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Abstract

Let (Zn)n>0 be a critical branching process in a random environment defined
by a Markov chain (Xy)n>0 with values in a finite state space X. Let S, =
>on_iIn fx, (1) be the Markov walk associated to (Xn)n>o0, where f; is the
offspring generating function when the environment is i € X. Conditioned
on the event {Z, > 0}, we show the non degeneracy of the limit law of the
normalized number of particles Z,/ e° and determine the limit of the law of
% jointly with X,,. Based on these results we establish a Yaglom-type theorem
which specifies the limit of the joint law of log Z,, and X,, given Z,, > 0.
Keywords: Critical branching process; Markovian environment; Conditioned
limit theorems; Yaglom type theorem.
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Secondary 60J10

1. Introduction and main results

One of the most used models in the dynamic of populations is the Galton-Watson

branching process which has numerous applications in different areas such as physics,
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biology, medicine, economics etc. We refer the reader to the books of Harris [17] and
Athreya and Ney [6] for an introduction. Branching processes in random environment
have been first considered by Smith and Wilkinson [24], and Athreya and Karlin [4, 5].
This subject has been further studied by Kozlov [20, 21], Dekking [7], Liu [22], D’Souza
and Hambly [8], Geiger and Kersting [9], Guivarc’h and Liu [16], Geiger, Kersting and
Vatutin [10], Afanasyev [2], Kersting and Vatutin [19], to name only a few. Recently,
based on new conditioned limit theorems for sums of functions defined on Markov
chains in [11, 12, 14, 15|, the exact asymptotic results for the survival probability
when the environment is a Markov chain have been obtained for branching processes
in Markovian environment (BPME) in [13]. In this paper we shall complement them
by new results, such as a limit theorem for the normalized number of particles and an
Yaglom-type theorem for BPME.

We start by introducing the Markovian environment which is given on the probabil-
ity space (£2,.#,P) by a homogeneous Markov chain (X,),,», with values in the finite
state space X and with the matrix of transition probabilities P = (P(i, 7)) jex. We

suppose the following;:
Condition 1. The Markov chain (Xn)n20 15 irreducible and aperiodic.

Condition 1 implies a spectral gap property for the transition operator P of (X")nZO’
defined by the relation Pg(i) = 3y g(j)P (i, j) for any g in the space ¢'(X) of complex
functions g on X endowed with the norm ||g|| ., = sup,cx |g()|. Indeed, Condition 1
is necessary and sufficient for the matrix (P(7,7)); jex to be primitive (all entries of
P*o are positive for some ko > 1). By Perron-Frobenius theorem, there exist positive
constants ¢1, ¢a, a unique positive P-invariant probability ¥ on X (v(P) = v) and an

operator @ on % (X) such that, for any g € €(X) and n > 1, i € X,

Pg(i) =v(9) +Q(9)() and [|Q"(9)]lc < cre™"[|gll (L.1)

where Q (1) = 0 and v (Q(g)) = 0 with v(g) := > ,.x 9(49)v(i). In particular, from
(1.1), it follows that, for any (i, ) € X2,

[P (i,5) —v(j)| < cremm. (1.2)

Set N := {0,1,2,...}. For any i € X, let P; be the probability law on X and E; the

associated expectation generated by the finite dimensional distributions of the Markov
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chain (X,), -, starting at X = 4. Note that P"g(i) = E; (¢(Xy,)), for any g € ¢(X),
1€ Xand n>1.
Assume that on the same probability space (2, .#,P), for any i € X, we are given a

random variable &; with the probability generating function
fi(s) =E(s%), selo,1]. (1.3)

Consider a collection of independent and identically distributed random variables
(5;” )j,n>1 having the same law as the generic variable &;. The variable £ J represents
the number of children generated by the parent j € {1,2,...} at time n when the
environment is . Throughout the paper, the sequences (&' J )in>1, @ € X and the
Markov chain (Xn)nZO are supposed to be independent.

Denote by E the expectation associated to P. We assume that the variables &; have

a positive means and finite second moments.

Condition 2. For any i € X, the random variable &; satisfies the following: E (&) >0
and E(£?) < +oc.

From Condition 2 it follows that 0 < f/(1) < 400 and f/’(1) < 4o0.

We are now prepared to introduce the branching process (Zn)n20 in the Markovian
environment (X,),~o. The initial population size is Zy = z € N. For n > 1, we
let Z,_1 be the population size at time n — 1 and assume that at time n the parent

je{l,...Z,_1} generates f}z children. Then the population size at time n is given

by
Zn—l

j=1
where the empty sum is equal to 0. In particular, when Zy = 0, it follows that Z, =0
for any n > 1. We note that for any n > 1 the variables 5;”, j>1 1€ X are
independent of Zy, ..., Z, 1.
Introduce the function p : X — R satisfying

p(i) =In fi(1), ieX
Along with (Z,),,5, consider the Markov walk (5,,),5, such that Sy = 0 and, for
n>1,

S=In(fi, (1) fi, (1) = p(Xx). (1.4)

k=1

n
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The couple (X, Z,),,~, is a Markov chain with values in X x N, whose transition
operator P is defined by the following relation: for any ¢ € X, z € N, s € [0,1] and

h : X — R bounded measurable,

P(h)(i,2) = ) P(i )h(i)f;(s))", (15)

JjEX
where hs(i,z) = h(i)s*. Let P; . be the probability law on (X x N)N and E; , the
associated expectation generated by the finite dimensional distributions of the Markov
chain (X, Zn)nZO starting at Xo = ¢ and Zy = z. By straightforward calculations, for

any ¢ € X, z € N,

E; Z(Z’ﬂ) = ZEi(esn)- (16)

)

The following non-lattice condition is used indirectly in the proofs of the present
paper; it is needed to ensure that the local limit theorem for the Markov walk (1.4)

holds true.

Condition 3. For any 0,a € R, there exist m > 0 and a path xg, ..., T, n X such
that P(xo,x1) - P(xm—1, Tm)P(Tm, o) > 0 and

plao) + -+ p(&m) — (m+1)0 ¢ aZ.

Condition 3 is an extension of the corresponding non-lattice condition for indepen-
dent and identically distributed random variables Xy, X1, ..., which can be stated as
follows: there exists m > 0 such that X+ - - -+ X, does not takes values in the lattice
(m + 1)0 + aZ with some positive probability, whatever 0,a € R. Usually, the latter
is formulated in an equivalent way with m = 0. For Markov chains, Condition 3 is

equivalent to the condition that the Fourier transform operator
Piig(i) :=P (e g) (i) = E; (" g(X1)), g€ €(X),i€eX, (1.7)

has a spectral radius strictly less than 1 for ¢ # 0, see Lemma 4.1 of [14]. Non-latticity
for Markov chains with not necessarily finite state spaces is considered, for instance,
in Shurenkov [23] and Alsmeyer [1].

For the following facts and definitions we refer to [13]. Under Condition 1, from the

spectral gap property of the operator P it follows that, for any A € R and any ¢ € X,
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the limit

k(A):= lim EM™ (eXSn)

n—-+4oo
exists and does not depend on the initial state of the Markov chain X = i. Moreover,

the number k() is the spectral radius of the transfer operator P:
Pyg(i) =P (e g) (1) = E; (M g(X1)), g€ (X),ieX (1.8)

In particular, under Conditions 1 and 3, k(\) is a simple eigenvalue of the operator
P, and there is no other eigenvalue of modulus k(). In addition, the function k()) is
analytic on R.

