets, FollowersTweets, FriendNetwork, and FollowerNetwork. A
task of friend recommendation is performed as follows. The followed accounts
are known for each user; given a highly followed account and a part of their
followers, the goal is to determine, for each other users, whether or not he
will follow this account after March 2015. For this task, a graph based on the
Twitter dataset is built as in [23] with the views Egoweets, FollowersTweets,
and FriendNetwork.

4.3. Two-view MNIST noisy dataset

Two-view MNIST noisy dataset has been proposed by Wang et al. [15].
It is a two-view dataset built from the famous MNIST handwritten digits
28 x 28 dataset. MNIST dataset is composed of a training set with 50000
instances, a validation set with 10000 instances and a test set with 10000
instances. We merge them. The first view is obtained after performing
a rotation to the 70000 images. Angles of each rotation have been sampled
from continuous uniform distribution U ([—n /4, 7/4]) with —7 /4 as minimum
value and 7 /4 as maximum value. For the second view, we choose randomly
another image with identical labels from MNIST and we add a noise sampled
from uniform distribution ([0, 1]) to each pixel. Finally, we truncate pixels
values to keep them between 0 and 1. This data has no pre-defined graph
structure. We build the prior graph by connecting each instance with a
probability 1/10 (resp. 1/1000) to another instances with the same labels
(resp. different labels). At the end each instance is connected to nearly 10%
of instance with a different label. Hence this graph structure gives some
(noisy) supplementary information about relation between instances of this
dataset. Finally, to evaluate our model we split the dataset in a training
set, a validation set and a test set of the same size as at the beginning. A
visualisation of this dataset can be seen on Figure 4.
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Figure 5: t-SNE visualisation in 2D of the latent space (d = 3) for the uci7 and ucil0
dataset. Each color represents a different class.

5. Experiments

All architectures and hyperparameters specified here are the same for all
experiments'?, unless otherwise indicated in the text. We pre-process all the
views: each view is centered and normalized by standard deviation. For each
dataset, the graph adjacency matrix is rescaled with its maximal entry and
diagonal coefficients are set to 1.

Decoders: Mean decoders computed by MLP,, for each view m are used
with a ReLLU non linearity except the last layer which is a linear transforma-
tion. Covariance matrix decoders W,,, are trained as a scaled identity matrix:
U, = ((0,, +107%)2)1,, . This choice reduces the complexity and improves
robustness, and we have seen in experiments that it does not decrease per-
formance.

Encoders: Krylov GCN layers [27] encoding the mean and variance in g,
have a depth of [ = 4 hop neighborhood.

General features: Batch size is set to 512. A dropout regularization of
rate 0.5 is also applied after all the hidden layers. The Adam optimizer is
used for training. A decay learning rate is applied: [,1.17°°%, where e is the
current epoch and F the maximal number of that is set to 600 epochs by
default.

12Code available : https://github.com/Yacnnn/MVGCCA
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5.1. Classification and clustering

We performed classification and clustering experiments. A first experi-
ment involves a comparison to GMCCA (which is the only method which
can deal with graph). And a second one shows comparisons to many other
non linear method such as Deep CCA, Kernel CCA, Variational CCA, etc
(cf Tab. (3)).

5.1.1. UCI

The model was trained on uci7 and ucilO datasets. The loss function
was the ELBO from Eq. (23), trained with a batch of dataset. For each
batch, the graph used is the subgraph of samples in the batch. The latent
space is of dimension d = 3. We perform a grid search over the learning
rate (le-3,le-4), number of hidden layers (3,4) and hidden layers size (512,
1024). We also decide to apply a decay learning rate or not, and to look for
decoders covariance matrix as full matrix or scalar matrix based on a grid
search. For each combination of these parameters we trained the algorithm
three times, on 600 epochs and we save each latent embedding every 100
epochs (to perform early stopping).

We take 90% instance of dataset as the train set and the remaining 10%
as test set. We perform a 5-fold cross validation with SVM-RBF accuracy
to find optimal parameters (MVGCCA and SVM-RBF hyperparameters and
early stopping step) on the train set. Finally, for the best parameters, we
train the SVM-RBF on the train set and evaluate it on test set. We also
perform a K-means and spectral clustering on the whole embeddings (the
train and test sets). A 2D t-SNE projection of latent space can be visualized
in Figure 2.

Because of the small size of UCI dataset, the ouput of this procedure de-
pends on initial choice of dataset splitting; so in order to overcome this issue,
we perform this experiment 100 times and average the results. Following
23], results are compared to PCA (applied on concatenated views), graph-
regularized PCA, MCCA, and GMCCA. In order to make fair comparison in
terms of hyparameter tuning, all the experiments were done with the same
protocol for all the methods.

