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Construction of an algebra corresponding to a statistical
model of the square ladder (square lattice with two lines)

Valerii Sopin
December 16, 2018

Abstract

In this paper we define infinite-dimensional algebra and its representation, whose
basis is naturally identified with semi-infinite configurations of the square ladder model.

We also extrapolate the ideas for the cyclic 3-leg triangular ladder. All of these
propose a way for generalization, which leads to representations of N = 2, ... algebras.

Keywords: 2D lattice, square ladder, triangular ladder, conformal algebra, semi-
infinite forms, fermions, quadratic algebra, superfrustration, graded Fuler characteris-
tic, cohomology, deformation, Jacobi triple product, superalgebras, operator algebras.

1 Introduction

For each graph I'" we can construct a statistical model in which the set of configurations
is the set of arrangements of particles at graph vertices such that at each vertex at most one
particle is located and two particles cannot be located at vertices joined by an edge.

The previous paper [1] discussed combinatorial properties of the set of configurations of
the 2 x n square lattice (or simply the square ladder) graph:

EEERENEY

Figure 1: 2 x n square lattice model

Let’s assign the fermion algebra of anti-commuting elements x; and y; to the graph in
Fig. 1, where : = —k,...,kifn=2k+1ori=—k,..., k—1if n = 2k; moreover, elements
x;, y; satisfy the next relations:

2y =0, x;xi1 =0, yiYip1 = 0.

Studies of integrable models of statistical mechanics show a close connection between
the set of configurations of the corresponding lattice graph and the representation of some
infinite-dimensional algebra [2][3][4][5][6][7][8]. Based on this, the paper yields the following
results:

In Section 2, based on idea of semi-infinite forms, the set of configurations is defined for
the square ladder model, which is infinite in both directions. A bigraduation is introduced
and statistical sum is calculated.



In Section 3, such a deformation of the fermion algebra for the graph of the square ladder
model, which is infinite in both directions, is determined (the obtained algebra is close to
conformal algebras) that the character of its representation is equal to the statistical sum
from Section 2.

In Section 4, the cohomology of complexes, constructed from finite-dimensional quo-
tient algebras of the deformed algebra from Section 3, are calculated. The corresponding
complexes are either acyclic, or their cohomology is one-dimensional. The deformation was
selected by the latter, among other things.

In Section 5, further generalization is discussed.

2 Set of semi-infinite configurations

Instead of the square ladder model, Fig. 1, it is convenient to consider an equivalent
combinatorial problem (the results of paper [1] remain valid), the twisted square ladder

model:

Figure 2: twisted square ladder model

According to [8], the set Q C Z is called a Dirac set if Q. = QN Zxso and Q, = Zo \ Q2
are finite. The value C(§2) = count(2.) — count(€2,) is called the charge of the set €2, and
UQ)= > |afis called its energy.

aeN U,

The set of such configurations {...,v;, ,,v,,vi,.,,-.-,v; } of the graph of the twisted
square ladder model, which is infinite in both directions, that the set of indexes 2 = {i,,} is
a Dirac set, is called the set of semi-infinite configurations A% . The location of particle v;,
is given by x;_ or y; depending on whether the particle is in the upper or lower row, where
1, is the corresponding column number.

It follows from the definition of Dirac set that a configuration has “tail” (see Fig. 3), i.e.
there is such N € Z that

iN—j+1 =iy —J+1Vj€eEN.

Moreover, it follows from the definitions of set of configurations, Dirac set and the type

of the graph under consideration (Fig. 2) that all v;,__,, are elements of one row.

N-1 N N+1

Figure 3: tails of twisted square ladder model

We will talk about energy and charge of {...,v;, _,,vi,,%,,,,-..,0;} implying energy
and charge of the corresponding set of indexes 2 = {i,}.
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2.1 Calculation of statistical sum

In this subsection, our goal will be to calculate the statistical sum of the subset of
configurations A% with the fixed type of tail (Fig. 3) relative to C' and U, i.e.

Fo- Y 0o

across all Dirac sets 2

Proposition 1.

1—qgm

n=—oo

[e%s) 1+ qm [e%S)
Fg =T[5 32 g
m=1

Proof. Let’s consider

Fi(t,q) = ) 9OV = "o (gt
across all Dirac sets ) =0
with Qp=0

Lemma 1.

