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FUNCTOR HOMOLOGY OVER AN ADDITIVE CATEGORY

AURELIEN DJAMENT AND ANTOINE TOUZE

ABsTRACT. We prove a series of results which open the way to computations
of functor homology over arbitary additive categories. In particular, we gener-
alize the strong comparison theorem of Franjou Friedlander Scorichenko and
Suslin to an arbitrary Fp-linear additive category. This result allows us to
compare the cohomology of the classical algebraic groups and the cohomology
of their discrete groups of k-points when k is an infinite perfect field of positive
characteristic, in the spirit of the celebrated theorem of Cline Parshall Scott
and van der Kallen over finite fields.

RESUME. Nous établissons une série de résultats rendant accessibles de nombreux
calculs d’homologie des foncteurs sur une catégorie additive arbitraire. En particulier,
nous généralisons le théoréme de comparaison forte de Franjou, Friedlander, Scorichenko
et Suslin a une catégorie source additive Fj-linéaire quelconque. Cela nous permet de
comparer la cohomologie des groupes algébriques classiques & celle des groupes discrets
de leurs points sur un corps parfait infini de caractéristique non nulle, dans ’esprit d’un

célébre théoréme de Cline, Parshall, Scott et van der Kallen pour les corps finis.

1. INTRODUCTION

Given a small category C and a commutative ring k, we denote by k[C]-Mod
(resp. Mod-k[C]) the category of covariant (resp. contravariant) functors from C
to k-modules, and natural transformations between such functors. As the notation
suggests, k[C]-Mod behaves very much like a category of modules over a ring R.
In particular, one can compute Ext in these functor categories, and there is also a
tensor product over k[C]

— ®k[c] — : Mod-k[C] x k[C]-Mod — k-Mod

which can be derived to define Tor-modules. Such Ext and Tor-modules are some-
times referred to as ‘functor (co)homology’. Functor homology is a classical subject
of study, going back to Mitchell’s influential article [31] in the early seventies. Close
relations with K-theory were discovered later, namely stable K-theory [42, 17],
topological Hochschild homology [36] and stable homology of groups with twisted
coefficients [14, 8, 24] can all be expressed in terms of Ext or Tor groups over k[C]
with C = Pg, the category of finitely generated projective R-modules.

The first success of the functor homology approach to these K-theoretic invari-
ants was the quick computation of THH of finite fields in [15]. This showed the
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2 A. DJAMENT AND A. TOUZE

computational power of functor homology over finite fields, and prompted the de-
velopment of computational techniques. The strong comparison theorem [14, Thm
3.10] is one of the most important results. It bridges, for a finite field k, Ext-
computations in k[Py]-Mod with Ext-computations in the much nicer category
Py of strict polynomial functors in the sense of Friedlander and Suslin [18]. The
latter is an avatar of modules over Schur algebras and it is much more amenable
to computation. By using the strong comparison theorem jointly with the theorem
describing the homological effect of Frobenius twists [5, 46, 52| one indeed gets an
effective way of performing many homological computations in k[Py]-Mod, when
k is a finite field.

However, except a few insights [16, 33] for R = Z or Z/nZ, explicit homological
computations in k[P g]-Mod have been limited to finite fields R over the past twenty
years, the case of more general rings staying out of reach. Quoting Suslin from [14,
Appendix p.717] the Ext-modules in k[P g]-Mod ‘do not seem to be computable
unless we are dealing with finite fields’.

The purpose of the present article is to provide a series of fundamental results
which allow to compute functor homology (much) beyond the case of finite fields —
in fact, many of our results hold when P g is replaced by a small additive IF,-linear
category A or even an arbitrary additive category A. In order to understand the
results, the reader should keep in mind that functor (co)homology is analogous
to group (co)homology, where the group is replaced by the additive category .A.
(As already mentioned, this is actually more than a mere analogy since functor
(co)homology is group (co)homology in some cases [14, 8, 24].) Our results can
then be classified into three types.

Tensor products: theorem 4.4 allows to compute functor homology involv-
ing tensor products F' ® F’ from the functor homology involving F and
F’ separately when F' and F’ have different structures (that is are respec-
tively polynomial and antipolynomial). It is a homological companion of a
Steinberg tensor product decomposition proved in [11].

Restriction: the results of section 5 as well as theorem 6.9 tell us when
restriction along an additive functor A — A’ induces isomorphism in ho-
mology. We call these results ‘excision results’ because of the analogy with
Suslin’s excision results in K-theory [45, 43], see remark 5.9. They can be
typically used to reduce the computation to an additive category with finite
Hom-sets, or to discard the ‘cross characteristic part’ of A which is not seen
by k.

Algebraic versus discrete: the results of sections 8 and 10 are functor ho-
mology analogues of the natural comparison between the algebraic group
cohomology (a.k.a. rational cohomology in [22]) of an algebraic group and
the cohomology of the underlying discrete group of k-points. They can be
typically used to compute functor homology over A from classical algebraic
data, such as generic homology of Schur algebras and Hochschild homology,
which are more amenable to computations.

Each of these results is interesting in itself, and can be used independently of the
others to obtain explicit functor homology computations. For example, we use exci-
sion to prove a homological vanishing result in corollary 5.11. As another example,
the comparison between algebraic and discrete cohomology given by corollary 10.11
allows us to quickly generalize in corollary 11.1 the cohomological computations of
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[14] to an infinite perfect field, which was (as noted by Suslin) previously com-
pletely out of reach. However, these independent results are also intended to be
used jointly. Indeed, we proved in [11] that reasonable functors over an additive
category are all constructed (via tensor products and restrictions along additive
functors) from simpler standard pieces. The results of the present paper explain
how to compute the homology of a given functor from the homology of these sim-
pler standard pieces. This perspective on our results is explained in details the last
part of this introduction, entitled ‘a short guide to functor homology’.

Recall that an important motivation for studying functor homology over additive
categories such as Pg is the connection with K-theory and group homology. We
give one notable application of our results to the cohomology of groups in section 11
(leaving further applications to future work). Namely, by exploiting the connections
between functor homology and stable group homology, we compare the rational
cohomology [22] and the discrete group cohomology [3] of the classical groups over
infinite perfect fields. To be more specific, we show in theorem 11.13 that if V' and
W are two finite-dimensional polynomial representations of degree d of GL, (k),
the natural morphism is an isomorphism in low degrees (an explicit degree range
is given in our theorem, the range increases with n):

Exté, oy (VT W) = Exty, oy (V. W) .

Here Ext denotes the extensions computed in the category of rational represen-
tations, while the other Ext is computed in the category of all representations of
GL, (k). The symbol ['l refers to the r-th Frobenius twist of a rational represen-
tation (one knows that the left hand side does not depend on r in low degrees
provided 7 is big enough, and it is called generic extensions of GL,,(k), see remark
11.14). This gives an analogue of the celebrated result of Cline, Parshall, Scott and
van der Kallen [6] in the context of infinite perfect fields k of positive characteristic.
Similar results for symplectic and orthogonal groups are given in theorem 11.15.

Note that contrarily to the finite field case [6], our comparison result requires a
stabilization on the rank n of the group. Our bounds on n are maybe not optimal,
but some stabilization is most probably needed, already when V= W = k are
trivial representations. Indeed, in this case, the left hand-side of the comparison
map vanishes in positive degrees for all r by Kempf theorem [22, II cor 4.11].
Thus an isomorphism for all n would be equivalent to the vanishing of the mod p
cohomology of the discrete group GL, (k) for all n and an arbitrary perfect field k.
Such a vanishing follows from classical p-divisibility results in K-theory if n is large
(see lemma 11.5) but it is not known (nor conjectured) for small values n.

Now let us say a brief word about the proofs. In order to establish our results on
functor homology, we have to overcome two fundamental problems which cannot be
addressed with the standard functor homology techniques found e.g. in [31, 14, 35].
Firstly, considerable problems with (co)limits arise when one tries to replace the
source category Py over a finite field k£ by a small additive category A which does
not enjoy similar nice finiteness property. Getting around these problems required
a number of technical detours, the most visible ones being the necessity of consider-
ing both Tor and Ext (even if we are primarily interested in computing Ext, see e.g.
remark 10.14), and the modification of A by the means of the R-additivization pro-
cedure of section 2.6. The second fundamental problem concerns the comparison of
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the homological properties of k[ A]-Mod together with that of its full subcategory
rA-Mod of additive functors. Our solution to this problem involves classical homo-
topy theory. Indeed, in several places we encode the properties of functor categories
into the homology of certain simplicial objects while we encode the properties of
the full subcategories of additive functors into the homotopy groups of the same
simplicial objects. Variants of the Hurewicz theorem given in section 3 allow us to
compare these quantities.

The remainder of this introduction is written as a self-contained short guide to
functor homology, which describes in details the main results of the present article,
and places them in the wider perspective of the structural results established in
[11] and recalled below.

A short guide to functor homology

We fix a small additive category A (that is a small Z-linear category A having
biproducts), and k denotes a commutative ring. Unadorned tensor products are
taken over k. As before, k[A]-Mod stands for the category of (non necessarily
additive) functors A — k-Mod, and natural transformations between them.

Polynomial versus antipolynomial functors. Functors F : A — k-Mod can be
rather wild objects. However, their study is substantially simplified by the rigidity
results established in [11]. For example, if k is a big field (e.g. an algebraically
closed field) and if F is a simple functor with finite dimensional values there is a
unique tensor decomposition [11, Cor 4.13]:

F(a) ~ F*™(q) ® FP°!(a) .

The functor FP°! is polynomial in the sense of Eilenberg and Mac Lane [12], hence
quite closely related to additive functors (typical polynomial functors are tensor
powers of additive functors). The functor F2* is antipolynomial, which means
that it factors through an additive functor 7 : A — B whose codomain is a k-
trivial category, that is, an additive category B with finite Hom-sets and such that
B(b,b') ®z k = 0 for all pairs of objects (b,b’). By their definition, antipolynomial
functors are quite far from polynomial functors, actually the only functors which
are both polynomial and antipolynomial are the constant functors. If F' satisfies
finiteness hypotheses milder than simplicity, and the field £ may be not big enough,
a slightly weaker result subsists. Namely, there is [11, Cor 4.11] a unique bifunctor
B: Ax A— k-Mod, which is antipolynomial with respect to its left variable and
polynomial with respect to its right variable such that

F(a) ~ B(a,a) .

We say in this article that such a bifunctor B is of AP-type. If k is only a commu-
tative ring, results similar to the ones of [11] have not been investigated, but we
nonetheless obtain a very large variety of functors F' : A — k-Mod by restricting
bifunctors of AP-type along the diagonal functor A : 4 — A x A.

Our first result deals with functor homology involving bifunctors of AP-type. We
denote by A* B the functor obtained by restricting B along the diagonal: A*B(a) =
B(a, a).
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Theorem 1.1. Let B, B’ and C be three bifunctors of AP-type, with B contravari-
ant in both variables. Restriction along the diagonal A yields isomorphisms:

Tor*M™(A* B, A*C) ~ Tor***A4(B, 0) .

Theorem 1.1 should be interpreted as the fact that polynomial functors and an-
tipolynomial functors cannot interact homologically, a fact which greatly simplifies
the computations. For example, assume to simplify that k& a field, and that

B(a,b) = F*(q) @ FPL(b) , C(a,b) = G*™(a) ® GPY(b) .

Then in view of the classical Kiinneth formula (recalled in proposition 2.21), theo-
rem 1.1 actually expresses Tor]j[A] (A*B, A*C) as the tensor product of two terms
of a different nature, namely

TOI‘]:['A] (Fanti7 Ganti) and TOI“I,S['A] (FpOI, Gpol) ,

which we respectively call antipolynomial homology and polynomial homology. In
the remainder of the introduction, we examine how to compute these two terms.

Remark 1.2. In the remainder of the introduction, we privilege the computation
of Tor in our exposition. Indeed, Ext computations follow the same pattern, but
often require additional finiteness assumptions, which lengthen the exposition. As
an example, the Kiinneth isomorphism for Ext holds only under suitable finiteness
assumptions, see proposition 2.22 and remark 2.23.

Antipolynomial homology. For every pair of antipolynomial functors (Fanti Ganti),
we can always find such a full, additive, and essentially surjective 7 : A — B with
k-trivial codomain such that F2" and G hoth factor through 7. The next result
allows to transport the computation of antipolynomial homology in the category
k[B]-Mod. Since B is k-cotrivial — in particular it has finite Hom-sets — the latter
category has a much nicer structure than k[.4]-Mod, see e.g. [11, Prop 11.7], and
it is potentially more accessible via combinatorial methods.

Theorem 1.3. Let k be a commutative ring and let w: A — B be a full, additive,
and essentially surjective functor, with k-trivial codomain B. Let F, F' and G
be three functors from B to k-Mod, with F contravariant. Let m*F denote the
composition F o . Restriction along w yields isomorphisms:

EXtZ[B] (F/, G) >~ EXtZ[A} (7T*F/, W*G) 5
Tor*M (7* F, 7*G) ~ Tor*BI(F, @) .

We actually obtain theorem 1.3 as a special case of the excision theorem 5.1,
which is analogous to Suslin’s excision theorems in algebraic K-theory [45, 43], see
remark 5.9.

Functor homology over a k-trivial source category B has not received much at-
tention until now, appart from Kuhn'’s structure results [24]. Building on the latter,
we prove a new cancellation result in corollary 5.11. Namely, if k is a field of char-
acteristic zero and if F#"* and G*"" both factor through P for a finite semi-simple
ring R, then Torfw (Fanti Gantl) and its Ext analogue are zero in positive degrees.
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Polynomial homology: preliminary reductions. In our computations of polynomial
homology, we assume that k is a field. For all field extensions £ — K, the Kiinneth
formula yields an isomorphism

K @y, Tor®MA(prol groly ~ TorKM (K @, FPO K ®, GPO) .

So we can reduce ourselves to the case where k is an infinite perfect field, and we
will make this assumption in the remainder of the introduction.

Many polynomial functors of interest are constructed from the so-called strict
polynomial functors introduced by MacDonald in characteristic zero [28, I, App.
A] and by Friedlander and Suslin over arbitrary fields [18]. If k is an infinite field,
a functor F' : Py — k-Mod with finite-dimensional values is d-homogeneous strict
polynomial if for all pairs (v, w) of finite-dimensional vector spaces, the coordinate
functions of the map

M, 4 (k) ~ Homy (v, w) L2225 Homy (F(v), F(w)) ~ M, (k)

are d-homogeneous polynomials of the pg entries of the matrix representing f.
Frequent examples of d-homogeneous strict polynomial functors are the symmetric
d-th powers S?, the exterior d-th powers A% or the Schur functors associated with
a partition of d as in the work of Akin, Buchsbaum and Weymann [2]. Strict
polynomial functors also arise in tight connection with classical Schur algebras as
in [20, 30]. Indeed the full subcategory Pg of k[Pi]-Mod on the d-homogeneous
strict polynomial functors is equivalent [18, Thm 3.2] to modules over some classical
Schur algebras.

In general, being strict polynomial is a more restrictive condition than being
polynomial in the sense of Eilenberg and Mac Lane. That’s why, unlike MacDonald,
we insist on keeping the word ‘strict’. Strict polynomial functors are building blocks
for more general polynomial functors from A to k-Mod, by considering tensor
products of the form

(1) FPFl 'R ® - @7 Fp, GP' = piGi @ @ plGy

where each 7 F; (resp. pfG;) is the composition of a homogeneous strict polynomial
functor F; (resp. G;) and an additive functor 7; (resp. p;) from A to k-vector spaces.
It is known [11, Thm 5.5] that when the field is big enough, every simple functor
with finite-dimensional values has this form.

Remark 1.4. Since the domain of a strict polynomial functor is the category of
finite-dimensional vector spaces, the composition 7*F = F o 7w makes sense only
when 7 has finite-dimensional values. However, we go further and we actually allow
additive functors m; and p; with infinite-dimensional values in the tensor products
(1). If so, we interpret an expression like 7*F as the composition of F o 7 where
F denotes the left Kan extension of F to all vector spaces, see definition 6.1. This
extension to additive functors with infinite-dimensional values allows to incorporate
additional interesting examples, and it is also a crucial point for several proofs where
additive functors with infinite-dimensional values naturally appear.

In the sequel, we concentrate on computing functor homology involving functors
FPol and GP°! of the form (1). Then, some standard techniques recalled in section
6 allow to reduce the computation of Torf[A] (FPol GPol) to the case of only one
factor in the tensor products.
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In fact, there are two reduction procedures, depending on the characteristic of the
field k. In the advantageous situation where the characteristic of k is large, that is,
each Fj is d;-homogeneous and each G; is ej-homogeneous for some integers such
that d;! and e;! are nonzero in k (thus, characteristic zero is always large!), the

computation of Torf[A] (FPol, GP°l) reduces to the computation of
(2) Tor! (7, p;)

for 1 <i<mand 1< j <n. If the characteristic of k is not large (in particular
k is a field of positive characteristic), the situation is more complicated and we
cannot reduce ourselves to computing functor homology between additive functors.
Instead, we can reduce ourselves to computing terms of the form

(3) Tor ( F., p3G)

for some strict polynomial functors F' and G computed from FP°' and GP°'.

The computation of the terms (2) and (3) is examined in the next two paragraphs.
In these paragraphs, we assume further that A is F,-linear. This is a simplifying
hypothesis, which is satisfied in many situations of interest. The case of a general
additive source category A, which is not linear over a field, remains somewhat
mysterious, but in several such situations, one may also replace the category A
by an IF,-linear one, for example by using the polynomial analogue of the excision
theorem that we prove in theorem 6.9.

Polynomial homology: the case of additive functors. Let us examine the computa-
tion of Ext and Tor between additive functors. There are two categories in which
we can perform such homological computations. Firstly, we can consider Ext and
Tor in the category k[A]-Mod of all functors with domain A and codomain k-
vector spaces — this is what we are really interested in, and which appears in (2).
Secondly, we can consider Ext and Tor in the full abelian subcategory rA-Mod of
all additive functors. The latter category has a simpler structure, so one expects
easier homological computations there!.

In the advantageous case of a field k of characteristic zero, it is known [9, Thm
1.2] that we have graded isomorphisms:

Extyq (7, p) = Ext’ 4(7', p) Tortl(m, p) ~ Tor(m, p) .

These providential isomorphisms allow us to perform homological computations in
the much nicer category rA-Mod. Unfortunately, if & has positive characteristic
it is well-known [9] that there are no such graded isomorphisms. Nonetheless, we
prove the following theorem, which still allows to reduce homological computations
to the category pA-Mod.

Theorem 1.5. Let k be an infinite perfect field of positive characteristic p, and let
m, 7, p be three additive functors from A to k-Mod, with © contravariant. If A is
F,-linear, there are graded isomorphisms, natural with respect to m, ©' and p:

’ ’
Ext) 4 (7', p) @ EL, =~ Exty q(7',p) ,
k[A
Tor(r, p) © T = Tor'™(m, p)
Un particular, when A is the category P g of finitely generated projective right R-modules, of
most importance for applications to K-theory and group homology of GLy(R) or other classical

groups, rA-Mod is nothing but the category of R ®y k-modules under disguise by the Eilenberg-
Watts theorem, see e.g. [11, Prop 2.1].
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where B and T° denote the graded wvector spaces equal to k if x is even and
non-negative, and to zero in the other degrees.

Remark 1.6. The graded vector spaces EX and T° have an interpretation in terms
of the generic homology that we recall below, namely E%, = Extg,, (I, 1) and T° =

Tor8*(IV, I), where I and IV are defined by I(v) = v and IV (v) = Homy (v, k) for
all finite-dimensional vector spaces v.

If A is the category of finitely generated projective R-modules, then Tor*l (7, p)
is related [36] to the topological Hochschild homology of R, while TOI':A(’/T, p) is
related to the Hochschild homology of R. Thus, although technically very different,
our theorem 1.5 is similar in spirit to the main theorems of [25, 26] (see also [34,
Cor 4.2]) which compare Hochschild homology and topological Hochschild homology
over smooth IF,-algebras.

Polynomial homology: the generalized comparison theorem. The previous para-
graph substantially simplifies the task of computing polynomial functor homology
of the form (2). Now we are going to examine the much harder situation of functor
homology of the form (3), that is:

Tor*™(x* F, p*G)

where F' and G are d-homogeneous strict polynomial functors, 7 and p are additive
functors from A to the category of k-vector spaces, respectively contravariant and
covariant, and k is an infinite perfect field of positive characteristic p.

Contrarily to what happens with additive functors in theorem 1.5, it seems very
difficult to produce a closed formula computing these graded vector spaces with-
out any further simplifying assumption. We shall provide such a formula under a
suitable vanishing of Torij(w, p) — this is a restrictive assumption, but still covers
a large number of situations of interest.

Our formula expresses the result in terms of generic homology of strict polynomial
functors. This generic homology is a classical object: it already appears (in the Ext
form) in [14] and it plays a central role in making the bridge between the cohomology
of reductive algebraic groups and that of the corresponding finite groups of Lie type
[6] — see also [52] for a survey of these topics including a formula allowing explicit
computations. We denote by F(") the r-fold precomposition of a d-homogeneous
strict polynomial functor F by the Frobenius twist functor I(})

FO) —FoTMWo...orM |
r times
This notation applies to strict polynomial functors which may be covariant or con-
travariant, and yields dp"-homogeneous strict polynomial functors with the same
variance. If 2p” > 4, the vector space Tor;(F ), G(T)) computed within the category
of dp"-homogeneous strict polynomial functors does not depend on r, it is called
the generic Tor between F and G, and denoted by Tor™" (F, G).

The next result is a generalization of the strong comparison theorem [14, Thm
3.10] to the small additive categories which are F-linear over a big enough field
F. It is a special case of the generalized comparison theorem 10.1 that we state
and prove in section 10. In the latter, there is no assumption on the size of F, in
particular we can use it when IF = F,,, but this assumption is removed at the price
of a more complicated formula. We also refer the reader to section 10.4 for similar
results for Ext, which hold under suitable finiteness hypotheses.
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Theorem 1.7 (The generalized comparison theorem - F-linear case). Let k be
an infinite perfect field containing a (finite or infinite) subfield F and let A be an
additive F-linear category. Let w and p be two F-linear functors from A to k-
modules, respectively contravariant and covariant, and let F and G be two objects
of Pa.r, with d less or equal to the cardinal of F. Assume furthermore that

Tori"‘A(ﬁ,p) =0 forO0<i<e.
Then for 0 <i < e there are k-linear isomorphisms
Tor™ (x* F, p*G) ~ Tor**(D}: F,G)
where Dy , refers to the contravariant functor Dy ,(v) = Homy (v, T Qg4 p)-

We point out that generic Tor can be expressed in the language of Schur algebras.
Indeed, F(k™) and G(k™) are respectively right and left modules over the Schur
algebra S(n, d) in a natural way, and if 2p” > ¢ and n > dp” we have an isomorphism

Tor®™(F, Q) ~ Tor; ™) (F (k™)1 G (k™))

where the exponent ‘I"l” indicates restriction along the morphism of Schur algebras
S(n,dp”) — S(n,d) provided by the Frobenius morphism. Thus theorem 1.7 com-
pares a rather mysterious functor homology Tor®)(7* F, p*G) with a familiar Tor
over a Schur algebra. This drastically simplifies explicit computations, and this
also implies some surprising qualitative properties of polynomial functor homology
(such as finiteness of dimensions in each homological degree), since Schur algebras
have good homological finiteness properties.

Theorem 1.7 is already nontrivial and interesting for A = Py. In this case, the
Tor-vanishing condition follows from the Hochschild-Kostant-Rosenberg theorem,
and we obtain the following result in corollaries 10.10 and 10.11. It is the infinite
field version of the main comparison theorem of [14].

Corollary 1.8. Let k be an infinite perfect field, and let F' and G be two objects
of Pay. Let also F¥ denote the contravariant strict polynomial functor FY(v) =
F(Homy(v, k)). There are graded isomorphisms

Ext}.,(F, G) ~ Extjp, (F.G) Tor®™(FV,G) ~ Tor*®*(FY, @) .

gen

Some general notations and terminology. For the convenience of the reader,
we gather here some notations and terminology which are used throughout the
article.

e The letter £ denotes a commutative ring, unadorned tensor products are taken
over k, k[X] denotes the free k-module on a set X.

e Categories have a class of objects, and we require that the morphisms between
any two objects form a set. We say that a category C is small if the isomorphism
classes of objects of C form a set (those categories are often called ‘essentially
small’ in the literature, we prefer to call them ‘small’ to avoid heavy terminology).
We say that a category C is additive if it is a Z-category with a zero object and
finite biproducts [27, VIIL.2].

e The letter A denotes a small additive category, k[A] is the free k-category on A,
and A = k ®z A is the k-category obtained by base change. If k = Z/nZ, the
latter is also denoted by A/n.
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e The letter R denotes a ring, and P denotes the category of finitely generated
projective left R°P-modules and R°P-linear morphisms (or equivalently finitely
generated right modules over R). When R is a commutative ring, we identify Pr
with a full subcategory of R-Mod in the obvious way.

e Given a functor ¢ : C — D, we use the same notation to denote the induced
functor on the opposite categories ¢ : C°P — DP.

e Finally, we use the standard terminology about connectedness: a morphism of
cohomologically graded k-modules f : H* — K* is e-connected if it is bijective
in degrees * < e, and injective in degree * = e. A morphism of cohomologically
graded k-modules f : L. — M, is e-connected if it is bijective in degrees * < e,
and surjective in degree * = e.

