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Abstract

While it is commonly observed that the shape dynamics of mammalian cells can undergo large random fluctuations,
theoretical models aiming at capturing cell mechanics often focus on the deterministic part of the motion. In this
paper, we present a framework that couples an active gel model of the cell mechanical scaffold with the complex
cell metabolic system stochastically delivering the chemical energy needed to sustain an active stress in the scaffold.
Our closure assumption setting the magnitude of the fluctuations is that the chemo-mechanical free energy of the cell
is controlled at a target homeostatic value. Our model rationalizes the experimental observation that the cell shape
fluctuations depend on the mechanical environment that constraints the cell. We apply our framework to the simple
case of a cell migrating on a one dimensional track to successfully capture the different regimes of the cell mean
square displacement along the track as well as the magnitude of the long time scale effective diffusive motion of the
cell.

1. Introduction

The mechanical behavior of an eukaryotic cell is largely controlled by its cytoskeleton, a polymer structure that is
fundamentally out of thermodynamic equilibrium. Cytoskeletal processes such as the polymerization turnover of its
scaffold and stress-fibre contractility, driven by molecular motors power-strokes, are fuelled by nutrient exchanges of
the cell with its environment. Free-energy is released by the hydrolysis of Adenosine Triphosphate (ATP), ultimately
serving as the common free-energy source to drive all the mechanically active processes in the cell.

There now exists a very active branch of study broadly known as “active gel physics” that aims to develop a
continuum medium deterministic formalism for the transduction of the chemical energy within cells to the mechanics
of its cytoskeleton (Prost et al., 2015). The basic idea behind this approach is to perturb the state of the system (defined
subsequently) in the vicinity of an assumed equilibrium state. This allows the use of the formalism of linear out-of-
equilibrium thermodynamics and the Onsager symmetry relations. Active gel theories of this type typically involve
dissipative processes such as viscosity, diffusion, chemical reactions and, importantly, a generalised force that drives
the system out of equilibrium. Given that the hydrolysis of ATP is the free-energy source of the molecular motors
actuating the cytoskeleton, the natural choice for this generalised force Ay is the difference in the chemical potentials
of ATP and of the product of hydrolysis. In the current active gel theories, this chemical affinity is maintained at a fixed
value as an intrinsic property of the cell, although there is strong evidence in terms of cytoskeleton polymerisation
(Solon et al., 2007; Engler et al., 2006) and more direct recent measurements (Park et al., 2020) which suggest
that the cellular metabolism is modified by the mechanical environment of the cell. Of note, the linear Onsager
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framework is theoretically valid for a system near equilibrium. In the context of active gels, this would imply that Au
is small compared to kgT, where kg is the Boltzmann constant and 7 the absolute temperature. Under physiological
conditions Au can be on the order of 20kgT, and the use of the Onsager framework should therefore be regarded as
a general guideline in which specific phenomenological non-linearities between generalised forces and fluxes should
be introduced if necessary.

In order to understand some of the assumptions implicit within the active gel theories, consider a typical in-vitro
experiment comprising a cell on a substrate immersed in a nutrient-rich medium (nutrient bath); see Fig. 1. While the
cell exchanges nutrients (e.g. glucose) and other species (e.g. gases, ions, morphogens) with the surrounding bath, the
entire setup is exposed to an external atmosphere and maintained at constant temperature and pressure. The nutrient
bath is assumed to be infinite in extent such that it acts as a chemostat maintaining the concentrations of nutrients
to a constant level. Within the cell, the ATP hydrolysis reaction fueling the molecular motors in the cytoskeleton is
happening spontaneously. If the cell were a closed system, the extent of this reaction should relax to equilibrium.
However, a complex and highly regulated system, the cellular metabolism, uses nutrients from the bath to constantly
recycle the products of hydrolysis back into ATP. In classical active gel theories, the thermodynamic system considered
comprises only the cystoskeleton and it is assumed that the metabolic recycling spontaneously adjusts to maintain a
constant value of Au. In this case, the role of metabolism is therefore analogous to a Maxwell daemon constantly
delivering ATP to the cytoskeleton and removing ADP when necessary, such that the extent of ATP hydrolysis keeps
monotonically increasing. The free energy of the thermodynamic system is therefore bottomless (Recho et al., 2014).
As such, this closure assumption creates no theoretical issues other than the fact that an alternative model based on
an open system comprising the cell along with its metabolic system that uses the chemical energy in the bath to
dynamically allocate the energy resources to the molecular motors might be more insightful.

Our practical motivation to extend the deterministic active gel formalism to incorporate the cell metabolic system
stems from the presence of a so-called “biological noise” in the cell dynamics. The fluctuations associated with this
noise provide the mechanism for numerous critical biological functions such as the long time-scale spatial exploration
of the environment via Brownian-like motility (Stokes et al., 1991; Li et al., 2008) and the nematic ordering of cells
which plays a important role in tissue morphogenesis (Gupta et al., 2015). Biological noise manifests itself through
non-thermal fluctuations of cytoskeletal filaments (Brangwynne et al., 2007; Nadrowski et al., 2004) which then
propagate into fluctuations of cellular level observables including cell shape and cell stresses as typically quantified
by its tractions on the substrate (Engler et al., 2006; Solon et al., 2007). These fluctuations are usually measured in
terms of the observables’ standard errors which are typically quite large. For example, the variability of the aspect ratio
of cells seeded on stiff substrates is on the order of the mean aspect ratio (Prager-Khoutorsky et al., 2011). Moreover,
unlike inorganic systems where these errors are associated with observation or other experimental errors, variability
in the observations for cells is associated with their intrinsically fluctuating response and depend on the cell chemical
and mechanical environment: typically, the variability in the observations decreases with decreasing stiffness of the
cell environment (Engler et al., 2006; Prager-Khoutorsky et al., 2011).

There have been numerous attempts to include the effect of biological fluctuations in models for cell dynamics.
A lot of them have borrowed the notion of an effective temperature at a long timescale used to describe the motion
of grains in granular media (Edwards and Oakeshott, 1989) and extract the effective temperature by either directly
fitting to observations (Stokes et al., 1991; Fabry et al., 2001) or by using physical notions such as persistence length
(Brangwynne et al., 2007) to then infer an effective temperature. This notion is clearly not related to its standard sta-
tistical thermodynamics definition involving the average kinetic energy of some internal degrees of freedom but is an
effective way to describe the magnitude of some fluctuations occurring at the microscale in a non-equilibrium system.
Such approaches neglect the fact that the biological noise and hence the effective temperature is in fact a function
of the cellular environment. Interestingly, some fully deterministic chemomechanical models of the cell behaviour
can lead to a spatio-temporal chaotic behaviour whose long timescale dynamics can be characterized by an effective
diffusion coefficient (Dreher et al., 2014; Stankevicins et al., 2020). Recently, Shishvan et al. (2018) developed a
homeostatic ensemble where the effective temperature emerges from the assumption that the cells maximize entropy
while maintaining a homeostatic state. This enabled Shishvan et al. (2018) to capture the coupling of the biological
noise with the environment in an equilibrium setting, i.e. providing the statistics of observations but not the temporal
nature of the noise.

In this paper we extend the active gel approach (Kruse et al., 2005; Jiilicher et al., 2007) to include biological noise
as a constitutive material property. In particular, we explain how this noise can originate from the complex metabolic
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Figure 1: Chemo-mechanical model of the cell. The cytoskeleton filaments are represented in red and cross-linked by molecular motors inflicting
active stress in the meshwork. The motors are running by using the chemical energy released during the ATP hydrolysis to ADP. The ADP
molecules are recycled into ATP thanks to the cell metabolism that consumes nutrients and expels products. The concentration of nutrients and
products in the culture medium is maintained to constant values (chemostat).

pathways that drive the “recharging” of the ATP hydrolysis chemical reaction providing energy to the cytoskeleton.
To do so, we assume that the many internal degrees of freedom that control the rate of the recycling process can
be described collectively as an equilibrium system producing Brownian noise. The Onsager coupling coefficient
between mechanics and hydrolysis leading to the presence of active stress then rationalizes the presence of noise in
the mechanical stress and thus in the cell shape as a consequence of the fundamental balance laws. Added to this,
because of the Onsager symmetry principle, the mechanical state of the cell also feeds back to the dynamics of the
energy delivery producing the active stress. The outcome of this procedure is thus an active gel theory wherein noise
not only manifests itself in the active stress but also in the metabolic rate, which becomes inherently coupled to the
mechanical environment of the cell.