The branching process in Markovian environment is said to be subcritical if k'(0) <
0, eritical if k'(0) = 0 and supercritical if k'(0) > 0. The following identity, has been
established in [13]:

K'(0) = v(p) =Ey (p(X1)) = By (In fX, (1)) = ¢(0), (1.9)

where E,, is the expectation generated by the finite dimensional distributions of the
Markov chain (X,,),,5, in the stationary regime and ¢(A) = E, (exp{AIn fi (1)}), A €
R. Relation (1.9) proves that the classification made in the case of branching processes
with Markovian environment and that for independent and identically distributed
environment are coherent: when the random variables (X,),,», are i.i.d. with common
law v, from (1.9) it follows that the two classifications coincide.

In the present paper we will focus on the critical case: k’'(0) = 0. Our first result
establishes the exact asymptotic of the survival probability of Z,, jointly with the event

{X,, = j} when the branching process starts with z particles.

Theorem 1. Assume Conditions 1-3 and k'(0) = 0. Then, there exists a positive

function u(i, z) : X x N+ R% such that for any (i,j) € X? and z € N, z # 0,

. w(i, z2)v(j

An explicit formula for w(%, z) is given in Proposition 5. In the case z = 1, Theorem
1 has been proved in [13, Theorem 1.1]. The proof for the case z > 1, which is not a
direct consequence of the case z = 1, will be given in Proposition 5.

We shall complement the previous statement by studying the asymptotic behavior

of Z, given Z, > 0 under the following condition:
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Condition 4. The random variables &;, © € X satisfy:

>
nf P(& > 2) > 0.

Condition 4 is quite natural — it tells that each parent can generate more than 1

child with positive probability. In the present paper is used to prove the non-degeneracy

of the limit of the martingale ( = )n>0 in key Lemma 9.
The next result concerns the non degeneracy of the limit law of the properly nor-

malized number of particles Z, at time n jointly with the event {X,, = j}.

Theorem 2. Assume Conditions 1-4 and k'(0) = 0. Then, for any i € X, z € N,
z # 0, there exists a probability measure p; . on Ry such that, for any continuity point

t > 0 of the distribution function p; »([0,-]) and j € X, it holds that

lim f]P’”<Z<tX =4, Zn >0>:ui,z([0 thr(j)u(i, z)

n— oo

and

n—r oo

Zy, ) .
lim P, . (esn <t X, :]|Zn > 0> = 1, ([0, t])v(j).
Moreover, it holds that p; .({0}) = 0.

From [14, Lemma 10.3] it follows that, under Conditions 1 and 3, the quantity

0% = v (p?) 242 Z [ (oP"p) (p)ﬂ (1.10)

is finite and positive, i.e. 0 < ¢ < co. Let
t2

dt(t)=(1—e 2)1(t>0), tER,

be the Rayleigh distribution function. The following assertion gives the asymptotic

behavior of the normalized Markov walk .S,, jointly with X,, provided Z,, > 0.
Theorem 3. Assume Conditions 1-4 and k'(0) = 0. Then, for any i,j € X, z € N,

z#0andteR

lim /nP; .

i ViR (B <X, = 0.2, 0) = 2 WpG)uin

and

lim P; . (O\f < =j|Zn > 0) = dT (v (j).

n— oo
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The following assertion is the Yaglom-type limit theorem for log Z,, jointly with X,.

Theorem 4. Assume Conditions 1-4 and k'(0) = 0. Then, for any i € X, z € N,
z2#0,jeXandt >0,

log Z,,
i Vi (T <X, = .20 > 0) = 0 Ol 2

n—o0 g+/MN

and

lim Pi,z

log Z,
ovn

As mentioned before, in the proofs of the stated results we make use of the previous

<t Xp,= J’Zn > 0) = (I)+(t)’/(j)'

developments in papers [13, 14]. These studies are based heavily on the existence of the
harmonic function and the study of the asymptotic of the probability of the exit time
for Markov chains which have been performed recently in [15, 12] and which are recalled
in the next section. For recurrent Markov chains alternative approaches based on the
renewal arguments are possible. The advantage of the harmonic function approach
proposed here is that it could be extended for more general Markov environments
which are not recurrent. In particular with these methods one could treat multi-type
branching processes in random environments.

The outline of the paper is as follows. In Section 2 we give a series of assertions for
walks on Markov chains conditioned to stay positive and prove Theorem 1 for z > 1.
In Section 3 we state some preparatory results for branching processes. The proofs of
Theorems 2, 3 and 4 are given in Sections 4 and 5.

We end this section by fixing some notation. As usual the symbol ¢ will denote
positive constants depending on all previously introduced constants. In the same way
the symbol ¢, enabled with subscripts, will denote positive constants depending only
on the indices and all previously introduced constants. All these constants will change
their values every occurrence. By fog we mean the composition of two function f and
g: fog(-) = f(g(-)). The indicator of an event A is denoted by 1 4. For any bounded
measurable function f on X, random variable X in some measurable space X and event

A, we set by definition

/X f(@)B(X € dz, A) = E (f(X); A) == E (f(X)1a).
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2. Facts on Markov walks conditioned to stay positive

2.1. Conditioned limit theorems

We start by formulating two propositions which are consequences of the results in
[12], [13] and [14].
Introduce the first time when the Markov walk (y + Sp),,5, becomes non-positive:

for any y € R, set
Ty =inf{k>1:y+ S, <0}, (2.1)

where inf ) = 0. Conditions 1, 3 and v(p) = 0 ensure that the stopping time 7, is well
defined and finite P;-almost surely, for any i € X.

The following important proposition is a direct consequence of the results in [12]
adapted to the case of a finite Markov chain. It proves the existence of the harmonic
function related to Markov walk (y + Sy),,>, and states some of its properties to be

used in the proofs of the main results of the paper.

Proposition 1. Assume Conditions 1, 8 and k'(0) = 0. There exists a non-negative

function V- on X x R such that

1. For any (i,y) e X xR andn > 1,
E; (V(Xy,y+ Sn) 5 7y >n) =V(i,y).
2. For any i € X, the function V (i,-) is non-decreasing and for any (i,y) € X x R,
V(i,y) < c(1+max(y,0)).
3. Foranyie€X, y>0andd € (0,1),
(1=08)y—c <V(i,y) <(L+d)y+cs

We need the asymptotic of the probability of the event {7, > n} jointly with the
state of the Markov chain (X,,)n>1-

Proposition 2. Assume Conditions 1, 3 and k'(0) = 0.
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1. For any (i,y) € XX R and j € X, we have

2 . .

2. For any (i,y) € X xR andn > 1,

1 + max(y, 0)
V.

P (X, =j,7y >n)<c

For a proof of the first assertion of Proposition 2, see Lemma 2.11 in [13]. The second
is deduced from the point (b) of Theorem 2.3 of [12].

Denote by supp(V) = {(4,y) € X x R: V(i,y) > 0} the support of the function V.
By the point 3 of Theorem 1, the harmonic function V satisfies the following property:
for any ¢ € X there exist y; > 0 such that (i,y) € supp V, for any y > y;.

In addition to the previous two propositions we need the following result, which gives
the asymptotic behaviour of the conditioned limit law of the Markov walk (y + Sn)nzo
jointly with the Markov chain (X,),,. It extends Theorem 2.5 of [12] where the

asymptotic of 3{:}% given the event {7, > n} has been considered.