2. PREREQUISITES OF FUNCTOR HOMOLOGY

2.1. Functor categories. We recall some standard notations and terminology
from [31]. In particular, the term k-category refers to a k-linear category, that
is, a category whose homomorphism sets are equipped with a k-module structure
and such that the composition is k-bilinear. The k-functors are the k-linear func-
tors, that is the functors whose action on morphisms is given by a k-linear map.

Given a small k-category IC, we denote by KC-Mod the category whose objects are
the k-functors F': K — k-Mod, whose morphisms are the natural transformations
between such functors, the composition being the usual composition of natural
transformations. We let Mod-X = K°P-Mod. Throughout the article, we will use
the following notation, which makes a typographical distinction between the level
of the source category K and the level of the functor category K-Mod.

Notation 2.1. Objects of I are denoted by lowercase letters z,y, ... and homo-
morphism groups in K are denoted by K(z,y). Objects of K-Mod are denoted by
uppercase letters F, G, ... and k-modules of homomorphism in K-Mod are denoted
by Homg (F, G).

Remark 2.2 (smallness). Smallness of IC ensures that the morphisms between two
objects K-Mod form a set.

The category K-Mod has the structure of a k-category, and it is a Grothendieck
category (i.e. an AB5 abelian category with a set of generators) with enough
projectives and injectives. To be more specific, limits and colimits in K-Mod are
computed objectwise, in particular a sequence 0 — F/ — F — F" — 0 is exact if
and only if the sequence of k-modules 0 — F'(z) — F(x) — F”(2) — 0 is exact for
all objects = of K. The representable functors hi = K(x, —) yield a set of projective
generators, which are called the standard projectives. Finally, if M is an injective
cogenerator of k-Mod, the dual functors Homy(h%.p, M), which send an object
y to Homy (hiep (y), M) = Homy (K(y,x), M) yield a set of injective cogenerators,
called the standard injectives.

We are chiefly interested in the following classical examples of functor categories.
The third one, namely, the category of homogeneous strict polynomial functors, will
not be used before section 6.

Example 2.3. Ordinary functors. Let C be a small category, and let k[C] be
the free k-category on C, that is, the category with the same objects as C, and such
that k[C](a,b) = k[C(a,b)]. The category k[C]-Mod identifies with the category
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F(C;k) of all functors F : C — k-Mod and natural transformations between such
functors. The latter category is called the category of ordinary functors, the term
‘ordinary’ refering to the fact that there is no k-linearity condition on the functors
of this category.

Example 2.4. Additive functors. Let A be a small additive category, and let
A be the k-category obtained by base change. Thus A has the same objects as
A, and pA(a,b) = k®z.A(a,b). The category rA-Mod identifies with the category
Add(A; k) of all additive functors F': A — k-Mod and natural transformations.

Example 2.5. Homogeneous strict polynomial functors. Let I'?P;, denote
the Schur category. This k-category is defined as follows. First, we denote by
I't(v) = (v¥9)%4 the d-th divided power of a finitely generated projective k-module
v. Then I'*P}, has the same objects as P, and

Fde(v, w) = Fd(Homk(v, w)) = Homkgd(v®d, w®d)

(i.e. the module of k-linear morphisms from v®¢ to w®? which are equivariant for
the action of the symmetric group &, which permutes the factors of the tensor
product). The composition is the usual composition of equivariant morphisms.
The category I'“P;-Mod is an avatar of representations of Schur algebras. Indeed,
let S(n,d) = Endrap, (k") denote the classical Schur algebra as in [20]. Then
evaluation on k" yields an equivalence of categories '“Py-Mod =~ S(n,d)-Mod.

In [18], Friedlander and Suslin introduce the category of d-homogeneous strict
polynomial functors Py i, over a field k. As observed in [35], this category Py s, iden-
tifies with the full subcategory category I'*P;-mod of I'*P;,-Mod on the functors
F such that F(v) is finite-dimensional for all v.

In the case of a field, the equivalence of categories between I'*P;-Mod and
modules over Schur algebras restricts to an equivalence of categories I'*P-mod ~
S(n,d)-mod. Thus, just as in the case of modules over Schur algebras, the Ext
computed in the category I'*P;-mod are the same as the Ext computed in the
bigger category I'*P;,-Mod. Hence working with the former or the latter is rather a
matter of taste. In this article, we choose to work in the bigger category I'*P;-Mod,
and we call its objects the d-homogeneous strict polynomial functors over k.

2.2. Tensor products and Tor over a k-category. Given a small k-category K
there is a tensor product over K:
— ®x — : Mod-K x K-Mod — k-Mod

which is defined by the coend formula [27, IX.6] (recall that unadorned tensor
products are taken over k):

F®;cG=/ F(z)® G(x) .
Thus, F ®@x G is the quotient module of @, oy k) F'() ® G(x) by the relations
F(fit)@s =t G(f)(s) forallt ® s € F(y) ® G(z) and all f € K(z,y).

Example 2.6. If R is a k-algebra, and K = *' is the category with one object x
with endomorphism ring equal to R, then K-Mod = R-Mod and ®y is nothing
but the usual tensor product of R-modules.

Usual properties of tensor products over a ring generalize to tensor products
over a category. In particular, the tensor product over K is characterized by the
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fact that it is k-linear and preserves colimits with respect to each of its variables,
together with the ‘Yoneda isomorphisms’, natural with respect to F', G, z, y:

(4) F®rhg ~F(z) and hi., @ G~G(y) .

To be more specific, the first Yoneda isomorphism sends the class [s ® f] of an
element s® f € F(y)@K(x,y) to F(f)(s) € F(z). The second Yoneda isomorphism
is given by a similar formula.

Alternatively, the tensor product over K is characterized by the isomorphism
natural with respect to the functors F and G and the k-module M:

(5) o : Homy (F @ G, M) ~ Homg (G, Homy (F, M)) ,

where the functor Homy (F, M) is defined by Homy(F, M)(z) = Homy(F(x), M).
To be more explicit, the natural isomorphism « is defined by sending a morphism
f: F®x G — M to the natural transformation a(f) such that the k-linear map
a(f)s : G(z) — Homy(F(x), M) sends an element s to s’ — f([s ® s']) where the
brackets refer to the class of s ® s’ € F(z) ® G(z) in the quotient F ®x G.

The tensor product over K is a left balanced bifunctor, hence can be left derived
in by taking a projective resolution of F' or a projective resolution of G. We denote
by Tor® (F,G) these derived functors. By deriving the adjunction isomorphism (5)
we obtain the following result.

Lemma 2.7. For all k-functors F', G and for all injective k-modules M, the ad-
junction morphism « derives to a graded isomorphism:

Homy,(Torl (F, G), M) = Ext.(G, Homy (F, M)) .

2.3. Restriction functors. If ¢ : £ — L is a k-functor, there is a k-functor called
restriction along ¢ and denoted by ¢*:

¢*: L-Mod — K-Mod
F — ¢*F:=Fo¢ ’

In this article, we mainly deal with the following examples of restriction functors.

Example 2.8. Ordinary functors. If ¢ : C — D is a functor between two small
categories, we still denote by ¢ : k[C] — k[D] the induced k-functor. If we iden-
tify k[C]-Mod with the category of ordinary functors F(C; k), then the restriction
functor ¢* : k[D]-Mod — k[C]-Mod identifies with the functor F(D; k) — F(C; k)
given by precomposition by ¢.

Example 2.9. Additive functors. If ¢ : A — B is an additive functor between
two small additive categories, we also denote by ¢ : A — B the induced k-
functor. If we identify r.A4-Mod with the category of additive functors Add(A; k),
then the restriction functor ¢* : pB-Mod — pA-Mod identifies with the functor
Add(B; k) — Add(A; k) given by precomposition by ¢.

Example 2.10. Ordinary versus additive functors. Let 7 : k[A] — 1A be the
k-functor which is the identity on objects and which is defined on morphisms by
(O3 Aff) = > Af @ f. Then the restriction functor 7* : pA-Mod — k[A]-Mod
identifies with the embedding Add(A; k) < F(A; k). In order to avoid overloaded
notations, the restriction functor 7* will often be omitted, i.e. an additive functor
will be denoted by the same letter F' when viewed as an object of pA-Mod or as
an object of k[.A]-Mod.
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Example 2.11. Ordinary versus strict polynomial functors. Let v? : k[P;] —
TP}, be the k-functor which is the identity on objects and which is defined on mor-
phisms by v4(3-Ar f) = > Ay f®4. Then the restriction functor y2* : T''P;-mod —
k[Py]-Mod identifies with the forgetful functor Py, — F(Py; k). It is fully faithful
if k is field with at least d elements [14, Prop 1.4]. In order to avoid overloaded
notations, the restriction functor v¢* will often be omitted, i.e. a strict polyno-
mial functor will be denoted by the same letter F' when viewed as an object of
I''P;-Mod or as an object of k[P;]-Mod.

Restriction along ¢ yields k-linear morphisms
¢* : Homg (G, F) — Homg (¢*G, ¢* F)

that we also call restriction morphisms. Similarly there are k-linear restriction
morphisms, natural with respect to F' and G:

res? : ¢'F Qx ¢°G - F R, G .

To be more specific, res® sends the class of an element s ® s’ € ¢*F(z) ® ¢*G(x) to
the class of the same element s ® s’ now viewed as an element of F(y) ® G(y) with
y = ¢(x). These two restriction maps derive to morphisms of graded k-modules,
which are also denoted by the same letters:

(6) ¢" : Extz (G, F) — Exti(¢"G, ¢ F)
(7) res? : Tork (¢* F, $*G) — Tor(F, Q) .
These two restriction maps are related by the following proposition.

Proposition 2.12. For all objects F' and G of Mod-K and K-Mod, for all k-
functors ¢ : K — L, and for all injectives k-modules M, there is a commutative
square:
Ext} (G, Homy(F, M)) ——2—— Homy(Tors (F,G), M)
idz* J{Hom;C (res®,M)
Exty-(¢*G, ¢*Homy, (F, M)) ——=— Homy (Tor™ (¢* F, ¢*G), M)
Proof. Commutativity of the diagram in degree 0 is a straightforward verification

from the definitions. The commutativity in higher degrees follows from the fact
that the arrows are all obtained by deriving the arrows in degree zero. [

Several results in the article assert that under certain conditions, the two restric-
tion maps (6) and (7) are isomorphisms. We will use the next corollaries to reduce
the proofs of these results to checking that one of these maps is an isomorphism.

Corollary 2.13. Given two functors F' and G and an integer i, the restriction
map (9) below is an isomorphism if the restriction map (8) is an isomorphism for
all injective k-modules M .

(8) ¢* : Ext' (G, Homy(F, M)) — Exti(¢*G, ¢*Homy (F, M))
(9) res? : Tork (¢*F, ¢*G) — TorF (F,G)

The following standard terminology will be often used in the article.
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Definition 2.14. Let e be a positive integer. A morphism f : H* — K* between
cohomologically graded k-modules is called e-connected if it is an isomorphism
in degrees i < e and if it is injective in degree ¢ = e. Similarly, a morphism
g: Ly, — M, between homologically graded k-modules is called e-connected if it is
an isomorphism in degrees ¢ < e and if it is surjective in degree i = e.

A morphism of graded k-modules is co-connected if it is e-connected for all
positive integers e.

The following global version of definition 2.14 will be used in section 5.

Proposition-Definition 2.15. Let e be a positive integer or co. The restriction
functor ¢* : L-Mod — K-Mod is called e-excisive if it satisfies one of the following
equivalent assertions.

(1) For all F, G, the map (6) is an isomorphism in degrees 0 < x < e.
(1) For all F,G, the map (6) is e-connected.
(2) For all F, G, the map (7) is an isomorphism in degrees 0 < % < e.
(2%) For all F,G, the map (7) is e-connected.
(3) The restriction functor ¢* : £-Mod — K-Mod is fully faithful and for all
objects xz, y of L:

P Tor} (¢*hgw,¢"h%) = 0.

0<i<e

Proof. Tt suffices to prove that the five assertions are equivalent for all positive
integers e. It is clear that (17)=-(1) and (27)=(2), and the converses follow from
inspecting the long exact sequences associated to a short exact sequence 0 — K —
P — G — 0 with P projective.

Let us prove (1)<(2). We claim that (1) is equivalent to the following assertion.

(1’) For all standard injectives F' and for all G, the map (6) is an isomorphism
in degrees 0 < % < e.

Indeed, it is clear that (1)=-(1"). Conversely, every F has a coresolution J by direct
products of standard injectives. We have two spectral sequences:

EP = Ext}(G, J)) = Ext{™(G, F) ,
'EP = Ext(¢*G,¢"J7) = Extl ("G, 6" F) ,

and ¢* induces a morphism of spectral sequences. If (1) holds then the two spectral
sequences have isomorphic first pages, hence isomorphic abutments, hence (1) holds.
Now (1’) is equivalent to (2) by corollary 2.13.

Finally, let us prove (2)<(3). If (2) holds, then ¢* is fully faithful by (1), and
moreover Tork (¢*h.,, *hY%) is isomorphic to Tory (h&e,, h%) for all 0 < i < e,
hence it is zero by projectivity of h%.,, which proves (3). Conversely, if ¢* is fully
faithful then (2) holds for e = 1, hence res? is an isomorphism in degree 0 by (1).
If in addition the Tor-vanishing is satisfied, then the map (7) is an isomorphism in
degrees 0 < x < e for all projective objects F' and G, hence for all objects F' and G
by a décalage argument, which proves (2). O

Example 2.16. If ¢ : £ — L is full and essentially surjective, then ¢* : £-Mod —
K-Mod is 1-excisive. Indeed, ¢* is easily checked to be fully faithful.
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2.4. Adjoint functors in homology. We now recall from [35, Lm 1.3 and Lm
1.5] the good homological properties that restriction along ¢ : L — L enjoys when
¢ admits a right adjoint.

Proposition 2.17. Let ¢ : K < L : ¢ be an adjoint pair and let u : id — Yo ¢ and

e: ¢o — id denote the unit and the counit of an adjunction. Then the following

composition is an isomorphism:
Exti(0°F,G) 2 Extl (6" F, ¢*G) eI,

whose inverse is given by the composition:

Exty(F,¢*G) ,

Ext} (F,G(e))

Ext(F, ¢*G) 2 Exth (4" F, "¢ G) Exth:(y*F,G) .

There is a similar result for Tor.

Proposition 2.18. Let ¢ : K S L : 9 be an adjoint pair and let u : id — o ¢ and
e: ¢oy — id denote the unit and the counit of an adjunction. Then the following
composition is an isomorphism:

or’® (¢* u res
Tor (¢ F, G) ) 1K (4 1, gt G) 225 Torl (F, 4G |

whose inverse is given by the composition:
orZ e * res?

Tort (F,* G) —2= TV D, ol (g Fp*G) 2% TorX (9 F, G) .

Example 2.19. If n > 2, the k-functor A : k[A] — E[A*"] such that A(z) =

(z,...,x) is adjoint on both sides to the k-functor ¥ : k[A*"] — k[A] such that

(21, .. ,2p) =21 D+ ®xy. The unit and counit for these two adjunctions are

given by the morphisms

diag : ¢ — a®" proj:(eaai,...,Gaai)%(al,...,an)7

1<i<n 1<i<n
sum : a®" = q, incl:(al,...,an)%(@ai,...,@ai),
1<i<n 1<i<n

such that the coordinate morphisms of diag and p are equal to id, and the co-
ordinate morphisms of proj and incl are given by the canonical projections and
inclusions. The Ext-isomorphisms

EXtZ[A](A*G, F) ~ EXtZ[.AX"] (G, E*F) 5

EXtZ‘[.A] (F, A*G) ~ EXtZ[AXW](Z*F, G) 5
and the analogue Tor-isomorphisms will be often refered to as sum-diagonal ad-
jJunction isomorphisms.

If the functor ¢ : K — L does not have adjoints, the isomorphisms of propositions
2.17 and 2.18 are replaced by spectral sequences. To be more explicit, for all integers
i, let Lf, Rfﬁ : K-Mod — £-Mod denote the functors such that

(LY F)(y) = Torf (¢ hipon, F) , (RyF)(y) = Extic(¢"hyp, F) .

Then Lg and Rg) are respectively left ajoint and right adjoint to the restriction
functor ¢* : £L-Mod — K-Mod, and the L,‘f and be are the derived functors of Lg
and Rg respectively. The following proposition is proved in the same way as the
usual base change spectral sequences [54, Chap 5, Thm 5.6.6].
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Proposition 2.20. There are base change spectral sequences:
E3' = Ext}(F, RL,G) = Exty ' (F,¢*G)
"Byt = Ext3(LYF,G) = Exti (F, ¢*G)
"E?, = Tor(F',L{G) = Tork, (¢"F',G) .

2.5. External tensor products. We recall from [31] the tensor product £ ® £ of
two k-categories K and L. The objects of this tensor category are the pairs (z,y)
where z is an object of K and y is an object of £, and its k-module morphisms
are the tensor products K(x,z') ® L(y,y’). There is an external tensor product
operation

X : K-Mod x £-Mod — K ® £-Mod
which sends a pair (F, G) to the k-functor (F X G)(z,y) = F(z) ® G(y).

Proposition 2.21 (Kiinneth). Assume that k is a field. There is an isomorphism
of graded k-vector spaces, natural with respect to F', G, H, K:

Tor (F, H) @ Tor® (G, K) ~ To'"®“(FR G, HX K) .
Proof. Since hgggﬁ) is equal to ki K hY, there is an isomorphism
(FBG) Oxoc (h BhY) ~ F(z) 8 Gly) ~ (F ox h) @ (G os hY).

Tensor products preserve arbitrary direct sums with respect to each variable. So if
P, resp. @, is a projective resolution of H, resp. K, the complex (F X G) Qxer
(P X Q) is isomorphic to the complex (F ®x P) ® (G ®, Q). Now PX Q is a
projective resolution of H X K, hence the result follows from the usual Kiinneth
isomorphism for complexes. (I

There is a similar result on the level of extension groups. Namely, the tensor
product induces a graded morphism:

(10) Exty(F, H) © Ext:(G, K) — Extig(FRG, HRK) .

However Hom only preserve finite direct sums, so one needs an additional assump-
tion to adapt the proof of proposition 2.21 for Ext. One says [35, Section 2.3]
that a functor is of type fp., if it has a projective resolution by finite direct sums
of standard projectives (or equivalently if it has a resolution by finitely generated
projectives). With this additional hypothesis, one easily proves:

Proposition 2.22 (Kiinneth). Let k be a field. Assume that F and G are of type
fPs, or assume that F is of type fp,, and that H has only finite-dimensional
values. Then morphism (10) is an isomorphism.

Remark 2.23. Being of type fp., is a rather strong property, which is usually very
hard to check in an elementary way on a given functor. When K = Pp_, one
may prove such properties by using Schwartz’s fp, -lemma [15, Prop 10.1], or by
using that k[P, ]-Mod is locally noetherian [39]. When K = k[A] over more general
additive categories A, local noetherianity often fails but one can use generalizations
of Schwartz’s fp.,-lemma given in [10].
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2.6. The N-additivization of a k-category. Let X denote a cardinal. A k-
category is called N-additive if it has all N-direct sums, that is, if all direct sums
indexed by sets of cardinality less or equal to N exist. A k-functor between two
such categories is called R-additive if it preserves N-direct sums. The following
construction will be used in sections 8 and 9.

Definition 2.24. The R-additivization of a small k-category K is the category KN
whose objects are the families of objects of K indexed by sets of cardinality less
or equal to N. Such an object is denoted by a formal direct sum @, ., z;. The
morphisms f : @,c 7 2 — @,cz vi are the ‘matrices’ ;] j)ezx s such that each
fij € K(zj,y;), and such that for all jo only a finite number of morphisms f;;, are
nonzero. The composition of morphisms is given by matrix multiplication.

We identify K with the full k-subcategory of KX on the formal direct sums with
only one object.

The definition of morphisms in K™ shows that the formal direct sum @, 7 ;
is the categorical coproduct of the x; in KX, and also the categorical product if Z
is finite, which justifies the direct sum notation. The next elementary proposition
gathers the basic properties of N-additivization.

Proposition 2.25. The k-category KY is small and R-additive. Moreover:
(1) An object x of K is isomorphic to a finite direct sum of objects of K if and
only if the functor KX(x, —) : K¥ — k-Mod is N-additive.
(2) Every k-functor F : I — L whose codomain is a R-additive extends to a
unique (up to isomorphism) R-additive functor FX : KX — L.

Proof. Let us prove (1). The objects of I (hence their finite direct sums) are
N-additive by the definition of morphisms in K. Conversely, if z = @ z; is an ob-
ject such that KX(z, —) is N-additive, the isomorphism K™ (z, @ z;) ~ @ KX (z, z;)
shows that id, factors through a finite direct sum of the x;, hence x is isomorphic
to a finite direct sum of objects of K. Now we prove (2). For all objects = = € x;
we choose a direct sum @ F(x;) in £. The assignment F*(x) = @ F(x;) defines
an N-additive functor such that F® o, = F. Uniqueness follows from the fact that
given any pair of R-additive functors F’, G’ : KX — L, every natural transformation
0 between their restrictions to K extends uniquely into a natural transformation
0" : F' — G'. Indeed it suffices to define Q/EB », as the unique morphism fitting in the
commutative square in which the vertical arrows are the canonical isomorphisms:

F(@) 2% ¢ @)

1L
B F:) 2 @Gy
O

The following examples are easily checked by using the universal properties of
the categories in play.

Examples 2.26. 1. Let Fy denote the full subcategory of k-Mod on the free k-
modules. Its N-additivization Fﬁ is equivalent to F, if N is finite, and to the full
subcategory of k-Mod on free modules of rank less or equal to N if N is infinite.

2. We have canonical equivalences of categories k[AN] ~ k[A]Y and 4(AY) ~ (LA)%.
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Proposition 2.27. Assume that for all pairs (x,y) of objects of K, the k-module
K(z,y) belongs to FX. Then for all objects x of K, the functor KX(x, —) : KX — F}
has a left adjoint — @z : Fy — KX,

Proof. Let v be a free k-module with basis (b;)ic;. We let v @ x = @, x; where
each z; denotes a copy of . The k-linear map v +— K®(z,v ® x), sending b; to the
canonical inclusion of z as the factor z; of v ® z is initial in v | K¥(z, —), and the

result follows from [38, Lm 4.6.1]. O

Proposition 2.28. Let x be an object of KX decomposed as a direct sum x =
D, i of objects of K. Let F denote the poset of finite direct summands @, ; ;
ordered by the canonical inclusions. The left Kan extension of a k-functor F : K —
k-Mod along the inclusion v : KC < KX is given by

Lan, F(z) = colim F(y) .
an, F(x) = colim F(y)

Thus the functor Lan, : K-Mod — K¥-Mod is exact and restriction along ¢ yields
isomorphisms

Exty(F,*G) ~ Extin(Lan, F,G) ,  Tor* (G, F) ~ Tor’*CN (G,Lan,F) .

Proof. Since F is a filtered category which is cofinal in the comma category K | z,
we have Lan, F'(x) = colimycr F'(y). Since filtered colimits of k-modules are exact,
and since exactness of a short exact sequence of functors is tested objectwise, this
implies that Lan, is exact. Moreover, Lan, preserves projectives (because it has an
exact right adjoint). This implies the Ext and Tor isomorphisms. O

3. SIMPLICIAL TECHNIQUES

3.1. Simplicial objects in abelian categories. We denote by s M the category
of simplicial objects in an abelian category M. The Dold-Kan correspondence |19,
Cor 2.3] or [54, Section 8.4] yields two mutually inverse equivalences of categories

N:sM= Chzo(M) K

between the category sM of simplicial objects in M and the category of non-
negatively graded chain complexes in M. The functor N is the functor of nor-
malized chains, and the functor K is the Kan functor. Two simplicial morphisms
f,9: X — Y are homotopic if the morphisms of chain complexes N f and Ng are
homotopic. The Kan functor preserves homotopies.

The homotopy groups m, X of an object X of sM are defined as the homology
groups of the normalized chains N.X.

The category M is called concrete if it is equipped with a faithful functor to
the category of sets. If M is concrete, every object X of sM has an underlying
simplicial set and we let HS(X; k) denote the homology with coefficients in k of the
underlying simplicial set of X, that is, H3*(X; k) = m.k[X].

Remark 3.1. If the faithful functor M — Set is the composition of an exact functor
to the category of abelian groups M — Ab and the usual forgetful functor Ab —
Set, then the homotopy groups of X coincide with the homotopy groups of its
underlying simplicial set by [19, Cor 2.7] or [54, Thm 8.3.§].

Let e be a non-negative integer. An object X of sM is e-connected if m; X =0
for all i < e. A morphism f: X — Y is e-connected if m; f : m; X — m;Y is bijective
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for all ¢ < e and surjective for ¢ = e. (Thus f is e-connected if and only if its
homotopy cofiber is e-connected). A morphism f: X — Y is a weak equivalence if
it is e-connected for all e > 0.

A simplicial projective resolution of an object X of sM is a weak equivalence
f P — X where P is degreewise projective in M. As usual, we identify M with
the full subcategory of sM on the constant simplicial objects. Hence a simplicial
projective resolution of an object X of M is a degreewise projective simplicial
object P such that m; P = 0 for ¢ > 0, equipped with an isomorphism moP ~ X. If
M has enough projectives then by the Dold-Kan equivalence every object of sM
has a simplicial resolution, and every morphism between simplicial objects can be
lifted to a morphism of simplicial resolutions, unique up to homotopy.