The paper is constructed as follows. In Section 2, we formulate the mass and momentum conservation laws that
characterize the cell mechanical behaviour and build the general thermodynamic framework that we use to derive
the constitutive relations of the cell medium. These relations not only involve the connection between stress and
deformation in the cell but also describe how the energy is delivered by the cell metabolism to produce an active
stress in the system. In Section 3, we introduce our closure assumption that the complex chemical recycling of the
metabolites is described by equilibrium fluctuations whose magnitude is fixed to insure that the chemo-mechanical
free energy of a cell is controlled to a fixed target. We then reformulate this general stochastic active gel theory
in Section 4 for the simple case of a cell crawling on a straight line. By doing so, we obtain three main results
that confirm the applicability of the theory. First we demonstrate the dependence of the metabolic activity on the
mechanical environment of the cell. Second we show that the resulting cell center of mass mean square displacement
is in qualitative agreement with experimental results. Third we compute an effective temperature characterizing the
long time scale cell fluctuations that is of the correct order of magnitude. Section 5 gathers our conclusions and
outlines some potential generalizations of this work.

2. Close-to-equilibrium thermodynamic framework

The aim of this section is to derive the constitutive behaviour of the cell modeled as an effective continuum
medium. The main challenge is to introduce the regulation by the cell metabolism (i.e. rate of energy delivery) of the
active stress actuating the cell skeleton. The open thermodynamic system under consideration is constituted of the cell
in which only the cytoplasm is modeled and a passive semi-infinite visco-elastic (Kelvin-Voigt) substrate on which
the cell is adhering. This whole system can exchange work (W) and heat (Q) with an external bath whose temperature
and hydrostatic pressure is fixed but the cell, being an open system, can additionally exchange both energy and matter



with the bath. We assume that the bath sets the constant temperature 7 of the cell and the substrate and measure all
the mechanical stresses in the system with respect to the bath pressure.

The cell occupies the domain w;, at time ¢ and we denote by x € w, the position of a material point within the
cell. The set of points s € dw, forms the contour of the cell domain.This contour can be split into two parts: dw?
representing the contact surface of the cell with the bath and dw; representing the contact surface with the substrate.
The semi-infinite substrate occupies the domain €, at time ¢. Its upper boundary can again be split into two parts
with 9Q¢ = dw; the contact area with the cell and 9P the one with the bath. The rest of the boundary is considered
to be static at infinity. The stress-free reference configuration of the substrate (when the cell is absent) is denoted
Q). Material points of the substrate are indexed by the spatial variable X € €, and can be mapped to the actual
configuration by x = W(X, ) € Q,. Based on such mapping, we can define the substrate deformation tensor [ = dy¥
and the Green-Lagrange strain tensor E = (F7F — )/2, where 7 denotes the transpose operation and [ is the identity
tensor.

Conservation laws. We write the first principle of thermodynamics as
U=Q0+W+U,,

where the superimposed dot denotes the time derivative, U(¢) is the internal energy of the cell and the substrate and
U, (1) the energy that the cell exchanges with the bath. The entropy balance reads

.0 .
S = T +o0+S,.,
where S (7) is the entropy of the cell and the substrate, o7(¢) is the entropy production of the full system and S.(¢) is
the entropy which is exchanged between the cell and the bath. The second principle states that the entropy production
rate o > 0. Combining these two principles and defining the Helmholtz free energies F = U — T'S -free energy of
the cell and its substrate- and F, = U, — TS, -free energy exchanged between the cell and the bath-, we obtain the
dissipation
D=Toc=W+F,—F>0.

The constitutive equations of the system have to satisfy this fundamental inequality. To compute the dissipation we
model the cell cytoskeleton as a continuum medium composed of two phases: a bio-filament meshwork cross-linked
by molecular motors that is permeated by a fluid phase, the cytosol. The chemical reactions that are necessary to
power the motors take place in the cytosol. Next we write the fundamental balance laws governing the behaviour of
such a system.

e Conservation of momentum. We denote by ¥ (x, ) the total Cauchy stress in the cell. This stress splits into a
term associated with the filament meshwork S(x, ) and a pressure term associated with the permeating fluid,
Pr(x,0l:

Y = ¢S — (1 —¢)Pyl.

In the formula above, ¢(x, f) denotes the volume fraction of polymer network, which may locally vary. Note
that by a priori assuming that the stress in the cytosol is purely hydrostatic, we neglect its bulk viscosity
compared to the viscous friction of the fluid on the polymer meswhork filaments as often done in poro-elastic
theories (Coussy, 2004). We also introduce ¥ ; the Cauchy stress tensor in the substrate. We assume that all
inertial effects can be neglected such that, denoting V and V. the gradient and divergence operators in the actual
configuration, the force balance laws within the cell and substrate read

=V((1 - ¢)Py) = —f with Boundary Conditions (B.C.) — (1 — q))PfIawfn = tf and — (1 = ¢)Pylysn = 0,
V.(¢S) = f with B.C. ¢Sly,pn = £ and ¢S|su;n = ¢4,
V.2 =0 with B.C. lefn =0and ¥ 5,1 = £y,
where f(x, 1) is the interaction force between the fluid and the polymer, #(s, 7) is the interaction force between
the polymer meshwork and the substrate (Parsons et al., 2010), n the outward unit normal to dw, and tf (x,1)
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the traction stress externally applied at the boundary of the cell to the fluid and #5 (x, 7) to the meshwork. These

tractions may represent for instance those experimentally applied with an optical trap or an AFM (Suresh, 2007).
Therefore the global force balance in the cell and substrate read

V.2 =0 with B.C. ¥|,,

V.E,; =0withB.C. ¥lyqrn = 0 and X lousn = £, 2)

on=1t, and ¥ s, n = £y, (D)

where ¢, = t5 + ¢ is the total traction stress externally applied to the cell. In the absence of body torques, the
local balance of torques insures that ¥ and ¥ ; are symmetric tensors.

e Conservation of mass in the polymer meshwork. We denote the polymer meshwork mass density p(x, f) which
obeys the following conservation law (Coussy, 2004):

0i(¢p) + V.(¢pv) = R. (3)

In the above formula, v(x, 7) denotes the velocity of the polymer meshwork in the lab frame. The source term
R(x, t) represents the polymer turnover through its polymerization and depolymerization. We complement (3)
with no flux boundary conditions and consider that the meshwork cannot flow in and out of the cell at our
timescale of interest, where the import and export of proteins is negligible and the dry mass of the cell is almost
constant. Therefore, introducing v,, the velocity of the domain boundary dw,, we have

(V|gw, = vp)-n = 0. “4)
Note that (3) can be equivalently written as
d¢p
—— =R —¢pV.y, 5
i opV.v Q)

where d./dt = 0,. + v.V(.) denotes the material derivative with respect to the polymer meshwork motion.

e Conservation of mass in the cytosol. Next, we assume that the chemical reaction powering the meshwork is
happening inside the cytosol. We will simplify the picture by considering a binary reaction where a(x, r) (ATP
concentration) is transformed into b(x, ) (ADP concentration) inside the cell with a release of energy in the
process. The recycling of b into a is performed by catalytic machines (mitochondria) that use nutrients n(x, t)
(such as glucose) that enter the cell and are degraded into products p(x,?) (such as carbon dioxide) that are
expelled out of the cell. Such a recycling happens with a certain stoichiometry whereby one nutrient molecule
can recycle v molecules of b. See Fig. 2 for a schematic of this chemical system. We also consider the monomers

bath

Figure 2: Schematic of the chemical reaction providing the chemical energy necessary to the molecular motors driving the cytoskeleton mechanics.

