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Abstract

We derive quantitative bounds on the rate of convergence in L' Wasserstein distance of gen-
eral M-estimators, with an almost sharp (up to a logarithmic term) behavior in the number of
observations. We focus on situations where the estimator does not have an explicit expression as a
function of the data. The general method may be applied even in situations where the observations
are not independent. Our main application is a rate of convergence for cross validation estimation
of covariance parameters of Gaussian processes.

Keywords: Asymptotic normality, central limit theorem, Wasserstein distance, parametric
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1 Introduction

Our goal here is to derive quantitative bounds for approximate normality of parameter estimators
that arise as minimizers of certain random functions. The main example to keep in mind is max-
imum likelihood estimation ﬂﬁ, Chapter 5.5, but other problems fit in the framework we shall
consider, including least square estimators Nﬁ] and cross validation ﬂﬂ, @]

Consider a fixed compact parameter space © C R? and a sequence of random functions (M, )nen,
where for n € N, M,, : © — R. Throughout, N is the set of non-zero natural numbers. The variable
n should be thought of as a sample size, and M,, the function for which a minimizer will be the
M-estimator of interest, which is a (measurable) random vector 6, € © such that

0, € argmin M, (6). (1)
[USC)

A classical family of M-estimators is given by functions of the form
1 n
M, (0) = - ZP(Q,Xi) (2)
i=1

where the X; are the sample independent data, valued in a space X, and p : © x X — R is a
fixed function. We shall address in details this class in Sections Bl and B2 but investigation shall
go beyond this framework, in particular to cover covariance estimation for Gaussian processes,
addressed in Section

Our goal will be to derive quantitative central limit theorems in L' Wasserstein (or optimal
transport) distance for the fluctuations of én around a deterministic parameter 6, ,, (that is allowed
to depend on n). The simplest example is when 6y ,, = 6o is fixed, typically when M,, stems from
the likelihood function and there is a fixed data generating process characterized by the “true”
parameter 6, ﬂ5__1|, Chapter 5.5]. Nevertheless, we allow for a sample-size dependent 6, which



enables to address relevant situations such as misspecified models ﬂﬁ, @, @, @] In particular, in
ﬂﬁ, @], the parameter of interest 6y, that 0,, estimates explicitly depends on sample size.

In the context of this paper, it is typically already known that the distribution of n'/ 2(9”” —00.n)
converges to a Gaussian distribution. General techniques for showing this convergence are available
in a wealth of contributions, see for instance @, @, @] and references therein. Our goal is then
to go beyond the convergence between these two distributions (for which, usually, no rates are
available) by providing quantitative bounds on their L' Wasserstein distance. In this view, the
main challenge is the M-estimation setting, which often entails that no explicit expression of 0, is
available. Our main abstract result, Theorem[] is a general statement about reducing the problem
to a central limit theorem for an explicit function of the data. More precisely, the L' Wasserstein
distance between the distribution of nt/2 (én —0o,n) and a Gaussian distribution is bounded by the
sum of a term of order n=/2 (up to a log factor) and the distance between a Gaussian distribution
and the normalized gradient of M,, at 0p .

Hence, Theorem [I] enables to reduce the problem to quantifying the asymptotic normality of
this normalized gradient. Since this quantity is explicit, there are many techniques in the literature
that can be applied. We shall discuss this aspect of the problem in Section 2.3l

We shall illustrate the benefits of Theorem [Il with several examples of functions M,,: averages
of independent functions in Section B} maximum likelihood for logistic regression in Section
and cross validation estimation of covariance parameters of Gaussian processes in Section [3:3] This
last example highlights the flexibility of our techniques, since the observations are dependent and
the function M, is not based on the likelihood. In all these three cases, eventually, we provide a
bound, for the L' Wasserstein distance between the distribution of n'/ 2(9”” —0o.n,) and a Gaussian
distribution, of order n='/2 (up to a log factor).

There has been a recent interest for bounding the normal approximation of M-estimators, as we
do here. On connected topics, the normal approximation is quantified in @] for the Delta method,
in ﬂé] for likelihood ratios and in E] for gradient descent. Considering now specifically M-estimators,
a series of articles successfully addressed them: ﬂil, E, @, B, , a, @, @, @] These articles address
not only the univariate case (for 6) ﬂ, , B, @, @], but also the general multivariate one E, @, B, @]
In particular, some of these references exploit the characterization of the L' Wasserstein distance
as a supremum of expectation differences, over Lipschitz functions. This enables to decompose the
target Wasserstein distance into several terms that can be addressed independently with different
approaches. This idea appears for instance in [I, (9), (10) and (20)], as well as some of the other
articles above. We also rely on it, see (I9) and (2IJ).

We shall now highlight the novelty of our results compared to the above articles. First, the
references E, BI, , é, ﬁ, @, @] do not address the L' Wasserstein distance as we do. Only
ﬁl, B] do. In @], the distance is the supremum probability difference over convex sets, which is of
the Berry-Esseen type. Earlier and similarly, ﬂfa, @] considered the Kolmogorov distance in the
univariate case. Also, ﬂa, a] address Zolotarev-type distances based on supremums of expectation
differences over absolutely continuous bounded test functions (and Lipschitz in ﬂﬂ], yielding the
bounded-Wasserstein distance). Similarly, ﬂﬂ, BI] consider test functions that are bounded with
bounded derivatives of various orders. Remark that while the L! Wasserstein and Kolmogorov
distances can be compared under regularity conditions and a priori moment bounds, using general
comparison results typically worsens the quantitative estimates. Note also that bounding the L'
Wasserstein distance is stronger than in E, @, ﬁ], as it allows for a larger class of test functions.
Remark furthermore that Berry-Esseen-type and Kolmogorov distances may be less sensitive than
Wasserstein distances to, for instance, the moments of 0, — 0o,n. Thus, the Wasserstein distances
necessitate specific treatments compared to them (for instance, see the proof and use of Lemma [7]
here, or the terms in Theorem 2.1 in [7] involving the moments of 6,, — 0o.n)-

In addition, we allow for general functions M,,, while most of the above references focus on
maximum likelihood. Some arguments provided for maximum likelihood do carry over to general
functions M,,, but it is not clear that this is the case for all of them. Also, most of the above
references focus on independent observations (often also identically distributed) defining the func-
tion M,, (with the exception of [1]), while we allow for M,, stemming from dependent observations.
Again, some but not all arguments for independent observations can be extended to dependent
observations. In the case of independent observations, as in ﬂﬂ] we shall rely on a result of Bonis
ﬂﬁ] to bound the rate of convergence in the multivariate central limit theorem.

Furthermore, in comparison to ﬂil, E, @, B, , B], our general bound in Theorem [l only depends
on M, and its derivatives, and does not feature én — 0p,,,. In contrast, most of the general bounds
in these references contain moments of ,, — 0o, (see for instance Theorem 2.1 in ﬂ]) Hence, our

general bound seems more convenient to apply to examples, particularly when 6,, does not have



an explicit expression, which is often the case. In agreement with this, in most of the examples
provided by ﬂ?ﬁ, BI, B, , B], 0,, has an explicit expression. As an exception, E, B] address maximum
likelihood estimation of the shape parameters of the Beta distribution. Finally, ﬁl, E, BI, B, , B]
usually make the assumption that there is a unique 0, satisfying ({), while Theorem [ here holds
for any 0,, satisfying ([I). In many statistical models of interest, there is no guarantee that M,, has
a unique minimizer over ©, almost surely.

The examples we address are representative of the flexibility of Theorem [Il In particular we
address general averages of independent functions in Section Bl We treat logistic regression in
Section[3.2] with a simple proof once Theorem[lis established, which illustrates that this theorem is
efficient even when 6,, does not have an explicit expression, and is not necessarily unique. Finally, in
Section we address cross validation estimation of covariance parameters of Gaussian processes.
This last example highlights our flexibility to dependent observations and to M,, not stemming
from a likelihood and even not being an average of functions of individual observations (most of the
discussed references above consider these averages of functions for M,,). Again, 0,, has no explicit
expression in this cross validation example.