The results are summarized in Table 2. We see that MVGCCA is compet-
itive in both classification (Acc.) and clustering tasks (ARI if using K-means
& ARI2 if using spectral clustering). It achieves the best performance on the
more complex dataset ucil0 over other graph aware methods. This indicates
that the graph structure is well encoded in the latent space.
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Remark: In using SVM-RBF, we have conducted a grid search (with sklearn
package) for the following parameters: C'3: 7 values logarithmically spaced
in [1073,10%] and gamma: 7 values logarithmically spaced in [1073,10%]. The
K-means and the spectral clustering (with gamma = 5) are performed with
the default parameters of sklearn.

5.1.2. Two-view MNIST

This dataset is composed of a training, validation and test sets. For this
experiment we train our model only on the training set. We performed a
small grid search based on insight given by previous experiments; hence we
only tune the latent space dimension d = {30,60} and if we use a scalar
decoder or not. We used a 4 hidden layers and the hidden layers size is set to
1024 for both encoders and decoders. We trained the algorithm during 200
epochs and we save each latent embedding every 10 epochs after 50 epochs to
perform early stopping. Once the model has been trained, the latent space
of train, validation and test set is then inferred from the model. In order
to perform fair comparison with others variational method VCCA [20] and
VPCCA [20], we suppose that only the first view is available to produce
the test set latent space (first scenario of Figure 3), it is equivalent to use
7 as latent representation. We use theses representations for classification.
We use VPCCA [21] and [15] as the baseline. We train a Linear SVM with
regularization parameter C having possibly 8 values that are logarithmically
spaced in [1072,10%]. We used the validation set to select best parameter for
this linear SVM, the dimension of our latent space, and to decide to stop
early the epochs. Finally, we trained the linear SVM on both training and
validation set with these parameters and evaluate our method on the test
set. On contrary to the UCI dataset, two-view MNIST is a large dataset,
so the results of these experiments have been averaged only over three runs.
The results of these experiments are summarized in Table 3.

As it can be seen, the results are competitive against the best methods of
the state of art, thanks to the information brought by the graph structure.
This illustrates again how CCA can benefit from taking into account some
geometrical structure in the multivew dataset.
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‘ Dataset H Two-view MNIST H

‘ Metric H Acc. H

Linear CCA 0.804
SpliAE 0.881
Kernel CCA 0.949
Deep CCA 0.971
DCCAE 0.978
VCCA 0.970
VCCA-(p) 0.976
VPCCA 0.981
MVGCA 0.985

Table 3: Results of classification with a linear SVM on two-view MNIST:; see text
for the detailed discussion. The baseline is issue from Wang et.al [15] and Karami et al.[21].
The baseline involve linear CCA [8]; non linear method: Kernel CCA [17], Deep CCA
[13], Deep CCA autoencoders [15], and probabilistic model Variational CCA (-private)
[20] or Variational Probabilistic model [21]. For VCCA, VPCCA and MVGCCA, all views
are available during training time, while only the first view is available for inference.
MVGCCA and VPCCA are the only model which can deal with more than two views.

5.2. Twitter friend recommendation

For this dataset and the recommendation task, no further hyperparameter
tuning is done and values from previous experiments are used with a learning
rate = 10™*, number of hidden layers = 4, hidden layers size = 1024, number
of epochs = 600, a decay learning rate and a scalar covariance matrix for
decoders. The parameters of the methods used for comparison are extracted
from [16, 23] with their best parameters. The twitter dataset is large with
more than 100,000 users, which makes it intractable for existing methods.
Hence, 2506 twitter users are randomly selected from the database as in [23]
for fair comparison.

The 20 most followed accounts (over the whole dataset) are selected,
For each of these, 10 users following them are chosen (at random) and the
average representation from latent space is computed. These average profiles
will represent the typical users who follow the 20 most followed accounts.
The latent space is set to dimension d = 5. Finally, the cosine similarity is
computed between this average profile and the one of the L = 100 closest
users to these representations. If one of these 100 users actually followed the

13Regularizer parameters of Linear SVM. See sklearn implementation of Linear SVM.
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Figure 6: Log-log plot of running time between the two graph CCA methods: MVGCCA
and GMCCA. We measure the running time for a run of GMCCA and one epoch of
MVGCCA for four twitter dataset size (n = 2506, 3000, 5000, 10000). On the right figure
we rescaled the running time by the running time at n = 2506. One can see that the
GMCCA running time grows much more quickly than for MVGCCA.

initially chose account, this is considered as a good friend’s recommendation.
To assess performance, precision, recall, and Mrr (mean reciprocal rank)
metrics are computed (averaged for the 20 most followed accounts). This
experiment has been repeated and averaged over 100 sampling of 2506 users.
The results are in Table 2 (right).