3.2. Eilenberg MacLane spaces and Hurewicz theorems. For all abelian
groups A and all n > 0, we denote by K(A,n) any simplicial free abelian group
such that m;K(A,n) = 0 for i # n and 7, K(A,n) ~ A. Such a simplicial free
abelian group is called an Filenberg-MacLane space and is unique up to homo-
topy equivalence. The study of simplicial abelian groups often reduces to that of
Eilenberg-MacLane spaces by the following classical lemma, see e.g. [19, Prop 2.20].
We impose that Eilenberg-MacLane spaces are degreewise free abelian groups by
definition in order to have genuine maps rather than zig-zags in this lemma.

Lemma 3.2. For all simplicial abelian groups A, there is a weak equivalence
(unique up to homotopy)

[[K (A —A.

i>0
Moreover for all morphisms of simplicial abelian groups f: A — B, let K(m;f,1) :
K(m;A,i) — K(m; B, 1) denote a lift of m; f : m; A — m; B to the level of the simplicial
resolutions. Then the following diagram commutes up to homotopy:

T K(wif,5) .
HiZO K(mA, i) ———— HiZO K(m;B, i)
A ! B

If A is a simplicial abelian group, the morphism of simplicial sets A — Z[A]
induces a natural morphism of graded abelian groups

hy s A — HP (A Z)

called the Hurewicz morphism. The following well-known proposition recalls the
classical Hurewicz theorems in the context of simplicial abelian groups (injectivity
of h, as well as the fact that no hypothesis on fundamental groups is needed for
the relative version are specific to the abelian group setting).

Proposition 3.3 (Classical Hurewicz Theorems). Let e be a nonnnegative integer.

(1) (Absolute theorem) The Hurewicz map h. is split injective. Moreover, if A
is e-connected then h; is an isomorphism for i < e+ 1.

(2) (Relative theorem) Every e-connected morphism of simplicial abelian groups
f A — B induces an e-connected map HS(f;Z) : H®(A;Z) — H*(B;Z).

Proof. (1) The canonical morphism of abelian groups Z[A] — A yields a retract of
hy. The isomorphism is given by [19, III Thm 3.7]. (2) Since simplicial groups are
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fibrant simplicial sets [19, I Lm 3.4], any weak equivalence between simplicial groups
yields a homotopy equivalence of simplicial sets [19, II Thm 1.10], hence it induces
an isomorphism in homology. Therefore, lemma 3.2 and the Kiinneth theorem
reduce the proof of the isomorphism to the case where A and B are Eilenberg-
MacLane spaces, with nonzero homotopy groups placed in the same degree i. If
i < e, f is e-connected if and only if it is a weak equivalence, hence if and only if
it induces an isomorphism in homology. If ¢ > e, then A and B are e-connected
hence the result follows from (1). O

For our purposes, we need a k-local version of the absolute Hurewicz theorem.
We shall derive it from the following presumably well-known property of Eilenberg-
MacLane spaces, which we have not found in the literature — though the case of a
prime field k is of course given by the classical calculations of Cartan [1].

Lemma 3.4. Let k be a commutative ring, let A be an abelian group. If k®z A =0
and Tor?(k, A) = 0, then H®(K(A,n),k) =0 for all positive integers n and i.

Proof. We say that an abelian group A is k-negligible if Tor?(k, A) = 0 = k @z A.

We first take n = 1. The lemma holds if A is a k-negligible torsion-free group
because H5(K (A, 1); k) ~ k ®z AL (A) = AL (k ®z A) = 0. The lemma also holds if
A is a k-negligible torsion group. Indeed, if A is finite, the lemma holds by a direct
computation. If A is infinite, then A is the filtered union of all its finite subgroups
A,. And since any subgroup of a k-negligible torsion group is k-negligible, we
have: H(K(A,1);k) = colimy H(K(Aq,1);k) = 0. Now let A be an arbitrary
abelian group with torsion subgroup Ags. If A is k-negligible, then so are A
and A/Aiors. So the lemma holds for A as a consequence of the Hochschild-Serre
spectral sequence of the fibration K (Ators, 1) = K(A,1) = K(A/Ators, 1).

Assume now that n > 1. Then K(A,1)®z K(Z,n—1) is an Eilenberg Mac Lane
space K(A,n). Thus HS(K(A,n)) is the abutment of the spectral sequence of the
bisimplicial k-module M,, = k[K(Z,n—1),®z K (m,1),]. Let us choose K(Z,n—1)
such that it is free of finite rank r(q) in each degree ¢ (e.g. take the image of the
complex Z[—n] by the Kan functor). Then for ¢ fixed, the simplicial k-module M,,
is isomorphic to k[K (A*7(@ 1)]. Thus the simplicial spectral sequence of M, can
be rewriten as:

E';q = H;s (K(AXT(Q)7 1)) — H;i_q(K(A’ n)) .
The first page is zero by the case n = 1, whence the result. 0

Proposition 3.5 (k-local absolute Hurewicz theorem). Let A be a simplicial abelian
group, let k be a commutative ring and let e be a non-negative integer. Assume that
for0<i<eand for 0 < j < e we have k @z m,A=0= TorZ(k,ij). Then

(1) H¥(As k) = k[moA];

(2) H®*(A;k) =0 for0<i<e;

(3) H (A5 k) contains the following k-module as a direct summand:

klmoA] @k (k ®7 Tes1A O TorZ(k,weA)) .

Proof. Lemma 3.2 and the Kiinneth theorem reduce the proof to the case of an
Eilenberg-MacLane space A. Assume that the nonzero homotopy group of A is
placed in degree i. If i = 0, the result holds by a direct computation. If 0 < i < e
then the result follows from lemma 3.4. If ¢ > e, the result follows from the classical
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absolute Hurewicz theorem of proposition 3.3 together with the universal coefficient
theorem which says that the graded k-module H(A; k) is (non canonically) iso-
morphic to k ®z H®(A; Z) ® Tor” (k, H® | (A;Z)). O

Corollary 3.6. The k-modules H*(A; k) vanish for 0 < i < e if and only if
k®zm; A and TOT%(/C,TFJ‘A) vanish for 0 <i<e and 0 < j <e.

3.3. Functors of simplicial objects. Assume that M is an abelian category.
Evaluating a functor F' : M — s(k-Mod) on a simplicial object M in M yields
a bisimplicial object F(M,),, and we denote by F(M) the associated diagonal
simplicial k-module. This construction is natural with respect to F' and M.

We shall say that a natural transformation f : F — F’ is e-connected if for all
M in M, the morphism of simplicial k-modules F(M) — F'(M) is e-connected.

Remark 3.7. If M is small, the category k[M]-Mod is well-defined. In that case
the functors F' : M — s(k-Mod) (resp. the natural transformations between such
functors) identify with the simplicial objects in k[M]-Mod (resp. the morphisms
between such simplicial objects), and the definition of e-connectedness given here
coincides with the one given in section 3.1.

Proposition 3.8. Let M be an abelian category of global dimension 0. For all
e-connected natural transformations f : F — F' and for all e-connected simplicial
morphisms g : M — M’ the induced morphism F(M) — F'(M’) is e-connected.

Proof. We prove that f(M) : F(M) — F'(M) and F'(g) : F'(M) — F'(M’) are
e-connected. The e-connectedness of f(M) follows from the spectral sequence [19,
IV, section 2.2|, which is natural with respect to F:

Erlnn(F) = T (F(My)) = Tman(F(M)) .

Let us prove the e-connectedness of F’(g). We choose a small additive subcate-
gory M’ C M which contains the objects M,, and M/ forn > 0. Let 7 : P — F' be
a simplicial projective resolution in s(M’-Mod). We have a commutative square
of simplicial k-modules

pv) 29 poary

l”(M) lw(M’)

Fo) 29 par)

whose vertical arrows are weak equivalences by the preceding paragraph, so it suf-
fices to prove that P(g) is e-connected. By using the spectral sequence natural with
respect to M:

Fr%z,n(M) = 71'n(ﬁmuw)) = 7Tm+n(P(M)) )

the proof reduces further to showing that for all projective objects @ in M’-Mod,
the morphism of simplicial k-modules Q(g) is e-connected. Since @ is a direct sum-
mand of a direct sum of standard projectives, we can assume that Q@ = k[M(z, —)].
Since M has global dimension zero, the functor M(z, —) is exact, in particular
M(z, g) is e-connected. Hence, the result follows from the relative Hurewicz theo-
rem of proposition 3.3. (]
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4. HOMOLOGY OF BIFUNCTORS OF AP-TYPE

In this section we prove theorem 1.1 from the introduction. So we fix a commu-
tative ring k£ and a small additive category A.

We first come back to the definition of bifunctors of AP-type. Recall from [31,
p.18] that an ideal of A is a subfunctor of A(—,—) : A°? x A — Ab. Given such an
ideal Z, we can form the additive quotient A/Z of A, with the same objects as A
and with morphisms (A/Z)(z,y) = A(z,y)/Z(z,y). We let 77 : A — A/T denote
the additive quotient functor. The following definitions are introduced in [11].

Definition 4.1. An additive category B is k-trivial if for all objects = and y the
abelian group B(z,y) is finite and such that k ®z B(z,y) = 0. An ideal Z of A is
k-cotrivial if A/T is k-trivial. A functor F : A — k-Mod is antipolynomial if there
is a k-cotrivial ideal Z of A such that F' factors though 7z : A — A/T.

We also need the polynomial functors introduced by Eilenberg and Mac Lane in
[12]. Given a positive integer d, an object F of k[.A]-Mod is polynomial of degree
less than d if its d-th cross-effect cryF’ vanishes. This d-th cross-effect is an object
of k[A*?-Mod, defined as the image of a certain idempotent endomorphism of
the functor F(x; @ --- ® x4). We refer the reader to [11, Section 1] for a detailed
description of polynomial functors and further references. We will use the following
classical properties. (The Tor vanishing can be obtained from the Ext-vanishing
and the isomorphism of lemma 2.7.)

Proposition 4.2. The full subcategory k[A]-Mod., of k[A]-Mod on the poly-
nomaal functors of degree less than d is stable under subobjects, extensions, arbi-
trary direct sums and products. Moreover, if F and F' are polynomial of degree
less than d, then for all objects F; of k[A]-Mod and F] of Mod-k[A] satisfying
F;(0) = 0= F/(0), we have

(12) To*'(Fl @ - @ F,F)=0=To*"M™(F . F,® - - F) .

Definition 4.3. A bifunctor B : A x A — k-Mod is of antipolynomial-polynomial
type (AP-type) if for all objects x of A the functor y — B(y,x) is antipolynomial
and the functor y — B(x,y) is polynomial.

The remainder of the section is devoted to the proof of theorem 1.1, which we
restate here for the convenience of the reader.

Theorem 4.4. Let B, C, B’ be three bifunctors of AP-type, with B’ contravariant
in both variables. Restriction along the diagonal A : A — A x A yields isomor-
phisms:

Tor*M(A*B', A*C) ~ Tor®A*Al(B' ©) .

(Notice that the Hom-isomorphism is included in [11, Prop 4.9], which is proved
by another method.)

If B : A°P x A°? — k-Mod is of AP-type, then for all injective k-modules M,
the bifunctor Homy (B’, M) = Homy(—, M) o B’ is also of AP-type. Therefore, by
proposition 2.12, it suffices to prove the Ext-isomorphism of theorem 4.4. We shall
prove this Ext-isomorphism in two steps. We first reduce the proof to bifunctors B
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‘of special-AP-type’, that is, bifunctors of the form B(xz,y) = A(x) ® P(y) for some
particular antipolynomial functor A. Then we establish the isomorphism for these
bifunctors of special AP-type.

Step 1: Reduction to bifunctors of special-AP-type. Given an ideal Z of A and a
positive integer d, we denote by Cz 4 the full subcategory of k[A x A]-Mod whose
objects are the bifunctors B such that:

i) B factors through 7z x id: A x A — (A/Z) x A, and

ii) for all z, the functor y — B(z,y) is polynomial of degree less than d.
The subcategory Cz 4 of k[A x A]-Mod is stable under limits and colimits. Stability
under colimits ensures that any object B of k[A x A]-Mod has a largest subobject
Bz 4 belonging to Cz 4.

Lemma 4.5. If B is a bifunctor of AP-type then B = UI,d Bz 4, where T runs
over the set of k-cotrivial ideals of A and d runs over the set of positive integers.

Proof. We fix two objects z,y of A. Let d be the degree of t — B(z,t) and let
Z be a k-cotrivial ideal such that s — B(s,y) factors through A/Z. To prove
the lemma, it suffices to show that the inclusion Bz 4 < B induces an equality
BLd(xa y) = B(xv y)

Let By(a,—) be the largest subfunctor of B(a,—) of degree less than d. Any
map f :a — b induces a map Bgy(a,—) — Ba(b,—), so that the functors By(a, —)
assemble into a bifunctor By : A x A — k-Mod which is a subfunctor of B, poly-
nomial of degree less of equal to d with respect to its first variable. By construction
Bi(z,y) = B(x,y). Similarly, let Bz(—,b) be the largest subfunctor of B(—,b)
factorizing through A/Z. These functors assemble into a bifunctor Bz : A x A —
k-Mod factorizing through A/Z x A. By construction Bz(x,y) = B(x,y). Since
Bz N Bgq C Bz q we finally obtain that Bz q(z,y) = B(z,y). O

An object B of k[A x A]-Mod is of special-AP-type if there is an object z of A,
a k-cotrivial ideal Z and a polynomial functor F in k[.A]-Mod such that

B(x,y) = k[A/L(z, )] © F(y) .

Lemma 4.6. Let B be an object of k[A x A]-Mod such that B = J; 4 Bz,q4, where
T runs over the the set of k-cotrivial ideals of A and d over the set of positive
integers. Then B has a resolution QQ whose terms are direct sums of bifunctors of
special-A P-type.

Proof. It suffices to prove that every Bz 4, is a quotient of a direct sum of bifunctors
of special-AP-type. By definition Br 4 = (mz x id4)*B’ for some bifunctor B’ :
A/T x A — k-Mod such that each B.(—) := B’(z,—) is polynomial of degree
less than d. The standard resolution of B’ [31, section 17] yields an epimorphism
D, hz[ A/T] X B, — B’, where the sum is indexed by a set of representatives z
of isomorphism classes of objects of A/Z. The result follows by restricting this
epimorphism along 77 x id 4. ([

Proposition 4.7. Let C' be an arbitrary object of k[A x A]-Mod. If the map:

is an isomorphism for all bifunctors B of special-AP-type then it is an isomorphism
for all bifunctors B of AP-type.
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Proof. By lemmas 4.5 and 4.6, B has a resolution ) by direct sums of bifunctors
of special AP-type. We have two spectral sequences:

B = Ext] 4, 4(Qp, C) = Exty L (B, C),

'BPY = Exty (A*Q,, A*C)) = Extg[fg](A*B, A*C)

and A* induces a morphism of spectral sequences. So it suffices to prove that A* is
an isomorphism when B = @), hence when B is a functor of special-AP-type. [

Step 2: Proof for bifunctors of special-AP-type. The proof relies on three vanishing
lemmas. The first two lemmas are quite general, and we will also use them later in
the article, in the proof of proposition 5.10 and theorem 6.9.

Lemma 4.8. Let C and D be two small categories and let B and C be two objects
of k|C x D]-Mod. There is a first quadrant spectral sequence

B} = Extypop . p (K[D]; E§) = Ext} 2 1 (B, C)

k[Cx D]
where k[D] and E} are the objects of k[D°P x D]-Mod respectively defined by
k[ID}(xa y) - k[D(,ﬁL’, y)} ’ Eg(xa y) - EXtZ[C] (B(fv QZ‘), C(fa y)) .

In particular, if EG =0 then Extyc,p(B,C) =0.

Proof. We use the notation Homyc1(B, C) := EQ. There is an isomorphism, natu-
ral with respect to B, C, and the object D of k[D°P x D]-Mod:

Homy pov wp) (D, Homy,c) (B, C)) =~ Homycxp) (B @k per) D, C)

This isomorphism is the functor analogue of [4, IX.2 Prop 2.2], and we may con-
struct it as follows. Firstly, there is a natural isomorphism when D is a standard
projective. Indeed D(z,y) = k[D(x, )] ® k[D(d, y)] and the the two sides are natu-
rally isomorphic to Eg(c, d) by the Yoneda lemma. Now the isomorphism extends
to every functor D by taking a projective presentation of D.

Thus we have two spectral sequences converging to the same abutment (the
construction of these spectral sequences is exactly the same as the one given for
categories of modules in [4, XVIL.4]):

179 = BXt] pop, py (D BG) = HPH
79 = Bxtf o (Tork "™ (B, D), C) = HPT .

If D = k[D] then for all x, k[D](—,x) is a projective object of k[D°P]-Mod, hence
the functor Torf;[pop}(B, k[D]) is zero for positive g, and the Yoneda isomorphism
(4) shows that for ¢ = 0 this functor is isomorphic to B. Thus the second spectral
sequence collapses at the second page and H* = EXtZ[ch] (B,C). Hence the first
spectral sequence gives the result. (Il

The next two lemmas use the notion of a reduced functor. A functor of k[.4]-Mod
is reduced if it satisfies F'(0) = 0. In general, we denote by F™*? the reduced part of a
functor F in k[A]-Mod. Thus F**4 is a reduced functor such that F ~ F(0) @ F*ed
in k[A]-Mod. This decomposition is natural with respect to F, in particular we
have a decomposition of Ext (since the full subcategory of constant functors is
equivalent to k-Mod, the Ext between F'(0) and G(0) can be indifferently computed
in k[A]-Mod or k-Mod):

Exty 4 (F, G) ~ Ext;(F(0), G(0)) ® Extjy 4 (F*¢, G*%)
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and a similar decomposition for Tor.

Lemma 4.9. Let G : A — Z-Mod be such that Tor’ (k,G(x)) = 0 and k ®z
G(z) = 0 for all objects © of A, and let k[G] denote its composition with the
k-linearization functor k[—]. For all functors H and for all reduced polynomial
functors F' and F' we have:

Tor A (K[GI"™ @ H, F) = 0 = Ext] on) (G © H, F) .

Proof. We prove the Tor-vanishing, the proof of the Ext-vanishing is similar. The
functor k[G] is isomorphic to k[G(0)] ® k[G™], hence to a direct sum of copies of
k[G™*4]. Therefore, to prove the vanishing, we may assume that G is reduced.

Let K be the kernel of the augmentation € : k[G] — k, such that (3" A¢[f]) =
> As. Then k[G]™*? = K. By lemma 3.4, the hypotheses on G(z) imply that
this abelian group has trivial homology with coefficients in k. Thus the reduced
normalized bar construction of k[G(x)] yields an exact sequence

e KO L KO K0

in Mod-k[A]. Since K has k-free values, this complex becomes a split exact complex
of k-modules after evaluation on every object x or A. Therefore, if we tensor this
sequence by K®"~! ® H for a positive integer r, we obtain an exact complex with
associated hypercohomology spectral sequence:

EL,(r) = Tor,(K®**"*1 @ H, F) = Tor{™ (K® @ H,F) .

Now we can prove that Torf[A] (K®" ® H, F) = 0 for all positive integers r. Since
K®" ® H is the direct sum of K" @ H™! and K®" ® H(0), this is true if r > d
by proposition 3.4. Now if this is true for a given r, then Ei*(r —1) = 0, hence

TOI"f[A] (K® ' ® H,F) = 0. The result follows. O

Lemma 4.10. Let A, P, and F be three objects of k[A]-Mod. Assume that A
is antipolynomial and that P is polynomial. Then Exty (A ® F,P) =0 if A is
reduced, and Exty (P ® F, A) =0 if P is reduced.

Proof. We prove the first Ext-vanishing, the proof of second one is similar. By
sum-diagonal adjunction Exty 4 (A ® F, P) is isomorphic to Exty 4, (A X F, P),
where B(z,y) = P(z ® y) (see example 2.19). For all z, the functor z — P(z @
y) is polynomial, hence by lemma 4.8, it suffices to prove that Exty 4 (A4, P) =
0 for all reduced antipolynomial functors A and for all polynomial functors P.
Since A is reduced, we may as well assume that P is reduced. Since A = 75 A’
for some k-cotrivial ideal Z and some functor A" in k[A/Z]-Mod, the first base
change spectral sequence of proposition 2.20 shows that is suffices to prove that
Extya(k[A/Z(—,2)], P) = 0 for all z in A. The latter follows from lemma 4.9
(with G = A/Z(—,z), H =k and F = P). O

The next proposition finishes the proof of theorem 4.4.

Proposition 4.11. Let B be a bifunctor of special-A P-type, and let C be a bifunctor
of AP-type. Restriction along the diagonal yields an isomorphism:

A" Extyqn 4 (B, C) = Extj4(A*B,AC) .
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Proof. We have B = AKX F and A*B = A® F, with F' polynomial of degree less
than d, and A = k[A/Z(z,—)] for a k-cotrivial ideal Z and an object z of A.
We have A ~ k@ A™. We also have an isomorphism F(z @y) ~ F(z) ® G(z,y)
for some bifunctor G. Since A(z @ y) ~ A(z) ® A(y), we have a decomposition
(Ae F)(z@y) = (A@) @ F(y)) @ X(z,y) &Y (z,y)
where the bifunctors X and Y are defined by
X(z,y) =Ay) @Gy, Y@y =A@)oA (Yo F(zay).

Moreover, let ¢ : AXF & X ®Y — AKX F denote the canonical projection. Then we
readily check from the expression of the adjunction isomorphism « given in example
2.19 that the following diagram commutes:

EXtZ[Ax.A] (A X F, C) # EXtZ[A] (A ® F, A*C)
EXtZ[Ax.A](qu)l = =

Therefore, it suffices to prove that there is no nonzero Ext between X &Y and C.

But for all objects y and 3/, there is no nonzero Ext between X (z, —) and C(x, —)
by lemma 4.10 since C'(—,y’) is antipolynomial and X (—, y) is polynomial and such
that X (0,y) = 0. Hence there is no nonzero Ext between X and C by lemma 4.8.
Similarly, there is no nonzero Ext between Y and C, whence the result. O

5. EXCISION IN FUNCTOR HOMOLOGY

In this section, we prove theorem 1.3 from the introduction. In fact, we prove
theorem 1.3 in corollary 5.6, by deriving it from the following more general excision
theorem, which is a variant of the result sketched in [7, Proposition 2.19.4]. This
excision theorem is a functor homology analogue of the excision theorem of Suslin
and Wodzicki in K-theory [45], see remark 5.9.

Theorem 5.1 (excision). Let ¢ : A — B be an additive functor between two small
additive categories, such that ¢* : k[B]-Mod — k[A]-Mod is fully faithful. For all
positive integers e, the following assertions are equivalent.

(1) The restriction functor ¢* is e-excisive.
(2) For all objects x and y of B we have:

@ k @z miA(z,y) =0 and @ Tor” (k, mA(z,y)) =0,
0<i<e 0<i<e—1
where A(z,y) is the simplicial abelian group A(z,y) := Q" ® 4 ¢*h}, where Q*

is a projective simplicial resolution of the functor ¢*hje, in Mod-A.

Proof. By lemma 5.2 below, the simplicial k-module k[A(x,y)] is isomorphic to
E[Q"] ®pja) k[¢*hi]. But we have:

Ko* ] = KBy, ()] = "kl K[& o] = KIB(&(=), 2)] = 6" hsom)

and k[Q"] is a simplicial projective resolution of ¢* hi[Bop] by the relative Hurewicz
theorem of proposition 3.3 (with e = co). Whence an isomorphism:

(13) mok[A(z,y)] ~ Torf (6" hf gon &Ml
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The second assertion of the theorem is equivalent to the vanishing of m;k[A(z,y)]
for 0 < ¢ < e by the k-local Hurewicz theorem of corollary 3.6. Thus, the result
follows from the isomorphism (13) and proposition 2.15. O

The following result is well-known to experts, but we do not know any written
reference for it.

Lemma 5.2. Let A : A°® — Z-Mod and B : A — Z-Mod be two additive
functors, and let k[A] and k[B] denote the composition of these functors with the
k-linearization functor k[—|. There is an isomorphism of k-modules, natural with
respect to A and B:

k[A] Ok[A4] k[B] ~ k[A®4 B].

Proof. For all objects x of A, we let 84 5, : k[A(z)] ® k[B(x)] — k[A®.4 B] be the
k-linear map such that 04 p »(s®t) = [s®{] for all sin A(z) and all t € B(z). (The
brackets refer to the class of an element of A(z) ® B(x) in the quotient A ® 4 B.)
These maps 04,5, induce a k-linear map, natural in A and B:

HA,B : k[A] ®k[_A] k[B] — k[A XA B} .

Assume that B = A(z, —), hence k[B] is a standard projective in k[.A]-Mod. One
checks on the explicit formulas that the composition of 6 4 g with the k-linearization
of the Yoneda isomorphism A ® , 4 A(z, —) =~ A(x) is equal to the Yoneda isomor-
phism k[A] @41 k[A(x, —)] >~ k[A(x)]. Thus 04 4(z,—) is an isomorphism. Since
every finitely generated projective object of A-Mod is a direct summand of a stan-
dard projective, it follows that 64 p is an isomorphism for all finitely projective
functor B in A-Mod.

Every projective functor .A-Mod is the filtered colimit of its finitely generated
projective subfunctors. Since both the source and the target of 04 g, viewed as
functors of B, preserve filtered colimits of monomorphisms, we obtain that 04 p is
an isomorphism for all projectives B.

Now let B be arbitrary and let P — B be a projective simplicial resolution
of B in A-Mod. Then we have a commutative square of simplicial k-modules in
which the top row is an isomorphism, the bottom row features constant simplicial
k-modules and the vertical arrows are induced by the simplicial maps P — B:

©
k[A] @) k[P) —=2 k[A®.a P]

l |

Ou.B
k[A] @y k[B] —2 k[A®.4 B]

By right exactness of tensor products and by the relative Hurewicz theorem of
proposition 3.3, the vertical morphisms are isomorphisms in my. Hence © 4 p is an
isomorphism. O

Some special cases of the excision theorem. We now investigate concrete conditions
which imply the second assertion of theorem 5.1.