The rest of the paper is organized as follows. Section 2lprovides the general technical conditions
and the general bound of Theorem [0l reducing the problem to the asymptotic normality of the
normalized gradient. It also discusses many references to address this asymptotic normality in the
probabilistic literature. Section[Bladdresses the three examples discussed above. Some of the proofs
are postponed to the appendix.

2 General bounds

For a ¢ x ¢ matrix A, we write ps(A) < --- < py(A) for its singular values, and for a symmetric
matrix, we write A\g(A) < --- < A\ (A) for its eigenvalues.

2.1 Technical conditions

For u,v € RP, we write [u,v] = {tu+ (1 —t)v;t € [0,1]} and (u,v) = {tu+ (1 —t)v;t € (0,1)}. We
write © for the interior of the parameter space ©. The next condition means that © is, so to speak,
well-behaved. It can be checked that this condition holds for most common compact parameter
spaces, in particular hypercubes, balls, ellipsoids and polyhedral sets.

Condition 1. There exist two constants 0 < Co < 00 and 0 < c¢g < oo such that for each
0 < € <y, there exist N < Cge P and 01,...,0n € O satisfying the following. For each 6 € O,
there exists i € {1,..., N} such that (6,0;) C © and ||0 — 6;]| < e.

Then, the next condition basically consists in asking for enough integrability on the derivatives
of M,, to be able to commute expectation and derivation, which is usually established using the
dominated convergence theorem. Remark that the conditions on the first two derivative orders
will actually be implied by some of our later conditions, but we state them here independently for
convenience of writing.

Condition 2. Consider n € N. For 0 € ©, the random variable M (0) is absolutely summable.
Almost surely, the function M, s three times differentiable on ©. For i,j,k € {1,...,p} and
0 € O, the random variables OM,,(0)/00;, 8> M,,(0)/00,00; and 8>M.,,(0)/00,00;00 are absolutely

summable. Furthermore,

OM,(0)\ _ OE(M,(6)) 02M,(0)\ _ OPE(M.,(6))
E( 00; ) 00, E(aoiaej ) 9000,

and

. ( 93 M, (0) ) _ OPE(M,(0))

90:00;00, ) — 00:00;00,

The next condition means that, for a fixed 6, M,,(8) and OM,,(0)/06;, 1 € {1,...,p}, concentrate
around their expectations at rate n~/2, with an exponential decay for deviations of order larger
than n~/2. Many tools from concentration inequalities (for instance [19, [23]) enable to check this
condition in specific settings (see for instance those of Section B]). The rate n in the exponential is
sharp in general for averages of i.i.d. random variables.



Condition 3. There are constants 0 < ¢y < 00, 0 < c’M < o0 and 0 < Cyp < oo such that for
neNand 0 <e <y,

sggP(an(ﬁ’) — E(Mn(0))] > €) < Chr exp(—ncare?)

and

sup P(|[V M, (0) — E(V M, (0))]] > €) < Car exp(—neare?).

€O

For a function f : © > R and for 0 € é, we write Vf(6) the gradient column vector of f at 6

and we write V2 f() the Hessian matrix of f at §. The next condition is a control on the deviations
of the derivatives of M,, of order 1 and 2, that is uniform over ©. Remark that the deviations that
are controlled are of larger order than those in Condition Hence, again, the condition can be
checked in many settings.

Condition 4. There are constants 0 < cq,1 < 00, 0 < Cg,;1 < 00 and 0 < C’(’i,1 < oo such that for
neN and K > C:i,p

P <SUI? [[VM,(0)] = K) < Canexp(—cq 1K)

0co
and
p |0?M,(0)
-~ > < — K).
P(::gg;zi)% 69189] K _Cdylnexp( Cd71 )

We then require the derivatives of order 1, 2 and 3 of M, to have bounded moments of order
1, 1 and 2.

Condition 5. There is a constant Cq 2 such that for n € N,

20,(0
SupE (VM (0)])) < Caa, supm%xE(]—a ( >D < Cus 3)

06 9o HI=1 06,00,

and ,
9° M,,(0)
P n

E GO e 4
P (:gg 90,00.00,) ) = 2 )

Above, the moments are for fixed ¢ for the order 1 and 2. The moments for the order 3 are
uniform over ©. Note that it can be seen from the proof of Theorem [ that assuming uniformity
only locally around 6y ,, (see Condition[]) would be sufficient. For instance, [4] has a similar locally
uniform moment bound on the third-derivatives of the log-likelihood function (see (R.C.3) there).

The next condition requires the variances of the derivatives of order 1 and 2 of M,, to be of order
1/n. This condition is natural and easy to check in many settings, for example for i.i.d. random
variables.

Condition 6. There is a constant Cyay such that forn €N, j k€ {1,...,p},

OM,,(0) - Cvar
89]' - n

p
sup max Var
96 I=1

and

p
sup max Var

02 M,,(0) <CVar
geddk=1 90;00, ) — n

For z € RP and r > 0, we let B(z,r) be the closed Euclidean ball in R” with center = and
radius r. The next condition introduces the sequence of deterministic parameters (6y ,)nen, to
which (én)neN is asymptotically close. In the applications of Sections and B3, 6o, = 6o
does not depend on the sample size and determines the fixed unknown data generating process.
Nevertheless, it is beneficial to allow for a n-dependent 6 ,,, to cover general cases of misspecified

models, for instance as in ﬂE, @, @, @]

Condition 7. There exists a sequence (0pn)nen and a constant 0 < c¢p, < oo such that for

each n € N, B(6o ., cp,) C 6. We each n € N, E(VM,(6o,n)) = 0. For each r > 0 such that
O\B(bo,n,r) # @, there exist constants N, € N and 0 < ¢, < 0o such that for n > Ny,

inf  (E(Mn(60)) — E(My(00.0))) > cr.

EE!
[10—00,n|| 27



Condition [7 is a usual one in M-estimation: 6y, cancels out the expected gradient of M,, and
is asymptotically the minimizer of E(M,,), so to speak.

Remark 1. In Condition 8, it is actually sufficient that the second inequality holds only for 6 =
Oo.n- We state Condition [8 as it is only for convenience of writing, and because checking the
inequality uniformly over 0 in the bounded © usually brings no additional difficulty.

Then, define the covariance matrix of the normalized gradient

én,O = COV(\/ﬁVMn(HQ,n)) (5)

and the expected Hessian -
Hy,o=E(V?M,(00.n)). (6)
The next condition requires the expected Hessian matrix of M, at 0y , to be asymptotically strictly

positive definite. Similarly to Condition [7 this is a usual requirement for 6y , and 0,, to be close
at asymptotic rate n=1/2.

Condition 8. There are constants 0 < cg,. gy < 00 and Ng, g € N such that for n > Ng, o
Ap(I:In,O) Z Coo,H

We finally require the covariance matrix of the normalized gradient to be asymptotically strictly
positive definite, so that the Gaussian limit in the central limit theorem is non-degenerate.

Condition 9. There are constants cg, v > 0 and Ny, v € N such that for n > Ny, v,

/\p(én,O) > Cho,V -

2.2 Reduction to the normal approximation of the normalized gradient

We let £1 be the set of 1-Lipschitz continuous functions from R? to R, that is the set of functions
g such that, for all x1,zs € RP,

9(z1) = g(z2)| < [|l21 — 2.