Proposition 3. Assume Conditions 1, 8 and k'(0) = 0.
1. For any (i,y) € supp(V) and t > 0,

Y+ Sy .
P, <t X, =
( NI /

g

Ty>n) — T (H)v(y).

n—-+oo

2. There exists g > 0 such that, for any e € (0,e0), n > 1, to > 0, t € [0,%0] and
(4,9) € X xR,

y+ Sy : 2V(i,y) .+ :
P, <t X, =] - o
(L2 <t =iy > ) (i)

(1 + max(y, 0)2)
=8t 124

Proof. Tt is enough to prove the point 2 of the proposition. It will be derived from
the corresponding result in Theorem 2.5 of [12]. We establish first an upper bound.

Let k = [n'/*] and ||p|lec = max;ex |p(i)|. Since

Sn="Suku+ Y. pXi),
i=n—k+1
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(

we have

<tan,Ty>n>

y+S k k .
( - t+0\/ﬁ||P||7anjva>”_k>
= I(k,n). (2.2)
By the Markov property
. N Y+ Sh_k k
I(k,n) =F; | PP(Xp_p,j); <t Ty >n—k).
(ko) =By (PO 2 < iy >0k
Now using (1.2) and setting ¢, , = %(t U\k/ﬁ)HpH,
. _ y+Sn,k
I(k,n) < (v +cec2kIP’i<<tn )T, >n—k>. 2.3
(k) < )+ ex )P (L2 <y (23

By Theorem 2.5 and Remark 2.10 of [12], there exists €9 > 0 such that for any € € (0, )
and ty > 0, n > 1, we have, for ¢, ; < to,
Y+ Sn—k )
Pi| —V— <tar, 7y >n—k
( vn — ko ko ty

2V(i,y) (1 4+ max{0,y})?
< Jar e ) e o e

(2.4)

Since |tp —t| < ctoﬁ and @1 is smooth, we obtain

(1 + max{0, y})?

2 (i, 2 (i,
%@‘F(tnk) S ( y) n1/2+1/4

PH(t) +c
2n(n — k)o ' 2mno (1) + ero

(2.5)

From (2.2), (2.3), (2.4) and (2.5) it follows that

y+ S, )
P(f <tX_],Ty>n)

v() 2 gr iy 1 ey, ¢

2mno

1 + max{0,y})?
n1/2+5/16

(2.6)

Now we shall establish a lower bound. With the notation introduced above, we have

+ Sn
P; (yfa <tXn_j,7'y>n>

S (L 2nk oy E ol X, = S n—k
> (L2t <t ), = iny > 0 )

-Pi(n—k<t,<n)

= I, (k,n) — Ly(k, n). (2.7)
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As in the proof of (2.6), we establish the lower bound

; 2V (i, y . 1+ max{0,y})?

’ nl/2+e/16 (2.8)

Note that 0 > min,_g<i<n{y + Si} > y+ Sn—k — k[|p|loo, on the set {n —k < 7, <n}.

Set &,k = f\“};“% Then,

Lk,n) =P, (n—k<1y,<n)

+ Sn_
<P (M§t7L,k7n_k<Ty§n>

ovn —k

y+Sn_k
<P | —m<tpp, 7y >n—k|. 2.9
= (0 o oy Ty =N ) (2.9)

Again by Theorem 2.5 and Remark 2.10 of [12], there exists €9 > 0 such that for any

€ € (0,e0) and t9 > 0, n > 1, we have, for ¢, 1 < to,

y+Sn—k
Pi| —F7—— <tni,my>n—~k
(\/n—ka ko ty )

(1 + max{0, y})?

< M¢+(tn,k) + Cety (0 = R)1/Zre/10 (2.10)
Since [t x| < ctoﬁ and ®T(0) = 0, we obtain
e (ta) < 20 0) 1, Sl
_ o U +nr§172x+{3;y})2 (2.11)
From (2.9), (2.10) and (2.11), we deduce that
Dok, ) < ey, A m2{0,51)" (2.12)

nl/2+/16
Using (2.7), (2.8) and (2.12), one gets

y+S

<t an,7y>n)

A

(1 + max{0, y})?
nl/2+e/16

y) O (t) — ety

| V

2V(

v(ij)—m=—-
V2mno

which together with (2.6) end the proof of the point 2 of the proposition. The point 1

follows from the point 2. |

We need the following estimation, whose proof can be found in [14].
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Proposition 4. Assume Conditions 1, 3 and k'(0) = 0. Then there exists ¢ > 0 such
that for any a > 0, non-negative function ¢ € €(X), ye R, t >0 andn > 1,
supE; (¥ (X)) ; y+ Sp € t,t+a], 7y >n)

iexX
cll¢]
< nz/zoo

(1+a®) (1+1)(1+ max(y,0)).

2.2. Change of probability measure

Fix any (i,y) € supp(V) and z € N. The harmonic function V' from Proposition 1,

*

.. on (XX N)N and the corresponding

allows us to introduce the probability measure P
+

2,Y,27

g (XxN)" — R,

expectation E by the following relation: for any n > 1 and any bounded measurable

Eify,z (g (le Zla .. 7XnaZn))
1

= Fy(g(X1 Zr. . X T
Vi) el 2 :

XV (Xpn,y+Sy); 7y >n). (2.13)

The fact that the function V' is harmonic (by point 1 of Proposition 1) ensures the

+
1,2,y

applicability of the Kolmogorov extension theorem and shows that P is a probability
measure. In the same way we define the probability measure IP’Zy and the corresponding
expectation E;-fy: for any (i,y) € supp(V), n > 1 and any bounded measurable g:

X" > R,

Ef, (9(X1...., Xn))
1
= mEi (¢(X1,.... X))V (X, y+Sn) ;7 >n). (2.14)

The relation between the expectations E;-

1Y,z

and ]Ejy is given by the following identity:

for any n > 1 and any bounded measurable g: X" — R,

1Y,z
With the help of Proposition 4, we have the following bounds.

Lemma 1. Assume Conditions 1, 3 and k'(0) = 0. For any (i,y) € supp(V), we have,
for any k > 1,
Ef, (e7%) <
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In particular,

—+o0
_ 1+ max(y,0)) e¥
EF ek | < o - .
v (kz_o > - V(i,y)

The proof being similar to that in [13] is left to the reader.
We need the following statements. Let .%,, = 0{Xo, Zo,...,Xn, Zn} and (Y,,)n>0 2

bounded (%, )n>0-adapted sequence.

Lemma 2. Assume Conditions 1-8 and k'(0) = 0. For any k > 1, (i,y) € supp(V),
ze€Nand j X,

im E;.(Yi; X, =j|7, >n)=E  (Vi)v().

n—-+oo

Proof. For the sake of brevity, for any (i,j) € X2, y € R and n > 1, set
Pn(zayvj) =P (Xn = j, Ty > TL) .