The performance of MVGCCA is comparable (except for recall) to that
of GMCCA, which is currently the best method for this task. We recall here
that the results are assessed on a limited dataset that all methods can process
while our model could process a larger sample of dataset. To check that, we
re-run the same experiment on larger dataset in order to show the scaling
of the running time for a dataset from n = 2506 to n = 10000. The result
is displayed in Fig. 6. We observe that the scaling is, as expected, better
for MVGCCA and, for data of size n = 5000 of larger, MVGCCA epochs
are quicker despite the overhead in computing time due to the use of GCN.
Considering that after 100 epochs we already have goods results.

In order to give insight of what happens when we deal with a larger
dataset, we also report the result of the recommendation task for the largest
scale experiment, i.e with dataset 5 times larger. Here, we consider n = 12530
users and the 100 most followed accounts. We choose 50 users following
these most followed accounts to compute average representation. The same
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training parameters are used but latent space dimension which is set to d =
10. For evaluation, we take L = 500 in order to keep the same difficulty (we
have 5 times the number of users) so as to make this experiment comparable
to the previous one. A graph based on the Twitter dataset is built as before,
from the exact same views Egoweets, FollowersTweets, and FriendNetwork,
but with the neighbor parameters equal to 100 (instead of 50 before). Please
refer to [23] to have more information about this parameter. The experiments
have been averaged over 20 sampling of 12530 users. The result of this larger
scale experiment is in Table 2 (last line). As it can be seen, the performance
is quite the same on precision and Mrr metrics while there is an improvement
for the recall metrics. It means that, thanks to the larger amount of data, the
algorithm is capable of finding more of what it is possible to be find, while
conserving a good precision. This results in a greater ability to perform
recommendation.

Remark: We did not process a larger experiment because of the limita-
tions associated to graph building procedure. On a data coming naturally
with a graph structure, this problem would not exist; we choose here this
dataset for the sake of comparison on a situation studied in the literature.

5.8. Inference

In a final experiment, we illustrate the robustness of the model to missing
views for some instances, and its ability to reconstruct these missing views.
This property of the model is unique among other graph aware CCA methods.
To do so, we rely on the probabilistic nature of our model. Once the model
has been trained, for a new instance not seen during training we apply the
formula of Eq. (25) restricting the sum to the available views. Then this
approximation of the latent representation z*P"°* is used to regenerate any
missing views m as:

m

xregene'rate — Emwpem (x|zapp7“0$) — W’;LdeCMLPm(Zappmm). (26>

5.3.1. Recovering missing views

We consider the following scenario: We train the model on a training set
(90% of data) where all the views are available for all instances. Then, for
every k € [0,4], we randomly select 10 instances in a test set'* for which we

4Whose elements have not been seen during training.
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Figure 7: UCI 4th view reconstruction. We see here the result of the reconstruction
experiment of the 4th view. The first line corresponds to the original view. Every figure in
line [ > 2 corresponds to a reconstruction from 7 — [ views. We did not use views dropout
in this experiment.

remove the 4th view and k additional views!®. Note that, in this dataset, the
4th view is a subsampling of the original image. Using the other views, we
regenerate 4th views according to Eq. (25) restricted to available views.

The results are given in Fig. 7. We see that in the case of uci7 the
reconstruction goes very well in the majority of cases whatever the number
of missing views. Still, there are some problematic cases. For instance, in
column 4 we can clearly see that the original view is upside down, while in
column 5 the original view is degraded — this shows that in both cases we have
an atypical point of the dataset. Also, in column 7 we see some confusion
between a 7 and a 9. The right part of the Figure is for ucilO which is a
more difficult dataset than uci7. The method has additional difficulties to
regenerate some views, because of some confusions between 4 and 6, and
between 7 and 1. Still, this difference between uci7 and ucil0 suggests that
a training on a larger database should solve these problems. Anyway, we see
that the majority of the proposed reconstructions from the model are very
close to original views, thus demonstrating experimentally the ability of our
model to reconstruct missing views.