Then, for two random vectors U and V in RP, the L' Wasserstein distance between the distri-
butions of U and V is
Wi(U, V) = sup [E(f(U)) —E(f(V))].
feLy
Equivalently, W; (U, V) is also the well known L! optimal transport cost, according to the Kantorovitch-
Rubinstein duality formula:
Wi(U, V)= _ _inf E(||[U = V),
(U, V)~IL(U,V)
where II(U, V) is the set of pairs of random vectors for which the first one is distributed as U and
the second one as V.
For a symmetric non-negative definite matrix A, we write A'/? for its unique symmetric non-
negative definite square root. When A is also invertible, we write A=1/2 = (A1/2)=1 = (A=1)1/2,
The next theorem is the main result of this paper. It can be checked, using standard argu-
ments, that the conditions of Section 2] imply that n'/2 (é —bp,n) is asymptotlcally normally
distributed, with asymptotic covariance matrix taking the “sandwich” form H Cn OH 0- Equiv-

alently, Cn,o/ H, on'/? (6 — 6o,) converges to a standard Gaussian d1str1but1on. We are interested

in the Wasserstein distance between the distribution of this latter random vector and the standard
Gaussian one. We show that this distance is bounded by the sum of a term of order n~1/2 (up

to a log factor) and the distance between C, 1/2n1/2VMn(90,n) and the standard Gaussian dis-
tribution. The benefit on Theorem [I] is then that C;é/2n1/2VMn(907n) is usually much easier to
analyze than C_'T; (1)/ QI_Jn,onl/ 2 (én —0o,n), since it takes an explicit form and is not defined as a min-

imizer. In Section 223l we discuss many existing possibilities to quantify the asymptotic normality
of C;, o/ *n"/2V My, (6o,1).-

Theorem 1. Assume that Conditions [l to [@ hold. Consider 0, as in ). There are constants
0<Cw,1 <00, 0<Cw,a <oo and Ny € N such that for n > Ny, with Z following the standard
Gaussian distribution on RP,

(log ) w2

Wi(Crot/* Hoo /(00— 00.0), Z) < Wi (Cort/ >V Ma(b0,0), Z) + Cow N



Remark 2. In Theorem [, the bound on Wl(é;é/QHn,onl/Q(én — Oo.n), Z) directly provides a
similar bound on Wl(n1/2 (én —0o.n), Zpn), where Z,, follows the centered Gaussian distribution with

covariance matric I—_I;é(j'n,of[;é. Indeed the matriz I_{T;éé}}(g is bounded and we can apply the
well-known Lemma [1 below. The same remark applies to Theorems [, [A and [J) since the matriz

Hgéé’:/oz is also bounded in these latter contexts (as is shown in the proofs).

Lemma 1. Let U,V be two random vectors of RP and h : RP — RP be such that for u,v € RP,
[|h(u) — h(v)|] < Cllu—v|| with 0 < C < co. Then Wi (h(U),h(V)) < CW,(U, V).

2.3 Background on approximate normality for functions of many random
variables

Theorem [l reduces the problem of proving a quantitative bound on distance to the Gaussian for a
general M-estimator to proving the same statement for an explicit function of the data. We shall
now describe some of the broad ideas for proving such statements, some of which will be used in
the applications described in Section Bl We do not aim at being exhaustive, and other techniques
can also be used in this context.

The abstract setting is to consider a random variable of the form f(Xj, ..., X,,) where the X;
are random variables. The classical central limit theorem consists in taking the X; to be i.i.d. and
f to be a normalized sum.

When f is a sum, which arises for M-estimators of the form [2)) (see Sections Bl and [B.2)), there
is a vast literature on quantitative central limit theorems, beyond the classical i.i.d. assumptions.
For independent variables, we shall use here a very general result of Bonis HE], but many other
results can be used in such a situation.

If f is not a sum, but is approximately affine, and all variables have some influence on the value,
we still expect approximate normality. This heuristic has been made rigorous by second-order
Poincaré inequalities, which bound distances to the Gaussian when certain functions of the first
and second derivatives are small. They have been introduced in the Gaussian setting by Chatterjee
ﬂﬂ], extended in ﬂé_.ﬂ], and analogues for general independent random variables via discrete second-
order derivatives were studied in ﬂﬂ, @,?ﬁ] Second-order Poincaré inequalities for non-Gaussian,
non-independent random variables do not seem to have been yet addressed in the literature, and
warrant further investigation.

Another method for proving approximate normality in the Gaussian setting when the function
f is a multivariate polynomial is via the quantitative fourth moment theorem of Nourdin and
Peccati Hﬁ], which for example applies to U-statistics. When the polynomial is square-free and has
low influences, it is possible to extend this phenomenon to more general i.i.d. random variables
HE] The approach extends to non-independent functions of Gaussian variables, a result known as
the quantitative Breuer-Major theorem ﬂﬁ, @] We refer to the monograph @] for a thorough
discussion of this approach. We shall use a variant of it in Section

For non-independent random variables, there have been successful implementations of variants
of Stein’s method, often in situations where there is some symmetry. Classical techniques include
the exchangeable pairs method and the zero-bias transform, and we refer to @] for a survey.

3 Applications

3.1 Minimization of averages of independent functions
We now show how Theorem [I] applies to estimators provided by

n

1
M(0) = = 3 p(0, X0)
1=1
as in () with independent random vectors X1, ..., X,.
We introduce the property of sub-Gaussianity, that holds for a large class of random variables,
including Gaussian random variables, bounded random variables and uniformly log-concave random

variables.

Definition 1. A real-valued random variable X is said to be sub-Gaussian with constant o2 if for

any t > 0 we have
E (exp(t(X — E[X]))) < exp(t202/2).



The next theorem, based on Theorem [ provides a bound of order n~1/2 (up to a log factor)
in Wasserstein distance for the asymptotic normality of M-estimators based on (2], under uniform
sub-Gaussiannity for p and its derivatives with respect to 6.

Theorem 2. Assume that X1, ..., X, are independent. Assume moreover that there are constants
0 < 0? <00 and 0 < Egyp < oo such that for any i € {1,...,n}, for any j,k,¢ € {1,...,p}, for
any 01 € ©, for any 05 € O,

f07“ any Y € {p(@l, Xi), 6/)(92, Xi)/(’)ej, 62p(92, XZ)/GGJ(%%, 83p(92, XZ)/69J69;€69@} s

Y is sub-Gaussian with constant o® and has absolute expectation bounded by Esyp. (7)

Assume moreover that Conditions [, [2 and[7 to[d hold. Consider M, én, én,O and Hn,O as in ([2),
@, @) and [@). Finally, assume that one of the two following conditions hold: either

1. There exist fized constants X > 0 and C' < oo such that

2

E (exp <)\sup ||Vp(9,Xk)||>> <C; E <eXp <)\sup p 0, X%) )) <C
6c6 0e6 | 00i00;
and
E [ exp [ Asup Op 0, Xk) <C
770 a0 0, Xk <
e |00:00;00,

forallk e {1,...,n} and i,j,¢ € {1,...,p}.
Or

2. All the functions ||Vp(-,z)||, 0*p(-,x)/D0,00; and O3p(-,x)/D0;00,00, have a modulus of con-
tinuity bounded by some function w, uniformly in x € X and in i,5,¢ € {1,...,p}.

Then there are constants 0 < Cp1 < 00, 0 < C,2 < 00 and N, € N such that, for n > N,, with Z
following the standard Gaussian distribution,

Cp1(log n)cp’2
=

Wl (Cvr;})/QHn,O\/ﬁ(én - 90,71)7 Z) S

Remark 3. The sub-Gaussianity assumption (@) of Theorem[d on the partial derivatives of p(6, X;)
with respect to 0 can be checked based on the sub-Gaussianity of X1,..., X, only and on reqularity
properties of p.