Fix k > 1. By the point 1 of Proposition 2, it is clear that for any (7,y) € supp(V') and
n large enough, P; (1, > n) > 0. By the Markov property, for any j € Xand n > k+1

large enough,

In:=E; ., (Yi; Xpn=j|17y >n)

Pn—k (Xk7y+Sk7]) .
y Ty >m
P; (Ty > n)

= Ei,z (Yk
Using the point 1 of Proposition 2, by the Lebesgue dominated convergence theorem,

V (Xk7 Yy + S’m)
V(i,y)

lim I() = Ei,z (Yk

n—-+oo

P Ty > k) v(j)

O

Lemma 3. Assume that (i,y) € suppV and z € N. For any bounded (%) n>0-adapted

sequence (Yy)n>o such that Y, — Yoo PF -a.s.,

,Y,2

lim sup lim sup v/nE; . (|Ys, — Yi|; 7y > n) = 0.

k—o0 n— 00

Proof. Let k> 1 and 6 > 1. Then

]Ez,z(|Yn — Yk|;’7'y > n) = Ez,z(‘Yn — Yk|§7—y > Qn)

+Ei-(|Yn = Ya|sn <7y < n). (2.16)
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We bound the second therm in the right-hand side of (2.16):

IE,»7Z(|Yn -Yiin<m < Gn) < CP; . (n <1y < Gn) (2.17)
By point 1 of Proposition 2, we have

lim /nP;.(n <7, < 6n)

n—r oo
= nh_{rgo VP . (ry > n) — nh_}rgQ VNP . (1, > 0n)
2V (1 1
_ 2Vy) (1 - —) (2.18)
2o Vo
Now we shall prove that
lim sup lim sup \/ﬁEi7z(’Yn — Yk|;7'y > 9n) =0. (2.19)

k—oo n—oo

Recall that 6 > 1. By the Markov property (conditioning on %),

|Ei- (|Yn — Yi|; 7y > 0n)]

= ]Ez,z( |Yn — Yk‘ P[(O—l)n] (Xn,y -+ Sn);’i'y > TL), (220)

where we use the notation P,/ (¢',y") := Py 4 (7’; > n’). By point 2 of Proposition 2

and by point 3 of Proposition 1, there exists yo > 0 such that for i € X, ¢/ > yo and

n' €N,
, V({',y)
P, (i,y) < © (1+max 0,y'}) < c—Z22. 2.21
@) < = (0 maxfo,y')) < L0 221

Representing the right-hand side of (2.20) as a sum of two terms and using (2.21),
gives
Vi [Bs (Y, - Yilir, > o)
= VnEi . ([Yn = Yl Po—1)n)(Xn, 4 + Sn); ¥ + Sn < 0,7y > 1)
+ VB (Ve = Vil Po—1yn)(Xn, ¥ + Sn)iy + S > 90,7y > 1)
< ev/nP;i(y + Sn < yo, 7y > 1)
c

+ ﬁEi,z“Yn — Y| V(Xo,y + Sn)s 7y > n) (2.22)

Using point 1 of Proposition 3 and point 1 of Proposition 2, we have

li_>m VP (y + Sy, < yo, 7y >n) = 0. (2.23)
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By the change of measure formula (2.13),

Ei,z( ‘Yn - Yk| V(Xnay + Sn>;7-y > n)

Letting first n — oo and then k& — oo, by the Lebesgue dominated convergence

theorem,

+
lim sup lim sup E; .z
k— o0 n— oo

From (2.22)-(2.25) we deduce (2.19). Now (2.16)-(2.19) imply that, for any > 1,

(Y, —Yi]) =0. (2.25)

)

Since 6 can be taken arbitrarily close to 1, we conclude the claim of the lemma. O

lim sup limsup /nE; . (|Y, — Yi|;7y > n) < 2V (i,y) (1 1 )

k—oo n—oc0 2ro

The next assertion is an easy consequence of Lemmata 2 and 3.

Lemma 4. Assume that (i,y) € suppV and z € N. For any bounded (%) n>0-adapted
sequence (Yy,)n>0 such that 'Y, — Yo P

lyZ ..,

lim B . (Vo X = jl7y > n) = EJ, - (Yoo ) ¥ (5)-

n—+ LY,z

Proof. For any n > k > 1, we have

lim \/>E1 Z(anX —jva > n)

n—oo

= \/ﬁEi,z (Yk; Xn = jaTy > Tl) + \/ﬁEi,z (Yn - Yk§Xn = ja Ty > TL) (226)

By Lemma 2, the first term in the right-hand side of (2.26) converges to 2\‘#3’) (HES, Vi

1,Y,2
as n — 0o, where limj_,oo B ¥, = Ef _Y.. By Lemma 3, the second term in the

1,2,y 1,Y,2

r.h.s. of (2.26) vanishes, which completes the proof. O

2.3. The dual Markov chain

Note that the invariant measure v is positive on X. Therefore the dual Markov

kernel '
P* (i,]) = %)P G.i), hjeX (2.27)

is well defined. On an extension of the probability space (€2,.%,P) we consider the dual
Markov chain (X}), -, with values in X and with transition probability P*. The dual
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chain (X}), <, can be chosen to be independent of the chain (X,,),~,. Accordingly,

the dual Markov walk (S),,- is defined by setting
S;=0 and  Sp;=-> p(X;), n>L (2.28)
k=1

For any y € R define the first time when the Markov walk (y + S}),,~, becomes non-
positive:
7, =inf{k>1:y+5; <0}. (2.29)

For any ¢ € X, denote by P; and E; the probability and the associated expectation
generated by the finite dimensional distributions of the Markov chain (X}'),>¢ starting
at Xg =i.

It is easy to verify (see [13]), that v is also P* invariant and that Conditions 1 and
3 are satisfied for P*. This implies that Propositions 1-4 formulated in Subsection 2.1
hold also for the dual Markov chain (X};),>0 and the Markov walk (y + Sy),, o, with
the harmonic function V* such that, for any (i,y) € X x Rand n > 1,

E; (V* (Xn,y+S}) T, > n) =V*(i,y).
The following duality property is obvious (see [13]):

Lemma 5. (Duality.) For any n > 1 and any function g: X" — C,

N

~—

U
v(i)

Ei(g(X1,...,Xn) ; Xnt1 :j):E; (g(X;,...,Xf);X;+1 :i)

3. Preparatory results for branching processes

All over the remaining part of the paper we will use the following notation. For
s €10,1), let

(S)i 1 7 1
P T T (s) T e (D —s)

and, by continuity,

/%, (1)
ox, (1) =limpx, (s) = 2.
* sl 7 2f%,(1)?
In addition, for s € [0,1), let g.(s) = s* and
1 1 1 1

¥(s) = 1 "0 g1 —s 1-s 21-s)
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and, by continuity,

L _#2z-1)  1z-1
va(1) = (o) = 2EZ D 12

For any n > 1, z > 1 and s € [0, 1], the following quantity will play an important

role in our study:

QTL,Z(S) =1- (.fX1 ©---0 an(S))Z'

Under Condition 2, for any ¢ € X and s € [0,1] we have f;(s) € [0,1] and fx, o---o0
fx, (s) €[0,1]. This implies that, for any s € [0, 1],

an,=(s) € [0,1]. (3.1)

For any n > 1 and z > 1, the function s + g, .(s) is convex on [0,1]. Since the

n,j

sequence (§;

)jn>1 is independent of the Markov chain (X,,),~,, with s = 0, we

Jr
have, P/, -a.s.,

Gn,=(0) =P} (Zn > 0|(Xk)k20)~ (3.2)

1Y,z

Note also that {Z,, > 0} D {Z,4+1 > 0} and therefore, for n > 1,

qn,z(o) Z Qn+1,z(0)~ (33)

+

,Y,2

Taking the limit as n — co, P a.s.