F.(t _ - (q>:L_ n(nfl)/Qtn
+( 7Q) - Z ( ) q )
n=0 q

where (q); = (1+)(1+¢*)...(1+¢"), (@n=01-a)(1—¢*)...(1-q").

Proof. One can readily see that the following is true

3

Fy(t,q) = tF.(qt,q) + Fy(qt,q),

where ' _
Fi(qt,q) = 2tqFy (¢°t. q) + F1 (¢’ q),
as we consider all possible options for particle arrangement at the column no. 0.
Then,
Fy(t,q) — tFy(qt, q) = Fy(qt, q) — tgF (¢°t, q) + 2tqF, (¢°t, q).

Therefore, we obtain functional equation:

Fy(t,q) = Fy(qt, q) + L(Fy(qt, q) + ¢F 1 (¢*t, q)).

Hence,

2n—1

(@) = q"0n(@) + " n-1(q) + @ on-1(q).

Consequently,
(1= q")¢n(@) = "1+ ¢")n-1(a).

As ¢o(q) =1, it has been demonstrated.,
Let’s consider another statistical sum

Fx(t,q) = > £ g,

. across_all Dirac sets .
Q)p contains only the numbers not exceeding -N

Let’s consider the transformation associating the Dirac set Q = {iy} to the Dirac set
Qny = {ix + N}. It is easily seen that C'(2y) = C(Q2) +1 and U(y) = U(Q) + C(22) + 1.
Following this, by induction,

CQn)=C(Q)+Nand UQy) =U(Q) + NC(Q) + N(N +1)/2.
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A Dirac set contains all numbers not exceeding —N if and only if (2y_;), = @. This
yields the equation
Fi(t,q) = t" gV D2 En(tg 1 g).

Consequently,
gN-D(V=2)/2 o
Fn(t,q) = TF+(t/q ,q) =
- — (@)
Z ) "D 2N =D)(N=2)/2=n(N—1)n—N+1 _ Z q ntN=1 n(n=1)/2gn
n=0 " e N1 (Q)n+N—1

Going to the limit N — oo, we obtain the required.,

Remark.
~ 14+q¢" o 1 ﬁ 1
H —m = . am _ A2k+1 =
m:l1 q m—l1 q k= 1 q *
o0 1 o0
= (I ;=TI - @,

due to the equality of generating functions for splitting into odd and different summands [9].

3 SqL algebra

The fermion algebra for the infinite in both directions graph as per Fig. 2 is the following
algebra of anti-commuting elements x; and vy;, i € Z:

C[- cey T—1,Y-1,%0, Yo, T1, Y1, - - ]/('T’Lyl =0, 2;¥%i+1 =0, Ti1y; = 0)-

Let’s determine the deformation of this algebra, namely the SqL algebra, generated by
anti-commuting elements x;, y;, © € Z, satisfying the relations below (let’s denote it as REL):

Vs € Z Z TiY—its = 0, Z xiy—i+2s+1(—1)i =0,
i€Z i€Z
with additional action of two operators ¢ and wu:

e, u] =0;

[C, xz] = T, [Cv yi] = Yi;
[u, x;| = —ix;, [u, y;| = —iy;.

Let’s denote generating functions X () = >, ., zit™", Y(t) = >_,c, it ™", then the rela-
tions REL can be rewritten as

XY (t) =0, XY (—t) = X(—t)Y (t).

The relations REL are infinite; therefore, formally, the algebra with such relations has no
sense. However, if we consider its representation in a graduated space, with peak limiting
for the graduation, as is customary in the theory of conformal algebras, then everything will
be determined.



Accordingly, for any integer N let’s define induced representations with extreme vectors,
i.e. spaces T (V) spawned by elements z;,v;, ¢ € Z, from the vectors vy, for which the
following is true:

Tisy—10YN =0, yisyoyny = 0.
In other words, T(N) = (C[...,x_1,y_1, To, Y0, L1, Y1, - - - | /REL) 0 Y.
There are mappings

. — Y(=2) — T(-1) — YT(0) — T(1) — ...,

which follow from vy_1 — yn o YN

Mappings T(N) — YT(N +1) are embeddings. This result is derived from the existence
of monomial basis (Lemma 2) in T(N). Now we are going to discuss it. But, to begin with,
let’s construct an auxiliary representation of the SqL algebra by using the Clifford algebra.