Theorem 5.3. Let A and B be small additive categories, and let ¢ : A — B be a full
and essentially surjective additive functor. Assume that for all x, B(z,x) @z k = 0.
Then the restriction functor ¢* : k[B]-Mod — k[A]-Mod is co-excisive.

Proof. Let C denote the following full subcategory of abelian groups:
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e if chark # 0, the objects of C are the groups on which multiplication by
char k is invertible;

e if char k = 0, the objects of C are the torsion groups whose elements have
orders invertible in k.

This subcategory is stable under kernels, cokernels and direct sums. Moreover, for
all A € C we have Tor}(A, k) =0= A®y k.

Now, the hypothesis on B implies that B(z,y) € C for all (z,y), thanks to
lemma 5.4 below (applied to the rings k and B(y, y), using that B(x,y) is a B(y, y)-
module). Thus, for all standard projectives h%., in Mod-A, the abelian group
hoop @4 ¢*h = B(y, #(a)) belongs to C. Therefore, A(z,y) is a simplicial group
in C. In particular, its homotopy groups belong to C. Thus the second assertion of
theorem 5.1 is satisfied for all e, whence the result. O

Lemma 5.4. Let R and S be rings such that R®yzS = 0. Let us denote r := char R
and s := char S. Then (r,s) # (0,0). Moreover, if r # 0, then r belongs to S*.

Proof. If a tensor product of abelian groups is zero, at least one of them is torsion,
whence (r, s) # (0,0). If r # 0, then Z/r is a direct summand of the additive group
of R, whence Z/r ®7 S = 0, what implies r € S*. O

The next two corollaries are direct consequences of theorem 5.3. Corollary 5.6
provides a proof of theorem 1.3 from the introduction.

Corollary 5.5. Let A be a small additive category and let n be an integer invert-
ible in k. The restriction functor ¢* : k[A/n]-Mod — k[A]-Mod induced by the
quotient functor ¢ : A — A/n is co-excisive.

Corollary 5.6. Let T be a k-cotrivial ideal of a small additive category A. The
restriction functor * : k[A/Z]-Mod — k[A]-Mod induced by the quotient functor
7w A— A/T is co-excisive.

Under some favorable assumptions on A and B, theorem 5.1 can also be refor-
mulated in terms of categories of additive functors.

Definition 5.7. Let k be a commutative ring. We say that an additive category
C is k-torsion-free if Tor”(k,C(z,y)) = 0 for all objects z, y of C.

Theorem 5.8. Let ¢ : A — B be an additive functor between two small additive
categories, such that ¢* : k[B]-Mod — k[A]-Mod is fully faithful. Assume that
that A and B are both k-torsion free. Then the following assertions are equivalent.
(1) The functor ¢* : k[B]-Mod — k[A]-Mod is e-excisive.

(2) The functor ¢* : 1 B-Mod — pA-Mod is e-excisive.

Proof. We first claim that for all objects =,y and all integers ¢ we have a short
exact sequence, where A(z,y) is the simplicial group defined in theorem 5.1:

0 — k@ mA(r,y) = mi(k @ A(z,y)) = Tor”(k,mi_1 A(z,y)) = 0.

If B is k-torsion-free, then for all objects a of A, Tor?(k, —) vanishes on the abelian
group h%ep, @4 ¢*hiopr =~ B(y, ¢(a)), hence on the abelian groups A(z,y), for all
q > 0, and the short exact sequence is given by the universal coefficient theorem
[29, XII Thm 12.1]. Thus, the second assertion of theorem 5.1 is equivalent to the
vanishing of the homotopy groups of k ®z A(z,y) ~ (k @z Q) ® 4 (qﬁ*hZB) in
degrees 0 < ¢ < e.
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Next, we claim that k ®z QF is a simplicial resolution of k ®z ¢*hger = k ®z
B(¢(—),z) in Mod-A. If A is k-torsion-free, then Tor?(k, —) vanishes on the
objects of @*, and also on me@” because B is k-torsion-free. Thus the claim fol-
lows from the universal coefficient theorem [29, XIT Thm 12.1]. As a consequence,
proposition 2.15 tells us that the vanishing of the homotopy groups of k ®z A(z,y)
is equivalent to ¢* : p5-Mod — rA-Mod being e-excisive. O

Remark 5.9. The above theorem is a functor homology analogue of Suslin-Wodzicki’s
excision theorem in rational algebraic K-theory [45] (see also [43] for the non-
rational case). Indeed, the second assertion in theorem 5.8 is a natural generaliza-
tion of the ‘H-unital’ condition which governs excision in K-theory.

To be more specific, if I is a two-sided ideal of a ring R, and if we consider
A=Ppg, B=Ppg/; and ¢ = — @ R/I, then the second assertion of theorem 5.8
is easily seen to be equivalent to

(3) Tor™@2k((R/I) @z k,(R/I) @z k) =0 for 0 <i < e.

(To prove the equivalence, use proposition 2.15 and the fact that rA-Mod is equiv-
alent to R ®z k by the Eilenberg-Watts theorem.) In the situation considered in
[45], that is, if R = Z @ I where I is a ring without unit (seen as an ideal in the
unital ring R constructed by adding formally a unit to I) and k£ = Q, the Tor
appearing in assertion (3) can be computed with a bar complex, hence assertion
(3) is equivalent to R being H-unital.

An application of excision. The next proposition is a consequence of Kuhn'’s struc-
ture results [24], and corollary 5.11 is the consequence for antipolynomial homology
that one immediately deduces from corollary 5.6.

Proposition 5.10. If R is a finite semi-simple ring and if k is a field of character-
k[P R]
i

istic zero, the k-vector spaces Ext};[PR] (F,G) and Tor
degrees i for all functors I, G.

(F,G) vanish in positive

Proof. The main result of [24] says that k[Pg, -Mod is equivalent to the infinite
product [[,,~, k[GL,(Fy)]-Mod, which implies the vanishing result when R is a
finite field. Assume now that R is a finite simple ring. Then R is isomorphic to a
matrix ring M, (F,;) and Pg is therefore equivalent to Py, by Morita theory, which
implies that the vanishing result holds for finite simple rings. Finally, assume that
R is a finite semi-simple ring. Then R is isomorphic to a product Ry X --- X R,, of
simple rings, hence Pr is equivalent to P, x --- x Pr_. The vanishing result can
then be retrieved from the vanishing result for simple rings by iterated uses of the
spectral sequence of lemma 4.8. O

Corollary 5.11. Let k be a field of characteristic zero, and let F, F',G be three
functors from A to k-Mod, with F' contravariant. If there is a finite semi-simple
ring R such that these three functors factor through P g, then for all i > 0 we have:

Extj(F,G) =0, Tor!(F,G)=0.

6. PRELIMINARIES ON POLYNOMIAL HOMOLOGY

We use the term ‘polynomial homology’ as a shorthand for the computation of
Tor and Ext over k[A] between polynomial functors. Sections 6 to 10 deal with the
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computation of polynomial homology. We will assume that % is a field and we will
focus on the polynomial functors of the form

(14) Tp =P ®- - @7 F,

where the F; are strict polynomial functors over k£ and the m; are additive functors
from A to k-vector spaces. The purpose of this short section is to make preliminary
remarks on polynomial homology, which justify and explain the assumptions of our
theorems in sections 8 and 10. All the material presented in this section is more
or less standard, the new result is the polynomial analogue of excision given in
theorem 6.9.

6.1. The size of the field k. We can most often assume that the field & is as big
as we want, in particular infinite and perfect. Indeed, for all field extensions & — K
proposition 2.21 yields a base change isomorphism:

(15) Tor*(F,G) ® K ~ Tor KA (F o K,G @ K) .

We have similar situation for Ext, however one needs suitable finiteness assumptions
(namely F' is fp,,, or k — K is a finite extension of fields, see proposition 2.22) to
ensure that the following map is an isomorphism

6.2. Additive functors 7; with infinite dimensional values. Recall that over
an infinite field, the category of d-homogeneous polynomial functors is a full sub-
category of the category k[P;]-Mod. In other words, strict polynomial functors
are functors from finite-dimensional vector spaces to all vector spaces, hence the
meaning of 7¥F; = F; om; is clear only when 7;(x) is finite-dimensional for all .
In general we use the following definition.

Definition 6.1. Let F : k-Mod — k-Mod denote the left Kan extension to all
vector spaces of a functor F' : P, — k-Mod. That is, F(v) is the colimit of
the vector spaces F'(u) taken over the poset of finite-dimensional subspaces v C v
ordered by inclusion. For all additive functors 7 : A — k-Mod we define 7*F' as
the composition

m*F:=Fom.

The following lemma follows from the fact that F is defined by taking filtered
colimits and that limits and colimits in functor categories are computed objectwise.
Lemma 6.2. Sending a strict polynomial functor F' to the composition 7*F yields
an exact and colimit preserving functor

7* : T9P;-Mod — k[A]-Mod .
As a consequence, we have induced maps on the level of functor homology:
Extrap, (F,G) = Exty 4 (7" F,7°G) ,
Tor*A (7* F, 7*G) — Torgdp’“(F, G).

Remark 6.3. The notation 7*F used in definition 6.1 is compact and it extends the
classical notation for composition. However, we shall be careful about the following
phenomenon. If ¢ : k-Mod — k-Mod is an additive functor, we often denote
by the same letter ¢ : P, — k-Mod its restriction to finite-dimensional vector
spaces. Now the functor F o ¢ o w need not be be isomorphic to F o ¢ o7 — though
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these two functors do coincide if ¢ preserves filtered colimits of monomorphisms
of vector spaces or if 7 has finite-dimensional values. As a consequence, 7*(¢*F)
might have two different meanings, depending on the fact that we consider ¢ :
k-Mod — k-Mod or its restriction to P. For this reason, we shall cautiously
avoid iterating the notation of definition 6.1 and we turn back to notations with
compositions whenever there is a risk of ambiguity.

6.3. Reducing the number of factors in tensor products. Computation of
Ext and Tor between tensor products of the form (14) can always be reduced to the
case where there is only one factor in the tensor products. The reduction procedure
is well-known (at least to the experts) and we briefly explain it here. We consider
two cases, according to the characteristic of the field k.

Definition 6.4. We say that the characteristic of the field k is large with respect
to the tensor product (14) if each F; is a d;-homogeneous strict polynomial functor
such that d;! is invertible in k.

Notice that according to definition 6.4, characteristic zero is large. The following
well-known fact is a consequence of classical Schur-Weyl duality for Schur algebras,
together with the fact [18, Thm 3.2] that the category of d-homogeneous strict
polynomial functors is equivalent to the category of modules over the Schur algebra
S(n,d), if n > d.

Lemma 6.5. Assume that d! is invertible in the field k. Then for all d-homogeneous
strict polynomial functor F' there is a k[S4]-module M and an isomorphism, natural
with respect to the vector space v

F(U) ~ U®d ®k[6d] M .
Assume that the characteristic of k is large with respect to the tensor product
(14) and let 64 = &4, X -+ X &4, . Lemma 6.5 yields a k[Sq]-module N such that
Tr ~ (ﬁ?dl ® - @aPin) Qk[sa] IV

where the action of G4 on W?dl ® - ®@m®d is given by permuting the factors of
the tensor product. If the characteristic of k is also large with respect to another
tensor product Tg := pjG1 ® - - - ® p}, G, where each G; is a e;-homogeneous strict
polynomial functor then we have a similar isomorphism:

To ~ (pf @+ @ pp™) Opieg M -
The assumption on the characteristic also ensures that k[G4] and k[S.] are semisim-
ple, hence we have an isomorphism:
(17) Tor(Tp, Tg) = T @xe.jone.) (N © M)

where T, denotes the right k[S4]®k[Se]-module (with action of G4 and S, induced
by permuting the factors of the tensor product in the first argument of Tor and in
the second argument of Tor respectively):

T, :=Torl (Pt @ @ mdt pP @ - @ pom) .

n

Similarly Exty 4 (TF,Tc) can be computed from

E* := Extj (77" @ - @7dh pfr @ @ pFm) .

Thus it remains to compute T, and E*. This can be achieved by the standard tech-
nique using sum-diagonal adjunction isomorphisms (see example 2.19) and Kiinneth
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formulas (see section 2.5). Some special instances of this computation can be found
in the literature, see e.g. [13, Thm 1.8] or [49, Prop 5.4]. The general formula is
not harder to prove but it is combinatorially slightly more involved. We give the
result for T, (and leave its proof as an exercise to the reader).

Proposition 6.6. Letd=dy+---+d, ande=e1 4+ ---+ ey,. Ifd # e then T,
is zero in all degrees. If d = e, let

a:{1,....,d} »{1,....,n} and B: {1,...,d} - {1,...,m}

be the nondecreasing surjective maps such that a~'(i) has cardinal d; and B~'(i)
has cardinal e; for all i. There is an isomorphism of graded vector spaces:

T, ~ @ TS , with T = ® Torif[A] (T (i) PBG)) -

cEG, 1<i<d

The action of (T,1) € &q X Ge on the right hand side of this isomorphism can be
described as follows. Ift =t1 ® --- @ t,, € T then (1,u) -t equals

€lu) ® - tum) € Tz:lg“

where € € {£1} is the Koszul sign such that ty---t, = €t ) -tym) n the free
graded commutative algebra generated by tq, ..., t,.

There is a similar result for Ext, provided the m; are of type fp., — this as-
sumption is needed for the Kiinneth formula, cf. proposition 2.22 and remark 2.23.
Isomorphism (17) and proposition 6.6 lead us to the following conclusion.

Conclusion 6.7. If the characteristic of the field k is large with respect to the
tensor products Tr and T, then the computation of Torf[A] (Tr,Tg) reduces to
the computation of Tor’j[A] (m, p) where 7 and p are some of the additive functors
appearing in the definition of T and T. A similar reduction to additive functors
holds for the computation of Ext-groups, provided the additive functors m; appear-
ing in the definition of T are of type fp.,. (See remark 2.23 and the article [10]

for more details on the fp . condition).

If the characteristic of the field k is not large with respect to Tr and T, we may
not be able to reduce ourselves to the computation of Ext an Tor between additive
functors. But in principle, we can still reduce the computations to something
simpler. Namely sum-diagonal adjunction yields an isomorphism

Tor* A (T, Ti) ~ Tor! " TE™ piGL K- B p¥,Grn)

where T2" is the functor such that

TE (@1, ) =Tr(@1® - B ) = ® Fi(mi(z1) & - @ mi(Tm))
1<i<n

Each F;(v1 @-- - ®v,,) has a finite filtration (e.g. its Loewy filtration) whose layers
are direct sums of tensor products of the form Lq(v1) ® - -+ ® Ly, (vy, ), in which the
L; are strict polynomial functors. Thus TE?M has a finite filtration whose layers are
direct sums of functors of the form Ty, X --- X Ty, , where each T, is a tensor
product of the form (14):

m?

Ty, = mH;® - @m Hy ;.
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Therefore, the Kiinneth formula of proposition 2.21 reduces the computation of
Torf[A] (Tr,Tg) to the computation of the graded k-modules

TorM (T, pG)

In other words, we have reduced the computation of Torl,f[A] (Tr,Tg) to a similar
computation, where the tensor product in the right argument of Tor is now a tensor
product with only one factor. (Admittedly, this reduction may be hard to work out
in practice since it involves a computation of the filtration of TEjm and the study
of the associated long exact sequences in Tor.)

A similar reasoning then allows to reduce the number of factors of the tensor
product in the left hand side argument of Tor, and we obtain the following conclu-
sion.

Conclusion 6.8. In principle, the computation of Torf[A] (Tr,T¢) can be reduced
to the computation of Tor-groups of the form Tor’j[A] (n*H, p*K), where H, K are
strict polynomial functors and 7 and p are some of the additive functors used in
the definition of T% and Tg. A similar reduction holds for the computation of

Ext-groups under some suitable fp., assumptions.

6.4. Simplifying the source category A. If k is a field of positive characteristic
p, let Z be a ideal of A contained in p.A. Then every additive functor A — k-Mod
factors through A/Z, hence every tensor product of the form (14) factors through
A/Z. The next theorem is a polynomial analogue of the excision theorem. Under
good hypotheses on Z, it reduces the computation of polynomial homology over A
to the computation of polynomial homology over A/Z. A typical use of this theorem
is when Z(z,y) is the abelian subgroup of all the elements of A(z,y) whose orders
are finite and invertible in k.

Theorem 6.9. Let k be an arbitrary commutative ring, and let T be an ideal of A
such that k ®z I(z,y) = 0 = Tor’(k,Z(z,y)) for all x and y in A. Then for all
polynomial functors F in k[A/Z]-Mod and for all functors G in k[A/Z]-Mod and
G’ in Mod-k[A/T], restriction along 7 : A — A/Z yields isomorphisms

Extyia/7)(G, F) = Exty 4 (7" G, m" F) , Tor*W/I(G | F) ~ Tort"A(7* G 7* F) .

Proof. We prove the Ext-isomorphism, the proof of the Tor-isomorphism is similar.

Since 7* : k[A/Z]-Mod — k[A]-Mod is full and faithful, we only have to check

that for all z in A the functor 7*h% ;= k[A/Z(z, —)] is Homy4)(—, F)-acyclic.
For all objects  and y of A, Tor® 2@k k[A(x,y)]) equals zero in positive

degrees and k[A/Z(z,y)] in degree zero, hence the normalized bar construction
yields an exact complex in k[A]-Mod:

o K @hY - KO @hY = - = hl = 7 kY = 0

where K denotes the reduced part of the functor k[Z(x,—)]. The functor h% is
projective, and the functors K®' @ h¥% are Homy4)(—, F')-acyclic by lemma 4.9.
Hence m*h% /T is Homy4) (-, F')-acyclic by a dimension shifting argument. (I

In some cases, A/Z is F)-linear. If not, one can at least hope to obtain informa-
tion on the polynomial homology over k[.A/Z] from the polynomial homology over
k[A/p] via the base change spectral sequences of proposition 2.20. In the sequel
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of the article, we bound ourselves to the study of polynomial homology over an
IF)-linear source category.

7. POLYNOMIAL HOMOLOGY OVER Pp,

Let k be a perfect field of positive characteristic p containing a finite subfield F,
with ¢ elements and let ¢ : Pr, — P}, be the additive functor given by extensions
of scalars t(v) = k ®r, v- In this section we compute the graded vector spaces
EXtZ[qu ((t"F,t*G), where F' and G are strict polynomial functors over k, in terms
of their so-called generic cohomology. For this purpose, we heavily rely on the
results and the proofs of the fundamental work of Franjou, Friedlander, Scorichenko
and Suslin [14]. The results of this section are one of the key ingredients for our
results on polynomial homology over arbitrary categories in sections 8 and 10.

7.1. Frobenius twists and generic homology. Let k be a perfect field of posi-
tive characteristic p. For all integers r and all k-vector spaces v we denote by (Mv
the k-vector space which equals v as an abelian group, with action of k given by

Aoz i=MN .

Thus Vv = v and ) ((My) = 5+, We note that (") — is an additive endofunctor
of k-vector spaces which preserves dimension.

Notation 7.1. If L is a perfect field and F' is an object of k[P 1]-Mod we denote
by F() the composition of F and (—: P, — Py.

When 7 > 0, the functor (") — : P;, — k-Mod is the underlying ordinary functor
of a certain strict polynomial functor. Indeed, let sym : S?" — @ be the sym-
metrization morphism. This is a morphism of p"-homogeneous strict polynomial
functors such that for all finite-dimensional k-vector spaces v:

Sym . Spr (’U) N ,U®P7‘
Ty Ty > ZO‘EGPT To) ® @ T(pr)

The natural morphism (v — SP" (v) which maps @ to 2?" identifies (Vv with the
kernel of sym. Hence ("v is actually the underlying functor of a p"-homogeneous
strict polynomial functor, namely the kernel of sym, which is called the r-th Frobe-
nius twist functor and which is denoted by I("). The following notation was intro-
duced in [18], it is the strict polynomial functor analogue of notation 7.1.

Notation 7.2. For all d-homogeneous strict polynomial functors F', we denote by
F() the dp”-homogeneous strict polynomial functor F(") := F o I("),

Remark 7.3. The definition of composition of strict polynomial functors is the
obvious one if we think of strict polynomial functors in the way they are defined
in [18]. If we use the description of strict polynomial functors as k-linear functors,
then F(") is the restriction of F' along the k-linear functor %" P, — %P, which
sends a vector space v to its Frobenius twist v("), and whose action on morphisms
is induced by the verschiebung map

v : D% Homy, (u, v) — T4 Homy (u, v)) ~ T%(Homy (Mu, Mv)) .
One checks that (1)) = ["+3) for all positive integers r,s. This formula

extends to all non-negative integers if we define I(®) as the 1-homogeneous functor
such that I (v) = v.
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Remark 7.4. The strict polynomial functor I(©) is known under many different
names, namely we have isomorphisms of 1-homogeneous strict polynomial functors
10 ~ 81 ~ A' ~ T ~ ®'. The functor is also commonly denoted by the letter I,
this simpler notation being consistent with notation 7.2.

The next result is established in [14] when & is a finite field, but the case of an
infinite field k& follows easily.

Proposition-Definition 7.5. Let F' and G be two d-homogeneous strict polyno-
mial functors. The maps given by precomposition by I(}):

Ext%dmpk (F(T)7 G(T)) — Exti,dprﬂpk (F(T‘H), G(r+1))

are always injective, and they are isomorphisms if ¢ < 2p”. The stable value is called

the vector space of generic extensions of degree i and denoted by Extfgen(F, G):

Extéem(F7 G):= coLim Ext%dpwpk (F(T)7 G(T)) ~ Ext%dpwpk (F(T)7 G(T)) if > 0.
Proof. Injectivity on Ext is proved in [14, Cor 1.3] when k is a finite field, but the
proof also applies without change over when k is infinite. Isomorphism is proved
in [14, Cor 4.6] over a finite field. Thus, the isomorphism holds if & is infinite
and if F' is a standard projective and G is a standard injective by base change
as in [44, 2.7]. The isomorphism for arbitrary F' and G follows by considering a
projective resolution of F, an injective resolution of G, and by using a standard
spectral sequence argument. [

We refer the reader to [52] for a survey of these generic extensions and some for-
mulas to compute them (which simplify and generalize [14]). See also section 11.1.
We can define generic Tor in the same fashion as generic Ext. In order to compute
Tor, we need objects of Mod-T'“P, that we call contravariant d-homogeneous strict
polynomial functors. The following proposition follows from proposition 2.12.

Proposition-Definition 7.6. Let F' and G be two d-homogeneous strict polyno-
mial functors, with F contravariant. The maps given by precomposition by I(})

Tori"dp'r‘-%—l . (F(r+1), G(rJrl)) — Tor%dprpk (F(r), G(r))

P
are always surjective, and they are isomorphisms if ¢ < 2p”. The stable value is
called the vector space of generic torsion of degree i and denoted by Torf™ (F, G):

Tor?™(F,G) := lim Torgdprpk (F(T), G(r)) ~ Torfdprpk (F(r)’ G(r)) for 7> 0.

7.2. The strong comparison theorem. Recall from lemma 6.2 the exact functor:
t* : TP;-Mod — k[Pr,]-Mod .

induced by forgetful functor from strict polynomial functors to ordinary functors
together and restriction along the base change functor ¢ : Pr, — Py. If ¢ = p", there
are canonical isomorphisms ¢t*1("") ~ ¢ in k[Pg,]-Mod, which sends an element A®x

in (") (k ®r, v) to the element MW @z in k®g,v. Soif F' and G are d-homogeneous
strict polynomial functors, we have canonical isomorphisms:

' ~ t*(F(nr)) , t*(G(nr)) ~ *G .
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So if n is big enough, by combining these isomorphisms with the morphism of Ext
induced by t* we obtain a graded k-linear map:

(18)  Exti(F.G) = Extiumrp, (FO7),G) = Extip, (1" F,1°G) |
The next result follows from the strong comparison theorem [14, Thm 3.10].

Theorem 7.7. Let k be an infinite perfect field containing a finite subfield with
q elements, and let F' and G be two d-homogeneous strict polynomial functors. If
q > d, the map (18) is an isomorphism in all degrees i.

Proof. Theorem 7.7 generalizes the strong comparison theorem of [14] in two ways.
Firstly, contrarily to [14], we do not assume that k = F,. Secondly, we work with
I'"P,-Mod rather than with the category I'"Pj;-mod, i.e. we allow our strict
polynomial functors to have infinite-dimensional values.