)

lim g, .(0) = lim P/ _(Z, > 0|(Xk)r>0)

n—ro0 n—oo ©Y*®

=P, . (Nn>1{Zs > 0}[(X))k>0)- (3.4)

Y,z

Moreover, by convexity of the function g, .(s) we have
n,2(0) < zeSn. (3.5)

The following formula (whose proof is left to the reader) is similar to the well-known
statements from the papers by Agresti [3] and Geiger and Kersting [9]: for any s € [0, 1)
and n > 1,

1 1

n:(s)  2fie, (1) fr, (D1 —s)
n 1 "\ 0x, O X 00 fx,(8)
e ) Ty ()

+ 1.0 fx, 0000 fx, (s). (3.6)
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We can rewrite (3.6) in the following more convenient form: for any s € [0,1) and

n>1,
qnz<sy*~=1(e_5”-+E£fe—sknk+1n<@)
’ z\1—-s P ’
+ 120 fx, 000 fx, (s), (3.7)
where

Wk,n(s) = ¥Xx, © ka+1 ©--+0 an(S)
Since $¢(0) < ¢(s) < 2¢(1), for any k € {1,...,m},

B g
= T (07 =T RE

By Theorem 5 of [4], for any (i,y) € supp(V), s € [0,1), m > 1 and k € {1,...,m},

0 S nk,m(s)

there exists a random variable 7y o0 (), such that

Hm 750 (8) = Mk,00(8) (3.9)

n—-+oo

everywhere, and by (3.8), for any s € [0,1) and k > 1,

Mk,00(8) € [0,7]. (3.10)
In the same way,
. z—1
im0 fx, 000 fx,(8) = th(s) € [0, 5] (3.11)
everywhere. For any s € [0,1), define g .(s) by setting
oo (8) 71 = 1 [f e % ()| + %2.00(s) (3.12)
00,2 . P +1,00 2,00 . .
k=0
By Lemma 1, we have that
]1"3j,'yqo<)72(<9)71 < +oo0. (3.13)

Lemma 6. Assume Conditions 1, 3 and k'(0) = 0. For any (i,y) € suppV, z > 1
and s € [0,1),
1 1

lim Ej' — =0
n—too gy o(8)  Goo2(8)

and

hm EF [gn,2(5) = ¢oo,2(s)| = 0.

n—-+oo
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Proof. We give a sketch only. Following the proof of Lemma 3.2 in [13] for any
(4,y) € supp V, by (3.7), (3.8) and (3.10), we obtain

) 1 .
EJFZ/ (’qn,lz( qQolz(s)D < mEiy (e . )

l
1 _
+ ;]Ej,y ( E e Sk INk41,n(s) — 77k+1700(5)|>

e (£0)
k=Il+1

+Eiy|wzoleo---oan(s)—d}Z’oo(s)‘, (3.14)
The last term in the right hand side of (3.14) converges to 0 as n — oo by (3.11). By
Lemma 1 and the Lebesgue dominated convergence theorem, we have

limsup B (|g,L(s) — 'L (s)]) < nEery < Z e k) :

n— 00 kelt1

Taking the limit as | — oo, again by Lemma 1, we conclude the first assertion of
the lemma. The second assertion follows from the first one, since ¢, .(s) < 1 and

Ioo.2(s) < 1. O

Lemma 7. Assume Conditions 1, 3 and k'(0) = 0. For any (i,y) € suppV and z € N,
z # 0, we have, for any k > 1, ]P’Zyz .S,
Pr, 2 (Uk=1{Zk = 0} (Xi)k>1) < 1.
Proof. By (3.4) we have, ]P’j"z’y—a.s.,
1—Pf,  (Ur>1{Z) = 0}|(Xp)r>1) = Jim_gp, - (0).

Using (3.7) and (3.8)

1 n
B0 < 15 (e e ) (315
k=0

By Lemma 1 and a monotone convergence argument,

Ef, lim ¢,:(0)"" = lim Ef ¢,:(0)"" < o0. (3.16)

n— oo

+
Thus, P’ -a.s

lim ¢, .(0) >0,

n—oo

which ends the proof of the lemma. O
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We will make use of the following lemma:

Lemma 8. There exists a constant ¢ such that, for any z € N, z # 0, and y > 0
sufficiently large,
e Y(1 + max{y,0})

vn '

Proof. We follow the same line as the proof of Theorem 1.1 in [13]. First, we have

supP; . (Zn >0,7y < n) <cz
ieX
IPi7Z(Zn > Ova S n) = Pi(qn,z(o); Ty S TL)
Using (3.5) and the fact that g, ,(0) is non-increasing in n, we have
4n.2(0) < zemmisezn Sk
Setting By, ; = {—(j + 1) < mini<g<n(y + Sk) < —j}, this implies
P;.(Zn > 0,7y <n)
< zIEi’O(emi“li’an Sk;Ty <n)

e
- E i n(Yy+Sk).
S ze Y Ei70(em1n1§k§ v k)7Bn,j7Ty S n)
Jj=1

oo
<ze ™V Z e P o(Tytjr1 > ).
Jj=1
Using the point 2 of Proposition 2 we obtain the assertion of the lemma. O

It is known from the results in [12] that when y is sufficiently large, then (i,y) €
supp V. For (i,y) € supp V, set

Uiy, 2) = B} 00,2 (0) = P} (Mn>1{Zn > 0}). (3.17)

1,2,y
Theorem 1 is a direct consequence of the following proposition, which extends Theorem

1.1 in [13] to the case z > 1.

Proposition 5. Assume Conditions 1-4. Suppose that i € X and z € N. Then for
any i € X the limit as y — oo of V(i,y)U(i,y, 2) exists and satisfies

u(i, z) := lim 5
y—00 \/210

Vi, y)U(i,y,2) > 0.
Moreover,

lim nP;.(Z, > 0,X, = j) = u(i, 2)v(j).

Y—>00
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Proof. By Lemma 4 and (3.17), for (i,y) € suppV,

lim nP; . (Z, >0, X, =j, 7, >n)

n—oo

= 2 )8, (120 > 0]
_ 2V (i,y)

2ro

U(i,y, 2)v(j)- (3.18)

VP . (Zn >0, X, = j) = VP .(Z, > 0, X,, = j, 7y > n)
+ \/ﬁpi,z(zn > O,Xn = j, Ty < ’I’L)
By Lemma 8§,
Ja(n,y) < cze™Y(1 + max{y,0}). (3.20)
From (3.18), (3.19) and (3.20), when y is sufficiently large,
< 2Viy)

n—00 2ro

Uli,y, 2)v(j)

+ cze7Y(1 + max{y,0}) < occ. (3.21)

Similarly, when y is sufficiently large,

2V (i,y)
V2oro

Since P; , (Z, >0, X,, = j, 7, > n) is non-decreasing in y, from (3.18) it follows that

Lo = liminf /oP; . (Z, > 0, X, = j) > Ui,y, 2)v(5). (3.22)
n— oo

the function

.  2V(i,y) 0
u(i,y, z) = NS Uiy, 2) (3.23)

is non-decreasing in y. Moreover, by (3.21) and (3.22), we deduce that u(i,y,z) as
a function of y is bounded by Lg. Therefore its limit as y — oo exists: u(i,z) =
lim,,_, o u(,y, ). To prove that U(i,y,z) = ]E:yqoo,z(O) > 0, it is enough to remark
that, by (3.13), it holds E;ngo{Z(O) < 00. On the other hand V(i,y) > 0 for large

enough y. Therefore u(i, z) > 0, which proves the first assertion. The second assertion

follows immediately from (3.21) and (3.22) by letting y — oo. O
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4. Proof of Theorem 2
All over this section we denote, for n > 1,
T, =sup{0 < k <n:S,=inf{S,...,Sn}},
and, for 0 < k <n,
Lk,n = k%rjlin (S] — Sk)

Recall the following identities which will be useful in the proofs:

{T =k} ={So > Sk, S1 > Sk,...,Sk—1 > Sk} (4.1)
{Lk,n > 0} = {Sk+1 > Sk;,Sk;JrQ > Sk, ..., > Sk} (4.2)
{T, =k} ={Tx =k} N{Lkn, >0} (4.3)

For any n > 1, set
—s Zn
P,(i,s,2) =E; (e ¢ 5n;Z, >0,Lo, >0). (4.4)

It is easy to see that, by the definition (2.1) of 7, we have {79 > n} = {Lg > 0}, so
that (4.4) is equivalent to

—s Zn

P,(iys,2) =E; (e ¢ i Z, > 0,79 > n). (4.5)
We prove first a series of auxiliary statements.