3.1 Constructing representation of SqL algebra

1, 1+5=0;
5i+j:{

Let

0, otherwise.

The algebra OCI is generated by elements o_or—1,k € NU {0}, ¢;, ¢f,i € Z, for which
the following is true:

[0_ok—1,0-2-1] = 0, [0_9k—1,05] =0, [0_2x_1, ;] =0,
[pis pil+ = 0, (97, 051+ = 0, [i, @j]+ = digj-
Moreover, additional action of s and w is defined:
[s, w] =0,
[87 (102] = Pi, [Sa 90:] = _90:7 [57 0721'71] = 07
[w7 902] - _Z()OZJ [wv QO,):] - —ZQO:, [wv O—2i—1] - (2Z + 1)0—2i—1'

Let’s introduce generating functions:

p(z) = Z%’Zﬁiao(z) = Z 0_0; 127 0 (2) = Zg@jz*i.

i€EZ 1eNU{0} i€Z

Let’s define:
U(z) = o(2)¢(z2) = Z%’Z?ia where t; = Z 0jf1-

The relations REL are fulfilled for ¢(z) and 9 (z):
p(2)e(2) = o(2)¢*(2) =0,
p(2)(=2) = p(2)p(=2)o(=2) = —p(2)p(=2)o(2) = p(=2)¢(2).

Let’s suppose there exists extreme vector vy:
@i>00 v = 0, ;50 0vp = 0.
Let’s set an action for s and w on wvy:
sovg =0, wowvy=0.

The character of OCl o vy = Clpg, ¢*1,0-1,9_1,...] 0 vg is defined as Trocion, (¢“t°).

5



Proposition 2. Trocie, (¢¥t?) and F(t,q) coincide.

Proof. As is well known, the character of the space of polynomials in anti-commuting
variables ¢;, pr 1,7 =0,—1,..., is equal to

[[a+anJa+d
7=0 k=1

which equals to

’,:]8

| 1_q nz_:ooqnn 1/2tn

Il
—

according to the Jacobi triple product [9].
Moreover, as is well known, the character of the space of polynomials in commuting
variables 09;_1,72 = 0,—1,..., is equal to

o0

1
Il =

m=0

3.2 Direct limit

Lemma 2. In Y(N) there is a monomial basis consisting of
TiyTiy - - TiyYjs Yjs - - - Yim © YN [T — Jo| > 2.

Proof. Using REL, as well as skew symmetry, any monomial zz, ...xzY;, ... y; can be
expressed in the required form as above (see [7] and [8]): each of newly appeared monomials
will be lexicographically less than the original (deg(z;) = deg(y;) = j, all y; follow after
all z;). Of course, newly appeared monomials may contain pairs breaking the conditions
lia — Jb»| > 2, but the lexicographical order allows to develop an iterative procedure.

Let’s demonstrate the linear independence. For this purpose, let’s use SqL representation
defined above. Let’s set the homomorphism of algebras:

Ti > Qi Yi — Vi, U —> W, ¢ —> S,
from here we obtain the mapping of spaces:
T(N) — Ty (N) =Cl..., 01,01, 90, %0, p1,%1, - -] 0 .
By definition, ¢, = ) 0,¢; acts with non-zero to vy only with a finite number of o;¢,

jHl=i
therefore:

TLP,TZJ(N) - (C[ -y P—2,0-2,Y_1,0_1, Y0, P1, L2, - - ] COIN-
By definition of vy, the latter is

(C[ -y P—2,0-_2, 807170717(100”()017 P2, 790N*1} OIN.

Then, from the definition of OC, we obtain the following isomorphism:

111(N) ~ C[9007071790*170737 . 'HSD));pSDtQ, s :90*—N+1] © Vo, N > 07
> C[QO(),Ofl,gO,l,O,g,...]OQON...QO()OU(), NSO
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Therefore,
OClowvy = Clpo, 9" 1,0-1,0-1,...]0vg = ligTWp(N).

