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Abstract. We present and analyze two simple N-particle systems for the spread
of an infection, respectively with binary and with multi-body interactions. We
establish a convergence result, as N — oo, to a set of kinetic equations, providing
a mathematical justification of related numerical schemes. We analyze rigorously

the time asymptotics of these equations, and compare the models numerically.



1 Introduction

The mathematical models for epidemic spread describe the evolution of average
fractions for several species of interacting agents, as susceptible-infected-recovered
in the classical SIR model [7]; see for instance [1, 10, 6, 3]. It is hard to go far
beyond this description incorporating spatial patterns in a realistic way, although
this can play an important role in applications. A natural approach is based on
modelling equations inspired from the kinetic theory of rarefied gases, see e.g. [2]
and references therein. Of course, the main obstacle is the identification of the
assumptions characterizing the interaction. Think for instance of individual strate-
gies, which, if important, could lead to a rather different behaviour from that of
a particle system with local equilibrium [5]. On the other hand, the essential fea-
tures of the evolution have little dependence on microscopic details: even a naive
model based on a three-species Boltzmann equation can capture equally well the
qualitative behaviour of SIR-like equations [11, 4].

The present paper is devoted to a mathematical analysis of what could be
the simplest possible kinetic model. Agents move independently according to a
random flight. An infected and a susceptible particle can react into a pair of
infected particles, whenever they are sufficiently close. Furthermore each infected
particle decays into a recovered particle in a random time of order one (and cannot
be infected anymore, as in the SIR model).

We then consider two possibilities corresponding to two different scalings. In
the first one, the infection reaction of a pair happens in a random time of order
N, where N is the total number of agents. In the second one, in a random time of
order 1, the infection is instantaneously transmitted to all susceptible agents which
happen to be close enough (“crowd contagion”, or “superspread event”). As we
shall see, both models are conceived to give, formally, the same kinetic equations
in the limit N — oco. But the second one is mathematically more involved.

The plan of the paper is the following. In the next section we present the models
and the limiting kinetic equation. In Section 3 we study the time asymptotics of
these equations and compare it with the behaviour of the standard SIR. In Section
4 we discuss the convergence of the first particle model in the kinetic limit. Finally

in Section 5, we present some numerical simulation.



2 Models

2.1 Model 1
2.1.1 Phase space, generators

Consider a set of N particles (agents) whose position and velocity are in the two-
dimensional torus A = (0, D)%, D > 0 and the unit circle S respectively. We
denote by |A] = D? the measure of A. Particle i € {1,---, N} has a label a; €
{S,I,R} =: L. Weset Zx = (2;)¥; with z; = (z;,v;) € Ax S and Ay = {a;}}¥ ;.
A state of the system (Zy; Ax) lives in the phase space (I'x L)V, where I' = A xS.

The time evolution is given by the generator
L=Ly+ L1+ L+ LD, (2.1)
where:
o Lo= sz\; v; - V5, describes free motion.

e L, describes velocity jumps

N
1
L1D(ZN) = ; o /de [D(21,...,2w,...,2xv) — P(ZN)]
and, for a function ®(Zy) = ¢(z1),

£:0(Z0) = 5 [ dwlptarw) = ¢(a)].

Hence Ly + £1 generates N independent copies of a random flight. We do

not make explicit here the dependence on the labels, which are not involved.
e L4 describes the decay of infected (I) into recovered (R) particles
N
Edq)(ZN,AN) = 'yZ[@(ZN;al, e ;di7 e ,aN)—<I)(ZN;a1, ey Qe e ,aN)}

i=1

where v > 0 and the transition a; — a; is defined by
a; =R if a; =1, a; = a; otherwise.

e The interaction or “infection”, acting over the labels of the agents, is de-

scribed by
A
cﬁt@(ZN;AN):N > [®(2niar,... a0l ay)
i<N,j<N
1<



where A > 0 and the transition (a;,a;) — (a},a’;) is defined by

aj=a;=11if a;=1,a; =5 or aj=1,a;, =S and x;; = 1,

/
i
r_ 0 .

a; = aj, a; = a; otherwise

with x;; the characteristic function of two particles being at distance less
than Ry > 0

Xij = Ve, | loi—a;|<Ro} -

Note that, to simplify notation, we dropped the N dependence on generators acting
as sums over single particle variables (describing independent particles).

In words, we have the following behaviour. N agents of type S (susceptible),
I (infected) or R (recovered) are moving in A via a random flight, with velocity
jumps in S taking place with rate 1 per agent. Each infected agent becomes
recovered according to a Poisson process of rate «v. The infection is also a Poisson
process: we choose a pair of agents 7, j with uniform probability and, if the pair is
constituted by an infected and a susceptible and if their distance is smaller than
Ry, both of agents become instantaneously infected (otherwise nothing happens).
The intensity of this process scales like AN.