associated with the polymer meshwork g(x, 7) in solution in the cytosol. As a result, we write the mass balance



laws in the cytosol as

a'a - dar
% = ~(1 =) Vory, (L= Phpr—E = VI =R ©)
df ” d’ dr df dr dr
(1 - )y df =V.J.+(1-)ps (vd—f - d—f) (- ¢>pfd—fb =V.J,—(1-)py (vd—f - d—f) (7
d’x, a’ d’x d'
(=09 = V0= (= 00p E, (1= p 2 = V0,4 (1 -9y, S, ®)

where py is the cytosol mass density that we will assume constant (approximately that of water), v¢(x, 1) is the
velocity field of the cytosol, d’.jdt = 8, +v +.V(.) denotes the total derivative with respect to the fluid motion,
{(x, 1) is the extent of the reaction (also called progress variable or degree of advancement (De Groot and Mazur,
2013)) transforming a into b, £(x, t) the extent of the recycling process and Xg 1. p(x, ) = (g, a, b, n, p)/py are
the mass fractions of the respective species. These conservation equations are complemented with the boundary
conditions

(vf|é)tu, - vb)'n = O’ Ja,b|(')<u,-n =0and Jn,plﬁw,~n = jn,p' (9)
It is therefore assumed for simplicity that water is effectively not flowing in and out the cell at our timescale
of interest. Such flows may exist during the fast transient response to osmotic perturbations of the external
environment or during the slow growth of the cell during its cycle (Cadart et al., 2019). The system is open at
the level of nutrients and products of the recycling of b into a and we denote the incoming flux of n from the
bath by j, and the outgoing flux of p to the bath by j,. Note that the total mass of monomers and polymer
forming the meshwork is constant:

(¢p + (1 = $)g) dx = Cst.

Wy

Our model neglects the complexity of the actin turnover dynamics which in reality involves a number of inter-
mediate states as well as other interacting proteins (Pollard et al., 2016).

Expression for the dissipation. The rate of external work performed on the total system (cell plus substrate) is

W= j;m? (v +elvp)ds = fw (tev+ 0 57)ds,

where vy = vy — v is the relative velocity of the fluid with respect to the polymer meshwork. Using momentum
conservation laws (1)-(2), we obtain that

f t().vds=f »Z:ID(v)dx—f t,.vds
0w{’ w; ow;
0:f ):X:ID(vs)dx+f t,veds
Q Ow;

where : is the canonical scalar product on order two tensors, v,(x, ) is the velocity of the substrate and D(.) is the
symmetric part of the related velocity field. With these two relations, we finally obtain that

and

W= [ (X:Dw)-V.I0 - )Ps/1)dx + f t,Pds + f Y, : D(vy)dx

W, Wy Q,

where v, = v, —v.
To compute the rate of change of the free energy, we postulate that

F= f |06 fnce (@, (1 = D)) + (1 = D) ferem (s X . X Xp)dx + (1 = B frio({6ihizr. )| dx + f Fun(E)X,

Q
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where fiec is the mechanical free energy per unit mass of polymer, fehem is the chemical free energy per unit mass of
cytosolic solvent, fh, is associated to the complex biological metabolic pathways controlling the recycling of ADP to
ATP and f;, is the free energy per unit volume of the visco-elastic substrate (i.e. elastic energy). On the one hand,
we assume that fi,.. depends on the internal variables introduced above that control the level of deformation of the
cytoskeleton while fiem depends on the mass fractions of the chemical species in solution in the cytosol. On the
other hand, f;, depends on a large (N > 1) number of internal degrees of freedom {6;(x, #)};=; n associated with the
recycling process of ADP into ATP involving many complex biochemical and regulatory pathways (such as glycolysis
and the Krebs cycle). Finally f,.. only depends on the substrate elastic strain [E.

As a simple example, we may specify some classical form of fiec, fehem and fsup While fio iS very complex.

Typically, in a mechanically linear theory the dependence of f,.. on the polymer and solvent densities is quadratic:
~\2
Fo = __(p¢_ p) N K_(M) g9 (10)

2p\ p 2ps Py pP*py

and

R (xi-x\

i 1 1

= E —|— . 11

fchem 4 ) ( % ) ( )
i=g.a,b.n,p

In the above expressions, K, and K,,, are compressibility moduli, p and oy equilibrium densities,  a Biot coefficient

characterizing the mechanical coupling between the cytoskeletal and cytosol phases and Xg ., €quilibrium mass

fractions. The coeflicients
kpT N4

m;

Ri:

are the specific gas constant of each specie (kp is the Boltzmann constant, N4 the Avogadro number and m; the molar
mass of the i specie). In the same way, a classical quadratic form of the substrate free energy per unit volume is

3K; -2G
Ssub = Tt 1(E)* + G,E : E
which corresponds to a Saint-Venant Kirchhoff material with bulk modulus K and shear modulus G;. However, these
expressions are only examples to fix ideas and the rest of the theory does not rely on this specific choice.
We can directly compute the rate of change of free energy as

: d finec fchem fblo 1 d faw
F= Lr(Rfmec+¢p +( ¢) +(1 _¢) )dx+fg’w7d&

where d°./dt = d;.+v,.V(.) is the material derivative in the substrate. We additionally write that the rate of free energy
input and output in the system is locally proportional to the rate of delivery and removal of n and p (since the system
is closed for all other species),

E,= fa (ot + jptt) ds = f (KOV. T + 1)V ) ds

Wy

Here we have introduced the constant free energies per unit mass ,ugp of n and p when they are brought in (j, is
positive) and removed (j, is negative) from the system. This is similar to considering the grand canonical ensemble
with a bath that maintains fixed chemical potentials (in other words, a chemostat). Using the chain rule, we obtain

dfmec 6fmec @ + afmec d(l B ¢)'Of dff;:hem — Z a‘ﬁ:ﬂ &

dt agp dt (1 - P)py d ~ dt —eE s ox; dt’
dffbio - afbio dfg. and dsfsub - afsub . ﬂ
dt 4, 96; dr dt OE =~ dt’

i=1



Therefore, using the conservation laws (5)-(8), we can express dissipation as the sum of products of generalized forces
by generalized fluxes

Z):f [(X+¢P[]+(l —@)Ps): D — (1 — ), VP + R(uy — 1) + Z A/ (12)

i=g,a,b,n,p

+(1 =9y df (A/lnp VA#ab) +(- ¢)pf_§A,uab

_Z(l_¢)9f_ﬂ9]dx+j; (1) = aabas) + Jp) = tpla,)) ds

i=1.N

+ft vds+f([F1MFT— ! af““b).d[d > 0.

detF oL dt

In (12), P = ¢p26¢p Jmec is the thermodynamic pressure in the polymer meshwork, Py = ¢pprd1-p), fmec, 18 the
hydrostatic pressure in the permeating fluid, 4 = fiec + P/p is the Gibbs chemical potential of the polymer, g 5, =
Oy apmpJehem are the chemical potentials of the monomers, ADP, ATP nutrients and products in solution in the cytosol.
We define Apy,, = pn — ptp and Augp = g — pp. Finally the pg, = Oy, fiio are the chemical potentials of the biochemical
degrees of freedom that fully describe the biochemical processes regulating the recycling of ADP to ATP. The gener-
alized force-flux pairs entering in the dissipation and the conservation laws associated to the generalized fluxes can be
summarized in Table 1.

s
'

generalized force generalized flux conservation law
D Y +¢Pl+ (1 - )Pyl cell momentum balance (1)
-VP; (I -y, fluid conservation (6),
e — 1 R polymer conservation (3)
Vu; Ji solutes conservation (6), — (7) — (8)
Atnp = VLap (1= p)prd’€/dt metabolites conservation (7) — (8)
Aptgp (1- gb)pfdf( /dt metabolites conservation (7)
—Lg, 1 - ¢)pfdf9[/dt recycling processes
MS p — Hnp Jnplow, nutrients and products fluxes (9)3
v t, cell-substrate traction forces (1) — (2)
d*E/dt F'Y,F 7 —detF~'0fiu/0E substrate momentum balance (2)

Table 1: Force-flux pairs entering in the dissipation expression (12). The fluxes are associated to their specific conservation laws.