Thereafter, there are no additional relationships for x;, zi, . .. 23, ¥;,Y;, - - - Yj,, © Yn, Where
lio — Jo| > 2, because otherwise the character Trociou, (¢*t°) would be less than the statistical
sum F(t,q), but from Proposition 2 we know that this is not so.,

Let’s define

= lim T(N).
Any vector of space Y is a finite linear combination of expressions
LiyLig - TiYji Yjo « + « Yj O VN = LiyLig - - L5y Y51 Yjo -+ - Yjn YN O YIN+1 = - -+
|7:a - jb| > 2a

for a sufficiently large N. Let’s send N to infinity, i.e. formally substitute vy with expression

YNYN+1YN+2 - O Yoo

So, we obtain the representation, which can be naturally identified with the set of semi-
infinite configurations with the fixed type of tail.
Let’s set an action of ¢ and u on extreme vectors ~y:

covyn = —Nn,

P N(N+1)’}/ N, NZO,
%’}/N, N < 0.

The character of T is defined as Try(g"t°).
Proposition 3. Try(¢"t°) and F(t,q) coincide.

Proof. After all the above it’s obvious.,

4 Cohomology

Let’s define algebra A, of anti-commuting elements x; and y;, where ¢ = —k,... k if
n=2k+1ori=—k,...,k—1if n =2k, satisfying the relations REL (all other x; and Yj,
with other indexes, are assumed equal to zero).

Therefore, algebra A, is a finite-dimensional quotient algebra of SqL. It follows from
Lemma 2 that the dimension of A, is identical to the dimension of the fermion algebra of
the twisted square ladder with n columns. Moreover, they have the same monomial basis.

Symbols x; or y; also denote the operator of multiplication by the corresponding element.

Let’s construct a complex K,, = A, with differential zq + .

Let’s introduce elements from Ky, which are defined recursively as follows:

T_ghop_syk, Kk mod 2 # 0, — Y—rhop_srr, k mod 2 #0,
hop i1 = hogy1 =
Y_thop_syr, k mod 2 =0, T_ghop_sxr, k mod 2 =0,
where hy = x_lyl,ﬁg =y_1x1; hy = ?JO,El = Yo, k € NU{O}-

Proposition 4. The cohomology of the complexres Kopy1, Kopio 1S one-dimensional. The
element hy,., s a representative of the corresponding cohomoloogy class in both cases.

7
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Figure 4: hy;.,, and Dkt

Proof. To begin with, let’s consider the odd case, Kogi1.
Note that if 25 = +2k, from ), , 2;y_;42, = 0 it follows that

T kY- =0 = xYp.

In addition, if 2s + 1 = —2k + 1,2k — 1, it follows from ) ., oy _it2,41 = 0 and
Y icz TilY—it2s+1(—1)" = 0 that

T pY—tt1 = Topp1¥Y—k = 0, TpYp—1 = Tp—1yx = 0.

Then, let’s introduce auxiliary complexes denoted as K;‘,ﬁl, a,p € {z,y,0}.

K3;"  means the image of operator of multiplication by z_rxy : ©_p2x Ko 41, K3} means
the image of x_ryr : *_ryr Kogi1- K&El means the factor space of the image of operator of
multiplication by x_y, : ©_ Kox11/{zr =0, yx = 0}, KQD,;L is xp Kopr1/{x_r =0, y_r = 0}.

3 3 B i 7D D7

SernlDlar for Kyl ys Koy Ko Ko

Koyt means Koppi/{z e =0=y 4, 1, =0 =yp} = Ko 1.

Therefore, we split Ko y1, see Lemma 2 and [1].

z,0d y,0 O,z O,y .
Lemma 3. The complexes Ky 1, K31, Ky, Koo, are acyclic.

The cohomology of the complexes K3;" |, K5 | is one-dimensional in case of odd k, and
elements hopy1, Ny are a representatives of the corresponding cohomology class, respec-
tively. If k is even, then the complexes are acyclic.

The cohomology of the complezes Ky} 1, Ky, is one-dimensional in case of even k, and
elements hoy. 1, hart1 are a representatives of the corresponding cohomology class, respec-
tively. If k is odd, then the complexes are acyclic.

We prove Lemma 3 and Proposition 4 for the odd case by induction.
The reader is encouraged to check the induction base for Kg‘,ﬁl, k<3, Ky, m<3.
Applying simultaneous induction, we use the following considerations.