We overcome these two technical points as follows. The standard projective
objects of I''Pj-Mod are the divided power functors I'“* = I'Y(Homy (k*, —)) and
the standard injectives are the symmetric power functors S%° = S%(k* @ —). These
two kinds of functors commute with base change: there are canonical isomorphisms

ET"(v) = g (v) @, k and "% (v) = S5 (v) @, k

where the indices F, indicate their counterparts in the category I‘dP]Fq—Mod of
strict polynomial functors over F,. Thus the morphism (18) fits into a commutative
diagram

EXt%derq (F](Iir;s (m”)’ Sg: (nr)) ®F, A EXt%de (Fd,s (nr)7 gd.s (nr))

! o

7 d,s d,s ~ 7 * S % s
EXth[PFq](FFq 7S]Fq )®Fq k ——— Eth[PF‘q](t Pd’ ,t Sd’ )

where the upper horizontal isomorphism is the base change functor for strict polyno-
mial functors [44, 2.7], and the lower horizontal isomorphism is induced by tensoring
by k over F, (that tensoring by k yields an isomorphism follows from the Kiinneth
formula of proposition 2.22 and the fact that F;f is fp,, by Schwartz’s fp ., lemma
[15, Prop 10.1]), and the vertical morphism on the left hand side is induced by the
forgetful functor from strict polynomial functors to ordinary functors. This latter
morphism is an isomorphism if n >> 0 by the strong comparison theorem [14, Thm
3.10], so that our morphism (18) is an isomorphism when F is a standard projective
and G is a standard injective. Next, we observe that the source and the target of
morphism (18) both turn sums into products when viewed as functors of F', and
they both turn products into products when viewed as functors of GG, which implies
that morphism (18) is an isomorphism when F' is an arbitrary projective strict
polynomial functor and G is an arbitrary injective strict polynomial functors (pos-
sibly with infinite-dimensional values). This implies that (18) is an isomorphism
when F and G are arbitrary objects of I'*P;-Mod by a standard spectral sequence
argument. O

We have a similar situation with generic Tor. Namely, if F' is a d-homogeneous
contravariant strict polynomial functors, and if G is a d-homogeneous strict polyno-
mial functor, restriction along ¢ (as in lemma 6.2) together with the isomorphisms
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t*F ~ t*F(") and t*G ~ t*G"") induce a morphism:

19)  Tor' Tt F @) — Torl™" Pr(FO), G0 & Tt (F, ) .
The next corollary follows from theorem 7.7 and proposition 2.12.
Corollary 7.8. If ¢ > d, the map (19) is an isomorphism in all degrees i.

7.3. Recollections of non-homogeneous strict polynomial functors. Non-
homogeneous strict polynomial functors are used in the generalizations of the strong
comparison theorem 7.7 that we give in sections 7.4 and 7.5. We abuse notations
(see remark 7.11 below) and we denote by I'Px-Mod the category of strict poly-
nomial functors of bounded degree over a field k. This category is defined by

I'P;-Mod = GB I'“P,-Mod .
d>0

Thus a strict polynomial functor of bounded degree F' is simply defined as a family of
d-homogeneous strict polynomial functors Fj;, which are called the d-homogeneous
components of F', and all the F; are zero but a finite number of them. The highest
d such that F; # 0 is called the weight of F, and denoted by w(F). We have F =
@D~ Fa- Morphisms of strict polynomial functors preserve these decompositions
into homogeneous components. More generally we have (only finitely many terms
of the sum are nonzero):

Extrp, (F,G) = @EXt;de(Fd, Ga) -
d>0

We define generic extensions by:

Ext}.,(F,G) = @ Extre,(Fu, Ga) -
a>0
Remark 7.9. Let I'Px-mod denote the full subcategory of I'P;-Mod on the func-
tors F such that F'(v) = @ >, F(v) has finite dimension for all v. Then I'P;-mod
identifies with the category Py, introduced in [18]. The inclusion TPy-mod
I'P;-Mod induces an isomorphism on Ext, so that working with the former cate-
gory or the latter is largely a matter of taste.

The forgetful functor from homogeneous strict polynomial functors to ordinary
functors described in section 2.3 extends to the non-homogeneous case. Namely,
we have a forgetful functor:

d *
7" : I'P;-Mod = @) T*P;-Mod =2 k[P)-Mod .

d>0
If k£ is an infinite field, this forgetful functor is fully faithful, and an ordinary
functor F' with finite-dimensional values is the image of a strict polynomial functor
of weight d if and only if the coordinate functions of the maps Homy(v,w) —
Homy (F(v), F(w)), f — F(f), are polynomials of degree d.
Most often we will omit +* from the notations, and simply denote by F' the
underlying ordinary functor of a strict polynomial functor F.

Remark 7.10. The underlying ordinary functor of a strict polynomial functor of
bounded degree F' is always polynomial in the sense of Eilenberg and Mac Lane,
used in section 4. Thus F' has a weight w(F') and a degree deg F'. We have w(F') <
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deg F, but the inequality may be strict. For example w(I(")) = p" and deg I") = 1.
More detailed relations between these two notions of degree can be found in [51].
The discrepancy between these two notions is our reason for using the term ‘weight’
instead of the term ‘degree’ used in [18§].

Similarly there is a category Mod-I'P;, of contravariant strict polynomial func-
tors of bounded degree and we have a similar decompositions (with finitely many
nonzero terms in the direct sum)

TorlP*(F,G) = @Tor “(Fy,Ga), Tor®™(F,G) = @ Tor® (Fy, Ga) -
d>0 d>0

Remark 7.11. Despite its notation, the category I'Px-Mod is not a category of
k-linear functors from some category I'Pj to k-modules. However this abuse of
notation emphasizes the fact the properties of the category I'Pi-Mod are very
close to those of the categories I'*P;,-Mod. It also allows compact notations for
Ext and Tor, with the fictious category I'Pj as a decoration.

7.4. Strong comparison without homogeneity. If I’ and G are two strict poly-
nomial functors of bounded degrees, we define a comparison map

Extge, (F,G) =
(20) D Exti,(Fu,Ga) — EDExtip, |t Fu,t"Ga) = Extip, (£ F,t°G)
d>0 d>0

where the map on the left hand side is the direct sum of the comparison maps (18)
used in theorem 7.7 while the map on the right hand side is the canonical inclusion
into
Extjp, (t"F,t*G) = @) Extjp, (t"Fa,t"Ge) .
d,e>0
We will often refer to morphism (20) as the strong comparison map. The next result
extends the strong comparison theorem 7.7 to the non-homogeneous case.

Theorem 7.12. Let k be an infinite perfect field containing a finite subfield with
q elements, and let F and G be two strict polynomial functors, with weights less or
equal to q. Then the map (20) is an isomorphism.

Proof. The first map of the composition (20) is an isomorphism by the strong
comparison theorem 7.7. Thus it suffices to prove that Ext,’;[Pk](t*Fd, t*G.) =0 as
soon as d # e, which follows from the vanishing lemma 7.13 below. ]

We shall explain the elementary vanishing result used in theorem 7.12 in a general
context, in order to use it again later. Let A be a small additive category. We
assume that A is F-linear, over a subfield F C k. In the next lemma, we say
that a functor F' of k[A]-Mod is d-homogeneous (with respect to the field F) if
F(M\f) = MF(f) for all morphisms f in A and all A € F.

Lemma 7.13. Let F be a subfield of k, and let d # e be two non-negative inte-
gers such that cardF > d,e. If F and G are two objects of k[A]-Mod which are
respectively d-homogeneous and e-homogeneous, then Exty 4 (F,G) = 0.

Proof. Let F and G be two arbitrary objects of k[A]-Mod. Since A is F-linear,
every element of I yields a natural transformation Ar € Endjp4(F) whose com-
ponent at x equals F'(Aid;). Thus Exty 4 (F,G) has an F-F-bimodule structure
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given by A - [£] - u = [ug o £ o Ar], where — o A\p is the pullback of an extension
along Ap and A\g o — is the pushout of an extension along pg. Moreover, for all
morphisms f: H — K in k[A]-Mod we have f o Ay = pug o f, which implies that
the two F-module structures coincide: Ag - [¢] = [£] - Ag. Assume now that F is d
homogeneous and G is e-homogeneous. Then A\p = A\idp and A\g = A\°idg. Thus
for all extensions [¢] we have A\Y[¢] = A\ [€] = [€]- Ag = A°[€]. Since the cardinal of
F is greater or equal to d and e, the maps X — A and A — \°, seen as maps from
F to k, are not equal. Hence the equality A\%[¢] = A°[¢] implies that [¢] = 0. O

As before, this result can be dualized. Namely, if F' and G are two strict poly-
nomial functors of bounded degrees, respectively contravariant and covariant, we
have a comparison map (where the first map is the canonical projection and the
second map is given by the direct sum of the comparison maps 19)

Tors*"(F,G) =
(21)  Tor*®Hl(t*F t*G) — @Torf[P’“](t*Fd,t*Gd) — @Torfcn(}i‘d’ Gq)
d>0 d>0

We will often refer to morphism (21) as the strong comparison map (for Tor). By
using proposition 2.12 we deduce the following result from theorem 7.12.

Corollary 7.14. Let k be an infinite perfect field containing a finite subfield with
q elements, and let F and G be two strict polynomial functors, with weights less or
equal to q. Then the map (21) is an isomorphism.

7.5. Strong comparison over small fields. We are now going to generalize the
strong comparison theorem 7.12 to the case when ¢ = p” is not big enough with
respect to the degrees of F' and G. Our approach, in particular lemma 7.16 and
proposition 7.19, is inspired by the proof of [14, Thm 6.1].

Notation 7.15. Let L be a perfect field. For all positive integers a and s and
for all L-vector spaces v, we let (@%)y = Oy g @y g ... g (=Da)y  For all
functors F' in k[P1]-Mod, we denote by F(*? the composition of F with the
functor (*%)— . P, — Py.

Assume that F, C L is an extension of perfect fields, and let 7 : Py, — P be
the associated extension of scalars. Then if a is divisible by r then for all IF,-vector
spaces v there is a canonical isomorphism of L-vector spaces (“)7(v) ~ 7(v)®*,
which sends an element \; ® x; of the i-th summand (7 (v) of (**)7(v) to the
clement A" ® z; of the i-th summand of 7(v)®". If we denote by diag : 7 — 7
and sum : 79% — 7 the morphisms whose restrictions to the components of 7% are
all equal to the identity of 7, we can define two morphisms in k[P, ]-Mod:

F(diag) G(sum)

™F (TP F ~ T*(F(T’S)) , T*(G(m’s)) ~ (195G ™G .

These two morphisms, together with restriction along 7, yield a morphism of graded
k-vector spaces:

(22) Extyp, (F"),GU5%) — Extyp, |(T"F.7°G) .

Lemma 7.16. IfF, C L is an extension of fields of degree s* and q = p”, then for
all F and G in k[Pr]-Mod, the map (22) is an isomorphism.
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Proof. We have a sequence of extensions of fields F, C K C L of degree s. We
are going to convert Ext over k[Pr] into Ext over k[Pg,] in two steps, by using
the effect on Ext of the restriction of scalars Py, — Py and Px — Py, and their
adjoints (with the help of proposition 2.17), and we are going to check that the
isomorphism obtained coincides with the map (22).
By [14, Prop 3.1] we have an adjoint pair
) PrSPr:T

where 7/ is the extension of scalars and p’ the restriction of scalars associated to
the extension K C L. (Note that 7/(v) = L ®xk v is the right adjoint.) First,
for all L-vector spaces v, we have a natural isomorphism of (L, L)-bimodules ¢, :
L&k v~ @yeics v given by sending A ® 2 to 3o, AP . Whence an
isomorphism in k[P ]-Mod: -

(23) G(o™): G ~ g 7" G
Next, since p’ is left adjoint to 7/, we have an isomorphism, for all H in k[P ]-Mod:
(24) Extyp,(H, TG ~ Eth[PK](T'*I-L 7" G) .

To be more specific, isomorphism (24) is given by restriction along 7’ and by the
map (7/°G)(e) where € is the counit of the adjunction p’ 4 7. By [14, Prop 3.1],
this counit of adjunction €, : L ®x u — u is given by €,(A ® ) = T(\)z, where

TS

T(A) = > o<ics AP is the trace of A. Thus for all K-vector spaces u we have a
commutative square of L-vector spaces, in which the upper horizontal arrow is the
canonical isomorphism:

Do<ics (=reidy! (u) —— Do<ics 7' (W)

¢7—/(1A,)T lsum

T,(eu)

(0 (7' () —————— 7'(u)
It follows that the isomorphism
(25) Extyp,|(H,G">) = Extyp, (7" H,7"G)
induced by isomorphisms (23) and (24) admits another description: it equals the

composition of 7/* with the map induced by 7/*(GU%)) ~ (+/¥*)*@ Glowm), 1

Similarly, we have a pair of adjoints, in which 7"/ and p” are the extension of
scalars and the restriction of scalars associated to the extension F, C K (and 7" is
this time seen as a left adjoint):

™ Pp, S Pg:p".
For all K-vector spaces v, the isomorphism 1, : L ®r, v ~ Poc;, )L @ v)
given by ¢, (A @) = > 5, AP "z induces an isomorphism in k[P x]-Mod:
(26) F(p): p""r*F = 7" (F™)) .
Since p” is right adjoint to 7/ we have an isomorphism for all K in k[P x]-Mod:
(27) Extyp, (0" T F, K) ~ Extyp, (7" F, " K) .

To be more specific, isomorphism (27) is induced by restriction along 7/ and by
(7*F)(n), where 7 is the unit of the adjunction 7" - p”. This unit of adjunction
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v — K ®p, v is given by 1,(z) = 1 ® 2, whence a commutative diagram of
L-vector spaces, in which the lower horizontal arrow is the canonical isomorphism:

(0" (" (w))) " 7 (u)

li/)w(u) J{diag
Do<ics "7 (7" (W) +— Doz, T(u)
This shows that the isomorphism
(28) Extip, (7" (F"), K) = Extjp, (7" F, 7" K)
induced by isomorphisms (26) and (27) admits another description: it is the com-

position of 7" with the map induced by 7*F Lldiag), (T99)F o~ 77" (F(9)),
Thus, the graded morphism (22) is the composition of the maps (25) (with
H = F)) and (28) (with K = 7/*G), hence it is an isomorphism. O

*

Notation 7.17. For all positive integers  and s, we denote by I("*) the (non-
homogeneous) strict polynomial functor of weight p5=D7 defined by:

75 .— 1(0) EBI(T) Q- @I((S—l)T).

For all strict polynomial functors F we let F("%) = F o ("), If w(F) = d then
W(F(r,s)) — p(s—l)rd.

Remark 7.18. The definition of composition of strict polynomial functors is the
obvious one if we think of strict polynomial functors in the way they are defined in
[18]. If we use the description of strict polynomial functors as families of k-linear
functors as we pretend to do it, then composition can be defined as follows. First
we can consider F'(vo @ --- @ vs_1) as a strict polynomial functor of s variables as
in [51, Section 3.2]. Then we precompose each variable v; by the Frobenius twist
I0G7) | The strict polynomial functor F("*) is then defined as the evaluation of the
resulting strict polynomial functor with s variables on the s-tuple (v,...,v).

For all strict polynomial functors F' and G we define a morphism = of graded
k-vector spaces as the composition

(29) Ep : Extye, (FO),GU5)) = Extyp, ((F"),GU*) = Extyp, (" F,t"G)

gen

where the first map is the strong comparison map (20), and the second map is
morphism (22) for L =T,,.

Proposition 7.19. Assume that k contains a finite field Fy of cardinal ¢ = p”,
and let s be a positive integer. Then for all strict polynomial functors F' and G of
weights less or equal to ¢°, the map (29) is an isomorphism in all degrees.

Proof. Tt suffices to prove the result when k contains a subfield L with qs2 elements.
Indeed, let kK — K be a finite extension of fields and let 7 : k-Mod — K-Mod be
the extension of scalars. By [44, Section 2] there is an exact k-linear base change
functor
—k : I'Px-Mod — I'P x-Mod

such that for all strict polynomial functors F’ over k there are canonical isomor-
phisms of functors 7*F}, ~ 7 o F’. Moreover this base change functor induces an
isomorphism on the level of Ext (See [44, cor 2.7] for the case of functors with



42 A. DJAMENT AND A. TOUZE

finite-dimensional values. The proof extends to arbitrary functors when &k — K is
a finite extension of fields). There is a commutative square

Ext? o, (FU% Gy —E5 Exty [Py, | (87" Fi, t'7* G )

e :

K ® Ext’, (F), Grs9)) ——==t K @ Exty [Py, |(t"F,t*G)

gen
in which the vertical isomorphism on the left hand side is induced by the base
change functor — and the vertical isomorphism on the right hand side is induced
by 7 (see the map (16) in section 6) and by the isomorphisms Hx o7ot ~ 70 H ot,
for H = F or G. Therefore Zj is an isomorphism if an only if Zx is an isomorphism.

So we assume that k contains a subfield L with qs2 elements. We denote by
t’ : P;, — Py, the extension of scalars associated to the extension of fields L C k.
In this case Zf is an isomorphism because we can rewrite it as the composition of
three isomorphisms:

[1]
>

Ext? (F0), GO5:9) Extyip, (1" F, t°G)

; :

Exti,) (" (FO), 17(G0*9))) —=— Bxtijp, (¢ F)), (1 G) )

To be more specific, the vertical map on the left hand side is the strong compari-
son map (20) relative to the finite field L. By our assumptions on s, the weights
of F("%) and G("*) are less or equal to the cardinal of L, hence this map is an
isomorphism by theorem 7.12. The lower horizontal map is induced by the canon-
ical isomorphisms ¢'*(F(™*)) ~ (#'*F)(") and #'*(G("*%)) ~ (#*G)("**). And the
vertical map on the right hand side is the isomorphism provided by lemma 7.16. [

Now we introduce a variant of the map =, which will be better adapted to our
later purposes. With this new map =}, direct sums of Frobenius twists only appear
inside F' in the generic extensions. To be more specific, we let
(30) = Exctlo (F), GUS"79)) o Bxtyp, (HF,°G) .

q
be the graded k-linear map induced by the strong comparison map (20), with F
and G respectively replaced by F’ (r:5*) and G(’SQ*”), and the following morphisms:

prp F28), yestyep o pns®) £ (GUrs* =)y ~ 1
Next theorem subsumes the strong comparison theorem 7.12. To be more specific,
on recovers theorem 7.12 by taking s = 1 in the statement.

Theorem 7.20. Let k be a perfect field containing a finite subfield with ¢ = p”
elements, and let s be a positive integer. Assume that F and G are two strict
polynomial functors with weights less or equal to ¢°. Then the map (30) is a graded
isomorphism.

Proof. We shall use strict polynomial multifunctors, as in [44, Section 3], [48, Sec-
tion 2| or [51, Section 3.2]. To be more specific, we consider the category of strict
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polynomial multifunctors of n variables:

I'(P;")-Mod = @ T*(P;")-Mod .
d>0

The operation of precomposition by Frobenius twist extends to the multivari-
able setting, namely given a strict polynomial multifunctors F' and an n-tuple of
non-negative integers r = (r1,...,r,) we let F(@) denote the strict polynomial
multifunctor such that

F(E)(vl, RS F((”)vl, ce (T")vn) )
Precomposition by Frobenius twists yield a morphism on Ext:

—oJm) . Exti; F© 6@y & Ext

e (F(z+m)’ G(z-i—m))
k

L)
which is an isomorphism provided that all the integers r; are big enough (with
respect to 4, F' and G). Indeed, by a spectral sequence argument, it suffices to
check the result when F' is a standard projective and G is a standard injective.
In this case, F(v1,...,v,) = Fi1(v1) ® -+ ® F,(v,) for some standard projective
strict polynomial functors F;, and G(v1,...,v,) = G1(v1) ® -+ ® G, (vy,) for some
standard injective strict polynomial functors G;, hence the isomorphism follows
from the Ext-isomorphism for functors with one variable and the Kiinneth formula.

There is a forgetful functor v* : T(P;")-Mod — k[P;"]-Mod and the sum-
diagonal adjunction lifts to the setting of strict polynomial functors.

Now in order to prove theorem 7.20, we observe that we may choose strict poly-
nomial multifunctors F’, G’, F" and G” such that there is a commutative diagram,
with n > 0:

i o~ i r,s2)\ (nr rs—r)\(nr
Extp (F/, G) ———— Bxtpp, ((F0<9)(), (GO n)

_OI(E)TQ

EXti 2 (F”, GH) =

>~

I'P;
(**)l:
Extpp, (P07, (GO0} =y Bxtyp, |(tF,G)

To be more specific, the strict polynomial multifunctors F’, G', F” and G” of the

52 variables vy, 0 < 4,7 < s, are respectively given by

F/(...,Uij,-u):F( @ (”T+Ti+7’5j)1)ij),

0<i,j<s
2
GI(. Vi ) = G( @ (nr+rs _TS)Uij)a
0<4,5<s
F//(. N P T ) = F( @ (7L7-+7-i)vij)7
0<i,j<s

G/I(...,Uij,...>

G( a <"T+mj>vij).

0<i,j<s
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The s*-tuple m is given by m;; = rs?> —rs —rsj and — o I™) is an isomorphism
because n is big enough. The maps (x) and (**) are given by sum-diagonal ad-
junction. To be more explicit, the map (x) is given by setting v;; = v for all ¢ and
7, and by composing the resulting extensions of strict polynomial functors of the
variable v by the morphism G(sum’), where

2 2 2
SuIn/ . (rs 7rs+nr)v®s — (rs 7rs+nr)v

is the morphism which restricts to the identity of (rs®=rs+n1)y; on each summand
of (rs*=rs+nr)y,®s* Gimilarly, the map (+*) is given by setting v;; = v for all 7 and
4, and by composing the resulting extensions of strict polynomial functors of the
variable v by the morphisms F(diag”) and G(sum”) where each of the morphisms

diag": @ ('riJrnr),U*> @ (ri+n7‘)v®s

0<i<s 0<i<s
sum” : @ (r5]+nr)v@s_> @ (rsg+nr)v
0<j<s 0<j<s

restricts to identity morphisms between any two summands with the same number
of Frobenius twists.

Under the hypotheses of theorem 7.20 the map =, is an isomorphism by proposi-
tion 7.19, hence Z} is an isomorphism by commutativity of the above diagram. O

Let us give the analogue of theorem 7.20 for Tor. Let F' and G be two strict
polynomial functors, with F' contravariant. The strong comparison map (21) for
Tor and the morphisms

prp L, o5ty p o p(ns®) G = (G )Y |

(where sum : t®5* 5 ¢ is the morphism whose restriction to each direct summand
t of $&5 equals the identity of t) induce a graded k-linear map:

(31) Tort T/} (¢ F, £°G) — Tort® (F (") GOrs*=ra)y

Proposition 2.12 allows to dualize theorem 7.20, and we obtain the following result.

Corollary 7.21. Let k be a perfect field containing a finite subfield with ¢ = p”
elements, and let s be a positive integer. Assume that F' ans G are two strict
polynomial functors (respectively contravariant and covariant) with weights less or
equal to q°. Then the map (31) is a graded isomorphism.

8. THE HOMOLOGY OF ADDITIVE FUNCTORS

In this section, we prove theorem 1.5 from the introduction, which compares
functor homology over A with functor homology over k[A]. As we are going to
explain it now, we actually prove a more precise statement for the Ext-isomorphism.

Let k be an infinite perfect field of positive characteristic p. The self-extensions
of the strict polynomial functor I(") were first computed in [18, Thm 4.5]. We know
that they are k-vector spaces of dimension 1 in all degrees 2¢ such that ¢ < p”, and
zero in the other degrees. By [18, Cor 4.9] or by [14, Thm 2.6], we also know that
these non-zero k-vector spaces of self-extensions are equal to the k-vector spaces of
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generic self-extensions of I. Thus, for all even integers ¢ > 0, we may choose an
integer 7 > log, (i/2) and a nonzero class

0# e; € Bxtiyrp (17, 117) = Bxtl,,(I,1),

gen

which is a basis vector of this one-dimensional vector space.

Notation 8.1. For all additive functors p : A — k-Mod and all integers j, we
denote by ) p the additive functor such that (V)p)(a) := @) p(a).

Remark 8.2. The exponent () is written on the left to suggest that ) p is postcom-
position by the (j)-th Frobenius twist. Compare with notation 7.2, in which FU)
which indicates precomposition by the j-th Frobenius twist.

Recall from section 7.1 that I")((=")v) = v. Thus, by lemma 6.2, evaluation of
e; on (=" p yields an extension

e; € Extyq(p,p) -

Now let EZ_ be the k-vector space which equals k in even non-negative degrees and
which equals zero in the other degrees. For all even integers ¢ and all integers j, we
denote by T;; the composition

Ti;: Extj);A(w, p)®E — Exti[A] (m,p) @ B!, — Ext?[rj] (m, p)

where the first map is induced by the forgetful functor rA-Mod — k[A]-Mod and
the second one sends e ® 1 to the Yoneda splice €} o e. The maps T;; assemble into
a graded k-linear map

(32) T Ext’ (7, p) ® B, — EXt:[A] (m,p) .

The following result is the main result of this section, and our improved form of
the Ext-isomorphism of theorem 1.5.

Theorem 8.3. Let k be an infinite perfect field of positive characteristic p, and let
A be a small additive category, which we assume to be Fy-linear. For all additive
functors p, 7 : A — k-Mod, the map Y defined in equation (32) is an isomorphism
of graded k-vector spaces.

Remark 8.4. Since T is constructed in a very natural way, one can easily check
that it is compatible with a variety of operations that we may consider on Ext. For
example, assume that p = 7, and interpret E_ as generic extensions. Then Yoneda
splices naturally endow the source and the target of T with k-algebra structures,
and T is a morphism of algebras.

Before proving theorem 8.3, we observe that theorem 8.3 implies not only the
Ext-isomorphism in theorem 1.5 but also the Tor-isomorphism therein. Hence the
whole of theorem 1.5 is actually a direct consequence of theorem 8.3.