Generalized forces-fluxes relations. Close to thermodynamic equilibrium, the generalized fluxes entering in the dis-
sipation can be written as a linear combination (with some symmetries on the kinetic coefficients) of the generalized
forces according to Onsager’s principle (De Groot and Mazur, 2013). In particular, we can write the constitutive
relations:
Y =-¢Pl-(1- ¢)Pf|] + 1D + xyzaAuapl, (1 — ¢)l_)f = ——VPf and R = kp(,ug -
Jg,a,b,n,p = g,a,b,n,pvﬂg,a,b,n,p and jn,p = n,p(ﬂn,p ﬂn,pl(’)w,)
/
pf(} - ¢)‘% = Xaz VY + kaAptap
pr(l = )%E = kn(Atnp — VAU — 3 ikt
=1..

. 1 9.
Vi=1.N, pp(1 = )Ll = — g, + A,,,(A,un,, VAU,
to=,and X, = F (g 22 + 0, 2E) FT.

13)

In (13), we have neglected a certain number of cross-couplings to only retain:
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1. The active stress driven by the chemical reaction transforming a into b and the corresponding cross term in the
equation giving the dynamics of £. Because the strain rate is odd under time reversal while Ay, is even, we have
Xza = —Xar (Kruse et al., 2005). The active stress is isotropic here but it can be given deviatoric components
by involving in the free energy a polarity field as in more general liquid crystal theories (Kruse et al., 2005). We
also neglect for sake of simplicity the fact that the growth properties of the polymer meshwork can be actively
controlled by the ATP hydrolysis which could be easily accounted for by introducing a cross-coupling term
between R and Ay, (and its symmetric counterpart).

2. The regulating action of the micro-variables 6; on the kinetics of the recycling process of ADP to ATP. Therefore
the 8; may be understood as all the molecular degrees of freedom involved in the running of mitochondria. As
the sign reversal signature is the same for all coupled variables in this case, we have the symmetry relations and
Ani = Aip.

In (13), we have also neglected any type of material anisotropy and 7 denotes the viscosity of the polymer meshwork,
ny(< n in practice) is the viscosity of the permeating fluid, « is the permeability (in [m?]) of the polymer meshwork,
k, is the rate of renewal of the network, M, ., , are the Fickian mobilities of the various species in solution, L, ,
are the permeabilities of the cell membrane to the nutrients and the products, k, is the rate of the chemical reaction
transforming ATP into ADP and k,, the rate of turnover of nutrients into products. Finally, 1 is a friction coefficient
of the cell with its substrate and 7, is the substrate viscosity. For a purely elastic substrate, we recover the general

relation giving the Cauchy stress as a function of the elastic energy ¥ = — [FO,/‘EE‘“ F” while for small deformations

detF~ 0
. . . . 9 fou s
of substrate, we obtain the usual linear relation ¥, = {L':Tl +1,LE.

3. Energy homeostasis

Combining the last two equations of (13) to eliminate uy,, we obtain the kinetics of the metabolic recycling of
ADP into ATP:

d’e - i a’e; . 2
pﬂl—@gr=@%—MHMWWWNMJﬂg%Z?APﬂM77meJn=g%z;
At this stage, we make the strong modeling assumption that, because the g, ({6;};-;. ) are complex coupled functions,
the large system of equations ruling the dynamics of the internal degrees of freedom 6; is also complex and, to effec-
tively describe the collective 6; dynamic, we suppose that these variables are independent and identically distributed

stochastic processes. In such a case, according to the central limit theorem,

/1m'
X(x.0) = py(1 =) ) =i,

i=1.N i

converges to a biased Brownian motion characterized by a certain mean X, and variance ®. The mean is irrelevant here
as the 6; only enter the problem under a time derivative. This constitutive assumption that represents the recycling of
metabolites as an equilibrium system is of course questionable for many systems as, for instance, chemical reactions
are known to produce coloured rather than white noise (Sekimoto, 2010). But this simple closure provides a noisy

chemical recycling dynamics
a’x

d’e
pr(l - ¢)7 = kn (A,unp - VAﬂab) + ar

where
ky =k, — A,

Thus, the stochasticity of the energy delivery entails a stochastic behaviour of x, and x; resulting in a stochastic
mechanical system through the active stress. This in particular implies that cell motility, which is driven by its
cytoskeleton, is controlled by the recycling of ATP as we shall demonstrate in the following section. Correlation
between fluctuations of cell shape changes and ATP concentration have been experimentally demonstrated by Suzuki
et al. (2015).



Although we have reduced the 8; biochemical variables involved in the recycling of ADP to ATP to a single
effective parameter ®, we have not specified yet how these variables collectively regulate the energy recycling process.
To do so, we first define the chemo-mechanical cell free-energy as

Fen = Fiee + Fehem = 0 frmec(dp, (1 — ¢)Pf)dx + f (1= ¢)pffchem(xga Xas Xbs Xns xp)dx~
Wy Wy

The rate of change of Fy. is associated with the energetic cost for the cell to perform its mechanical tasks like
changing its shape or moving its center of mass (Recho et al., 2014). Following the idea presented in (Shishvan
et al., 2018; Buskermolen et al., 2019) we postulate that changes of F,e. are compensated by changes of F per, such
that the total chemo-mechanical free energy F, is fixed independently of the external mechanical loading. This is
a constitutive assumption that we associate with the biological idea of cell energy homeostasis. In other words, the
cell machinery functions to maintain at a constant level the energy resource that can be employed by the cytoskeleton.
Thus, denoting by E(.) the ensemble averaging over the noise fluctuations, the amplitude of the fluctuations © is set
by the non local (in both space and time) constraint:

[
limif E(F.,)dt = Fy, (14)
im0l Jo
where F)) is a constant average value over both time and stochastic fluctuations of the chemo-mechanical free energy,
which is evaluated from that of a suspended cell (i.e. in the absence of geometrical confinement or external force).
The full model is therefore composed of the mass and momentum conservation laws in which the general con-
stitutive relations of the active medium are given by the Forces-fluxes Onsager relations (13). These relations are
simplified by assuming that the large number of internal metabolic degrees of freedom that characterize the recycling
of the energy delivery process to the cytoskeleton can be treated as an equilibrium reservoir that controls the global
free energy of the cell to a target value by the homeostatic constraint (14). Because the active stress entering in the
Onsager relations stems from a dissipative coupling between cytoskeleton mechanics and ATP hydrolysis through
Xz, the active stress becomes a stochastic variable that is controlled by the metabolism. Reciprocally, the rate of
recycling of the energy delivery to the cytoskeleton is influenced by cell mechanics in general, and by the mechanical
environment of the cell in particular.