There exist an exact triple (because of the monomial basis, see Lemma 2):

0— @ Kg“,ﬁ?) — Kopyg —> @ Kg,ﬁ3 —0
a#0 and S#£0 a=0 or =0



As is well known, a long exact sequence of cohomologies is associated with exact triple.
But due to the inductive assumption, we obtain the next exact sequence for Ko 3:

0 — H" (Kopys) — H¥ (Kopn) — H?( @) Kgils) — HY(Karys) — 0
a#0 and g£0

Similar exact sequences can also be written for all K;‘,ﬁ:,).

Because we know Euler characteristics of all K. ;lfl and Koy itself for any [ (absolute val-

ues do not exceed 1) from paper [1] and thanks to Lemma 2, then, to prove the simultaneous
induction, we just need to show that

(2o +Yo) 0 hogpyy #0

in corresponding “2k-+3” spaces.
Up to a change of basis, we have:

o+ Yo)T_ghor sYr = T_ghor 1Yk, k mod 2 # 0,
(Zo+90)hoges 1 = (o + Yo)2—rhok_3Yk kllog—1Yk 7

(o + Yo)y—kho—sye = Y—rhop_1Yr, Kk mod 2=0.
An element z_gho, 1Yk (Y_rhop_1yx) contains only one “prohibited” pair:

T_pY—k+1 (y—kl’—kﬂ)

It follows from the relations REL in Ky, 3 that
TkY—k+1 = —T—k+2Y—k—1,

Y-kl k41 = —Y—kr2T—f—1-

Using the latter equations, it is possible to rewrite x_gho, 1Y (Y—rhor_1Yk) as an element
of the monomial basis, therefore, it is not equal to zero, see Lemma 2.

The statement for Ky, follows from the statement for K1 and Lemma 3, as it is possible
to write exact triple for Ky, with Ky, and K;”,El, Kg,;m_l.v

Example. (zo+ yo)(x_1y1 + 1y-1) # 0 in K;
Let’s use the relation x_oys + 2y o + ToYo = —(T_141 + T1Y_1) :

—(2o + yo)(x_1y1 + 21y-1) = (To + Yo)(T_2y2 + T2y—2) # 0.

5 Appendix: a generalization

Conjecture is that it is possible to universalize the ideas for some m-leg ladder models.
That way, we obtain representations of N =2, ... algebras.

5.1 Graded Euler characteristic

Let’s recall basic definitions.

For each graph I'" we can construct a statistical model in which the set of configurations
is the set of arrangements of particles at graph vertices such that at each vertex at most one
particle is located and two particles cannot be located at vertices joined by an edge.

To any graph I' there corresponds the fermion algebra A(I") defined as follows.



Let S be the vertex set of I', and let T C S x S be its edge set. The algebra A(I") is
generated by 1, s € S. The defining relations are

wsﬂ/}@ + ¢821/)81 - 07 1/J81¢S2 = 07 (817 82) er.

From A(T") we can construct a complex K (I') = A(I") with differential ) ;.

ses
The statistical sum of the model is the sum over the space of all configurations. The

contribution of each configuration depends on parameters. For some parameters values,
the contribution of any configuration to the statistical sum equals +1, depending on the
parity of the number of particles in the given configuration. This statistical sum is naturally
interpreted as the Euler characteristic of the complex K(T").

By a weight system {w} on the graph I' we mean a function on S assigning a number
w(s) to each vertex s. For each configuration x = {s1, $2,..., s} we define its energy

l
. 5 w(s) .
E¥(x)=(-1)!¢=  T,qeC.

We introduce the statistical sum »_ E*(x), where the summation is over all configura-
tions. We refer to this as the graded Euler characteristic and denote it by EY(T').

5.2 Cyclic 3-leg triangular ladder model

Cyclic 3-leg triangular ladder is the 4-leg triangular ladder, where first and last rows
coincide (are glued), see Fig. 5.

AN
NANANNANSNN
NN

0— —0—0

Figure 5: cyclic 3-leg triangular ladder with n columns

We denote the graph from Fig. 5 by I'3.
Let E3 denote the Euler characteristic of the complex K (T'2).

(23]

Proposition 5. £3 = (E}) = (=2)I"2") where [%] denotes the integer part of a number.