2.1.2 Densities and marginal distributions

A statistical description is provided in terms of an initial probability density
W (' x L)YV - RT,

symmetric in the exchange of particles and normalized by
Z/dZNWgV(ZN;AN) =1.
AN
The time evolved measure W/ (Zy; Ax),t > 0 is given by
Z/dZNWtN(ZN;AN)tb(ZN;AN) =
AN
S [ dzw Wi (Zas AwEiR(Zy(0: An (D)
AN

where @ is a test function, (Zn; Ax) — (Zn(t); An(t)) is the process and E =
E(zy,ay) is the expectation conditioned to the initial value (Zn; Ax). The j-



particle marginal, j = 1,..., N, is defined by

FUCAVEUESED S S A/ RV IV NS
Aly_,ELN—I

giving the probability density of finding j agents with labels A; in the configuration

Z;.

We shall assume full independence at time zero:

W (Zn; An) Hfo Ti, Vi3 4) (2.2)

where fj is a one-particle density distribution, with normalization
Z/dzfoza =1. (2.3)
a€l

As usual in kinetic theory, the dynamics creates correlations and the measure is not
factorized anymore at positive times. One hopes to recover such independence in
the limit N — oo, thanks to the mean-field nature of the interaction (“propagation
of chaos”). Indeed the agents move independently and, given a pair of particles,
say 1 and 2, the probability that the label of 2 influences the label of 1 is O( %),
therefore that any j-particle marginals factorize, if they do factorize at time zero

as guaranteed by (2.2) (“propagation of chaos”).

2.1.3 Kinetic limit

Let us derive formally the kinetic equations in the limit N — co. We choose a test
function of type ®(Zn; An) = % Zf;l @(z;;a;). Then by using the symmetry

G2 [atlotma = 53 [azaw ey
a AN
_ Z / dzfN (Lo + L1 + La)d(z; a)

+Z/dZNWNcm (Zn; AN)
Where the last term reads

N2 ZZ/dZNW (Zn;s AN)[B(2i5 a7) — D(zi5.ai) + @(z25305) — d(25a5)] =
i, AN
z<]

)\7 /dzldzzfz (21,225 a1, a2)[p(21; a1) — @(215 a1) + D(22; ap) — P(z2; a2)] .

ai,a2



If ¢(z;a) = 0 for a # R, then the interaction term is vanishing. If instead ¢(z;a) =
0 for a # S, the interaction term is close to

- / dzidzo f(2155) f(22; 1) x1,2 9(2155)

for N large, if the propagation of chaos holds: f&¥ ~ (f{V)®? and f := Nlim le
—00
Similarly if ¢(z;a) = 0 for a # I one gets

+)\/dzld22f(21;l)f(22;5) X1,2 P(22; 1) .

We conclude that the triple (f(z;S;t), f(z;;t), f(2; R;t)) satisfies the follow-
ing system of kinetic equations (z = (z,v)):

(O +v-Vy) f(2:9) = Lif(29) = Af(:8) [ f(z1;1)x(|Jx — 21| < Ro)dz
(O +v-Vo) f(zsD) = Lif(z1) —vf(z1)

+ M (29) [ f(z1;D)x(Jx — 21| < Ro)dz
(Or+v-Vo) f(z:R) = Lif(zR) +7f(21)

(2.4)
Note that the sum
= f(za:t)
aclL
satisfies the simple random flight equation
(O +v- Vo) Fz 1) = L1f(,1) - (2.5)

2.2 Model 2

With same setting and notations as above, we now consider the stochastic process
with generator
L=Lo+ L1+ La+ LD,

where
P
L3®(Zn; An) = NZ (Zn; Ay) — ®(Zn; AN)]
and Al = Al (i) = (a’-(i));v:l is given by
=1 if aj=S5,a; =1 and x;; =1

= a; otherwise



As before, N agents evolve via a random flight and each infected agent becomes
recovered according to a Poisson process of rate -; but the spread of the infection
affects, with rate A, all susceptible agents inside a ball of radius Ry around the
infected one.

Proceeding as in Subsection 2.1.3, we obtain a formal limit by computing
S [WNLN.® for a test function ®(Zn; Ax) = + 3N ¢(24; a,):

int

Z/WNif,itcp =
— 3 2O [ AW 2y Aol ) - G 0)

[ S;éi AN
N -1
= )\T aza: /ledZ2f2N(21,22;01,a2)X1,2[¢(22§a’z(l)) - ¢(22;a2(1))]

- A% /d21d22f2N(251722;I, S)x1.2[¢(20; I) — (22 9)] .

We see that we recover the same kinetic system obtained for the first model,
provided the propagation of chaos holds true. Actually this is not the case, at
least for a suitable choice of parameters. Indeed macroscopic correlations in areas
O(R2) could be created when the infected crowds do not have enough time to
mix. We will discuss in Section 5 some numerical simulations supporting this
observation.

We stress that having the same kinetic limit N — oo for the two models intro-
duced is not surprising, due to the separation of scales. The infection mechanism
in the second model is much stronger as it involves a macroscopic portion of the
population (instead of a single pair), but the jumps in Model 1 have intensity
O(N) while in Model 2 they have intensity O(1).