Lemma 9. Assume Conditions 1-4. Let s > 0. For any (i,0) € suppV and z € N,

z # 0, there exists a positive random variable W; . such that

. . V(i,0)
1 P18, =2
n;rr;oﬁ (i,8,2) o

Poo(za S, Z)7
where

Py (i,s,2) == Ef,

2,0,z

(e_W“Zefs; Np>1{Zp > O}) <1.

Moreover, for any (i,0) € suppV and z € N, z # 0, it holds P;':O7z—a.s.
Np>1{Z, > 0} = {W; . > 0}.

For any (i,0) € suppV and z € N, z # 0,

lim /nP,(i,s,z) = 0.

n— oo
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Z

Proof. DenoteY,, = e~ 5 1{Z, > 0}. Since (Z~ )0

is a positive ((Fn)n>0, Py . )-
martingale, its limit, say W; , = lim, %, exists ]P’;"0 ,-a.s. and is non-negative.

Jr
Therefore, P/, -a.s.

5

lim Y, = e Wis1{n,>,{Z, > 0}}.

n—oo
Now the first assertion follows from the Lemma 4.

For the second assertion we use a result from Kersting [18] stated in a more gen-
eral setting of branching processes with varying environment. To apply it we shall
condition with respect to the environment (X,,),>0, so that one can consider that the
environment is fixed. The condition (A) in Kersting [18] is obviously verified because of
the Condition 4. Moreover, according to Lemma 7, the extinction probability satisfies

Pi'fb’z—a.s.
P;fo,z(upzl{zp = 0}’<Xn)n21) <1

By Theorem 2 in [18], this implies that, Pt -a.s.

i,0,2"
P (Up>1{Zp = 0}|(Xn)n>1) = Py (Wi = 0|(Xn)nz1)-

Since Pt

1,0,z

-a.s. Up>1{Z, = 0} C {W, . = 0}, we obtain the second assertion.
The third one follows from the point 1 of Proposition 2, since V' (i,0) = 0. This ends
the proof of the lemma. O

Remark that P (7, s, 2) can be rewritten as

Py (i,s,2) = EF,

7,0,z ((3_‘/111'1267S 3 Wi7z > 0) .
This shows that Py (4, s, z) is the Laplace transformation at e~* of a measure on R
which assigns the mass 0 to the set {0}.

We will need the following lemma.
Lemma 10. There exists a constant ¢ such that

z
. — < c—
ilelp Pz,z (Tn n, Ly > 0) C 32

Proof. Since T, is a function only on the environment (X}),~,, conditioning with

respect to (Xp);o, we have

]Pi,z (Tn =n, Ly > 0) = Ei,z (Qn,z(o), T, = 77,),
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with g, .(0) defined by (3.2). Using the bound (3.5) we obtain
P; . (T, = n, Zy, > 0) < 2E; (e T, = n). (4.6)
By (4.1) and the duality (Lemma 5),
Ei(es"'Tn = n) =E* (675;'7* > n)L
) v s 10 I/(Z)
< B (e 5n15 > n). (4.7)

Using the local limit theorem for the dual Markov chain (see Proposition 4) and

following the proof of Lemma 1 we obtain

* 7SZ, * c
E; (e 75 >n) < 32 (4.8)
From (4.6), (4.7) and (4.8) the assertion follows. O

The key point of the proof of Theorem 2 is the following statement.

Proposition 6. Assume Conditions 1-4. For anyi € X, s€ R and z € N, z #£ 0,

lim aE; (e ¢ % Z, > 0)

n—roo
2 o0
= E; . (V(Xk,0)1g, X, 0) P (Xg, 8+ Sk, Z1);
mg;,((k)ppv(k)(k k> Zk)
Zr > 0,T, = k‘)
=:u(i,z,e”%).
With s = 400,
lim /nP; .(Z, > 0) = u(i, 2),
n—oo
where
. 2 o
u(i, z) = NS ;Ei,z(ka, 0)Loupp v ( Xk, 0)P%, o 5 (Wiz > 0);

Z>0,Ty = k) >0

is defined in Theorem 1.
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Proof. Using (4.3), one has

n—1

Eiole™ #02,>0)= Y B (e 2, > 0, T = ky Ly > 0)
k=0
e~ Zn_
+Ei,z(e ¢ S Z,>0,T, = n)
= Ji(n) + Ja(n). (4.9)
By Lemma 10,
limsup v/nJa(n) < lim /nP; . (T, = n,Z, > 0) = 0. (4.10)
n— o0 n—00

We now deal with the term J;(n). We shall make use of the notation P, (7,y, z) defined
in (4.5). By the Markov property (conditioning with respect to %, = o{Xo, Zo, ..., Xk, Zi}),

and using (4.2), we obtain

—s Zn
Ei.(e ¢ ;Z, > 0,T, =k, Ly, > 0)

)

=Ei.(Poi(Xk, s+ Sk, Z); Th = k, Z1, > 0).

Therefore

]Ei,z (\/TL — kPn,k(Xk, s+ S}€7 Zk);Tk = k, Zy > 0)
Denote for brevity
Epy=Ei.(Vn—kPy_i(Xp, s+ Sk, Z); Tx = k, Zi, > 0).

It is easy to see that, with some [ < n,

l n—1
- i i
vrhin) = kZ:O N k:ZM =k

= Jll(n, l) + Jlg(’fl,l). (411)

For Ji2(n, 1), we have, using (4.5),

Ji2(n, 1) "21 vn E
12(n, 1) = —FE
hot VR —k
n—1
/A
< E,.(Vn— kP, (g > n—k): Ty = k, Z¢ > 0).
7k:2l;1\/m < X (7o )i T k> 0)
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Using point 2 of Proposition 2 and Lemma 10,

n—1
J12(n7l) S & Z %Pv,z(Tk = k;Zk > O)

k=Il+1

where to bound the second line we split the summation in two parts for k£ > k/2 and

k < k/2. Let £ > 0 be arbitrary. Then there exists n. , such that, for n > 1 > n. .,
Jlg(n, l) S E. (4.12)

For Ji1(n,1), we have

l

Ju(n,l) = Z ;L/? kEm(vn - kPn,k(X]ﬁS + Sk,Zk);Tk =k, Zy > 0)
k=0

Since [ is fixed, taking the limit as n — oo, by Lemmata 9 and 10,

s

MN

Ei - (Pso(Xks s + Sk, Zi); T = k, Z1, > 0)

nh~>nolo Jll(nv l) =

>
=1
o

IN

> P (T =k, Zi > 0)
k

Il
o

% < cz. (4.13)

>
Il
o

Since € is arbitrary, from (4.11), (4.12) and (4.13), taking the limit as [ — oo, we
deduce that

NE

lim /nJi(n) =

n— oo

]Ei z(Poo(Xk7s + Ska Zk)aTk = kazk > 0)

s

x>
I

0

From this and (4.9), (4.10) we deduce the first assertion of the proposition. The second

one is proved in the same way. O

Now we proceed to prove Theorem 2. Denote by

fini,zj(B) = Pi. (Zne 5" € B, X,, = j| Z, > 0)

)
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the joint law law of EZTT;L and X,, = j given Z,, > 0 under P;, where B is any Borel set

of Ry. Set for short
Nn,i,z(B) = ]Pi,z (Zne_sn S B‘Zn > 0) .