Proof. Tt is easy to see that such relation holds:

E; = EJE,

n—2

10



as any non-empty arrangement of particles in second column of Fig. 5 partitions the graph
into two disconnected graphs, one of which is a one-point space. The Euler characteristic of
a disconnected graph is the product of the Euler characteristics of its connected components.

In addition, B} = —2.g

Let’s consider the weight system (which we denote by f), where each fermion in the
column number i, i = 1,...,n, has weight [§] +4 — 1.

To the cyclic 3-leg triangular ladder with n columns we assign a table of weights and
numbers of fermions; namely, each cell of this table contains the number of all admissible
arrangements of a given number of fermions with given weights.

The number of a column in the table corresponds to the number of arranged fermions.
The first column corresponds to 0 fermions; it is impossible to arrange more than n fermions.
The rows correspond to weights. We assume that the configuration with no fermions has
weight 0.

Below we give examples of such tables. We leave a cell empty if there exist no configu-
rations with given weight and given number of fermions.

1 2 3
| 1 3 1 3 3 3
3 3 1 3 9 3
3 3
5
4
3 3
3 9 9 3 3 3
3 12 18 9 1 3 9 3
1 3 18 30 9 3 3 12 9
3 12 18 9 3 9 9 3
3 9 9 3 3 3
3 3
Figure 6: first tables
For each 7 = 0,...,n, to the jth column of a table there naturally corresponds a Laurent

polynomial in the independent variable q. We denote these polynomials by ¢’ (g). For
example, g3(q) = 3¢+ 9+ 3¢ L.

Clearly, EJ(I}) = >(~1)gi(q).

i=0
Proposition 6. The relation E/(T3) = E3 holds.

Proof. This can be proved in the same manner as in paper [1].¢
All definition connected with semi-infinite configurations are the same. The reader is
encouraged to check it.

Proposition 7.

~ T L H20" O 1aan
F(t,Q):szq( R
m=1 n=—00

where F\(t,q) means the statistical sum of the set of semi-infinite configurations in case of
the cyclic 3-leg triangular ladder with the fized type of tail relative to C' and U.,

The fermion algebra for the infinite in both directions graph as per Fig. 5 is the following
algebra of anti-commuting elements x;, y; and z;, i € Z:

(C[ ey _1,Y-1,2-1, %0, Yo, 20, L1, Y1, 21, - - ]

11



with relations:
ry; =0, 2yi41 = 0;

Yizi = 0, yizip1 = 0;
zix; =0, ziwiy = 0;
i1 = 0, ¥iyi1 =0, 22541 = 0.
Let’s denote generating functions
=Yt Y ()= yt, Z(t)=> Zit
i€Z i€Z i€z

Let’s determine the deformation of the fermion algebra for the infinite in both directions
graph as per Fig. 5. It is the algebra, generated by anti-commuting elements z;, y; and z;,
satisfying relations below:

XOY () =0, Y(O)Z(t) =0, Z()X(t) =0,

X(O)X(~t) =0, Y)Y (~t) = 0, Z(£)Z(~t) = 0.

The deformation preserves dimensions in the corresponding induced representations with
extreme vectors.

5.3 Another model
Let’s consider such graph (which we denote by I'™):
] .’ { ‘ [ ]

Figure 7: m-leg ladder with n columns

Let E™ denote the Euler characteristic of the complex K (I'™).
Proposition 8. E’;l” = (EM)"37], where [+] denotes the integer part of a number.
Proof. 1t is easy to see that such relation holds:

E EmEm

n—2

by the same reasons as in Proposition 5.
Moreover,
m m—3
El - _El )

12



where B B B
El =0, B} =-1, B} = -1

Let’s recall the weight system (which is denoted by f), where each fermion in the column
number 7, 7 = 1,...,n, has weight [§] +7 — 1.

Proposition 9. Eg(fi‘) = E3, E;(f;’) = E3, E({(fg) —3—q—qt#E3
Proof. A direct calculation.,
Remark. Proposition 9 does not mean that the idea does not work due to Proposition 5.

Let © denote such set of weight systems, for which is assumed that each fermion in the
column number 1 on Fig. 7 has weight 0.

Proposition 10. The relation Eg(ff’bm“) = B3t holds for any o € O.

Proof. 1t follows from Proposition 8, as E’fmﬂ =0.¢
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