Indeed, it is known that if a random vector V with values in R* has components that are sub-
Gaussian with constant o2, then for any c-Lipschitz function f : R¥ — R, the variable f(V) is
sub-Gaussian with constant at most of order kc?>c?. The dimensional prefactor can be eliminated
for example when the components are independent and satisfy Talagrand’s L? transport-entropy
inequality ,@] Consider then the case where X1, ..., X, are uniformly sub-Gaussian and for any
J k.0 € {1,...,p}, for any f € {p,0p/06;, 9*p/00;00x, O°p/00;00,,00,}, f is Lipschitz in its
second variable, uniformly in 0, and |f(0,x;0)| is bounded, also uniformly in 0, for some reference
values ;0 of Xy, i = 1,...,n. In this case then the uniform sub-Gaussianity assumption (0) of
Theorem [2 holds.

Note also that these latter assumptions are not minimal. For example, we could relax the
Lipschitz assumption on the second derivatives into some quadratic growth. The assumptions on the
third derivatives are much stronger than what is necessary to ensure [l to streamline applications:
one can check essentially the same conditions on all derivatives up to order three, rather than single
out a weaker condition for third derivatives.

Remark 4. The two possible conditions 1 and 2 in Theorem [ are used to ensure that Condition
4 holds. There are other possible ways of verifying it, such as classical chaining techniques used to
bound the suprema of stochastic processes when stochastic forms of continuity (in 0) hold, see for

example 1@7 Chapter 8].

Proof of Theorem[d. First we must check that the conditions required by Theorem [ are satisfied.
By assumptions, this means checking conditions B] to

From the sub-Gaussianity and bounded expectation assumption (7)), we uniformly control mo-
ments of all order, and the first two parts of Condition [l hold. Condition B] is an immediate
consequence of the Gaussian concentration assumption and Chernoff’s concentration bound. Con-
dition [ can be established using the fact that we wish to control the variances of averages of
independent variables, and the uniform moment bounds.



Finally, we need to check that Condition @] holds, assuming either 1 or 2 holds. If the first
one holds, Condition Ml is just a consequence of Markov’s inequality. If the second one holds, by
continuity, Condition Il and fixing some A > 0, and some ¢ > 0 small enough, we have for any
ke{l,...,n},

E <€Xp (ASUP ||VP(9an)||>> <E <6Xp (A sup |[Vp(0i, X)|| + )\w(ﬁ)))
(USC] 0;,i<N
< Y " E(exp(M|[Vp(0i, Xp)|]))

i<N

<,

for some constant 0 < C’ < oo, where the final bound uses the Gaussian concentration of
[|Vp(0, X}i)|| for fixed 6 and the uniform bound on its expectation. The same reasoning applies for
the second derivatives, and therefore Condition F holds with the same argument as when 1 holds.
One can also check (@) with the same reasoning.

Since Theorem [I applies, we are reduced to understanding the asymptotic behavior of

1 &
\/EVMn(HO,n) = % Z:ZI vp(eo,naXz)

Hence we are in the setting of a quantitative central limit theorem for sums of independent random
vectors. From the sub-Gaussianity assumption (), we see that the fourth moments of Vp (0 », X;),
i1 =1,...,n, are uniformly bounded. Moreover, by Condition [d] this is not modified by multiplying
these vectors by C_',; (1J/ . Hence we are considering a sum of independent random vectors with
covariances summing to the identity matrix I,,, and we can apply the following statement to conclude

the proof, which is a particular case of a result of Bonis ﬂﬁ, Theorem 11].

Proposition 1. Let (Z;)i=1,...n be a sequence of independent random vectors taking values in RP,
each centered, and such that Cov(}.""_, Z;) = nl,. Assume moreover that for any i € {1,...,n},
E[||Z:|[*] < B, for a given 0 < B < co. Then

IR Co(B%/% + pB)
Wi (%;Zi,z> < T

where Z is a standard Gaussian vector on RP, and the constant Cy is a numerical constant that
does not depend on p or on the distribution of the Z;’s.

O

3.2 Parameter estimation in logistic regression

We shall now present the simple example of logistic regression, where Theorem [2] is applied to a
maximum likelihood estimator. We consider a deterministic sequence (x;);en of vectors in R?. To
match the assumptions of Theorem [2] we assume this sequence to be bounded.

Condition 10. There is a constant 0 < C, 1 < oo such that for i € N,
[lzi]] < Cr1-

As previously, we let © be a fixed compact subset of RP. We let 0y € O be fixed. We consider
a sequence (y;)ien of independent random variables with, for i € N, y; € {0,1} and

61:90
P(yiil):m- (8)
We let, for 0 € O,
ezj&
PO = T
Hence, we are in the classical well-specified case where the parameter 6y € © characterizes the
data generating process, or distribution, of y1,...,y,. The likelihood function of y; is, for 6 € O,

L(0,yi) = piy(1 - pig) Vi

8



Minus the logarithm of the likelihood of y; is, for 8 € O,

p(0, i, y:) = —yilog(pie) — (1 —yi)log(1 — pie)
el z,] 0
Yil; 9+10g(1+e i )

Hence minus the normalized log likelihood function is, for 6 € O,

M, (0) = 1 i (—ym?@ + log (1 + emje)) . 9)

n-
i=1

Note that we do not have an explicit expression for the minimizer of M,,. We have, for 6 € é,

n 79 n
1
= ;:1 < YiTi + 7+ ) = E —Yi; + DioTs) - (10)

1=1

—_

We also have, for 0 € é,

1 e f(14e” ) e®i Oz 0 1 « e®i 0
VM, =— T, = — —— (11)

Hence we see that M, (9 is convex with respect to 6. Next, we assume that the empirical second
moment matrix of the z;’s is asym totmally strictly positive deﬁmte This type of condition is com-
mon with logistic regression and enables to have asymptotic identifiability (Condition

Condition 11. There are constants 0 < cz 2 < 0o and Ny 2 € N such that, for n > Ny o,

I 1
p <E Zxﬂ:i > Cq 2.
i=1

We can now state the Wasserstein bound on the asymptotic normality of the maximum likelihood
estimator, in logistic regression. To our knowledge, this is the first established rate of convergence
of asymptotic normality in logistic regression.

Theorem 3. Assume that © satisfies Condition [l Assume that Conditions [I0 and [I1 hold.
Consider M, in @), 6, as in @), O as defined in ®), Cpo as in @) and H, o as in @). Then,
there are constants 0 < Clog,1 < 00, 0 < Clpg2 < 00 and Niog € N such that for n > Niog, with Z
following the standard Gaussian distribution on RP,

logn :
Wl ( nO nO\/_( - 90 ) < Clog,lﬁ-

3.3 Covariance parameter estimation for Gaussian processes by cross
validation

Our last example stems from the field of spatial statistics ﬂﬂ, @, @, @, @, @, @, @, @] The
goal is to illustrate the benefit of Theorem [l to a situation where the observations are dependent
and where M,, does not correspond to a likelihood. We stress that 0,, has no explicit expression.

We consider a sequence (z;);en of deterministic vectors in RY, that we call observation points.
Then, for n € N, the observed data consist in a vector 3™ of size n x 1 which component i is &(xy),
where ¢ : R? — R is a centered Gaussian process.

We are interested in the parametric estimation of the correlation function of &, based on a
parametric set of stationary correlation functions {k; € O}, where for 6 € O, ky : R? — R and
(u,v) € R* s kg(u — v) is a correlation function. For an introduction to usual parametric sets of
stationary correlation functions in spatial statistics, we refer for instance to ﬂﬁ], ,@, @, @]

As an estimator for 6, we consider the minimization of the average of square leave-one-out
errors, letting, for 0 € ©,

n

Ma(0) = -3 (5"~ By 7))

n-
1=1



Above, y(fz) is obtained from y(™ by deleting the component i and Eg(-|-) means that the conditional
expectation is computed as if the Gaussian process ¢ had correlation function (u,v) € R??
kg(u —v). Now, for 6 € ©, let R,, 9 be the n x n matrix with coefficient 7, j equal to ke(z; — x;),
that is, the correlation matrix of ¥ under correlation function given by kg. Then, from for
instance ﬂﬁ, @, @] (to which we refer for more background and discussions on cross validation for

Gaussian processes), we have
1
M (0) = —y ™ T RL hdiag(Ry5) ™ Ry by ™), (12)

where diag(M) is obtained by setting the off-diagonal elements of a square matrix M to zero.