4. Example: an active stochastic segment

Rather than giving a general discussion of the theoretical framework developed above, we illustrate and explain
its implications in the simple case of a one-dimensional infinitely thin segment of active gel crawling along a straight
rigid track. Our aim is to spell out the general coupling discussed above in this special case and show how it can
help to understand the stochastic nature of cell motility. In this situation w, = [I_(¢),/,(¢)] where I_ < [, denote
the positions of the cell fronts. To simplify the formulation of the problem, we introduce the traveling coordinate
y=x-1_¢€[0,L] where L = [, — [_ is the gel length. In this new coordinate system d, = dy and 0|, = 0yl + 10,
where the superimposed dot denotes the time derivative of the front position.

i X, ps,c —s

Figure 3: (a) Human renal adenocarcinoma migrating on a fibronectin coated track from Maiuri et al. (2012). (b) Scheme of the crawling active
gel segment.
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4.1. Mechanics of the active gel segment

As the track is considered to be infinitely stiff, the substrate velocity vanishes (v; = 0) and we obtain from the last
line of (13) that £, = —Av. In the context of a thin film approximation (the cell height 4 < L), this friction results in
a body force —Av where the rescaled friction coefficient is A = A/h. See Roux et al. (2016) for details. From (1), the
global force balance therefore reads

0, = Av. (15)

As we do not consider any additional external force, (15) is associated with the boundary conditions:
Zlo = 0. (16)
The first relation of (13) provides the constitutive behaviour of the gel
L=—¢P—(1-¢)Ps+ndyw + xsaliap. a7

To specify the pressure terms P and Py, we consider the free energy expression (10) and obtain

2 o |- s )
P= Kﬂ‘pl—)_z PP apf(_ ¢)} and Py = ¢p_% [Kpfm - aKpp{[:p
P Y Pr P’ : by F

Next, we make the realistic assumptions that the polymer meshwork is highly compressible while the volume fraction
is fixed and hence consider the limit where K, = 0, K,, = oo and p¢(1 — ¢) = py while the product K, (o(1 - ¢) - py)
remains finite. These assumptions entail that the volume fraction is fixed ¢ = 1-p/pr and P is a Lagrange multiplier
determined by the solvent mass conservation relation (6); which reduces to:

ay\/f =0.

Hence, using the boundary conditions (9) the fluid velocity is a constant equal to the common velocity of the moving
fronts v, = V = [_ = [, where V(¢) denotes the common front velocity.
Combining this simple relation with the Darcy law obtained from (13), we derive the hydrostatic pressure field:

(1= @)V —v) = ——0,P. (18)
ny

From the boundary conditions associated with the absence of flow of polymer outside the cell membrane (4), we have
V|0,L =Vso that 6fo|0,L = 0

Another useful consequence of the infinite compressibility of the polymer meshwork and fixed volume fraction is
that the mechanical free energy reduces to zero

fmec =0. (19)

Note that as the constitutive behaviour (17) no longer involves P, the mass balance equation for the polymer (3),
uncouples from the mechanical problem and the meshwork density p can be reconstructed afterwards (in tandem with
the concentration of monomers g) when the velocity field v is determined (see for instance (Recho et al., 2013, 2015)).
For simplicity, we suppose that p is fixed at a constant corresponding to the local chemical equilibrium between the
polymerization of the meshwork and its depolymerization. More specifically, plugging the assumption of constant p
into (3); with the turnover rate R given by (13), we obtain

k' ¢pdyy = pg —

which, if the rate of turnover k, is much larger than the rate of transport, reduces to u(p) = p,(Xg). This last relation
fixes the value of p at a constant if the diffusion of g is large enough such that its concentration is homogeneous in the
whole cell: x, = X,.

11



With these simplifying but realistic assumptions, the mechanical problem describing the cytoskeleton can be
formulated in the compact form

_%ayyZ +X=-(1- ¢)Pf + XsaDtap
(20)
3y, [U (1 - ¢)z] -0,
The boundary conditions associated to (20) are
2lo,r = 0and d,Pylor = 0. 21)

Once (20)-(21) is solved, the cell front dynamics can be computed from the integration of (18) over the whole segment:

(1 - V)L = —% |PAL.D~ PrO.1)]. (22)

When Ay, is fixed, (20)-(21) reduces to an isotropic active gel model similar to that studied in Jiilicher et al. (2007).
However, the ingredient of the permeation of the cytosol in the cytoskeleton (Alt and Dembo, 1999; Callan-Jones
and Voituriez, 2013; Kimpton et al., 2015) has been added to this classical model. The model equations (20) de-
scribe a non-polarized cell. Several mechanisms leading to a spontaneous cell mechanical polarization have been
discussed in the literature (See for instance Callan-Jones and Voituriez (2013); Recho et al. (2013); Blanch-Mercader
and Casademunt (2013); Tjhung et al. (2012); Edelstein-Keshet et al. (2013); Giomi and DeSimone (2014)) and could
be added to this framework. We have deliberately left this important effect aside to focus on the coupling of mechanics
with metabolism and the ensuing stochastic nature of the cell motion. To do so, system (20) is now coupled with a
paradigmatic model of the cell metabolism that dynamically sets Au,,. This coupling introduces stochasticity in the
deterministic mechanical model as detailed below.

4.2. Dynamics of the energy delivery
From the Onsager relations (13) and the mass balance equations (7)-(8) of the solute chemical species a, b, n and
p, we obtain
pr(1 = $)0;xy = MOy, + vk, (A/an - VAﬂab) + V0, X + x540yV — kaAptap
(1 = )3xy = Mydyytty — Vi (Atnp = VAab) + VO X + x5aOyV = KaB\tlap o3
ps(1 = $)d,xy = Mydyypty — [[l‘cn (Attnp = vAUaD) + atx]]
pr(1 = $)dix, = MOy, + |ky (A,u,,,, - vA,uab) +0,X
Using some technical assumptions that rely on the fast diffusion of these chemical species and that are explained in
detail in Appendix A, we can simplify (23) to the single partial differential equation

2vk,

61A,uab = aba))Aﬂab + a ,(1 ¢),7 avaf o Allab + ZA,unp + r 24

which encapsulates the kinetics of the metabolism that provides energy to the molecular motors actuating the active
gel. In (24), D,, (estimated in Table 2) is an effective diffusion coefficient of the metabolites in the cytosol and
I'(y,t) = 0,X(y, 1) is a Gaussian process satisfying

E(T(y,1)) = 0 and EC(y, )T (', 1)) = 2@min(y, y)o(t = 1').
Note that the physical dimension of @ is thus given by [@] = kg?m™7s~!.

Mechanics and metabolism are coupled by the Onsager coefficient ys, which enters in both (20) and (24). In the
absence of metabolic noise in the system, I' = 0 and the solution of the problem is trivial:

k,
PRV 25)
na

Attab = iy, = v
This leads to an homogeneous distribution of stresses within the active gel segment:

2 =3"=0and Py = P} = yz,Au, /(1 - ).
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name symbol typical value

cytoskeleton viscosity n 10 Pa s (Jiilicher et al., 2007; Rubinstein et al., 2009)
cytosol viscosity ny 2 x 1073 Pa s (Moeendarbary et al., 2013)
cytoskeleton permeability K 2 x 107'® m?> (Moeendarbary et al., 2013)
solid volume fraction 1) 0.25 (Moeendarbary et al., 2013)
energy production per unit mass A,ugb 10° J.kg™" (Jiilicher et al., 2007)
contractility )(;aA,ugb 10? Pa (Jiilicher et al., 2007; Rubinstein et al., 2009)
viscous friction coeflicient A 105 Pa s m™2 (Jiilicher et al., 2007; Barnhart et al., 2011)
cell length L 10 m
energy conversion coefficent Qap 1075 kg?m3J7! [see Appendix A]
diffusion of ATP/ADP Dy 1072 m?s~! [see Appendix A]
number of ATP recycled with one nutrient % 30 (Alberts et al., 2002)
rate of the ATP to ADP reaction in motors  k,/ag, 25s~! (Howard et al., 2001)
rate of the ATP recycling kn/ np 0.01s™! (Skog et al., 1982)
effective rate (see (A.2)) kna! @ap 25571

Table 2: Estimates of material and kinetic coefficients entering in the chemo-mechanical model. It is however important to keep in
mind that some of these biophysical parameters (such as cytoskeleton viscosity or the viscous friction coefficient Barnhart et al.
(2011) for instance) can vary over several orders of magnitudes depending on the cell type.

In the presence of metabolic noise, we write Aptgy = A, + Sptap, £ = =° + 6Z and Py = P9 + 6P where, given the
linearity of equation (24), du,yp is a stochastic variable with a zero mean (E(du,,) = 0) whose amplitude is set by the
noise amplitude. Therefore, to close the problem, it remains to apply the energetic constraint that sets the value of @.
In the framework of the active segment, the energy homeostasis assumption (14) reads:

1 7 L
lim— f f E(612,)dydt = g, (26)
where ;1(2) is a constant explicitly related to Fy (See Appendix A).