5.3.2. Robustness wrt. missing views — first scenario
This scenario corresponds to the first of Figure 3. In this experiment the
quality of the reconstruction is evaluated more quantitatively and this will

15The k views removed are the k views with the smallest dimension.
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Figure 8: Illustration of MVGCCA robustness. See section 5.3.2 and 5.3.3 and Fig. 3
for details on both scenario. a. First scenario: The accuracy of clustering is compared
for the two procedures of test (by SVM-RBF or inference of 1-hot encoding), without and
with “views dropout”. The black dotted line corresponds to accuracy found in Section
5.1.1 with all views. Note that we did not search for optimal parameters here, so it is
expected to found a lower accuracy for 0 missing views. Still, for uci7, we obtain a better
accuracy when using “views dropout”. b. Second scenario: We evaluated on the SVM-
RBF accuracy in this scenario. One can see similar behavior. The more the fraction of
missing views, the more the performance decrease. The procedure of “views dropout”
helps somehow the algorithm to deal with missing views, with a diminished the effect in
comparison to the first scenario. Globally, this scenario seems to be harder, yet MVGCCA

Fraction of missing views

is currently the only method to deal with it.
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show the robustness of the proposed model when only a subset of views are
(fully) available. To do so, we work with regular UCI and an extended UCI
where we add to the training set a 7th view that corresponds to a one hot
encoding of the instance label. Then, we train MVGCCA on this two sets.
Finally, we evaluate accuracy on test set in two manners:

e For regular UCI, we train a SVM-RBF on train set embeddings from
trained model. Then we evaluate this SVM on test set embeddings
where some views have been removed. These embedding are computed
as in section 5.3.1.

e For extended UCI, we regenerate the 7Tth views of test set instances.
This directly gives us an estimation of their labels. Once again, some
views are removed.

For a given number of available views v € [1,5], we consider any possi-
ble combination of views to form novel datasets, and we average the ob-
tained accuracies (e.g if v = 2 the set of available views considered are
{(1,2),(1,3),(1,4),(1,5),(1,6),(2,3),...,(5,6)}). It allows us to obtain a
result that does not depend on the nature of the missing views. Moreover,
we repeat this experiment 10 times and average the results. They are pro-
vided in Figure 8.a as dashed line. As we can see, the model can deal with
a small number of missing views; still the performance decreases with the
number of these missing views and that is not surprising.

In the same figure, we show results with continuous line where we robus-
tify the method by applying a “views dropout” during training phase. This
consists in randomly removing between 1 and 5 views to each instance of
the batch size for the encoding part of the model only. Hence the model is
trained in order recover all views from only a subset of views. As we can
see this procedure makes the model very robust: for instance, when 4 views
are missing, the accuracy with views dropout remain better than using the
model without views dropout, even with a smaller number of missing views.
This allows even for better results to be obtained when no view is missing.

5.3.3. Robustness wrt. missing views — second scenario

This scenario corresponds to the second of Figure 3. In the previous
experiment, limited subsets of available views were available for generating
the latent space but all instances had the same set of available views. In
real scenario different instances may have different missing views. We will
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evaluate MVGCCA in this scenario. Once again we will train MVGCCA
on train set (90% of the dataset) and then infer the test set latent space
after having randomly removed some views. We removed a percentage r =
{1%, 5%, 10%, 15%, 25%, 50%, 75%} of views on the test sets while asserting
that each instance will have at least one views available. We repeat the
experiment 10 times and for each we evaluated 10 times each percentage of
missing views r with and without views dropout.

As can be seen in Figure 8.b, we have a similar behavior than for previous
experiments. The method is able to deal with this type of corrupted dataset.
This is the first method to do so in the literature. The procedure of “views
dropout” is again useful somehow (this time by removing between 1 and 3
views to each instance), but its effect is diminished as compared to scenario
1.

Remark: As discussed before, in order to compute a low dimensional rep-
resentation when some views are missing, we restrict the formula of Eq. (25)
to available views. In this second scenario, we need to make some adjuste-
ment in order to compute pt*°(:,7) and o2r°(:,4) from Eq. (25), as they de-
pend on the views m of neigbours of i (see Eq. (24)); these views could be
missing. We overcome this issue by replacing in g,,, (z|V'(X?%), A) the ad-
jacency matrix A by A,, which is the adjacency matrix where unavailable
views have been suppressed. Thus V(X)) contains only available views m
in the neighborhood of instance «.

6. Conclusion

We proposed MVGCCA, a novel multiview and non linear extension of
CCA based on a Bayesian inference model. The proposed model is scalable,
and can take into account the available graph structural information from
the data. We have also proposed also a robustification method to handle
missing data by applying “wviews dropout” during training. The probabilistic
graphical nature of the model can be used for other tasks, such as addressing
link prediction for multiview datasets, and that is a perspective for future
work.
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