For n € N, we let 6y, = 0y, where 6 is a fixed element of © such that { has correlation
function kg,, which also implies that y(™) has correlation matrix R, 6,. This corresponds to a well-
specified parametric set of correlation functions. The next condition means that we consider the
increasing-domain asymptotic framework, where the sequence of observation points is unbounded,
with a minimal distance between any two distinct points m, @, @]

Condition 12. There is a constant c; > 0 such that fori,j € N, i # j,
i — 5| > o

The next condition is a lower bound on the smallest eigenvalues of the correlation matrices
from the parametric model. Given the increasing-domain asymptotic framework (Condition %,
this lower bound indeed holds for a large class of families of stationary correlation functions m, |

Condition 13. There is a constant 0 < cr,1 < 0o such that

inf inf A\, (Rn0) > cr1-
neNHeO

Next, we assume a third-order smoothness with respect to 6 as well as a decay of the correlation
at large distance. As before, many families of stationary correlation functions do satisfy this.

Condition 14. For any x € R?, kg(x) is three times continuously differentiable with respect to 0
on ©. There exist constants 0 < Cra < 00 and 0 < cr2 < oo such that for § € O, for x € R,

Cr,2
k < —0 N 13
ko ()] < 1+ [|o]|d+enrz’ ne (13)
and for 0 € é, for x € R?,
o C
max ——kp(2)| < 2 , neN. (14)

ke{1,2,3y  |00;,,...,00 = 1+ [|af[dtenz

il,...7ik€{1,...7p}

ik

The next condition is interpreted as a global identifiability of the correlation parameter. This
condition is already made in the increasing-domain asymptotic literature on cross validation and
is not restrictive on the sequence (z;);en and the set {kg} [10, [12].

Condition 15. For all X > 0, there are constants 0 < cxy < oo and Nx € N such that forn > Ny,

n

1

. 2
o~ Z (ko (i — x;) — koo (v — ;)" = ca-
6-bol |z " ij=1

Finally, the last condition is interpreted as a local identifiability of the correlation parameter
around 6y. Its discussion is similar to the previous one.

Condition 16. For all ay,...,ap € R, with o + -+ + ozf) > 0, there are constants 0 < ¢, < 00
and N, € N such that for n > N,

n P 2
l Z (Zaeak’eo@i—%)) >
=1 \i=1 90,

Under the above conditions, it is known from m, @]_that_nl/ 2_(én —0p) converges in distribution
to a centered Gaussian vector with covariance matrix H, (IJCn,OH; (1J, with the notation of (&) and

([@). Based on Theorem[I] we can show that the rate of this convergence is n~'/2 (up to a log factor)
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in Wasserstein distance. To the best of our knowledge, this is the first result of this kind for cross
validation estimation for spatial Gaussian processes. We remark that Theorem [ also enables to
address maximum likelihood estimation of covariance parameters (see for instance [10, 25]), but we
focus on cross validation for the sake of brevity and to highlight the benefits of Theorem [l beyond
maximum likelihood.

Theorem 4. Assume that © satisfies Condition[dl Assume that Conditions[I2 to[IA hold. Consider
M, in [@). Consider then 0,, as in (@), Oy as defined after (@), Cn.o as in @) and H, o as in [@).
Then, there are constants 0 < Ccy < 00, 0 < Coye < 00 and Nov € N such that for n > Ncy,
with Z following the standard Gaussian distribution on RP,

(logn)Cov2

Wi (C;é/QHn,O\/E(én - 90)aZ) <Cg¢v, N

A Proofs for Section

Lemma 2. Assume that Conditions [ to [A hold. Then there are constants 0 < cp1 < 00, 0 <
1 <00, 0 < Cpn < oo and 0 < Oy < oo such that, for 0 <t < ¢y, and K > Cy 4,

KP
P <sup | M, (0) — E(M,,(0))] > t> < CM’lt_p exp(—ncMﬁth) + Cpranexp(—ep1 K).
[4SIC]

Proof of Lemma[2 From Condition[I} and with ¢}, and Cj ; from Conditions Bland H there exists
a constant Cg 2 such that for 0 < r < ¢}, /2C, |, there exists N < Cg or P and S, = {01,...,0n} C

O such that for each 6 € O, there exists i € {1,..., N} such that (6,6;) C © and [|0 — ;]| < r. We
then have, for each K > CL’M, 0 <t <)y, using the mean value theorem,

t
P (sup 30,(0) ~ OGO > ) <P (e |M,(0) —~ EOL,0)] > )

+P <sup||VMn<o>|| > §> +P <SHI3||VE(Mn(9))|| > 5) .

0€© [USC) 2

Hence, because VE(M,,(0)) = E(VM,(0)) is bounded from Conditions [2] and ] and using a union
bound, there is a constant C('i,1 < (7 < oo such that when K > C4, 0 < t < ¢}, we obtain

P <sup |M,,(0) — E(Mn(0))] > ¢ 1p 9co

Co22PKP t
sup > < =22 7 maxP <|Mn(9) —E(M,(9))| > §> (15)

K
+ (sup VM0 > 5 ).
9co 2
Hence, using Conditions Bl and [ we obtain, for 0 < ¢ < ¢;, and K > C4,

KP
P <sup | M, (0) — E(M,,(0))] > t) < C@722pt—pCM exp(—nth2/4) + Caanexp(—ca1K/2).
O

This concludes the proof. O
Lemma 3. Assume that Conditions [ to [A hold. Then there are constants 0 < ¢y < 00, 0 <
cg1 <00, 0<Cy;1 <00 and 0 <Oy < oo such that, for 0 <t <cg, and K > Cg 4,

KP
P (Sup [|IVM,,(0) — E(VM,(0))| > t) < Cv’l_tp exp(—ncvylﬂ) + Cy anexp(—cv 1 K).
6cO

Proof of Lemmald. The proof is identical to that of Lemma 2 O

Lemma 4. Assume that Conditions [ to [A and [7] hold. For any r > 0, there are constants
0<ecy, <o0and0<Cy, < oo such that

P/ — Oo.n|| > 1) < Cy..n eXp(—Cémnl/‘l).

11



Proof of Lemma[f} The event ||0,, — 0o.,|| > r implies
inf  (M,(0) — M,,(6p,n)) <O0.

6co
[[0—00,n||>T

From Condition [ and the triangle inequality, this implies, with a constant 0 < ¢; < oo, for n large
enough,

sup | M, (0) — E(M,(0))| > 1.
0O

Hence
P(Hén —Oonl|>7) <P (Sug | M., (0) — E(M,(0))| > cl) .
€

Using now Lemma Pl with K = n'/* and n large enough, we obtain, for some constants 0 < ¢y < 00,
0<Cy <o00,0<c3<o0and0 <3< oo, for n large enough,

P(Hén —bOonl| >1) < ConP/* exp(—nca) + Can exp(—c2n1/4) < (Csn exp(—C3n1/4).
O

Lemma 5. Assume that Conditions [, [A and [8 hold. There exist constants 0 < cg2; < 00,
0< C'sz < 0o and Ny2; € N such that for n > Ny2
inf )‘p(E(V2Mn(9))) > Cy2 1
0cO
[[0—00,n]|<c

v2,1

Proof of Lemmall Condition B, together with the fact that we can exchange derivatives and ex-
pectation for M,, (Condition ) imply that the derivatives of E(V?M,,) are bounded uniformly in
6 € ©. Hence, from Condition [l we can conclude the proof. O

Lemma 6. Assume that Conditions [2, [, [7] and [8 hold. There are constants 0 < cy2 < o0,
0 < ey <00 and Ny € N such that for n > Ny 2, for [0 — 0o.n|| < g o,

[[E(V My (0))]] = ev 2[l0 = bo.nll.