4.3. Solution of the chemo-mechanical problem

Combining the mechanical problem (20) and (21) and the kinetics of the metabolism controlling the active stress
(24), we obtain the coupled chemo-mechanical stochastic problem:

—20,y0% + 6% = —(1 = ))S6P + XsaOftab

By [;-;apf -(1- ¢)5z] =0 27)
O1Ottap = DapyySttap + v 0P f = 2261y + 22T
with boundary conditions
(3E|0,L = 0, 6},5Pf|0’L =0and ayéﬂath =0. (28)

The parameters entering in (27)-(28) can be estimated based on various experiments, see Table 2.
To solve the above linear but non-local problem, we first consider the first two equations in (27) with their associ-
ated boundary conditions to obtain the following expression

Asa (5 = 1) (At 9080, duc+ 903, 00uGa, 1)

8P r[ou(y, )] = i
n P n(l = ¢) LA (%5 - 1) sinh(LA) + 4 sinh? (4

- 6:“()]’ t) 5

where the interaction kernel reads

2
U(y,u) = LA (% - 1) cosh(uA) cosh(A(L = y)) +2 sinh(%) cosh (A (% fu— y))
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This kernel is obtained using the standard method of the variation of constants for a second order problem. In the
expressions above, we have introduced the hydrodynamic wavelength

A+ (1 — ¢)?
Ao X ny(1—¢) ,
nK

a generalization of the quantity introduced in Jiilicher et al. (2007). Next, we write
o L
0.0 = ) O ) with ) = [ G0 o)y
k=0 0

and

© L
0.0 = Y im0 with T = [ 10wty
k=0

to project the last equation of (27) on the Hilbert-Schmidt basis

2 k
wi(y) = \/;cos (Zﬂy)

After an exponentially decaying transient, the steady state modes of oy are given by the relations (See Appendix B.)

Sun(t) = 2= [ e Ty (u)d
Vk> 0’ 2 T o (1—10) ”Zk( ) (;ab fo’ sy (t—1t) Zk(slft)—ul)lt o (29)
St (1) = 2 [ ey (uydu + 7 [ e 0= (5070 — 1) By g 330 yoper Dager (w)dlu,
where the three sequences entering in (29) are given by:
_ 2V2Lf cosh(f/2)

2 2 22k 4~2]Lf?*sech (f/2
dk=—(kﬂ nk V2/Lf*sech (f/2) and

kRt ) T T @R+ ) (pf — f + 2tanh(£/2)) 2R+ f2

and the scalar s reads:
_ (f = sinh(f))sech® (f/2)
7. (fp— f+2tanh(f/2))’

In the above expression, we have introduced the characteristic timescales representing the diffusion time, the reaction
time and a transport time mediated by the molecular motors

T4 = L—2 T, = Qb and 7, = %ab
D ab o kna ¢ X % "
and two non-dimensional parameters :
1/2 2
L nA 1
f=/\L=—(Q1+—) andp=——=1+ .
lo Oy 1 010y

For a more transparent physical interpretation, we have also expressed f and p as a function of [y = vk/(1 — ¢) the
characteristic permeation length scale, O, = n/n; the non-dimensional ratio of the cytoskeleton to cytosol viscosity
and Q; = Ak/((1 — ¢)*) which is another non-dimensional parameter representing the external friction due to the
environment divided by the internal friction of the cytoskeleton in the cytosol. The cell environment properties are
therefore all encapsulated in this last parameter Q,. Our simple model of non-polarizable cell motility on a one
dimensional track essentially depends on a few non-dimensional parameters only, namely Q,, Q,, two independent
ratios of the three characteristic timescales 7,4, 7, and 7, and the ratio of the two lengthscales L/Ij.

Finally, we use the relations (29) to set ® according to the global energy homeostasis constraint (26). Using the
noise statistics property

, Ll , . , Lfk=0
ETw()T(7)) = 20 min(y, y)8(t — £ wi(wi(y)dydy' =208t — )8 - k)4 3 . . (30)
0o Jo yars ifk>1
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we obtain the relation setting ® as a function of the constant value y%,

®LT, — 1
=i ESu?)dr = AN 31
o fir?o Z (61) a2, 3 ;T,(znk)Zde 3D

4 i 5% = 2(s + doke 1 )Bok1 Yokat + 38dai +2d5 | + Bosy
— T2k + 1))2dors1 (s + dagr1)(s + 2dogs1) '

where
(o)
< 2
= Z Yak+1-
k=0

As a consequence, depending on the mechanical properties of the environment, the biochemical regulation of the
recharging of ADP into ATP is influenced to comply with the homeostatic energy constraint. This dependence of the
stochastic fluctuations on the environment is rooted in the cell mechanical activity. Indeed if 5, = 0 (i.e. 7, = 00),
the relation fixing @ is independent of A as in these conditions,

OLzr, (1 (67, 770Lx,
o = Ly ol —3\/_ — (4 tanh +coth| /=) +77 — T
aib 2Tr 7,/T4—0 48@217

We show on Fig. 4 the value of ® normalized by @y = a'zb,u(z) /(Lt,) for several choices of 7,. When 7, is large
compared to 7, (i.e. the cell contractility is small), ® is almost constant as a function of the external viscous friction
0, and assumes the value computed above. Outside of this limit, the value of ® as a function of O, emerging from
the energy homeostatic constraint displays two plateau regions connected by a region of decrease. This region where
@ varies corresponds to a physiological range Q, € [107'9, 1]. The fact that, depending on the cell type, the glycolysis
pathway is affected by the rigidity of the environment was recently demonstrated experimentally by Park et al. (2020).

0.72}
070l — 1,=100
T,=1
S 0.68 — 1,=0.1
© — 1,=0.01

20 -10 0 10 20
log(Q,)

Figure 4: Amplitude of the fluctuations ® controlling the energy homeostasis as a function of Q,, the friction with the external environment. Using
the parameters in Table 2, we set: 74 ~ 100s, 7, = 0.04s, L/lp ~ 530 and Q,, ~ 10°.

As experimental access to ® is difficult, we now formulate more easily testable predictions by computing the
center of mass fluctuations of the cell in our motility model.
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4.4. Stochastic cell motion

Based on formula (22), we obtain the following expression relating cell velocity and Ag,p:

)(Z,JAzcsch (%) fOL sinh (A(’; - u)) Apigp(u, t) du
nA3L — AAL + 22 tanh(AL/2)

V() = (32)

Clearly, when Ay, = A,ugb is constant, the cell velocity vanishes (V = 0) because our model does not sustain
spontaneous polarization as in Recho et al. (2013). This is due to the fact that, for simplicity and to stay in the strict
Onsager framework where kinetic coefficients are constants, we have not considered that the active contractile stress
depends on the local concentration of molecular motors. However, in the presence of the metabolic fluctuations I,
the cell velocity still undergoes non-trivial fluctuations as the same expression (32) relates V with du,,. Our model is
designed to investigate the properties of such fluctuations.

To quantify the persistence and randomness of the cell motion (Stokes et al., 1991; Dieterich et al., 2008; Petrie
et al., 2009; Maiuri et al., 2015), we follow the classical path and define the variation of the cell position from its
initial location by

13
0X(t) = f V(u) du, and its associated mean square displacement MSD(¢) = EX(1)?).
0

Plugging (29) into (32) we express the velocity as a function of the 6y modes:

2V2/Lysa\
A

f2

o= (72 + 723 (fp — f + 2tanh (f/2))’

Z Bo4101041(f) Where Fy =

Then, using the solution for the odd modes in (29) and the noise statistical property (30), we can express the MSD as

640Ly2 A?
MSD(t) = T /;/Za f f f f o(v =V )Hu — vVHW —V)tr(Ao(u —v,u’ —V'))dudu' dvdy',

where H denotes the Heaviside function and the operator A, reads

es(u’—v’) -1 B
—Mo) D',

() _ | — T o
Aou—v,u' —V') = (I] + —I}’lg) eDO(“_v)ﬁoﬁoeDO(“ 0+
s s

with the various quantities entering in the above expression defined in Appendix B. We show in Fig. 5 the typical
scaling exponent a of the MSD as a function of time: MSD(¢) ~ *. The cell motion is diffusive (a = 1) at both very
short time and long timescales and undergoes a transition to super-diffusive (1 < a < 2) and hyper-ballistic (a > 2)
motion in between. In Dieterich et al. (2008), based on experimental measurements of the positions of cells moving
on a two-dimensional substrate, the authors report a similar qualitative behavior where the exponent of the MSD a
reaches a maximum at an intermediate timescale.