Corollary 8.5. If T>° denote the graded vector space which is k in even mon-
negative degrees and 0 in the other degrees. There is a graded isomorphism, natural
with respect to m and p:

Tor(m, p) @ T ~ TorkHAl (7, p) .
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Proof of corollary 8.5. The graded vector spaces Homy(TorX (, p), M) are natu-
rally isomorphic to Exty(p, Homy(m, M)) for K = A or K = k[A] and for all
vector spaces M. So theorem 8.3 yields an isomorphism, natural in 7, p and M:

(33) Homy, (Tor(x, p), M) @ E*, ~ Homy,(Tor* (r, p), M)

Note that £ is the k-linear graded dual of T2°. Since EP° is degreewise finite-
dimensional, there is a canonical isomorphism:

(34) Homy,(Tor*(x, p), M) @ E, ~ Homy(Tor(r, p) @ T, M) .

Thus the right hand sides of (34) and (33) are naturally isomorphic, and we conclude
the proof by applying the Yoneda lemma. O

The remainder of section 8 is devoted to the proof of theorem 8.3. We first
establish two reduction lemmas.

Lemma 8.6. Fiz p in pA-Mod. If the morphism (32) is an isomorphism for all
standard projectives 7 in L A-Mod then it is an isomorphism for all w in pA-Mod.

Proof. The source and the target of T, regarded as functors of the variable m,
turn direct sums into products. Since every projective of rA-Mod is a direct
summand of a direct sum of standard projectives, this implies that the map (32) is
an isomorphism whenever 7 is projective in pA-Mod.

Now let 7 be an arbitrary object of pA-Mod, let P be a projective resolution of
7 in pA-Mod, and let @ be an injective resolution of p in k[A]-Mod. We consider
the bicomplexes:

CP? =Hom (P, p) ® EL , DP1 = Homy 4 (P, Q1) .

Here we consider EY  as a complex with zero differential, hence the second differ-
ential of C' is zero. We have two associated spectral sequences:

EY(C) = Hom 4(Py, p) ® EL, = (Ext (7, p) ® Eoo)'™

EY(D) = Ext} 4 (Pp, p) = Ext} (7, p) .

For all even integers ¢, we choose a cycle z; representing efl in the complex Homy 4 (p, Q).
Then the morphism of bicomplexes ®7? : CP? — DP? such that ®PI(f ®e,) = 2,0 f
induces a morphism of spectral sequences E(®). By construction, the morphisms

EY*(®) : Hom 4 (P, p) @ B3, — Exty 4 (P, p)
Tot (@) : Ext} 4 (7, p) @ E5, — Exty (T, p)
are equal to Y. Thus E;(®) is an isomorphism (since the morphism (32) is an

isomorphism on projective objects of pA-Mod), which implies that Tot (®) is an
isomorphism. O

Lemma 8.7. If theorem 8.3 holds for A = Py, then it holds for all small additive
categories A which are Fp-linear.

Proof. By lemma 8.6, it suffices to prove that the map (32) is an isomorphism when
T =k®z Ala,—).

Let N be a cardinal larger than the cardinal of A(z,y) for all  and y, and
let A® be the R-additivization of the F,-category A, as in definition 2.24. Let
7' =k ®z A%(a,—) and let p’ : AY — k-Mod be an arbitrary extension of p. We
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have a commutative diagram in which the vertical arrows are induced by restriction
along the inclusions A4 — AX:

Ext’ (7', p") ® EX X, EXtZ[AN] (7', p")

(35) i: lﬁ

Ext” 4(m, p) @ EX, S SN Ext,*c[A] (m,p)

The explicit formula for Kan extensions given in proposition 2.28 shows that 7’ is
the left Kan extension of 7 (regarded as an object of pA-Mod or as an object of
k[A]-Mod), hence the vertical arrows are isomorphisms. Thus it suffices to check
that the upper Y is an isomorphism.

Proposition 2.27 gives an adjoint pair A%(a, —) : AN S P§ :a® —. One can
write 7’ as the composition of the functor A®(a, —) with the functor I’ : P?p — P}
such that I'(v) = k ®p, v. Hence we have adjunction isomorphisms

Ext” (7', p') ~ Extpy (', p(a®—)),
Extia (7', ) = Bxtijp (I, /(0 © =) -

These adjunction isomorphisms are given by evaluation on ¢ ® — and restriction
along the unit of adjunction v — A®(a,a ® v) (see the beginning of section 2.4).
Thus they fit into a commutative square:

Ext” (7', 0") @ EX —r Exty a0 (7', p")

(36) l: lﬁ

EXt:P?p (I/,PI a® _)) ® E;o L EXtZ[P%"P](Ilvp/(a ® _))

Thus in order to prove lemma 8.7, it suffices to prove that the lower T in diagram
(36) is an isomorphism.

Finally, we observe that I’ = k®zHomy, (F,, —) = k(P%p)(Fp, —), hence diagram
(35) with A, «’, p respectively taken as Py , I’, p'(a ® —), shows that the lower T
in diagram (36) is an isomorphism as soon as we know that theorem 8.3 holds for
the additive category A = Pp,, whence the result. O

Proof of theorem 8.5. By lemma 8.7 it suffices to prove theorem 8.3 when A = Py, .
The Eilenberg-Watts theorem yields and equivalence of categories

k-Mod =~ (Pr,)-Mod

which sends a k-vector space u to the functor v +— v ®p, u. In particular, the
category j(Pr,)-Mod is semi-simple, with only simple object the functor t(v) =
v ®p, k. Since both the source and the target of morphism (32) preserve finite
direct sum when they are viewed as a functor of 7w, we reduce ourselves further to
the case m = t. By using the fact that the source and the target of the morphism
(32) turn direct sums into products when they are viewed as functors of , and that
they preserve products when they are viewed as functors of p, we reduce ourselves
to proving that (32) is an isomorphism when 7 = p = t.

Since the functor ¢ is representable by F,, the Yoneda lemma shows that the
k-vector space Homk(pFP)(tt) has dimension 1, with basis the identity morphism
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of t. Thus, if we come back to the definition of T, we see that when m = p = ¢, it
coincides with the morphism induced by precomposition by ¢:

k@ Ext’

gen gen

(I, 1) = Bxtye, (I, 1) S Bxtigp, ((#°1,11) = Bxtip, 1(t,1)

But the latter is an isomorphism by the strong comparison theorem 7.7. This
concludes the proof of theorem 8.3. ([l

9. AN AUXILIARY COMPARISON MAP

Throughout this section k is a commutative ring, F is a field, A is a small additive
category, and we consider functors

F,.G:Pp— kMod, w:A® —-F-Mod, p:A— F-Mod,

with p and 7 additive. In particular p and m may be considered as objects of the
F-categories Mod-pA and pA-Mod respectively, and for all vector spaces v over
I, we define a dual vector space Dy ,(v) by

Dy p(v) = Homs (v, 7 @4 p) -

Recall from definition 6.1 that a notation such as 7*F refers to the composition
F om, where F is the left Kan extension of F' to all F-vector spaces. The purpose
of this section is to introduce a comparison map:

OF : Tor*M (7 F, p*G) — Tor’:[PF](D;pF, G).

and to establish its main properties. We will use these properties (in the special
case where F = F, and k is an overfield of F,;) in the proof of the generalized
comparison theorem in section 10.

In contrast with the other sections of the article, many constructions of this
section are performed over the ground field F (that is, we use F-linear categories,
tensor products over F...) rather than over k.

9.1. Construction of ©p. Taking K = rA°P in the isomorphism (5) of section 2.2
yields a pair of adjoint F-functors — ® .4 p : Mod-rA = F-Mod : Homg(p, —). We
denote by O the unit of adjunction:

(37) Or : m — Homp(p, p @,am) =Dy ,0p.

Thus (0r), sends an element z € w(a) to the F-linear map y — [z ® y] where
y € p(a) and the brackets denote the image of the tensor in p ® 4 7. We choose
a cardinal N such that the images of p and 7 are contained in the category P} of
vector spaces of dimension less or equal to X, and we let /X : Pf; — F-Mod be the
inclusion of categories. We define Oy as the unique graded k-linear map fitting into
the commutative square (note that res’ is an isomorphism by proposition 2.28):

Tor*(F o, Gop) ~----F--—- » Tor"P(Fo D, ,, Q)
(38) Tor®! Al (F(6r) ,aop)l :J/res"x
Tor* A (F o Dy ,0p,Gop) _res” Torf[PF](F oDy ,,G)

Lemma 9.1. The map Op does not depend on the choice of N.
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Proof. This is a consequence of the fact that for a cardinal J greater than R we
have a commutative diagram (where ;= is the inclusion of P} into P%):

Tor*®(F o D, ,F,G)

a
~ 8 .
_J/res 3 res

~

Torf[A] (FoDy,omGop) LN Torf[Pg](F 0 Dy, G)

P
res R,
res”

J; —
Tor! " /(Fo D, ,.G)

Lemma 9.2. The map O is natural with respect to F, G, m and p.

Proof. Tt is equivalent to prove the naturality of rest o O with respect to F, G,
m and p. Naturality with respect to F', G and 7 is a straightforward verification.
We check naturality with respect to p, which is less straightforward since 6y is
not natural with respect to p. Let f : p — p’ be a natural transformation, and
let Dy : D := D, , — D' := D, , be the natural transformation induced by f.
We consider the following diagram of graded k-modules, in which the composition
operator for functors is omitted, e.g. ‘F7’ means F o, and the arrows are labelled
by the natural transformations which induce them.

Tor*M (Fr, Gp) i

FOp
lFGF F

Tor*(FDp, Gp) Tor*(F D'y Gp) Fog

\ lﬁ ’ \Ef}
_ FD'f
FDgp

res? Tor(F D' p, Gp) Tor!(FD'p', Gp')

’
P
res
m J«

Torf[P]?] (FD',G)

Tor*™ (Fr, Gp')

Torf[P]?] (FD,G) kit

The upper right triangle and the lower left triangle of the diagram are obviously
commutative. The upper left parallelogram is commutative because of the dinatu-
rality of fp, i.e. because the following square commutes:

™ 9*‘ D'p" = Homg(p', 7 @, p')

J,GF J{Homy(f,w@ [FAp/) .
Home (p,7® pa f)

Dp:Hom]F(p,W(EQFA p) D/P: HomF(P77T®[FA pl)

Finally, the lower right parallelogram commutes by dinaturality of restriction maps

between Tor-modules (which comes from the fact that tensor products are defined

by a coend formula). Thus the outer square is commutative, which shows that
N
L

res’ o Op, hence Op, is natural with respect to . O
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9.2. Base change. We fix a field morphism F — K, and we let ¢ : F-Mod —
K-Mod denote the extension of scalars t(v) = K®pwv. The canonical isomorphisms
t(m(a)) @k t(p(a)) ~ t(n(a) ®F p(a)) induce a canonical isomorphism:

(39) Hr @pap) = (tom) @ (top).

Thus, extension of scalars induces a K-linear morphism:

FRAN=fRA
K ®p Homg (v, 7 ©,4 p) 227N Homy (t(v), t(m @44 )

(40) ~ Homg (¢(v), (to7) @,4 (t 0 p))
which is an isomorphism when v has finite dimension. If we let D, , and Dior top
be the duality functors respectively defined by:

Dy p(v) = Homg (v, ™ @ o4 p)

Dtor,top(w) = HomK(w7 (t © 7T) DA (t © P))
then the morphism (40) can be written as a canonical morphism of functors
(41) tODﬂp ﬂ Dtoﬂ— topot
whose component at every finite-dimensional F-vector space v is an isomorphism.

Proposition 9.3. Let F — K be a field morphism. For all additive functors m :
A°P — F-Mod and p : A — F-Mod, and for all objects F and G in k[Pk]-Mod, we
have a commutative diagram in which the lower horizontal isomorphism is induced
by the isomorphism F(can):

TOI“I:['A] (Fotom,Gotop) — % Tor]:[PK] (Fo Dior top, G)

J/C")E restT

Tor!P)(Foto Dy . Got) ——— TorlP(F o Dyor o, 0 t,G 0 )

Proof. Let us denote D = Dior top and D' = D, , for short and let X be a big
enough cardinal. We have a diagram of graded k-modules, in which the composition
symbol for functors has been omitted and the arrows are labelled by the name of
the morphisms which induce them.

Tor*M(Fir, Gtp) LN Tor* M (FDtp, Gtp) e, porhPEl E§ FD,QG)

F
J/Ft o y lres P / Tres

Tor*M(FtD' p, Gtp) Tor*® ](FDt Gt) Tor*®</(FD, G)

oo T -

Tor* B (D! Gt) « = TP (FtD!, Gt) L To'P N (FDt, Gt

One readily checks from the explicit expressions of 6k, Op and of the canonical
morphism can : tD’ — Dt that g = (canp) o (t0r), hence the upper left triangle
of the diagram commutes. The other cells of the diagram obviously commute. The
commutativity of the outer square proves proposition 9.3. (]
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9.3. Isomorphism conditions. We now investigate some conditions which ensure
that our comparison map Op is an isomorphism. The next proposition provides the
base case.

Proposition 9.4. If A is F-linear and if # = A(—,a) and p = A(b,—), then Op
is an isomorphism.

Proof. By lemma 9.1, we may assume X as big as we want in the definition of ©Op,
so that the functor p® := A¥(b,—) : AY — P} has a left adjoint 7 := b ®p — by
proposition 2.27. We also let 7% := A¥(—,a) : AY — F-Mod.

Let us first reinterpret 0 in the situation of proposition 9.4. We have an iso-
morphism

¢:mR,4p— A, a)

which sends the class of f ® g € A(x,a) ®p A(b,z) to fog e A(b,a). (The inverse
of ¢ sends an element f € A(a,b) to the class of id, ® f € A(a,a) ®r A(b,a)).
From the explicit expressions of fy and ¢, one sees that the lower left triangle of
the following diagram commutes.

A(ez,a)

(42) (9@{ M

Homp(A(b,2), 7 @4 p) ————> Homr (AG2)0) Homg (A(b, x) A(b,a))

b®]FAb (b,x),a)

The upper right triangle of diagram (42) also commutes: here « is an adjunction
isomorphism for the adjunction between 7 and p¥, and ¢, is the associated counit
of adjunction. Diagram (42) is our new interpretation of fp.

Next we prove that res’ o Op is an isomorphism. We let D := D, , for short,
and we let y : D ~ 7 o 7 be the isomorphism whose component at v is given by
the composition:

Homp (v, 7 @44 p) m Homg (v, A(a, b)) % AR (b@pv,a) .

We consider the following diagram of graded k-modules, in which the composition
operator for functors is omitted and the arrows are labelled by the natural trans-
formations which induce them. The vertical maps res’ are induced by restriction
along the canonical inclusion j : A < AX,

Torlj[AN}(Fﬂ'N,@pN) el Tor} k(AT ](Fﬂ'NTpN,épN) res” Torf[PF](FﬂNT, G)

ETresJ ﬁTresJ ‘ ‘

Tor*M(Fr®, Gp®) _Fnle , Tor*M (Fr®rp, Gp) _res” Torf[PF](FﬂNT, G)

‘ ‘ ETFXP ETFX

Tork[A](FTF Gp) __For | Tork[A](FDp Gp) __res” | Tork[P]F (FD,G)

All the squares of the diagram are obviously commutative, but the lower left square
which commutes by commutativity of diagram (42). The maps res’ are isomor-
phisms by proposition 2.28 because Gp® is the left Kan extension of Gp along j.
(To see this, use that p® = A®(b,—) : A¥ — F-Mod is R-additive by proposition
2.25, hence it is the left Kan extension of p and G is already a left Kan extension.)
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The composite in the top row is the Tor-map induced by the adjunction between
7 and p&, hence it is an isomorphism by proposition 2.18. We deduce that the
composite in the bottom row, which is nothing but res'” o Op, is an isomorphism.
Hence Op is an isomorphism. (I

Corollary 9.5. If A is F-linear, and if

r=PA-a), p=EPAb;,-)

i€l jeJ
for some possibly infinite indexing sets I and J, then O is an isomorphism.

Proof. If I and J are finite, then 7 ~ A(—,a) and p ~ A(b, —) for a = P a; and
b = @@ b;, hence O is an isomorphism by proposition 9.4. For arbitrary I and J,
the functors 7 and p are filtered colimits of monomorphisms of functors of the form
A(—,a) and A(b, —). So the result follows from the fact that the target and the
source of O both preserve filtered colimits of monomorphisms of functors, when
viewed as functors of the variables m and p. (Indeed Tor,, Fom, Gop and FoD, ,
preserve filtered colimits of monomorphisms — for F o 7, G o p, this follows from
the fact that F and G are left Kan extensions of F and G, and for F o D, ,, one
uses in addition the isomorphism Dy ,(v) ~ Homp (v, F) ®F (7 ® .4 p), which holds
because we view D , as a functor from Py to F-Mod.) ]

We are going to extend corollary 9.5 to more general F-linear functors 7 and p
by taking simplicial resolutions. We refer the reader to section 3 for recollections
of simplicial techniques.

If X is a simplicial object in k[Pg]-Mod, and p is a simplicial object in the
category of additive functors A — F-Mod, we let p*X be the diagonal simplicial
object X, o pi,. Thus p*X is a simplicial object in k[A]-Mod natural with respect
to u and X. The next two lemmas are our main tools to contruct convenient
simplicial resolutions.

Lemma 9.6. If X1 — X5 and pu1 — pe are e-connected morphisms, the induced
morphism ui X1 — psXo is e-connected.

Proof. We have to show that for all @ in 4 the morphism of simplicial k-modules
Xi(pi(a)) — Xo(uz(a)) is e-connected. The morphism X; — X, is e-connected
because it is defined as a filtered colimit and homotopy groups commute with filtered
colimits. Hence the result follows from proposition 3.8. O

Lemma 9.7 (linearization of projective additive functors). Let p : A — F-Mod be
an additive functor, and let P be a projective object in k[Pr]-Mod. If p is projective
as an additive functor from A to abelian groups, then p* P is a projective over k[A].

Proof. Tt suffices to prove the result when P = k[Homp(F™, —)]. As p, seen as an
object of A-Mod, is a direct summand of a direct sum of representable functors,
it is enough to see that k[@, . A(a;, —)] is projective over k[A] for every family
(a;)ick of objects of A. The result follows from the cross-effect type decomposition

HPD A ) = D @ kA, )

iEE IeP;(E) i€l

where ™4 refers to the reduced part of a functor (see lemma 4.9 in section 4) and

Ps(E) denotes the set of finite subsets of E, as each functor @), ¢, k[A(a;, —)]" is

a direct summand of the projective functor k[A(P,.; ai, —)]. O
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Theorem 9.8. Let k be a commutative ring and let A be a small additive F-
category for a field F. Assume that m and p are F-linear, consider them as objects
of the F-categories Mod-A and A-Mod, and let e be a positive integer such that
Torf‘(w,p) =0 for 0 <i<e. Then for all objects F, G of k[Py]-Mod, the map

Op : Tor*M(7*F, p*G) — TorkPrl (D} 1, G)
defined by diagram (38) is e-connected.

Proof. Let G — G, w — 7 and ¢ — p be simplicial resolutions by direct sums
of standard projectives in the categories k[Pr]-Mod, Mod-A and .A-Mod respec-
tively. We have a commutative diagram of simplicial k-modules, in which the maps
(1) are induced by the morphisms w — 7 and ¢ — p, and the maps év]p are degree-
wise equal to the degree zero component of O, hence they are isomorphisms by
corollary 9.5:

P Dw,pF ®k[A] 0 g — P Drr,pF ®k[A]p g

M) /(OF)@:d
G

~|6r T F Qppa) p*

F(0:)®id
@' F @4 0°G EACOLIY

res”
OF
~

(1

D5 oF @ripi) 9 Dy JF @pp,) G

The homotopy groups of D} | F ®p,) G compute Tor’,f[PF](D;pF, G) because G —
G is a projective simplicial resolution. The homotopy groups of @w*F ®j4) 0*G
compute Torf[A] (m*F, p*G) because 9*G — p*G is a simplicial projective resolution
by lemmas 9.6 and 9.7. And the map induced on the level of homotopy groups by
the top right corner of the diagram is ©p. Thus, to prove the theorem, it remains
to prove that the bottom horizontal map () is e-connected.

In order to do this, we first observe that the F-category A-Mod of F-functors
from A to F-Mod is a full subcategory of the F-category rA-Mod of additive
functors from A to F-Mod. Hence for all F-functors 7 and p, restriction along
the functor pA — A, f ® A — Af induces an isomorphism 7 ® .4 p >~ ™ ® 4 p by
corollary 2.15. Thus the Tor-condition in the theorem ensures that w® 40 — 7@ 4p
is e-connected. Thus Dy, — Dg, is e-connected, hence D7 F' — D7 F'is
e-connected by lemma 9.6. This implies that the bottom horizontal map is e-
connected by a standard spectral sequence argument (use the spectral sequence of
a bisimplicial k-module as in [19, IV section 2.2]). O

10. THE GENERALIZED COMPARISON THEOREM

Throughout this section, k is an infinite perfect field of positive characteristic p,
m: A°? — k-Mod and p : A — k-Mod are two additive functors and F' and G are
two strict polynomial functors over k (possibly non-homogeneous, cf. section 7.3).
We also fix two positive integers r and s, and for 0 < i < s? we let T; denote the
k-vector space:

(43) TZL — ((7”')71,) ®k.4 ((rsfrsr‘))p)

where a notation such as (=797 refers to the additive functor obtained as the com-
position of the functor 7 and the Frobenius twist (=" — as in notation 8.1. We
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define a functor F’ in Mod-k[Py] by
(44) F'(v) = F( @D PHomy(v, n))

0<i<s?

where as in definition 6.1, the notation F refers to the left Kan extension of I
to all vector spaces. Then F” is actually a (non-homogeneous) strict polynomial
functor of the variable v. In this section, we will first construct a certain morphism
of graded vector spaces, natural with respect to F';, G, m and p:

(45) Tor" (x F, p* G) — Tort*" (F/, G0 =7 .

We will refer to morphism (45) as the generalized comparison map in the remainder
of the article. Then we will prove the following theorem, and spell out some special
cases and consequences.

Theorem 10.1 (generalized comparison). Let k be an infinite perfect field of char-
acteristic p, containing a finite field Fy of cardinal ¢ = p”. Let A be a small additive
category, let w: A°® — k-Mod and p : A — k-Mod be two additive functors. As-
sume that there are positive integers s and e such that

TOrJ’FA ((_”)W, (m_m2)p) =0

for0<j<eand0<i<s? Assume further that A is Fy-linear and that p and
m are Fy-linear. Then for all strict polynomial functors F and G of weights less or
equal to ¢°, the generalized comparison map (45) is e-connected.

Remark 10.2. If 7 and p are Fy-linear, so are ()7 and (Tsfrsg)p, and we can consider
them as objects of k ®@r, A-Mod and Mod-k ®r, A. Hence it is natural to ask

about the relation between the Tor hypothesis in theorem 10.1 and the vanishing of

k A s s .
Tor; P (i), (TS_TSQ)p). These two conditions are actually equivalent as we shall

see it in lemma 10.8.

Remark 10.3. In theorem 10.1 the target category of m and p is the category k-Mod
though these functors are IFy-linear. This is in contrast with theorem 9.8, and this
explains why the Tor hypotheses of these two theorems are different.

10.1. Construction of the generalized comparison map. We define the gen-
eralized comparison map (45) as the composition of three maps Ay, O}, and ®y:

Tor*™(n* F, p*G) SN Tor" A ((7®5*)* F, p* @)

| (45) l@;
TOI‘%CH(FI, G(T‘SQ—T‘S)) TOI‘f[Pk](F/, G(rsz—rs))
Dy

The map Ag is induced by the morphism of additive functors diag : # — T®s”
whose components all equal the identity morphism of 7.

The map @y, is an immediate generalization of the strong comparison map (21)
over an infinite perfect field k. Namely, the additive functor (") — : P;, — P}, has a
quasi-inverse (=) — for all positive integers n. Restriction along this quasi-inverse
yields an isomorphism of graded vector spaces, natural in the functors H and K:

Tor*®l(H, K) =5 Tork®rl (g™ )y
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where a notation such as H(™) denotes the precomposition of H by (n) . Since k
is infinite, the category I'Pr-Mod of strict polynomial functors identifies with a
full subcategory of k[Px]-Mod (see section 7.3). If H and K are strict polynomial
functors, we let ®; be the unique morphism of graded k-vector spaces fitting in the
commutative diagrams for all ¢ > 0 and all r > 0:

Torf[P"'](H, K) ---mme i » Tor¥"(H, K)

(46) :lres(_n)7 l:

Torf[Pk](H(”), KMy X TortPr(HM) K)

In order to apply ®; to H = F’ and K = G(7'52_7'5), we have to prove that these
functors are actually strict polynomial functors. This is obvious for H, and for K
this is proved in the following lemma.

Lemma 10.4. The functor F, , defined by (44) is a strict polynomial functor.

Proof. The vector spaces T; can be written as a filtered colimit of finite-dimensional
subspaces T; . Hence for all finite-dimensional vector spaces v, F'(v) is the filtered
colimit of F(@ ;. " Homy(v,T;,)). The latter are strict polynomial functors
of the variable v,_ all having the same weight as F'. But @dgw(F) I'Pj-Mod is a
full subcategory of k[Pj]-Mod stable under colimits, hence F” is a strict polynomial
functor. O

It remains to define ©},. The latter is a generalization of the comparison map
Oy constructed in section 9. In order to avoid heavy notations, we set:

o 2
T ::( 7‘1)7_r7 o= (rs—rs<)

p.

We use the morphisms 6, defined by equation (37) in section 9 to construct a
morphism ), of additive functors:

(ri)
(47) ;c 7T$2: @ (Tz) @ 0 @ (rz)Dﬂ_“U

0<i<s? 0<i<s?

Observe that F/ = F o (@OSZ-<82 (") D, »), whence a morphism in Mod-k[A]:

F,): Fo(x®') = Foo.