Proof of Lemmal@. Using Lemma B and E(V2M,(0)) = V?E(M,(0)) (Condition ), we have, for
|16 — bo,nl|| < g2 ; and for n large enough,

[ VE(M (6)) = VE(My (80,0)|| 10=60,0] = (VE(My(8)) = VE(My(60,0))) " (0—00,0) = cv2 110—00,n][*.

From Conditions 2] and [7]
VE(M,(0o,,)) = 0.

Hence we have, for ||0 — 0y || < cg2 , and for n large enough,

IVE(My(0))]] = ev21116 = Oo,nll-

We conclude from Condition O
Lemma 7. Assume that Conditions [ to[3, [ and[8 hold. Recall cg, from Condition[] For any
constant v1 > 0, there are constants 0 < Cyh1 < 09, 0 < c’vﬁ1 < ¢y, 0 < Cv,é,l < o0 and
Ng 41 € N such that forn > Ng 4, and t < c/v,é,l’

log(n)P’Yl

P (VM (0n) = 0, < 10 = bo.nl| < €0, ) <Cy 51—

exp(—ncg 4 1152)
+ Cv,é,1n eXp(—cvﬁéyl(log n)") 4+ Cv,é,1n eXp(—Cv1é11n1/4).

Proof of Lemma[] Recall cg , from Lemmal[Gl For 0 <t < ¢y ,, we have, using Lemmas Hl and [6

P (VMo (0) = 0.t < 1B — G0l < 6, ) <P ( VM (6)] = o) +P (116n = ol = b o)

inf
0€B(80,n,¢y 5)\B(00,n,t

<P (sul? [|VM,(0) — E(VM,(0))]| > cv12t> + Cé,c’v n eXp(*Cé,c'v 2n1/4). (16)
(4SS ' '
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For any constant 0 < v; < oo, we can now use Lemma B with K = (logn)” to obtain, for
0 <t <min(cy o,y ), for n large enough,

H A log(n)P7 2 42
P (VMa(a) = 0,4 < [0 = ol < co,) < Coa—g s exp(-nevack o) (A7)
V.2
+ Cyv inexp(—cv 1(logn)™) + CéaC'v 2nexp(fcé’c,v 2n1/4). (18)
This concludes the proof. O

Proof of Theorem [ From the triangle inequality, we have

Wi (Cootl* Haon/0(0n — 00,0). Z) W1 (Corlf* Hao /(B Go,0), = Contl VitV Ma(60,0))

+w1( o2V M (00.0), )
=W, + W (19)

Observe first that

:wl( Cort 2V My, (80,0), )le( Cort 2V My, (80,0), —Z) :W1( ot/ AV My, (80.0), )

(20)
Hence, it is sufficient to bound Wy = W, ( H, 0v/m(0p — 00.0), — 7_1/2\/_VM (0o, n)), which
we now do. We have
5 11 (€5t 00) 2 7 (st 1)
< sup E (|7 (Cooi/* Hnov/iln = b)) = 7 (=Cri/*VavMa6o.) )
<E (||Cot/* Haovi0n = b0.0) + €,y > VAV M, (60,0)]|) - (21)

With ¢y, as in Condition [7 observe that if 0, € B(0o,n,co,0) then VM, (én) = 0. Hence, applying
Hoélder inequality, we obtain,

0N 1/2 1/2
| ) P(on gB(eo,n,cm)

~—1/2 17 A —1/2
+E (11{VMn(én):o}ll{éneB(eo,n,ce,o)} ch,o/ Hy 0/n(B — 00.0) + Cpy o/ V0V My, (09,0 D
=E(W1 1) 2P(A;1 1)Y? + E(W: 2), (22)

W, <E (Hc,;g/QHn,O\/ﬁ(én —O0.) + C /20 M, (09 1)

where we define

A-1/2 5 1/2 2 (2
Wii = HC’“O Hy, 0/n(0, — 0o.n) + Coo vV My (0o,n) ‘ , A= {9n ¢ B(9o,n,09,0)}

and

~—1/2 13 A —-1/2
Wiz = Lo, 6.)=0y L (6, €B(00 .00} HC"*O/ Hog /i = 0.0) & O * VAV Mo (o)

Let us first bound E(W; 1)Y2P(A;1)Y2. In Wy, CnO is bounded from Condition [@ and H,, o
is bounded from Condition fl Furthermore, \/nV M, (6 ,) has mean zero from Condition [7 and

has bounded covariance matrix from Condition Hence, since © is compact, with constants
0 < C; < oo and Ny € N, we have for n > Ny,

E(W;1)Y? < Civ/n.

Then Lemma [ directly provides, for some constant 0 < ¢s < 00, 0 < Cy < oo and Ny € N; for
n Z NQ,
P(A;1)Y? < Cov/mexp(—con'/4).

Hence, eventually, for some constants 0 < ¢z < 00, 0 < C3 < oo and N3 € N, for n > N3,

E(W111)1/2]P)(A171)1/2 S an exp(fC3n1/4). (23)
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Let us now bound E(W;3). When VMn(én) = 0 and 6, € B(0o,n,co,0), we have, since
B(0o,n,co,0) C O,
0= VM, (00.n)+ V> M,(61,...,0,)(0n —b0n),
where 01, . . ., ép are on the segment between 6,, and Bo,» and where V2M,, (61, .., ép) is p X p with

line k equal to the line k of V2M,, (0}) for k € {1,...,p}. This yields, when VM, (0,) = 0 and
en S B(eo,n; C@,O)a

Hn,O\/ﬁ(én —0o,n) + VNV My, (0p.n) = ( w(00.0)) — V2M, (04, ..., ép)) (O — 00.0). (24)
Using Condition @ we obtain, when VM, (0,) = 0 and 6, € B(6o.n, co.0), for n > No, v,

Wiz

< - 2 7] e ) ) _

- \/Ceov\/_H( (V2My(00,0)) = VM (01, ’917)) (0 — 0o.n) }

< 2 - 2 ) PR 7] 7 J—

- «/—Ceo,v Vs (B Ma(Bo0)) = VMo Br, - 0) 1~ 6.0

< 04\/721,1}3% [E(V2 M (80.0))50 — VM (00.0) .| [10n — Oo.nl|

93 M, ( )
*QV}ﬁxxg@EﬁﬁWG = foall®,

where, in the last inequality, 0 < Cy < oo is a constant and we have used the mean value theorem.
Using Holder inequality together with Conditions Bl and [ we obtain, for some constants 0 < Cs <
o0, 0 < Cg < o0 and N5 € N, for n > Ns,

R 1/
E(Wh,2) <C5\/_]17n7aX Var(V2M,(60.n)j.k)"/*E ( (VM (6)=03 L {8, € B8 00,01} [1On = 90’"”2)
/
p BM,(0) | . N 1/2
*‘%V%ﬁ3§E<2geﬁﬁm&% E (101, 5,120) L3, €000 nenon 10 — b0’

~ 5 1/
<CoE (L a1, (6,)-0y Lo €800 n.co 10 = B0.nll?)

. 1/2
4
+ Cs/nE (H{VMn<én>:o}]1{éneB<eo,n,ce,o>}||9" ~ ol ) '
We now apply Lemma [[] with a constant ;3 > 0 to be chosen later. We obtain, with some
constants 0 < ¢7 < 00, 0 < ¢h < 00,0 < C7r <ooand N7 €N, forn > Ny and 0 <t < ¢,

~ ~ ~ 1 P71
P (VM) = 0,110 — Bo.0ll = £,00 € B(Bo.nc00)) < 07% exp(—nert?) (25)

+ Crnexp(—cr(logn)™) + Crnexp(—crnt/4).