The effective diffusion coefficient for cell motion at a long time scale defined as

ch“ lim MSD(7) ’
t—00 2t

takes a simple form:

(33)

eff —

7,71 Qo Oa -\ 2k + Ddois1

Based on such a diffusion coefficient, we can compute a cell effective temperature using the Einstein-Smoluchowski

relation:
cell pycell

T;cfll — eﬁkB eff , (34)
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Figure 5: (a) Scaling in a log-log plot of the MSD with time for several values of 7,. Two diffusive regimes at short and long timescales are
connected by a super-diffusive regime at intermediate timescales. (b) Evolution with time of the exponent of the MSD a = t9;MSD(¢)/MSD(r).
Using the parameters in Table 2, we set: 74 ~ 100s, 7, = 0.04s, L/ly ~ 530, O, = 10° and Q, ~ 1074,

where &' is an effective cell friction coefficient with its environment that can be related to the local one by £ =
AwLh where w is the cell track width (so wL is the cell contact area) and 4 is the cell thickness. This effective
temperature corresponds to the absolute temperature needed to obtain the observed fluctuations of the cell center of
mass if the cell were a passive solid object in a thermal bath for which the fluctuation-dissipation relation (34) would
apply. See Selmeczi et al. (2008) for more details on this phenomenological link. We thus obtain

4WL/’la’ab,u(2) 0 i( Pors1 )2 (35)

Tcell — e =
f = T hptta O i\ 2k + Doyt

k=0

Based on the rough estimates reported in Table 2, we can estimate using formula (33) the value of y such that the
cell effective diffusive motion is realistic: D' ~ 10um*s™" (Estabridis et al., 2018; Prahl et al., 2020; Maiuri et al.,
2015). Doing so, we obtain py ~ 2 x 10° J/kg. Multiplying this quantity by the mass of ATP contained in a single
cell (0.5 x 10713 kg for an ATP concentration of 1mM), we estimate the total free energy of the cell to be 107 J
which is line with the value reported in Shishvan et al. (2018). We can also estimate using (35) the typical effective
temperature of a cell. Using the estimates of Table 2 and uy ~ 2 x 10° J/kg, we obtain Tg;“ ~ 10'° K, again in
agreement with Shishvan et al. (2018). Our model therefore provides a realistic explanation for the cell fluctuations of
the center of mass which are rooted in the stochastic nature of the energy delivery to the molecular motors actuating
the cytoskeleton.

We show on Fig. 6 the dependence of D% and T<" on the parameter Q, quantifying the friction with the envi-
ronment. When Q, is very large, the effective diffusion of the cell goes to zero while it reaches a plateau independent
of the value of Q, for low friction. These two limiting behaviors are connected by a region (containing the range of
physiological values of Q,) where Dg;}“ changes with Q,. These variations are not necessarily monotonic depending
of the value of 7,. The effective temperature of the cell increases with O, to reach a plateau region at high friction,
where temperature becomes independent of the mechanical environment.

5. Discussion

We have presented a linear close-to-equilibrium formalism of cell mechanics coupling the active behaviour of its
cytoskeleton with the metabolic pathways recycling the molecules delivering chemical energy into the system. A key
assumption of our model is that this complex recycling process is effectively described by an equilibrium reservoir
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Figure 6: (a) Effective diffusion coefficient of the cell along its track as a function of the external friction. The normalization constant is
D(e)ff = 4@01,;1(2)731(2) [(Tan). (b) Effective temperature of the cell along its track as a function of the external friction. The normalization constant is
T8 = 4wLhagppit? /(kgt,). Using the parameters in Table 2, we set: 74 = 100s, 7, = 0.04s, L/lo ~ 530 and Q;, = 10°.

producing fluctuations whose magnitude is fixed by energy homeostasis, i.e. to insure that the chemo-mechanical free
energy of the cell remains fixed regardless of the external mechanical conditions. As a result, we obtain a stochastic
active gel model of the cytoskeleton which generalizes the deterministic approach of Jiilicher et al. (2007).

We then apply this formalism to the model problem of a cell randomly migrating along a straight one-dimensional
track. This simple example reveals that the fluctuations of the cell position and the fluctuations of the recycling
process of the chemo-mechanical energy delivery are mechanically coupled through an Onsager cross coefficient at
the origin of active contractile stress in the system. In particular, the model can explain how the metabolic fluctuations
can be influenced by the mechanical forces applied on the cell in order to fulfill the energy homeostasis constraint.
It also predicts, in agreement with experiments, that the statistical fluctuations of the cell position are diffusive at
short and long timescales (with different effective diffusion coefficients) and that these two regimes are connected by
a super-diffusive regime at intermediate timescales. The magnitude of the long timescale cell diffusion coefficient is
in agreement with a rough estimate of the total cell energy resources. We also show how such a diffusion is modified
by the external mechanical properties of the environment. In our simple model these are encapsulated in a single
friction coeflicient only. Depending on the magnitude of the active gel contractility, this diffusion coefficient can have
a non-trivial maximum corresponding to an optimal friction coeflicient where the cell mobility is maximal.

The linearity of our cell migration model allows us to obtain some results analytically, without having to rely
on numerics but does not allow us to investigate some interesting instabilities. In particular, if we were to augment
the model by considering distributions of molecular motors as in Recho et al. (2015), it would be able to generate a
spontaneous polarization of the cell. The integration of such a property in the present formalism can be achieved by
supposing that ys,(c) depends on c(y, f) the motor local concentration. It would lead to interesting predictions linking
not only the velocity standard deviation but also the velocity average value and the statistics of the repolarization events
with the stochasticity of the energy renewal processs and the energy homeostasis. This could serve as a basis to justify
from an active gel standpoint the effective phase-field theories presented in Prentice-Mott et al. (2016); Alonso et al.
(2018); Moreno et al. (2020) and would also provide a potential theoretical background to justify the biological noise
introduced in these theories. In the same vein, it would be natural to assume that the kinetic coefficient controlling
the cell metabolism k,(Au) depends on Ay as, for instance, energy is required for the performance of certain steps in
the glycolisis or Krebs cycle. This would have the consequence that the environment mechanics will not only control
the standard deviation of the rate at which glycolisis runs but also the mean of the rate as observed experimentally by
Park et al. (2020). More work will be needed in the future to explore these issues.
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Appendix A. Justification of expression (24).

Given the quadratic form of the chemical free energy (11) we can directly relate the mass fractions with their
associated chemical potentials such that d,x; = X;0,u;/R; and we can rewrite (23) using only the chemical potentials
as variables: _

aaalﬂa = Maayy,ua +/\/Eaayv - knaA,uub + V]_CnAﬂnp +vd, X
@0ty = MpOyylip — X5a0yV + knaAtap — Vkn Aty — v, X

a’natﬂn = Mnayyﬂn + VI:{nA/Jab - ]:CnA/an - at)( (Al)
apOity, = M0y, — Vi, Aptap + knAptnp + 0,:X,
where we have introduced the notations
kg = V2, + kg and a; = py(1 - ¢)%. (A.2)

The boundary conditions associated to (A.1) (see (9)) are no flux for a and b: dyuaplo. = 0 and imposed chemical
potentials for n and p: p, plo.z = ug’ - These last Dirichlet conditions correspond in (13) to the physical limit where the
nutrients and products permeation coefficients L, , are large while the products j, , = L, ,(tt plo.. — ;12’ p), representing
the incoming and outcoming fluxes for n and p, remain finite.