We shall prove that the sequence (fin,i,»)n>1 is convergent in law. For this we use the

convergence of the corresponding Laplace transformations:

Zn
—tZn Ei z _tm;zn 0
Ei,z(e teZSn ’Zn>0):\/ﬁ 5 (6 > )
\/’E]P)i,z(zn > O)

S

By Proposition 6, we see that, with ¢t = e~

lim E; 2(6_675%|Zn > O) = M
n—oo u(i, 2)

It is obvious that (i, z,e~*) is also a Laplace transformation at ¢ = e~® of a measure
on R, which assigns the mass 0 to the set {0} and that u(s, z) is the total mass of this
u(i,z,e” %)

measure. Therefore the ratio G is the Laplace transformation of a probability

measure f; . on Ry such that y; ,({0}) = 0.

5. Proof of Theorems 3 and 4

Recall that by the properties of the harmonic function, for any i € X there exists
y; > 0 such that (i,y) € supp V for any y > y;.

First we prove the following auxiliary statement.

Lemma 11. Assume Conditions 1-4. Let i € X and z € N, z # 0. For any 0 € (0,1)

and y > 0 large enough such that (i,y) € supp V,

lim lim /nP;. (Zm >0, Zjg, = 0,7, >n) = 0.

m—r 00 N—00

Proof. Let m,n > 1 be such that [#n] > m. Then

Jm,n(ﬁ,y) = Pi,z (Zm > 0, Z[en] =0, Ty > n)
= Pi,z (Zm > O,Ty > n) — Pi,z (Z[On] > 0, Ty > n)
= Ei,z (Pz,z (Zm > 0|X1, Ce 7_va)

— ]P)i,z (Z[Qn] > 0|X1, .. ,X[gn]) $Ty > TL)

< Ei,z( |Qm,z (0) - q[an],z(o)| 3Ty > TL)
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Denote P, (i,y) = P;(7y, > n). By the Markov property

Ei,z( ‘Qm,z(o) — 4[on],= (0)| 3Ty > n)
= Ez( |Qm,z( — q[on), | P [on] (X[f)n] Y+ S[Qn ) [Qn])

Using point 2 of Proposition 2 and the point 3 of Proposition 1, on the set {r, > [0n]},

1 + Y + Sion] 1+ V(Xign),y + S[Gn])
Pn—[Qn] (X[On] Y+ S[Gn]a > \/m <c \/(1_70

Therefore

\/’Et]m,n (07 y)

&
< ﬁEZ( |qm,z(0) - Q[en],z(o) Ty > [Gn])
Jr\/%Ei(}Qm,z( d[on),z ’V X[gn],erSgn) Ty > [Qn])

Using the bound (3.1) and again the point 2 of Proposition 2,

lim sup E; ([ gm.=(0) = qion) - (0)] 57 > [0n]) < lim P;(r, > [6n]) =0.

n—oo

If (i,y) & supp V,

Ei (|gm,=(0) = qiony,- (0)| V(X(on], ¥ + Siony); Ty > [00])
< Ei(V(X(on)s ¥ + Sjon)); 7y > [0n])

=V(i,y) =0.
If (i,y) € supp V, changing the measure by (2.14), we have

Ei( ’qm,z( qlon),z | V [on]» Y + S[Gn ) [en])
= V(Z7 y)Ez,y |Qm,z(0) - q[ﬂn],z(0)| .

Taking the limit as n — co and then as m — oo, by Lemma 6,

lim  lim E;(|gm.=(0) = qgn),=(0)| V(Xion), ¥ + Sion)); 7y > [0n]) =0

m—00 N—00

Taking into account the previous bounds we obtain the assertion of the lemma. O
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Proof of Theorem 3. Let i,j € X,y >0,z € N, 2#0,t € R. Then, for any n > 1
and y > 0,

P ( S0 Xy = .2 > o)

S, )
=P, (\/H”U <t,Xp=j,2Zn>0,1, > n)
+P; Sn <t,Xn=42Z,>0,7,<n
(2% \/’EO’ = b n _j7 n yly =
=1L(n,y) + L2(n,y) (5.1)
By Lemma 8§,
vnly(n,y) < VnP; . (Z, > 0,7, <n) <cze ¥(1+y). (5.2)

In the sequel we study I (n,y). Let 6 € (0,1) be arbitrary. We decompose I (n,y)

into two parts:

Sn .
Il(nay) = ]P)i,z (\/?LO' <t X, = ]7Z[6n] > 0,2, > OaTy > n)

Sn .
=P;. (\/ﬁ()’ <t X, :.77Z[9n] > 0,7y > n)

—P;. < Sn <t,Xn =7, Zjpn >0,Zy =0,7, > n>
no

= 111(77/, 97 y) - Il?(”) 97 y) (53)

In the following lemma we prove that the second term /nli2(n,6,y) vanishes as

n — oQ.

Lemma 12. Assume Conditions 1-4. For any i,j € X, z € N, 2 £ 0, andy > 0

sufficiently large,

. Sh ,
HILH;O VnP; . (\/ﬁa <t,Xn=J,Z1pn) > 0,2, = 0,7y > n) =0. (5.4)

Proof. Obviously,

S.
|112(na07y)| = Pi,z (\/ﬁn <t X, =7, Z[On] >0,2, = Ova > n)
g
< (Xn =3, Zjgn) > 0,2, = 0,7, > n)

]Pi,z
Pi. (Xn = 4, Zign) > 0,7, > n)

-P,.(Xn=14,2,>0,7y >n). (5.5)
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As in (3.18), choosing y > 0 such that (i,y) € supp V, we have

. . 2V (©i,y) ,
lim vnP; ., (X, =73,2Z, >0,7 >n) = ——=U(t,y, 2)v(j). 5.6
Jim /Py - (X = j 7y > n) = —=—=Uli,y, 2)v(j) (5.6)
We shall prove that for any 6 € (0, 1),
. ) 2V (i,y) .., )
1 P; . (Xn =7, Zign) > 0,7, > =—=U@,y,2)v(J). 5.7
Jim /P (X, = j, Zjgn) > 0,7, > n) Ty Vv () (5.7)

For any m > 1 and n such that [On] > m,

P;. (Xn = J, Zjgn) > 0,7, > n)
=Pi. (X0 =15,Zm >0,Zpn > 0,7, >n)
=P, (Xy =4,Zm > 0,7, >n)

—Pi. (X0 =J,Zm >0, Zjgn) = 0,7, > n). (5.8)
By Lemma 2,

lim \/E]Pi,z (Xn =7, Ly > 077—1‘/ > n)

n—oo
2V (i,y) )
=_22pt (Z,. >0)v(j).
LW (> 0) 1)

Taking the limit as m — oo, by (3.17), we have

hm hm \/’TLPLZ (Xn - jy Zm > OaTy > Tl)
m— 00 Nn—00

2V (i, .