Hence, using E(X) < A + XpnaxP(X > A) for a non-negative random variable X bounded by
Xmax > 0 and for A > 0, we obtain, for a constant 0 < 2 < 0o to be chosen later, for a constant
0 < Cg < o0, for n > N7,

NG

log(n)42 R R log(n)r2 -«
+ \/ang(nig + CgnlP (VMn(Hn) =0,]0n — Oo.n|| > g(Tn)’@n € B(eo,n700,0)>-

Hence from (28]), for a constant Ng € N that may depend on ~; and 7, for n > Ny,
E(W1,2) <

log(n)272 . a log(n)72
E(W ) ¢@J%}—+@PGMM%)om%%mz—ﬂlﬂﬁeB%m@m)

1 272 p/2 —c7(1 272
\/Cs \/M + C7log(n)pn nr/2 exp(—cr(logn)™?) + Crnexp(—cr(logn)™) + Crnexp(—cynt/4)
n

log(n)pr2
Cs
(logn)*» nP/2+1 exp(—cq(logn)*12) . ) .
N e 1 _ 1 _ /4
\/ - + C7 log(n)Pv Tog(n)7> + C7n? exp(—c7(logn)M) + Crn? exp(—crnl/4).

(26)
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Hence from (), @0), 2), @3) and 24), choosing v; and 72 as large enough constants, we
obtain, for constants 0 < v3 < o0, 0 < (g < 0o, Ng € N, for n > Ny,

Wi (oo Hno /(B — 00,0, 2) < Wi (Cootf vV Ma(60,0), )+097(1°%/%)%

This concludes the proof.

B Proofs for Section 3.2

Proof of Theorem[3. As stated previously, the function M, is given by

1 n
z Z (—yiz] 0 +log(1 + exp(z] 0)))
i=1

3

where the y; are independent random variables with values in {0, 1}. Defining X; = (2;,v;), we are
in the framework of Theorem [2 so let us check that the required conditions indeed hold.

It can be checked that there is a constant 0 < C} < oo such that for any Y as in (@), YV is
almost surely bounded by C; (observe that Y only takes two values). Hence the assumption (7)) of
sub-Gaussianity and bounded expectation holds.

Condition [ is already assumed to hold. Condition 2] can be shown simply. Let us show that
Condition [7 holds. Indeed, VE(M,(6p)) = 0 can be seen directly from (). Furthermore, from
(I, we have, for 6 € O,

V2E(M,(0)) = % ) "

P 1+e

Hence, from Conditions and [[I] there are constants No € N and 0 < ¢y < oo such that for
n > Ny and 0 € O,
Ap (V2M,(0)) > . (27)

Hence, since VE(M,,(6p)) = 0, by strong convexity, Condition [ holds.

ConditionBlis a consequence of (7). Condition[@holds because Cov(y/nV M, (0y)) = V>M,,(6)
(this holds because we have a well-specified likelihood model and can also be checked directly).

Finally, since all the quantities involved are uniformly bounded, option 1 for checking Condition
4 holds. The second option could also be used instead, since the functions involved are all uniformly
globally Lipschitz.

Hence Theorem ] can be applied, which concludes the proof. |

C Proofs for Section
Lemma 8. Assume that Conditions I3 and[I4 hold. There is a constant Cr such that for n € N,

sup p1 (Rn0) < Cg.

0€o
Proof of Lemma[8. The lemma follows from (I3]) and from Lemma 4 in @] O
Lemma 9. Assume that Conditions to[I{] hold. Then, we have, for j € {1,...,p}, 0 € O and
n €N,
(VM. (6)); = 2y Bog iy (28)
with
Buo; = 2R, ydiag(R, )~ (diag (R;za(fj; “R, 9> diag(R, j) " — R;bafe" ") R.§  (20)

For a constant and 0 < C'p < oo, we have, for n € N,

~max_sup p1 (Bne,;) < Cp. (30)
J=Lp g
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Proof of Lemma[d The equation (28]) is proved in ﬂﬁ E The equation [B0) follows from Condi-
tion I3, Lemma § and (@) and from the arguments in the proof of Proposition D.7 in [10]. O

Lemma 10. Assume that Conditions [I2 to [T hold. Then, we have, for j,k € {1,...,p}, for
0 € @ forn €N,

1
(VEM,.(0)),1 = gy(")TCn,e,j,ky("), (31)

where the matrices Cy, 9,51 satisfy, for a constant 0 < Cc < oo, for n € N,

~max sup p1 (Cny,jk) < Ce. (32)

Proof of Lemma[lll. Equation [BI)) is shown in m], where the matrices C), g ;1 are obtained from
the matrices R, g, ;},, OR, /005, OR, 0/00) and 9°R,, 9/00,,00; = 0*R,,.9/00;00y, from sums
and products and from the diag operator. The precise expressions of the matrices C), 9., can be
found in [10]. Equation &) is then shown similarly to (Z0). O

Lemma 11. Assume that Conditions [I2Q to[I4 hold. Then, for j, k.0 € {1,...,p}, for 6 € o, for
n € N, we have
93 M, ()

EYICTIEY R (")TD ! i
89 89k892 n n 97]7k7éy 3 ( )

where the matrices Dy, g j 10 satisfy, for some constant 0 < Cp < oo, for n € N,

- max  sup p1 (Dn,g,jk,e) < Cp. (34)
7k l=1,....,p 0c6
Proof of Lemmalldl. The proof is the same as for Lemma [I0l O

Lemma 12. Assume that Conditions[I2 to[I4] hold. Then, there is a constant 0 < Cy,, < 00 such
that for n € N,

1 n
sup ||V (6)]] < Coy—ly™?, (35)
€6 "
1
sup p1 (V> My (6)) < Coyy Iy (36)
06 n
and B30, (6)
1
n <Cs. = (n) 2. 37
oD kT aejaekaeg‘ < o lly™l (37)
Proof of Lemma I3 Equations B3], B4) and &1) follow from Lemmas [@ [0 and 11 O

Lemma 13. Assume that Conditions [13, [13, and 18 hold. Then, Condition [§ holds with M,
as in (I2) and 0y, = 0o as after [I2).

Proof of Lemma[I3. Let , 3 € RP with a2 + - - - —i—af, =1land B +--- +6§ = 1. For a matrix M,
let ||M||F be its Frobenius norm. We have

d nG aRnG
— Yo /8 0
Bt St

with a constant 0 < C; < oo, from ([4) and Lemma 4 in @] Hence, Condition [If] implies that

2
- : 1~ (N~ O(Rugo)i
fminf Il 2 (Z ) 7" ()

8Rn 0

< Cifla =l (38)
F

ER) i,j=1 \4=1
1 p=

The inequality (9) follows from (B8) and Condition Indeed, if (B9) does not hold we can

consider a convergent subsequence of unit norm vectors of R?, (a,)nen, for which the quantity in
B9 goes to zero. Considering the limit of «,, and B8] yields a contradiction to Condition
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We have from the proof of Proposition 3.7 in HE] that there exists a constant 0 < ¢z < oo such

that, for all o € R? with af 4 --- + a2 = 1,

4 1 (& Ry
3" arad(B(VEM, (60))e > e > (; aeTJ

k=1 ij=1
Hence from (39)) we obtain
liminf \, (E(V*M,(6y))) > 0.

n—oo

O

Lemma 14. Assume that Conditions 12, [I3, [T]] and I hold. Then, condition[q holds with M,, as
in (I2) and Oy, = 0y as after (D).