We first simplify the system (A.1) by approximating @, =~ ap =~ am = (' + ;") and @, ~ @, =~ @y, =
(a," + '), These assumptions rely on the value of the molar masses (marp = 507g/mol, mspp = 427g/mol,
Mgiycose = 180g/mol and mco, = 44 g/mol) and an estimate of the various species concentrations in the cell ([ATP] =
0.7mM, [ADP] = 0.2mM, [glucose] = 0.5mM and [CO,] = 1mM for Dictyostelium discoideum (Albe et al., 1990;
Blombach and Takors, 2015)) and lead to a,; =~ 107 kg’m ]! and @,, ~ 5 x 1077 kg?'m=J~".

Similarly, we suppose that M, = M}, ~ My, = (M, + M;')™" and M,, ~ M, ~ M,,, = (M;,;' + M,;")"" since the
Stokes radii of @ and b (rarp = rapp = 7 % 107°m) and n and p (rgucose = 3.8 x 107'%m and rcp, = 2 x 107%m)
are about the same. The resulting diffusion coefficients are D,, = M,,/ay,, = ksT/(677,p17) = 1.5 x 10°m?.s~! and
Dy, = Myy/ag, = kT [(6rrgmy) = 3 X 107m2.s~!. However, ATP and ADP are highly reactive which results in
a trapping that effectively reduces their diffusion coefficient by one or two orders of magnitude (Saks et al., 2003).
Having assumed that n and p as well as a and b have the same effective mobility in the cell, we conclude that

_ Hn Tt Hp

S - Ha T H and S, = 2

ab =

are constants fixed by the initial conditions and we can reduce (A.1) to a system of only two stochastic partial differ-
ential equations involving the difference of chemical potentials

%atAﬂah = %ayyAﬂab +X2aayv - knaA,uah + Vl_CnA,unp +vI

Oy np z Z (A3)
TatA,unp = MTayyAﬂnp + vk, Aoy — knA,unp -T,

where I'(y, f) = 0,X(y, ) is a Gaussian process satisfying

E[T(y,1) = 0 and E(T(y, hT'(Y', ¢')) = 2@min(y, y)(t — t').

We now further simplify the above system (A.3) by neglecting the reaction term in (A.3), compared to diffusion.
This reduction is based on the fact that the diffusive length scale (M,,,/ k)2~ 400um is an order of magnitude larger
than the typical cell length (10um). To estimate k, we consider the global rate of ATP turnover in the cell &, /@y, to
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be 0.01 57" (Skog et al., 1982). We therefore approximate Au,, = Auy, + T, where I is a Gaussian noise satisfying
the diffusion equation 8,I" = D,,,0,,[" = (2/a,,,)I" with Dirichlet boundary conditions. Since this equation is linear,
it is clear that I' remains Gaussian with a zero mean while its covariance can be directly related to ®. Plugging this
expression for Ay, into (A.3);, we obtain

% Aty = 520y Mtap + XsaOyV = Knaptap + Vi A, +v(T + K, T) (A4)

which, differentiating relation (18) and using again the fact that M,,,/(k,L?) > 1 can be put in the final form:

OiMtap = DapryDtap + sy, Py = 2 Aty + 222 ), + 21T (A5)

In the framework of the active segment, the energy homeostasis assumption (14) reads:

T

i=g,a,b,n,p

) ]dydt Fo. (A.6)

where S is a unit surface equating the height of the cell (typically a few microns) multiplied by the thickness of the
track (typically again a few microns). Based on the fact that x, = X4, S and S, are fixed and E(6uq) = 0, we can
rewrite the condition (A.6) in a form that only involves [E(éyzb):

Tth— f f E(6u2,)dydt = 2, (A7)

where ;1(2) is a new constant.

Appendix B. Justification of expressions (29).

Using the Hilbert-Schmidt projection of 6, we express the entries of the last equation of system (27) as:

AUy, 1) = 52 OO ()wi(y)
D@y Sy, 1) = =Dy 2520 SZ S (Wi (y)
o S 0WOP(0,1) = T kSpu(DWi(Y) + Lo @aee1 Sk (1) sinh (5 (L = 2y)) =
Yo O OWE(Y) + Xito 2imo @i 182141 0M2k+1 (W11 (V)

where,
_ K _ 4+2]Lf?sech (f/2) 4G = 2 V2Lf cosh(f/2)
W ) T TR @ ) f - f a2 T T e

We can therefore write two separate sets of linear first order ODE solving the even and odd modes of du:

0,012 (1) = dopSua(t) + —sz(l)

Yk >0 B.1
" 002k 1 (1) = o1 Optok (1) + Boks1 2o 0721+15/121+1 + _F2k+l(t) 8.1
where )
ik 2
di = _a 2 X
Td Ty

To solve the system (B.1), we consider it up to a finite mode 0 < k < N and denote @E = (Ouap)k=0 the vector of
even modes of du and Sty = (Optak+1)k>0 the vector of odd modes. More generally, the indices E and O will be used
throughout the text to extract the even and odd components of a vector or a matrix. We can thus rewrite (B.1) in matrix
form as 5 5

Tz and 8,64, = (Do + Mo)duy + —To, (B.2)

ab ab
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where D = diag(ﬁ) is the diagonal matrix D;; = d;6;; and M = By" is the matrix mixing the odd modes, M;; = By;.
We can express D = —(n%/7,)D — (2/7,)l = 27*/7,)D(x*D + f21)~! where D;; = i%6;;.
The steady state solutions of (B.2) are then given by,

@E(I) =

2 [ - = 2 T
f P OT L (u)du and Sy (1) = f ePorO=OT b (u)du. (B.3)
@ap Jo Tab Jo

For the even modes, as Dg is diagonal, it is straightforward to compute the integral as the exponential directly reads,
Vi, (CIDEt)ij = edz"éij.
The computation of e(®o+"0) requires more care. Since Dy and Mo do not commute, we use the Trotter-Kato formula

e@otto)t — 1im (eDof/”eMot/n)n_

n—oo

Next, as Vk > 1, :
ME = @Y HE = Mo, (B.4)

_T_ .
where the scalar product s reads s = § 7y, we obtain,
st/n 1

Mot/n _ (Mof/n)k S ) _ Mo <o [st\k 1 B estin —
Z +Z ——H+TZ; E_[H . Mo.

k=1 k=1

Injecting this expression in the Trotter-Kato formula we have

(e[D"’/"eMO’/”)n = el (I] + est/ns_ 1 (e—[Dot/n?) (elDoz/nB)T)n ’

which we expand with the binomial formula and a property similar to (B.4) to reach

(ePormetorm)' = Duz[ﬂ +(e [Dot/n7)(elDot/nB)T e’/" -1 ¢ ()5 (r)"}
s5u(t) N B

where, )
est n_1

5,(0) = - (eDot/nB)T (e—[Dot/n,y) .
Thus,

(e[Dol/ne[r’Iot/n)" _ oot [ﬂ + (/" — 1)(;;-;)5"(1))" -1 (e_Dot/W) (eDO'/”ﬁ)T]

and taking the limit when n — co, we finally obtain

st _ 1
Ve, e(DU+M0)I — elDot (l] + € - MO) (B.5)

In the above formula, s can be computed explicitly:

00

16/ _ (f —sinh(f))sech® (f/2)
L1, (22k + 12 + f2)* (pf — f + 2tanh(f/2))  Ta(fp—f+2tanh(f/2))’

s =—

In index notation, formula (B.3) therefore leads to the expressions given in the main paper:

Viso Sai(t) = ;, Jy e si(uydu
T S = Jo e gy (u)du + = I ”)( S0 — )ﬁzm Dieo Yorr1 Do wdu.
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