= Wt (s {Zen > 0)()

2mo
_ 2V(i,y)
V2o

Ui,y 2)v(j). (5.9)
By Lemma 11,

lim sup lim sup v/nlP; , (Xn =7,%m >0,Zgn =0,7y > n)

m—r o0 n—roo

< limsup lim /nP;. (Zm > 0,Zjg, = 0,7, > n) =0,

m—oo n—oo

which together with (5.8) and (5.9) proves (5.7). From (5.5), (5.6) and (5.7) we obtain

the assertion of the lemma. O

To handle the term I11(n,0,y) we choose any m satisfying 1 < m < [fn] and split it
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into two parts:

Sn

Ill(nagay):IP)i,z <taXn:j»Zm>Ova>n>

N~
R

Sn )
-P;. NG <t,X,=94,Zm >0, Z[gn] =0,7y > n)
- Illl(nam7y) - Ill?(”ama H,y) (510)

By Lemma 11, we have,

lim sup lim sup v/nly12(n, m, 6, y)

m—r o0 n—oo

< lim lim VnP;. (Zp > 0,Zg, = 0,7, > n) = 0. (5.11)

m—00 N— 00

The following lemma gives a limit for v/nl111(n,m,y) as n — oo and m — co.

Lemma 13. Assume Conditions 1-4. Suppose that i,j € X, z € N, z A0 and t € R.
Then, for any y > 0 sufficiently large,

S, )
lim lim /nP; . ( — <t,Xp = j,Zm > 0,7, > n)

M —00 N—00 \/77,0' -

_ QEz)V(i,y)U(i,y,z)u(j). (5.12)

Proof. Without loss of generality we can assume that n > 2m. Let y > 0 be so large

that (i,y) € supp V. Set t,,, =t + \/Z;iw. Then I111(n,m,y) can be rewritten as

Sn .
Lii(n,m,y) =P, , (y—i— <t X :],Zm>0,7'y>n).

\/EO' = bn,yy An

If ¢t < 0, we have t,, < 0, for n large enough, then the assertion of the lemma
becomes obvious since I111(n,m,y) = 0 = ®*(¢). Therefore, it is enough to assume
that ¢t > 0. To find the asymptotic of I111(n, m,y) we introduce the following notation:
fory, ' eRand 1 <k=n-—m<n,

y' + Sk

oVk

(i, 9, 1) = ]Pz-( <ti1y > k)

Set tym,y = tnyy\/% =(t+ \/%U)\/;CLWL By the Markov property,

Liii(n,m,y) =E; . (q)n—m(vay + Sy tn,m,y); Zm > 0,7y > m).
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Since ty, m.y < V2(t + y/o), by Proposition 3, there exists an & > 0 such that for any
(i,y") € X xR,

2V (i, y')

e 2m(n —m)o : (tn,m,y>

q)nfm (Za y/a tn,m,y) -

1+ max{y’,0}2
(n—m)

< Ceytyy (5.13)

Therefore, using (5.13),

An(m,y) =
2V(Xm,y + Sm)
27(n —m)o

1+E; . max{y + S,,0}?
Y (n —m)1/2+e :

Li(n,m,y) — E; . (

ot (tmm,y);Zm > 0,7y > m)|

< Cegt
This implies that

lim /nA,(m,y) = 0. (5.14)

n—o0

Note that with m and y > 0 fixed, we have t,, , y — t as n — co. Therefore

lim /i , (2V(Xm, y+Sm)

n—-+oo V2rko
207 (1)

V2o

When (i,y) € supp V, the change of measure (2.13), gives

i (tn,m); L > 0,7y > m)

Ei-(V( X,y + Sm); Zm > 0,7, > m). (5.15)

Ei2(V(Xm,y + Sm); Zm > 0,7, > m)

=V (i,y)P}

1Y,z

(Zpm > 0). (5.16)

Since P, .(Zm > 0) = E} gm (0), using Lemma 6,

,Y,2

lim P _(Z, >0)= lim
—

m—4oo “YF m—+o0

+ _ @t —77(s
Ei,me,z(O) - ]Eiwqoo,z(o) - U(Z7 y7 2)7
which, together with (5.14), (5.15) and (5.16), gives

20+
lim lim v/nli11(n,m,y) = )

m—00 Nn—00 20

V(i,y)U(i,y, 2)v(j),

which proves the assertion of the lemma for ¢ > 0. O



Branching processes in Markovian environment 33

We now perform the final assembling. From (5.1), (5.2), (5.3) and (5.4), we have,
forany i, € X, z € N, 2 # 0, t € R and y sufficiently large,

hm ‘\/EPZ,Z (Sn S th’n = j7 Zn > 0> - \/ﬁjll(naevy)
n—oo \/ﬁa'
<cze V(1 +y). (5.17)

From (5.10), (5.11), (5.12) we obtain

20T (¢
lim lim v/nlii(n,0,y) = ®)

m— 00 n— 0o 2m0

V(i,y)U iy, 2)v(j)- (5.18)

From (5.17) and (5.18), taking consecutively the limits as n — oo and m — oo, we

obtain, for any i,j € X, z € N, 2z # 0, t € R and y > 0 sufficiently large, such that

(i,y) € supp V/,

lim ‘ﬁp (S" <t X, =7 >o) _ 2Oy UGy )
oo 0,2 J\/ﬁ_ y Anp = ], 4n ma Y > Ys J

< cze V(1 +vy).
Taking the limit as y — oo, we obtain, for any i,j € X, z € N, z £ 0 and t € R,

S,
nhm VnlP; . (U\/ﬁ <t,Xpn=1742, > O) Ot (v (j)u(i, 2),

where u(i,z) > 0 is defined in Proposition 5. This proves the first assertion of the

theorem. The second assertion is obtained from the first one by using Theorem 1. [

Proof of Theorem 4. The assertion of Theorem 4 is easily obtained from Theorem

3. Let € > 0 be arbitrary. By simple computations,

log Z,, Sh, .
Piz - Z 7X7l: 7Zn 0
’ ( O'\/ﬁ \/EO' € ] = )
Zn, .
:Pi,z( - >e€ﬁU,Xn=g,Zn>0)
e n

Zn .
+]P)7L,z <€S < eieﬁavXn = .77Zn > O> .

Fix some A > 1. Then, for n sufficiently large, such that e=V™ > A,

log Z,, Sy, .
Pi.||—F—= — >e,Xn=7,2np>0
’ ( ovn  +/no c J )
Zn, .
<Pi,z< S >A7anjvzn>0>
677,

Zn, .
+Pi,z (S S 1/AaXn :]aZn > 0) )
e n
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where, by Theorem 2
Zy , N
lim sup /7P . (S A X, = 2, > o) < 2 (A, +oo)w ()i, 2,
n—4o0o0 ern
and
. Zn . N
timsup VAP, (o < 1/A, X0 = 4, Z > 0) < o (10, 1/ADwG)u(i, =)
n—+oo "

Since ;. is a probability mesure of mass 0 in 0, taking the limit as A — +o00, we have

that
. log Z,, Sy .
nEIJIrloo \/ﬁpz,z < U\/ﬁ \/ﬁO' >e,Xn=17,%n> O) 0
As ¢ is arbitrary, using Theorem 3 we conclude the proof. O
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