Proof of Lemma[Ij} Assume that for all constants 0 < ¢; < co and N7 € N, there is n > Ny such
that,
/\p(Cov(\/ﬁVMn(Go))) <. (40)

Then, up to extracting a subsequence, there exists a sequence of unit vectors (v, )nen of R?
such that
’U,ICOV(\/EVMn(eo))’Un — oo 0. (41)

Let, for ¢t > 0 such that 0y + tv,, € é,
M, (t) = My (6 + tvy,)
and let M/ (t) be the derivative at ¢ of ¢ — M, (t). We have
M/ (0) = VM, (0) vy,

Hence (I implies
Var(v/nM] (0)) =500 0. (42)

Consider the logarithm of the likelihood
1 1 o
Ly(t) = D) log(det(Rn,t)) — §y(n)TRn,}sy( )a

where R, 1 = Ry gy+tv,- Let K > 0 be fixed, to be selected later. Then, with L/ (¢) and L! (¢) the
first and second derivative of ¢ — L, (t) at ¢, for n such that B(6y, K/\/n) C O,

K
L,(0)— L,(K/vn)| < —= su L (t
[20l0) = L/ < 2 s 140)
K . KN*
< ROl (7)o (43)

Let P, ¢+, E, + and Var, ; be the Gaussian distribution of y(”), and the corresponding expectation
and variance, assuming that y(™ has mean vector zero and covariance matrix R, ;. From the
arguments in [10], |L”(t)| is bounded by nCy + Ci||y™]|? and L’ (0) has expectation under Pno
equal to zero and variance under P, o bounded by C'in, where C; can be chosen independently of
t € [0, K]. Hence the quantity in (3] is bounded in P, o probability. We also have, for n such that

B(6o, K/v/n) C ©,

K
L,(0) — L,(K/vn)| < — su L,
2000) = LoV < 72 st L)
K !/ K ° su 1
< G2 (L) s (2 (44)

and, similarly as before, the quantity in ([@4]) is bounded in P, , //m probability. Hence, from Le
Cam’s first lemma (sec for instance[51, Lemma 6.4]), the measures Py 0 and P, -/ /s are mutually
contiguous.

Now [#2) and E,, o(1],(0)) = 0 imply that

VnM},(0) =50 0. (45)
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Hence, we have, again from Le Cam’s first lemma and from (@3]), that
VAM(0) i o, (46)
We have, for ¢ € [0, K/v/n] and n such that B(6y, K/\/n) € ©,
[Ban,0 (M) (0) = En ¢ (M (£))] < [En,0(3M,/(0)) = Eano (M ()] + [En 0 (M (£)) — Bt (M) (1))

= [En 0 (M(0)) ~ En o (MY (0)] + ~Tr ((Rao — R Qut)

with
p

Qnyt = Z (Un>j(vn)kcn,00+tvn,j,k

k=1

from (BI)). Hence from ([B7), (B2), Cauchy-Schwarz inequality and Lemma [ we have

sup  |Enp (M;L/(O)) - Ent(Mv/L/ ()] =n—c0 0.
te[0,K/+/n)

Hence, from Lemma, [[3] there exist Ny € N and 0 < ¢o < oo such that, for n > No,

inf  E,:(M'(t)) > ca. 47
o Ena(OL(0) 2 o (47)

Note that co can be chosen independently on K while No depends on K (for instance, with ¢ =
co,,1/2 as in Condition ). Similarly as for showing (@), we can change the values of ¢y and Ny
such that, for n > Na,
inf Eont, (M (t2)) > ca. 48
LB (M) > o (45)
Again, ¢y can be chosen independently on K while Ny depends on K. Then, from the arguments
of the proof of Lemma [@], together with (Af]), we obtain, for n larger than a constant Nx ; € N,

B, )y V/AML(0)] > \/ﬁ%
Furthermore, from (28)), [30) and (I3) we have, for n larger than a constant Nk o € N, Var,, 1/ m(v/n
M/ (0)) < C5 with a constant 0 < C3 < oo that does not depend on K. Hence, by taking K large
enough, the liminf of the P, yx, m-probability that [/nM;,(0)| is larger than one can be made
arbitrarily large. This is a contradiction to ([@8). Hence we have a contradiction to ([@0), which
concludes the proof. O

Proposition 2. Let X = (YTA1Y,..,YTA,Y) be a random vector, with Ay, ..., A, symmetric
n X n matrices, and Y a Gaussian vector with covariance matriz K. Let C' be the p X p matriz with
coefficients

Cij=Tr(KAKA;))
and Z¢ be a p-dimensional centered Gaussian vector with covariance matriz C. Assume moreover
that X is centered, which is the same as assuming that

Te(A;K)=0 ,i=1,...,p.

Then
\/)\
Wi(X, Z¢) < vA(©) Z (KAK A;)?).
4,j=1,.
Proof of Proposition[d The proposition is a direct consequence of m, Proposition 4.3]. O

Proof of Theorem[f] Let us check that Conditions [l to @l hold in order to apply Theorem [l Con-
dition [ is already assumed to hold. Condition 2] holds because of Lemmas [l to Let us check
the first part of Condition B From ([2), Condition I3, (3) and Lemma and as in [10], we have

1
Mn (9> - ﬁy(n)TAn,Gy(n)

18



with A, o symmetric and supycg p1(An,9) < C for a constant 0 < C; < co. By diagonalization, for
each fixed 0 € O, there exist independent standard Gaussian variables z, 9.1, ..., 2n,¢,n and scalars
An60,15 -« -5 An,0,n, Such that, with a constant 0 < Cy < o0,

n
n 1
sup sup max | A, ¢:| < C2 and M, (0) = — g )\nﬁgﬁisz’i.
neNgeo =1 ni=

Hence, we can apply Bernstein’s inequality (for instance Theorem 2.8.1 in @]) and we obtain, for
0<e<l,
sup P(|M,,(0) — E(M,(0))| > €) < C3 exp(—ncze?),
0cO
with constants 0 < ¢3 < oo and 0 < C3 < oo that do not depend on e. Hence the first part of
Condition Bl indeed holds. The second part is shown in the same way, using Lemma
Let us check the first part of Condition @ From (B3], we obtain

n n 2 n n
P <sup [[VM,(0)]] > K) <P (C(;,y max (yf )) > K) < nmalle’ (C(;,y(yz( ))2 > K) < Cynexp(—eK),
96 = =

with constants 0 < ¢4 < 0o and 0 < Cy < oo, from, for instance, (A.2) in [23]. Hence the first part

of Condition M holds. The second part is shown similarly.
Condition B @) follows from ([B8) and (B6). Condition B ) holds using first (B7), then
observing that from for instance (A.6) and (A.7) in [44], we have

E( (L <">22 —1TR 2 2TR2
Elly I =3 r (Rn.0,) +t3 r (R} 0,) 5

and finally using Lemma

The first part of Condition [ is shown from Lemma [ and, e.g., (A.7) in @] The second part
is shown similarly from Lemma In Condition [7] the offline equation follows from Condition
and the proof of Proposition 3.4 in [10]. Furthermore, E(V M, (6y)) = 0 is shown for instance in
[10] and can also be checked directly. Thus Condition [ holds. Condition B holds from Lemma I3
Condition [@ holds from Lemma [T4]

Hence Theorem [] can be applied. From this theorem, in order to conclude the proof, it is
sufficient to show that, with a constant 0 < C5 < oo,

Cs
o

The quantity /nVM,(6y) satisfies the condition of Proposition B with ¥ = y(™ and, for
j = 1’ AR ,p’

Wi (C;g/QﬁVMn(eo),z) < (49)

1
Aj= ﬁBn,‘go,j’

from Lemma @ From Condition [7 then indeed E(y(”)TAjy(”)) = 0. Then Proposition Bl yields
Wi (V/nV My, (00), Zy,) < Ce, (50)

where Z,, is a Gaussian vector with mean zero and covariance matrix C_'mo, for a constant 0 < Cg <
00, from (B0), Conditions [6l and @ and Lemma [ Then from Lemma [Il and Condition [

_ Cs
w (Cn1/2 nV M, (6 ,Z) < .
1 0 Vn (6o) NG

Hence, ([@9) is shown, which concludes the proof. O
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