J— — 2_
Furthermore, we have p*G = Gop = G(TS ™) 6. Thus, if we choose a cardinal
N greater than the dimension of o(a) for all objects a of A, then we can define our

map O} as the unique map making the following square commute:

Tor*A(F o (71'@5 ),Gop) -----f--- » Tor*Prl(F, G(r32_’"s))
(48) Tork[Al (F(f);c),éop)l l’J{rcs"N

(rs®—rs) rs27rs))

Tor*A(F' o g, G og) —= Tork[P’“](F',é(

Note that the map res’ in this diagram is an isomorphism as a consequence of
proposition 2.28 and of the fact that G(rs’=73) ig the left Kan extension of G(rs’=rs)
to all vector spaces (because —(rs®=7s) ig an autoequivalence of the category of k-
vector spaces, hence it preserves filtered colimits).
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The following lemma is proved exactly in the same way as lemmas 9.1 and 9.2.

Lemma 10.5. The map O}, does not depend on the cardinal X. Moreover, it is
natural with respect to F', G, m and p.

Next, we clarify the relation between ©) and the comparison map O from
section 9. Assume that we are given isomorphisms of additive functors m ~ (="
and p ~ (rs—rs®) p. Then these isomorphisms induce isomorphisms (where Frs®)
stands for the strict polynomial functor v — F(@ ;2 (r)y) as in notation 7.17):

2\ % * rs2 * * rs2—rs * rs2
(7O ) F =x (F7)), p G p (G ), F =Dy (F&)),
and the next lemma is a straightforward verification.

Lemma 10.6. There is a commutative square, whose vertical isomorphisms are
induced by the above isomorphisms of functors:

Tor],f[A] ((7r6952)*F7 p*G) —>®k Tor]:[P’“] (F', G(Tsz_m))

Torf[A] (n* (F(r,sz))’p*G(rsz—rs)) O Tori[Pk](D;)p(F(r’sz)), G(rs2—rs))

10.2. Proof of the generalized comparison theorem 10.1. The proof of the
generalized comparison theorem follows the same strategy as the proof of theorem
9.8. Namely we first give a proof of a base case relying on adjunctions (the homo-
logical algebra part of the proof), and then we deduce the general case by taking
simplicial resolutions (the homotopical algebra part of the proof).

Throughout this section, we assume that the hypotheses of theorem 10.1 are
satisfied, in particular A is F4-linear over some finite subfield F, of k, and = and p
are [Fg-linear. Next proposition is the base case of the proof.

Proposition 10.7. Assume that
m=ker, A—a), p=Ekew, Alb;,-)
iel jeJ
for some possibly infinite indexing sets I and J. Then the generalized comparison
map (45) is a graded isomorphism.

Proof. 1If t(v) = k ®F, v denotes the extension of scalars from F, to k, then we
have 7 ~ t oy and p ~ t o v for some additive functors p : A°® — F,-Mod
and v : A — F,-Mod. The canonical isomorphisms of functors ¢ ~ ()¢ induce
isomorphisms 7 ~ ") and p ~ (”*”2);), so by lemma 10.6 and by naturality of
®,, with respect to the isomorphism F’ = Frs) o Dy ,, we have a commutative
square (in which the composition operator of functors is omitted):

=1 - i’ ——=(7 52 — 'I"SQ*TS
Tor*A! (Fr,Gp) S N Tor*HAl (F( ’ )F,G( )p)
Jes
-7 «52
(45) Tor*PH(F ) D, , Grs* =)

2

Tors™ (F, G(rs2—rs)) ~ Tore® (F(T,S2)D7r’p7 G(rsz—v"s))
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in which Aj, is induced by the canonical isomorphism ¢ ~ (rs*=7s)¢ and by the
morphism of additive functors:

0t TS o () (g,
0<i<s?

Therefore in order to prove proposition 10.7 it suffices to prove that the composition
®j, 00 0 A} in top right corner of the diagram is an isomorphism.

Next, since m =t o u and p =t o v, the base change property of proposition 9.3
gives a commutative square:

(rs®—rs)
S s p)

a2y O —(r,s2 —(rs%—r:
Torf[A](F(r’s )W,G RGN Torl:[PF"](F(T’S )tDW,,G( ° s)t)

[ =
=7 82 -7 52 —! TS2_TS
Tor!P(F D, o' =ro)y « TolP @, 1 Gy

Hence, by naturality of ©p, with respect to the isomorphism Gt ~ GUs*=)t and

the morphism F(?) : F't — F(’"’SQ), we obtain a commutative square:

OF k‘[PFq]

Tor*M(Fr, Gp) - Tor, (FtDyv, Gt)

J,@k OA;c J{Ag

—( 7T 82 2 F —\ 7T 52 — T5277'S
Tor!PH(F ) D, G =9y« 1ot TRl Fp 1 Gy

res

where AfF’q is induced by 0, by the isomorphism ¢ ~ (rs’=rs)¢ and by the canonical
isomorphism can : to D, , ~ Dy ,ot. The map O, on the top row of this square
is an isomorphism by corollary 9.5. Hence, to prove proposition 10.7 it remains to
prove that the composition @y o res’ o A} is an isomorphism.

For this purpose, we are going to rewrite the composition @ ores’ o A} into yet
another form. We claim that there is a k-linear isomorphism, natural with respect
to v, u and v:

2 2
7% : (r78 )Dtu,tu(v) — Dtp,,tu<(r7s )U) 9

Indeed, we have isomorphisms of vector spaces, natural with respect to p and v:
¢ D) (tp @ A tv) = &, 4ty

which send the class [(a ® ) ® (8 ® y)] where o, 8 € k, € p(a) and y € v(a) to

the class [(a?” ®@2)® (87" ®y)]. We define 1), as the following composition, where
T stands for tpu @, 4 tv, the first and last isomorphisms are the canonical ones and
the second morphism is induced by the ¢;:

(7.752)Dw’w(v): @ (”)Homk(v,T)i @ Homk((ri)v, (7‘i)T)
0<i<s? 0<i<s?
= @ Homy (", T)
0<i<s?

=5 Homy( @ ridy, T) = me((r’sg)v) .

0<i<s?
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Moreover, one readily checks that ¢ fits into a commutative diagram in the category
of functors from Pp, to k-Mod:

D, 0 Dpv) (s )tDM , dean, (r,s )D
(49) zlcan zlwm
Dﬂ—,pt Dx,p(s) D , (r,s )t

where s denotes the composition (r,s*)¢ o @™ S0, 4

Finally, diagram (49) and naturality of ®; and res’ with respect to the map F(v))
yield a commutative square, in which the horizontal isomorphisms are induced by
the isomorphisms F'(can) and F'(¢)) and the map A}’ is induced by F(Dy ,(s)):

Tort "5 (FtD,, ., Gt) — = Tort " /(FD, t,Gt)
J{@korestoAg J{‘I)korestoA;c”

Tor* (F) Dy, Gs*=79)) =y Torf™ (F D, , "), GUs" 7))

We observe that @, ores’ o A} equals the comparison map of equation (31), hence
it is an isomorphism by corollary 7.21. This concludes the proof. (I

We are going to extend the isomorphism of proposition 10.7 to more general
F,-linear functors = : A°® — k-Mod and p : A — k-Mod by taking simplicial
resolutions. We first need an elementary lemma regarding the computation of Tor
between F,-linear functors. The functor p is an object of the k-category of all
additive functors from A to k-Mod, which identifies with rA-Mod. But p is also
an object an object of the category of all F,-linear functors from A to k-Mod,
which identifies with (k ®p, A)-Mod. Similarly, 7 can be viewed as an object of
Mod- 1A or Mod-(k ®F, A).

Lemma 10.8. For all F,-linear functors m and p, there is an isomorphism, natural
™ and p:

k®]]-‘q.A

Tor. (m,p) ~ Tor*(m, p) .

Proof. Let ¢ : k ®p, F, — k denote the surjective morphism of (k,F,)-bimodules
such that ¢(z ® y) = xy. Restriction along the functor ¢ ®r, A : A — k ®F, A
yields a fully faithful functor (k ®F, A)-Mod — pA-Mod hence an isomorphism
T ke, AP = TR 4p for all Fo-linear functors 7 and p by corollary 2.15. Moreover,
¢ admits a section (as a morphism of (k,F,)-bimodules) because F, is a finite
separable extension of IF,. Hence for all objects a in A, the additive functor k ®p,
A(a,—) is a direct summand of the additive functor k ®r, A(a,—). Thus, every
projective resolution P of p in the category of F,-linear functors may be regarded
as a projective resolution of p in the category of additive functors. As a result we
have

k A
Tor,“"" (w, p) = H..(n Bk, 4 P) = Ho(m @ 4 P) = Tor!(m,p) .
where the middle isomorphism is given by restriction along ¢ ®r, A. O

We are now ready to prove the generalized comparison theorem.
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Proof of theorem 10.1. We set o := (”’Tsz)p and H = GUs°=79) for the sake of
concision. Thus, p*G = o* H. We also emphasize the dependence of F’ on 7 and o
by setting:
Fro(v) = F( P Homy (v, (CI7) ®,40) ) :
0<i<s?

We fix an integer n > 0 (n > log,(e/2) suffices) such that the canonical map
(50) Tor®*" (F

™,0)

H) = Tor P+ ((FL )", H™)
is e-connected. Let

Wy, : Tor*Prl(F

™0

H) — Tor,"*((Fy )™, H™)

be the morphism given by restriction along (=™ — and by the restriction from
ordinary functors to strict polynomial functors. Then Wy is the composition of
the canonical map (50) with @y, so that it suffices to prove that the composition
Uy, 0O}, o Ay is e-connected.
We consider simplicial resolutions by direct sums of standard projectives
H— H, H — H™ | w =T, 0= p,
respectively in the categories
k[P]-Mod , I'P;-Mod , Mod-(k ®r, A) , (k ®r, A)-Mod .
Standard projectives in (k ®p, A)-Mod are of the form t o A(a,—), and we have
(rs=rs*)(t o A(a, —)) ~ t o A(a, —), hence
¢ = (rs—rsz)g N (rs—rsz)p -0

is also a simplicial resolution in (k ®r, A)-Mod. Then it follows from lemmas 9.6
and 9.7 that ¢*H is a simplicial projective resolution of ¢*H in k[A]-Mod, and
that (w®)*F is a simplicial (not projective) resolution of (7%")*F in Mod-k[A]
for all positive integers ¢. Therefore we have identifications of homotopy groups:

7 (@ F ®k[A] ¢H) = Tor*M (" F 0" H) |,
7 (@) F @i < H) = Tor () Fo H)
m (Fr o @xpa) H) = ToryP(F,

( (n) ®FP H ) = TOI‘I:[PIC]((F;,U)(”)7H(H)) .

H)7

Moreover, let f: H — H' "M hea simplicial morphism in k[P]-Mod lifting the
identity morphism of H. Then the maps Ay, ©}, and Uy, are respectively induced
by the morphisms of simplicial k-vector spaces:

@ F @44 S H 5 (@) F @) 6 H
@52 * * éz ! /
(@) F @pa)s"H — F @ppg H = Frp @rpg H

F.. ®k[Pk]Hﬂ>(F/ J)mEm e Hm n) Ty Ty (R ™ @, H

Here, the unadorned simplicial morphism is induced by the simplicial morphisms
w — m and ¢ — 0. The simplicial morphisms Ak, @ and \I!k are degreewise equal
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to the degree zero component of Ay, O}, and Uy, for example the component of ]\vk
in simplicial degree 7 is equal to

Torg ™ (e} F, o 1) 25 Torg™ (@) FLoi 1) -

(That these simplicial morphisms induce our maps Ay, O}, and ¥y is obvious for
the first one and the last one. For ©), this follows by the same reasoning as in the
proof of theorem 9.8). We deduce that the comparison map ¥ 0©) o Ay equals the
map induced on homotopy groups by the composition of the simplicial morphism:

(51)  (Vho(d® )06 oA}) @ F @ s H — (FL )™ @rp, H
together with the simplicial morphism induced by w — 7 and ¢ — o
(52) (FL )™ @rp, H = (F, )" @rp, H'

Let us regard the source and the target of (51) as the diagonal of bisimplicial
objects @ F' @p4) 5/ H; and (F[Uhgi)(”) ®@rp, H; with bisimplicial degrees (i, ).
Then the simplicial morphism (51) actually comes from a bisimplicial morphism.
Spectral sequences of bisimplicial k-modules as in [19, IV section 2.2] yield two
spectral sequences:

Illj = Torf[A] (wi F,¢; H) = T4 (w*F ®k[A] g*H) ,

11 = Tort P8 (L, o H) = my (FL )™ ore, ')

Wi,Si? w,S

And there is a morphism of spectral sequences I — II which coincides with the
morphism (51) on the abutment, and with the map ¥y o ©}, o Ay on the first page.
By proposition 10.7, the map ®; 0 ©) o Ay is an isomorphism when 7 and p are
direct sums of standard projectives, hence by our choice of n, the morphism of
spectral sequences is e-connected on the first page. Hence the simplicial morphism
(51) is e-connected.

Thus, it remains to prove that the simplicial morphism (52) is e-connected. The
Tor-vanishing hypothesis of theorem 10.1 and lemma 7.16 imply that the maps
(C"w) ®,4¢ = (""71) ®,4 0 are e-connected. Hence the map F., . — F.  is
e-connected by lemma 9.6, hence the simplicial morphism (52) is e-connected by
the usual bisimplicial spectral sequence argument. O

10.3. Consequences of the generalized comparison theorem. We first prove
theorem 1.7 from the introduction. We consider a simplification of the general-
ized comparison map (45), namely for all strict polynomial functors F' and G and
all additive functors © : A°? — k-Mod and p : A — k-Mod we consider the
composition:

(53)  Tor*M(x*F,p*@) 25 TP (Dx F,G) 25 Tor®™(D: F,G)

where Oy is the auxiliary comparison map of section 9. Theorem 1.7 is a direct
consequence of the following result.

Theorem 10.9. Let k be an infinite perfect field of positive characteristic, con-
taining a subfield F and let A be an additive F-linear category. Let m and p be two
F-linear functors from A to k-modules, respectively contravariant and covariant,
and let F and G be two strict polynomial functors with weights less or equal to the
cardinal of F. Assume furthermore that

Tori’“A(w,p) =0 forO0<i<e.
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Then the comparison map (53) is e-connected.

Proof. There are two cases. Assume first that F is a finite field. Then we can apply
theorem 10.1 with s = 1. If s = 1 the generalized comparison map (45) is equal to
the simplified comparison map (53) and the result follows.

Now assume that F is infinite. We claim that for all F-linear functors «, 5 : A —
k-Mod, we have Ext’zA((i)a, (W)B) = 0 for i # j. Indeed, this can be proved by
repeating the argument of the vanishing lemma 7.13 in the case of the k-category
A, or alternatively by combining this vanishing lemma 7.13 with theorem 8.3. By
lemma 2.7, this implies that

(54) Tor A (Wr, 9 p) = 0 for i # j.

Thus we may apply the generalized comparison theorem 10.1 with ¢ = p (i.e. F,
is the prime field), and with an integer s such that p® is greater or equal to the
weights of F' and G. In this situation, the expression of F’ simplifies because of
equation (54). Namely if we let o = (s=s)7 and 8 = (=) p then we have:

F=F" oD,;.

Moreover one readily checks that the composite map
O, o Ay : TorfM(x* F, p*G) — Tork ¥ (Dx 5 (FE* =), "))

is equal to the map Oy relative to a and 5.

Now we consider the following diagram, in which the composition of functors
is omitted, T, stands for Tor, and we use the following notations z := s? — s,
D = Dy ,, D' = D, . The Frobenius twist functor @) _ . k-Mod — k-Mod is
isomorphic to the extension of scalars along the morphism of fields k — k, A — \P",
hence we have a canonical isomorphism can : (¥)D’ ~ D*) and the isomorphisms

(*) in this diagram are induced by this canonical isomorphism.

Tt (Fr, Gp) 2 THE D, 6) P TENF@ D, GO

le zlres(m) - zlres(w)f

T'PFD,G) = TP FO DD, 6) S TENFO D, 6)

TE(FD, G)

The diagram is commutative. To be more specific, the upper left square of the
diagram commutes by the base change property of proposition 9.3, the upper right
square and the triangle commute by naturality of ®;. As explained above, the
composite map corresponding to the upper row is e-connected by theorem 10.1.
Therefore, the composite given by the first column is also e-connected. But this
composite is nothing but the simplified comparison map (53). This finishes the
proof of the theorem. O

Corollary 10.10. Let k be an infinite perfect field of positive characteristic, let
V—: PP — Py, denote the k-linear duality functor ¥ — = Homy(—, k), and let FV
denote the composition F oY —. The map

®y, : Tor*PHl(FY @) — Tor®*™(FY, @)
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is an isomorphism for all strict polynomial functors F' and G.

Proof. The Eilenberg-Watts theorem gives an equivalence of categories between the
category of additive functors Pr — k-Mod and the category of (R, k)-bimodules.
Under this equivalence, an (R, k)-bimodule M corresponds to the functor — @ M.
Therefore, if we let R =k, w(v) = v and p(v) = v, we obtain:

Tor*F®) (7, p) ~ Tork®* (k, k) = HH, (k) .

But k @z k = k ®p, k and every field extension of F), is a filtered colimit of F-
subalgebras which are smooth and essentially of finite type. Thus HH, (k) is an ex-
terior algebra over the k-vector space of Kihler forms ! (k/F,) by the Hochschild-
Kostant-Rosenberg theorem [21, Cor 2.13|. Since k is perfect, Q' (k/F,) is zero, so
that HH;(k) = k for ¢ = 0, and zero otherwise. Hence D, , ~ V—, and ® 0 Oy, is
an isomorphism by theorem 10.9.

Furthermore, the categories of k-linear functors Mod-P; and Pi-Mod are re-
spectively equivalent to Mod-k and k-Mod. Under these equivalences of categories,
the functors 7 and p correspond to k. Hence ToriP’“ (m, p) equals k if ¢ = 0 and zero
otherwise. Thus Oy, is an isomorphism by theorem 9.8.

Since ®j, 0 O} and Oy are both isomorphisms, so is §y. O

10.4. Comparison of Ext. We now indicate how the results of the previous section
can be dualized to compare Ext. Let G and K be two strict polynomial functors.
We let @), be the unique map making the following diagrams commute for all © and
all n > 0, where the vertical isomorphism on the left hand side is the canonical
isomorphism, and the one on the right hand side is given by restriction along the
Frobenius twist (") —:

EXt%Pk(G(n)’K(n)) - EXt;C[Pk](G(n),K(n))

i |

Exty, (G, K) - Extyp, (G, K)

gen

Corollary 10.11. Let k be an infinite perfect field of positive characteristic. For
all strict polynomial functors G and K the comparison map

Oy 1 Ext, (G, K) = Extyp, (G, K)

gen
is a graded isomorphism.

Proof. By a standard spectral sequence argument, the proof reduces to the case
where K is a standard injective, hence when K = Homy(FV, k), where FV is the
precomposition of a standard projective F' in I'Pp-Mod by the duality functor

V— = Homg(—, k). In this latter case, ®) is an isomorphism because proposition
2.12 shows that it is dual to the isomorphism ®j of corollary 10.10. (]

Similarly, one can dualize theorem 10.9. To be more specific, given two additive
functors p,o : A — k-Mod and a k-vector space v, we let

T,.0(v) = Hom 4(p,0) ®v .
Then for all strict polynomial functors G and K we have a map

@k : EXtZ[Pk](G’ T;UK) — EXtZ[A] (p*G7O'*K)
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induced by restriction along p and by the canonical evaluation morphism ev :
Hom 4(p,0) ®p — 0.
Corollary 10.12. Let k be an infinite perfect field of positive characteristic, con-

taining a subfield F and let A be an additive F-linear category. Let p,o : A — Py,
be two F-linear functors such that Hom 4 (p, o) is finite-dimensional. Assume that

ExtikA(p, o)=0 for0<i<e.
Then for all strict polynomial functors G and K with weights less or equal to the
cardinal of F, the graded map

O 0 @i : Extye, (G, T, ,K) — Exty(p*G,0"K)

gen(

is e-connected.

Proof. In this proof, we let ¥ — = Homy(—, k) and we omit the composition operator

for functors, e.g. if F'is a strict polynomial functor, ¥ FV stands for (¥ —)o Fo (¥ —).
We first prove the result when K = VF for some F in I'P;-Mod and ¢ = Vr for

some additive functor w : A°? — k-Mod. Let ¢ : T, , — YDy , be the morphism

of functors whose component £, at a vector space v is given by the composition

& - v@Hom, 4(p,7) S v @V (r®,4p) = YHomy (v, 7 ®,.4 p)

where the first map is provided by lemma 2.7 and the second map is the canonical
map can : v ® Yw — YHomyg (v, w) such that can(z ® f)(¢) = f(¢(x)), and which is
an isomorphism if v is finite dimensional. One readily checks that the composition

Thop Lo, VDr pp BN
equals the canonical evaluation map ev. The finite dimensionality hypotheses on
the values of p and ¢ and on Hom, 4(p, o) respectively imply that:
i) £: T, = VDx , is an isomorphism,
ii) o*(FV)=FVo=Fr=7*F,
iii) VYD, , identifies with D ,.
Hence we have a commutative diagram

Extlip, (G, VFVT, 5) —2 Bxtiy(Gp, VFVT, op) Y Bxti g (Gp,V F¥or)

VTt PH (FVT, @) 5 VTt AN (VT o Gp) T VoAl (FY o, Gp)

o <o H

VTor!®(FD, . @) LGN VTor! A (F D, ,p, Gp) ), VTor® ™ (Fr, Gp)

from which we deduce that the graded map ©y o ¢y, fits into a commutative square

« Orody * % %
gen(G T (\/Fv)) Eth[A](p G7U (\/F\/))

® - -
VTor{*™"(Dy ,F,G) ———— VTor*™ (7 F, p*G)
where the bottom arrow is dual to the comparison map (53) of theorem 10.9. Since

Ext’ 4(p,0) ~ VTor*(, p), we deduce from the latter theorem that this bottom
map is e-connected, hence Oy o &y is e-connected.
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The case K = VFV proves corollary 10.12 for all strict polynomial functors K
with finite dimensional values, in particular for the standard injectives. For an
arbitrary K one can consider an injective resolution and the result follows by a
standard spectral sequence argument. [

With the same strategy, one can also dualize theorem 10.1. Given a strict poly-
nomial functor K, we denote by K’ the strict polynomial functor such that

K”(’U) =K @ (r3) (’U ® Hom » ((rs—rsQ)p’ (—ri)a,))

0<i<s?
One defines a comparison map in the same fashion as the map of corollary 10.12:
(56) Extgen(G(rﬁfrs)7 K") = Extjq(p"G, 0" K) .

The proof of the following corollary is similar to the proof of corollary 10.12 and is
left to the reader.

Corollary 10.13. Let k be an infinite perfect field of characteristic p, containing a
finite field Fy of cardinal ¢ = p". Let A be a small additive category, let p,o : A —
Py, be two additive functors such that Hom, a(p, o) is finite dimensional. Assume
that there are positive integers s and e such that

EXtJ,;A ((TS—TSQ)p’ (ri)o_) -0

for0<j<eand0<i<s? Assume further that A is F,-linear, that p and o are
Fg-linear. Then for all strict polynomial functors G and K of weights less or equal
to ¢, the map (56) is e-connected.

Remark 10.14. The finite dimensionality hypotheses on the values of p, ¢ and
on Hom, 4(p, o) are necessary in the proof of corollary 10.12 in order that i), ii)
and iii) are satisfied. Without them, we would not obtain a commutative square
(55) with vertical isomorphisms. Similarly, the finite dimensionality hypotheses are
needed for the proof of corollary 10.13. Instead of dualizing, one could try to prove
corollaries 10.12 and 10.13 by a direct approach, following the same strategy as the
proofs of theorems 10.1 and 10.9. However, such a direct approach seems to raise
inextricable problems with (co)limits.

11. APPLICATIONS OF COROLLARY 10.11

The goal of this section is to prove applications of the generalized comparison
theorem, or to be more specific, of the corollaries 10.10 and 10.11 which deal with
the very specific case A = Pj,. We first generalize the computations of [14] over an
infinite perfect field. We also generalize some results of [13] to infinite perfect fields.
Finally, the most important applications are probably theorems 11.13 and 11.15.
These theorems are the analogues for classical groups over infinite perfect fields of
the main result of Cline Parshall Scott and van der Kallen [6] which compares the
cohomology of and algebraic group with the cohomology of its underlying discrete
group. Throughout the section, & is a field of positive characteristic p.
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11.1. A sample of functor homology computations. Many computations of
generic Ext can be found in the literature. Thus, the isomorphism of corollary 10.11
provides many concrete Ext-computations in k[Pg]-Mod over an infinite field. We
briefly illustrate this fact here.

We first point out that computations of generic Ext between strict polynomial
functors are insensitive to field extensions. To be more specific, if & — L is any
field extension, the base change formula [44, Section 2.7] yields an isomorphism

Extye, 4 (F, G) ® L ~ Extg,, 1 (F1,GL)

where the generic extensions on the left hand side are computed in the k-category
I'Px-Mod, while the generic extensions on the right hand side are computed in the
L-category I',(P)-Mod. The functors Fy, and G, obtained by base change from
F and G are usually easy to compute, e.g. if F'is the d-th symmetric power over
k then F7, is the d-th symmetric power over L. In particular, all the computations
of generic Ext over finite fields actually hold over arbitrary fields k of positive
characteristic, and can therefore be converted into computations in k[Px]-Mod by
corollary 10.11 when k is infinite and perfect. This is the case of the computations
of generic Ext given in [14, Thm 5.8] (which are established in [50] by different
methods, without spectral sequences). To be more specific, let C* be a graded
coalgebra in k[Px]-Mod and let A* be a graded algebra in k[P;]-Mod. We consider
the trigraded vector space

E*(C*, A%) == P Extip,(C% A%)
i,d,e>0
equipped with the algebra structure given by convolution:
E{(CY, A°) @ B/(C7, A9) = B (C4 @ CF, A° @ A9) — B (CHH | Act9)

By letting s — oo in [50, Thm 15.1] and by applying corollary 10.11 one obtains
the following infinite field version of the computations of [14, Thm 6.3].

Corollary 11.1. Let k be an infinite perfect field of positive characteristic p, and
let r be a nonnegative integer. Let Vi, denote the trigraded vector space with ho-
mogeneous basis (e;)i>o where each e; is placed in tridegree (2ip” + sp” — s,1,p").
Then we have isomorphisms of trigraded algebras:

E* (T, ) ~ S(Vo.,) , E* (T A" ~ A(Vi,)
E*(A*(),8) ~ A(Vo,) E*(A*) A*) ~T (Vi) ,
E*(5*(M 8% ~ T (Vo) , E*(I*("), T%) ~ T(Va,,.) .

The approach of [50] relies on a formula computing extensions between twisted
strict polynomial functors, see [5], [46] and [52]. Namely, if v is a finite-dimensional
vector space and G is a strict polynomial functor, we let G,, be the strict polynomial
functor ‘with parameter v’ defined by G,(—) := G(v ® —). If v is graded, then G,
inherits a grading. It is the unique grading natural with respect to G and v, which
coincides with the usual grading on symmetric powers of a graded vector space see
[49, Section 2.5] and [52, Section 4.2]. Let E, denote the finite-dimensional graded
vector space E, = Ext;prpk (I, 1)) which equals k in degrees 2i for 0 < i < p"
and which is zero in the other degrees. Then we have a graded isomorphism, where
the degree on the right hand side is obtained by totalizing the Ext-degree with the
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degree of the functor Gg, (that is, if G%T is the component of degree j then the
summand Ext%Pk (F, Gi;r) is placed in degree i + j):

Extp, (F",G") ~ Ext}p, (F,GE,) .

We can extend the parametrization of a strict polynomial functor G to infinite-
dimensional graded vector spaces v by letting G, := colim G,,, where the colimit
is taken over the poset of all finite-dimensional graded vector spaces u C v. By
taking the colimit over r in the previous isomorphism, and by using corollary 10.11
we obtain the following result (in which no Frobenius twist appear in the Ext of
the right hand side).

Corollary 11.2. Let k be an infinite perfect field of positive characteristic. Let Eo,
be the graded vector space equal to k in even degrees and to 0 in odd degrees. There
is a graded isomorphism, natural with respect to the strict polynomial functors F
and G, and where the degree on the right hand side is computed by totalizing the
Ext-degree with the degree of the functor Gg_ :

11.2. Bifunctor cohomology. The words ‘bifunctor cohomology’ are sometimes
used [13, 53| to denote the Hochschild cohomology of k[P] or ['*P}. The study of
bifunctor cohomology was initiated in [13] for a finite field k. Here we extend two
of the main results of [13] to infinite perfect fields of positive characteristic.

Let K denote either k[Pj] or T9Pj. The bifunctor cohomology of B € K°P ®
K-Mod is defined as the extensions

HH* (K, B) := Extiopgx (K, B)

where the first argument in the Ext is the bifunctor given by homomorphisms in K.
Thus, if gl(v, w) := Homy (v, w), then K(v,w) = k[gl(v,w)] in the case of ordinary
functors and K (v, w) = I'*(gl(v,w)) in the case of strict polynomial functors. If B
has separable type, that is, if B(v, w) = Homy(F'(v), G(w)) for some functors F' and
G, we have isomorphisms natural with respect to F' and G [13, Prop 2.2]:

(57) HH*(K, B) ~ Ext}-(F,G) .

These isomorphisms can often be used to reduce questions regarding bifunctor coho-
mology to questions regarding functor cohomology, especially for strict polynomial
bifunctors since the standard injectives of the category have separable type.

Just like for functors of one variable, we have a forgetful functor

E[PSP] @ k[Py] — TP @ TP,

induced by restriction along the functor v¢®~?, where y¢ is defined in example 2.11.
If £ is infinite, this forgetful functor is fully faithful. By restricting extensions along
74 ® ~v% and by pulling back along the morphism of functors v%(gl) : k[gl] — I'gl
we obtain a restriction map:

HH* (TP}, B) — HA*(k[Py], B) .

For all » > 0, we let ®, denote the composition of this restriction map together
with the isomorphism induced by restriction along the (—r)-th Frobenius twist and
by the canonical isomorphism k[gl] ™" = k[gl™"] ~ k[(-")gl] = k[gl]:

(58) @) : HH*(T? Py, B") — HH* (k[P.], B™) = HH*(k[Py], B).
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The next proposition is the analogue of [13, Thm 7.6] for infinite perfect fields.

Proposition 11.3. Let k be an infinite perfect field of positive characteristic p and
let B be a strict polynomial bifunctor in Fszp ®@ I'"P;,-Mod. Then the map (58)
is 2p" -connected.

Proof. By considering a coresolution of B by products of standard injectives, we
reduce the proof to the case where B is a standard injective, hence when B =
Homy (F,G). In this case, the map @) identifies with the composition

Extfa,p, (F",G") = Bxtl, (F,G) = Extjp,(F.G)

gen

where the first map is the canonical inclusion (which is 2p”-connected by proposition-
definition 7.5) and the isomorphism ®; of corollary 10.11. Whence the result. O

Proposition 11.3 should be seen as a way to obtain explicit bifunctor cohomology
over k[Pg], in the spirit of section 11.1. For example, we obtain the following
computation by letting r — oo in [47, Thm 1] and applying proposition 11.3.

Corollary 11.4. Let E,, denote the graded vector space which equals k in even
degrees and 0 in odd degrees and consider k[S,4] as a vector space placed in degree
zero. Let the symmetric group G4 act on EZ? by permuting the factors of the tensor
product, and by conjugation on k[Sg4]. There is an isomorphism of graded vector
spaces

HH (k[Py], $g1) ~ (E2Y) 9, hlSa]

We finish our section on bifunctor cohomology by describing its relation with the
cohomology of GL,, (k). This relation provides a motivation for computing bifunctor
cohomology over k[Py], and we will also need it in the prooof of theorem 11.13 in
section 11.4. We first need the following generalization of Quillen’s vanishing of the
mod p homology of GL (Fy).

Lemma 11.5. Let k be a perfect field of positive characteristic p. The mod p
homology of GLuo (k) is zero in positive degrees.

Proof. By the p-local Hurewicz theorem [32, Thm 1.8.1], it is equivalent to prove
that the mod p homotopy groups of B GL(k)" are trivial, or equivalently that the
Quillen K-theory K, (k) is uniquely p-divisible for all positive n. As a consequence
of the Geisser-Levine theorem [55, VI Thm 4.7], K, (k) is uniquely p-divisible if
and only if the Milnor K-theory K (k) is uniquely p-divisible. That the latter
is p-divisible follows from the fact that k* is p-divisible (because k is perfect),
hence that the abelian group (k*)®z" is p-divisible. It is uniquely p-divisible as a
consequence of Izhboldin’s theorem [55, III Thm 7.8]. O

If B is an object of k[P}’] ® k[Py]-Mod, then B(k™, k™) is endowed with an
action of GL, (k). Namely, an element g € GL,,(k) acts as B(g~', g) on B(k", k™).
For example GL,, (k) acts by conjugation on gl(k™, k™) = Endg (k™). The identity
of k™ is invariant under conjugation, hence we have a morphism of representations

fn k= k[gl](k™, k") = k[Endg (k™))
defined by f(A) = Af(idg»). Then evaluation on k™ and pullback along f, yields a
graded map

(59) HH* (k[Py], B) — H*(GLy(k), B(K", k™)) .
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The next proposition 11.6 and its corollary 11.7 generalize Suslin’s comparison
result [14, Thm A.1] and its extension to bifunctors [13, Thm 7.4] from finite fields
to arbitrary perfect fields of positive characteristic. It is a consequence of the
stable K-theory computations of Scorichenko [42], which are reformulated in terms
of stable homological calculations in [§], the homological stabilization result [37,
Thm 5.11], together with the vanishing lemma 11.5.

Proposition 11.6. Let k be a perfect field of characteristic p. Assume that B is
polynomial of degree d with finite-dimensional values. Then the comparison map
(59) is 2(n — 1 — d)-connected.

Proof. Let B* denote the Kuhn dual of B, that is the bifunctor defined by B (v, w) =
VB(Yv,Vw) where Vv refers to the dual of a k-vector space v. By using proposition
2 12, the symmetry of Tor (that is Tor™(F, @) ~ Tor®” (G, F)) and the fact that
: PP — Py is an equivalence of categories, the proof reduces to show that
evaluatlon on k™ and restriction along f,, yields a 5 (n — 1 — d)-connected map:

H., (GL, (k), B} (K™, k™)) — Tor*®+) (k[gl], BY) .

In order to achieve this, we compare the homology of GL, (k) with the homology
of GLuo (k). Namely we let B*(k>, k™) denote representation of GL. (k) obtained
by taking the colimit of the B#(k™, k™). Let p, denote the composition

H.(GL,(k), B*(k™, k™)) — H.(GLy (k), B*(k>,k*)) — H,(GLo (k), B* (K>, k™))

where the first map is induced by the canonical inclusion B*(k", k™) — B (k>, k>)
and the second one is given by restriction along GL, (k) — GLu (k). We have a
commutative square, in which the vertical isomorphism on the right hand side is
the base change isomorphism of [31, Thm 14.2] and the bottom arrow () is induced
by the map f : Z — Z[P](k*°, k>) and by evaluation on k.

H, (GL, (k), B*(k", k")) — Tork "% “PH)(k[Py), BY)

pnl |=

H. (GLoc (k), B (£, %)) — s Tor™PPH 7P, ] BY)
The map (1) is an isomorphism by [8, Thm 5.6] and the vanishing lemma 11.5, and
pn is (n— 1 — d)-connected by [37, Thm 5.11]. Whence the result. O

Corollary 11.7. Let k be a perfect field of characteristic p. Assume either that
(i) both F and G are polynomial functors of degree less or equal to d with finite-
dimensional values, or that (ii) both F and G are strict polynomial functors of

weight less or equal to d. Evaluation on k™ yields a %(n — 1 — 2d)-connected map

€Vp EXtZ[Pk](F, G) — EXt*GLn(k) (F(kn), G(kn)) .

Proof. Assume (ii). Take a resolution or F' by direct sums of standard projectives in
I'Px-Mod and a coresolution of G' by products of standard injectives in I'P,-Mod.
Then by a standard spectral sequence argument we can restrict ourselves to the case
where F' is a standard projective and G is a standard injective, in particular to the
case where F' and G have finite-dimensional values. Morover strict polynomial
functors of weight less or equal to d are polynomial of degree less or equal to d, see
remark 7.10. Hence it suffices to prove the corollary under hypothesis (i).
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Assume (i) and let B denote the bifunctor B(v,w) = Homy(F (v), G(w)). There
is a commutative diagram whose horizontal maps are the canonical isomorphisms

HH*(k[P4), B) ——=—— Ext}p,(F,G)

J(sg) levn

H*(GLy (k), B(K"™, k")) —— Extgy, g (F(k"), G(k™))

Hence the result follows from proposition 11.6. (Note that B has degree less or
equal to 2d). O

11.3. Orthogonal and symplectic cohomology. Bifunctor cohomology and its
relation to the cohomology of general linear groups has an analogue for symplectic
and orthogonal groups that we now describe. Here we assume that k has odd
characteristic p.

Assume that G = O,, ,,(k) or G = Sp,,, (k). We associate to G a ‘characteristic
functor’ X : P, — Py, namely X = S? in the orthogonal case X = A? in the
symplectic case. We define an analogue of bifunctor cohomology as follows. Let F’
be an object of k[P]-Mod or of I'*P;-Mod, we set:

Extrap, (T2 0 X, F) if dis even,

H% (TP, F) =
X (TP, F) {0 if d is odd.

By restricting extensions along the functor v¢ : k[P;] — I'“Py, and by pulling back
along the morphism of functors ¥%/2(X) : k[X] — I'¥/2X we obtain a restriction
map (which is the zero map if d is odd):

H% (TP}, F) — Hi (K[Py], F) .

For all r > 0, we let CID%’ x denote the composition of this restriction map together
with the isomorphism induced by restriction along the (—r)-th Frobenius twist and
by the canonical isomorphism k[X](—") = k[X ("] ~ k[(=") X] = k[X]:

(60) fox s HY (D Py, FO) = Hy (k[Py], FU)) = Hy (K[Py], F).

Proposition 11.8. Let k be an infinite perfect field of odd positive characteristic
p and let F' be a d-homogeneous strict polynomial functor. The map (60) is 2p"-
connected.

Proof. Since p is odd, X is a direct summand of the second tensor power functor ®?2,
hence <I)k y is aretract of <I> . Thus we have to show that <I>’ k@2 is 2p”-connected.
We achieve this by reformulatmg the problem in terms of bifunctor cohomology
Let B be the object of I'Y(P}P x P),)-Mod such that B(v,w) = F(Yv®w) where Vv
denotes the dual of the k-vector space v. We have a finite direct sum decomposition

I'(PP x Py)-Mod = @ I'P* ® IVP,-Mod
i+j=d
hence B decomposes into a direct sum of homogeneous summands B = @, tied B,
We claim that for any bifunctor B%/ € I'"P{¥ ® I'VP;-Mod, the bifunctor co-
homology HH*(k[P}], B%/) is zero if i # j. Indeed, by considering an injective
coresolution of B in I"‘PZp ® I'"P1-Mod it suffices to prove the result when B is
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a standard injective, hence when B has separable type. In that case, the ques-
tion reduces to the vanishing of Ext in k[Px]-Mod between a i-homogeneous strict
polynomial functor and a j-homogeneous strict polynomial functor hence the claim
follows from the vanishing lemma 7.13.

Sum-diagonal adjunction (as in example 2.19) and restriction along the equiv-
alence of categories k[P’] @ k[Py] ~ k[P)] ® k[P}] given by the duality functor
V—: P}’ — Py, yields an isomorphism

Hie (k[Py], ') ~ HH" (k[Py], B)

Our claim implies that for d odd, the right hand side is zero, hence that the com-
parison map (60) is an isomorphism.

Assume now that d is even. We have a commutative diagram where the bottom
isomorphism is described above, and the top isomorphism is its analogue for strict
polynomial functors (induced by sum-diagonal adjunction, restriction along the
equivalence of categories I'%?" (PP x Py) ~ I'%" (P}, x P}) provided by the duality
functor and projection onto the summand B%? of B):

~

HZ, (D% Py, F(1) HH* (k[P}], B*?)

J‘I”k‘ o lq’;“

H%Q(k[Pk],F) —= - HH*(k[P}], B) == HH*(k[P}], B*?)
Hence (I);c,@)? is 2p”-connected by proposition 11.3. (Il

Now we explain the relation between the cohomology groups H% (k[P], F) and
the cohomology of the symplectic and orthogonal group. We first need the following
vanishing result. We gratefully thank Baptiste Calmeés for helping us with the
literature relative to hermitian K-theory.

Lemma 11.9. Let k be a perfect field of odd characteristic p. Then the mod p
homology of the groups Spso (k) and Occ oo(k) is zero in positive degrees.

Proof. Let G = Spy (k) or Ouo o0(k). By the universal coefficient theorem, it is
equivalent to prove that H;(G,Z) is uniquely p-divisible for ¢ > 0. If A is an
abelian group, we let A[1/2] denote the tensor product A®zZ[1/2]. Since p is odd,
A is uniquely p-divisible if and only if A[1/2] is uniquely p-divisible. And since
Z[1/2] is flat we have H,(G,Z)[1/2] = H.(G,Z[1/2]). Thus the statement of the
lemma is equivalent to H;(G,Z[1/2]) being uniquely p-divisible for ¢ > 0.

Since k is a field of odd characteristic, the Witt groups W (k) are an Fao-vector
space [40, Chap. 2, Thm 6.4]. Thus by [23, Thm 3.18] H.(G,Z[1/2]) is equal to
T, (k), that is, to the homology of a space C(k) which is a retract of the localized
classifying space (BP,’€+)(2), see [23, p. 253] for the latter point. Since the integral
homology of (BP} ")) is equal to H,(BP;",Z)[1/2], the lemma will be proved if
we can prove that BP,’C+ has uniquely p-divisible positive integral homology groups.

But BP,;+ has the weak homotopy type of Ko(k)x B GLy (k)T hence its integral
homology is direct sum of copies of the integral homology of B GLs(k)T. Since k is
perfect, these integral homology groups are uniquely p-divisible in positive degrees
by lemma 11.5 and by the universal coefficient theorem. O

Remark 11.10. Instead of relying on the results of [23], one could prove the lemma
by using the formula of [41, Rk 7.8], which says that after tensoring by Z[1/2],
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the hermitian K-theory (hence [41, App A| the homotopy groups of BG™ for G =
SPoo (k) or O 00 (k)) is the direct sum of a term computed from the K-theory of k
and a term given by Balmer’s Witt groups of k tensored with Z[1/2].

For all functors F' in k[Pj]-Mod, the vector space F(k?") has a natural action
of G, where g € G acts as F(g). The quadratic form on k*" used to define G yields
an invariant w € X (k?") under the action of G, hence we have a G-equivariant map

fon.x k= K[X](K*") = k[X (K*™)]
such that fa, x(A) = Aw]. Evaluation on k%" and pullback along fa, x yields a
graded map
(61) HY (k[Py], F) — H* (G, F(K*™)).

The following proposition and its corollary are proved exactly in the same fashion
as proposition 11.6 and corollary 11.7, relying on the stable homology computations
of [8, Cor 5.4], the homological stabilization result [37, Thm 5.15] and the vanishing
lemma 11.9.

Proposition 11.11. Let k be a perfect field of odd characteristic p. Assume that
F is polynomial of degree d with finite-dimensional values. Then the comparison
map (61) is 3(n — 2 — d)-connected.

Corollary 11.12. Let k be a perfect field of odd characteristic p. Assume that F is
a strict polynomial functor of weight less or equal to d. Then the comparison map
(61) is £ (n — 2 — d)-connected.

11.4. Rational and discrete cohomology of classical groups. Let G be an
algebraic group over k, let Modg denote the category of all representations of
the discrete group G, and let Ratg denote the full subcategory of Modg on the
rational representations as in [22]. Extensions between two rational representations
V and W can be computed in Ratg or Modg. In the sequel, we let

Extl, (V. W) i= Extiuae, (V. W) | (G, k) 1= Bty (, )
Exta(V, W) := Extypea, (V, W), H*(G, k) := Extg(k, k) .
There is a canonical morphism:
Exty,(V,W) — Exto(V, W)

which is far from being an isomorphism in general. An important difference between
the source and the target of the canonical morphism is the behaviour of Frobenius
morphisms. Namely assume that G is one of the classical groups GL,, (k), Sp,,, (k)
or Oy, (k) (and if k has characteristic # 2 in the latter case), and let let ¢ : G — G,
[ai;] + [a};], denote the morphism of algebraic groups induced by the Frobenius
endomorphism of k, and let VI denote the restriction of V along ¢”. We have a
commutative ladder whose horizontal arrows are induced by restriction along ¢:

Ext,(V, W) — -+ — Ext (VI W) — Extf, (VI whl)y — ...
EXtZG(‘/, W) IO EXtE(V[T],W[T]) N EXtE(V[T+1],W[T+1]) RN

Assume that k is perfect. Then ¢ has an inverse ¢~ '([ai;]) = [a;;"] so that the

morphisms in the bottom row are all isomorphisms. However ¢ has no inverse
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in the sense of algebraic groups, so this argument does not apply to the top row.
Instead, it is known [22, IT 10.14] that the morphisms in the top row are all injective
(and that they are isomorphisms for r > 0 only). Hence, if k is perfect the ladder
yields canonical maps:

(62) Oy - Extl, (VI Wi 5 Extl (V, W) .

Embed G = GL,,(k), Sp,,, (k) or Oy, (k) in the multiplicative monoid of matrices
M, (k) in the usual way (here m = n for GL, (k) and m = 2n for in the case of
the symplectic or orthogonal groups). Then a finite-dimensional representation V'
of is called polynomial of degree less or equal to d if it is the restriction to G of a
representation of M,,(k), such that the coordinate maps of the action morphism

pv - Mm(k’) — Endk(V) = MdimV(k)

are polynomials of degree less or equal to d of the m? entries of [a;;] € M,, (k). An
infinite-dimensional representation V' is polynomial of degree less or equal to d if
every element of V' is contained in a finite-dimensional subrepresentation which is
polynomial of degree less or equal to d.

Theorem 11.13. Let k be an infinite perfect field of positive characteristic p, let
G = GL,(k), let V and W be two polynomial representations of degree less or equal
to d, and let r be a nonnegative integer. Assume that n > max{dp”,4p” + 2d + 1}.
Then the comparison map in equation (62) is 2p”-connected.

Proof. Evaluation on k" yields an exact functor ev,, : k[Py]-Mod — Modgr,, (1),
which restricts to a exact functor ev,, : 'Px-Mod — Ratgy,, (x). Since n > d we
know from [18, Lm 3.4] that there exists two strict polynomial functors F and G
of weight less or equal to d such that V ~ F(k™) and W = G(k™), hence such
that VIl ~ P (k) and W ~ G (k™) for all 7 > 0. We consider the following
commutative diagram:

Extgy, oy (VI W) o Extp, (F0,G™M)

(pk,GLn(k)J/ J{‘I’;

Extar, () (Vi W) «—— Extyp,(F.G)
in which @/ is the composition

gen

Extrp, (F"),G") = Bxt?,,(F,G) 2% Extip,(F. G)

where the second map is the isomorphism of corollary 10.11 and the first one is
the canonical inclusion. This canonical inclusion is 2p”-connected by proposition-
definition 7.5, hence ®}, is 2p"-connected. Moreover, since n > dp” the top horizon-
tal map is an isomorphism by [18, Cor 3.13|. Finally, the bottom horizontal map
is 2p"-connected by corollary 11.7. Thus @y, g1, (1) is 2p"-connected. [

Remark 11.14 (Generic extensions of GL,(k)). Assume that V and W are finite
dimensional polynomial representations of degree d of GL, (k). It is known [22,
11.10.16] that the maps Extgy, ) (VI W) — Extéy, g (VI W) are in-
jective, their colimit is called the generic extensions between V and W. We denote
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it by Extge, (V,W). The comparison map ®;, i, (x) factors through generic exten-
sions:

Extgen(V, W)

]\ \\\‘\\ q:'gcn

b \\‘}
Extgy, gy (VI W) e Extgy,, () (V. W)

The main theorem of [6] or rather the general linear group version given in [18,
Thm 7.3] imply that the vertical arrow is ((p — 1)r +2)-connected provided that (i)
V and W are defined over F,, and (ii) & is a big enough finite field (with respect to
r, V and W). By base change [22, 1.4.13], the vertical map is also an isomorphism
when condition (ii) is replaced by: (ii’) k is an infinite field. Moreover, every finite
dimensional polynomial representation has a filtration whose associated graded ob-
ject is defined over [, namely its Jordan-Holder filtration. Hence, condition (i) can
be removed by inspecting the long exact sequences associated to the Jordan-Hélder
filtration. Thus we can state a version of theorem 11.13 in terms of generic coho-
mology, at the price of a worse connectivity bound. Namely, the comparison map
Qgen above is ((p — 1)r + 2)-connected provided that n > max{dp",4p" + 2d + 1}.

Theorem 11.13 has an analogue for orthogonal and symplectic groups. Here we
take V = k hence VI"l = k and the comparison map (62) can be rewritten as a map

(63) O HY(G, Wy — H (G, W) .

Theorem 11.15. Let k be an infinite perfect field of odd characteristic p, let G =
SPan (k) or Oy (k) and let W be a polynomial representation of degree less or equal
to d. Assume that 2n > max{dp",8p" + 4+ 2d}. Then the comparison map (63) is
2p" -connected.

Proof. We proceed in the same way as in the proof of theorem 11.15. We know

that W = F (k") for some strict polynomial functor of weight less or equal to d.

Furthermore, if F; is the i-homogeneous component of F then W = @, ., Fi(k*"),

and since the source and the target of @, ¢ are additive with respect to W, it suffices

to prove the isomorphism when F' is homogeneous of weight (less or equal to) d.
We have a commutative diagram:

(G, W) «—— W (T Py, F)

<I>k,cl l‘l’k,x

H*(G,W) +——— Hx (k[Py], F)

To be more specific, the bottom horizontal map of the diagram is the comparison
map of corollary 11.12 hence it is 2p"-connected. The top horizontal map has a
similar definition, namely it is zero if d is odd, and if d is even it is induced by
evaluation on k%" and pullback along the G-equivariant morphism fén x k=
I'92(X (k*")) such that fa, x/(\) = A\w®¥? where w € X (k®") is the invariant
element associated to the quadratic form defining GG. This top horizontal arrow is
an isomorphism by [48, Thm 3.17] or [48, Thm 3.24]. Moreover ;. is 2p"-connected
by proposition 11.8. The connectivity of ®; ¢ follows. ([l

Remark 11.16. Theorem 11.15 can be reformulated in terms of generic cohomology
in the same fashion as we explained it for GL,, (k) in remark 11.14.
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