2.3 SIR

It is natural to compare the kinetic equations (2.4) with the well known SIR model

for the evolution of the fraction of species S,Z, R as a function of time:

S =-pIS
1=pIS -~ (2.6)
R = L

for given v > 0 and S8 > 0.



Define

g(S;t) = M S(1), g(I;t) = MI(t), g(R;t) = M R(t),

where M = #IA\ Then g(A;t), A € L solve (2.4) (as constant functions of z)
2
provided that § = %. Therefore at equilibrium, namely when the distribution

of each species is constant, the kinetic equations do not say more than the SIR
model. However integrating Eq.s (2.4) with respect to z, we do not find closed
equations for the fractions

Alt) = /de(Z;A;t) ,

which means that in case of inhomogeneous data the kinetic equations do provide
a more detailed description.
A more accurate SIR model takes into account also the possibility that the

recovered agents may become susceptible after some time. The equations are:

S=—-BIS+ uR
T=BIS —~I ) (2.7)
R=~T —uR

for 4 > 0. The corresponding kinetic equations (2.4) modify slightly by joining
the term £ f(z; R) in the first and third equations respectively.
3 Long time behaviour

Eq.s(2.6) have many stationary solutions, but a single one (Se,Zoo, Roo), which
is the limit for ¢ — oo of the solutions to (2.6). By the third equation of (2.6)

/mﬂﬂ:5<+m. (3.1)
0

Setting now 0 = S + Z we have

t
6 =—vZ and o(t) =o0¢— 7/ drZ(T)
0

so that
lim o(t) = o9 — 7d.

Ooo =
t—o0



Setting Aoo := limy o0 A(¢), since S(t) is decreasing, both Z(t) and S(t) are

converging as t — oo and, by (3.1), Zo, = 0. In conclusion

Soo =00 =70 =2+ So — 7
Zo =0
Roo =Ro+76
Note that the dependence of the stationary solution on (3 is hidden in §.

A more precise determination of the asymptotic values is provided by the fol-

lowing well known argument. From

ds
s _ pg
dR ¥

by using R + Soo = 1 and the assumption Ry = 0 one finds

eiéS*éSoo = Soéefg.
Y Y

Since maxye™Y = %, given f and v one finds nonvanishing solutions for S.

3.1 Time asymptotics of (2.4)

We try now a similar analysis for the kinetic model.
We abbreviate by

Ni(z;t) = f(29) (Xro * F(5 1)) (23 )

the nonlinear terms in the r.h.s. of (2.4), where x g, = x(]z| < Rp) is the indicator
of the set {|z| < Ro}. We further set L := —v - V, + L4, the generator of the

random flight semigroup U (t) = e . Then we rewrite Eq. (2.4)

O f(S5t) = Lf(S5t) — AN (t)
Of(I;t) = Lf(I;t) + ANG(t) — vf (I t)
Ouf(Rit) = Lf(Rst) + v f(I3t)
and denote the initial data by fo(A).
We shall use that, for h a probability density and arbitrary tg > 0,
|U(t — to)h — M||p1 < 2e~2t=t0)

(remind that M = 27r1|A\) for some a > 0.




Estimate (3.4) is well known in the framework of the very extended literature
concerning the linear Boltzmann equation. Here, due to the simplicity of our
equation, we prefer to present a simple direct proof in Appendix for the reader’s
convenience.

From the the third equation of (3.3) we have that

F(R:t) = U(®) fo(R) + / drU(t - 7)f(I;7)

Integrating both sides with respect to z, recalling that A(t) = [ dzf(z; 4;¢) and
setting Ag = A(0), we obtain

R(t) = Ro -1—7/0 drI(r) .

Clearly
/ drl(r) =6 < +o0.
0

Then setting
f(S56) + f(I;t) = X(t)
we find
OL(t) = LE(t) — vf(L:1)

so that P
— ) =—~I.
g+ =-

Denoting by A, the asymptotic value of A(t), proceeding as before we infer
(cf. (3.2))
Soo =1To+ So — 70
I =0 . (3.5)
Roo = Ro+ 0
We cannot conclude that A(t) = A(t) even if A(0) = A(0) because, in general,
546
Next, we study the asymptotic behaviour of the triple (f(2; A;t)) 4, ast — oo.
Denote by goo(A) = Axx M the equilibrium state. Setting

A(z8) = f(25) = 9o (S) ,
Az D) = f(z;1) = goo () = f(251) ,
A(z; R) = f(# R) — goo(R)



we have, using that g, is a stationary solution to Eq. (3.3),

O A(S3t) = LA(S: 1) = ANF(t) — Ny, (1)]
AL t) = LA(L; t) + AINF(t) — Ny (B)] — AT t)
O A(R;t) = LA(R; t) + yA(I; 1)
hence
o(t) := A(S;t) + A(I;t) = A(S;t) + f(I;t)
satisfies (o0 = o(to))
o(t) =U(t —to)oo +7 /tt drU(t — 1)A(I; 1)

for arbitrary tg > 0.

The two terms in this equation are controlled by

/dT (t—7)A(L;7) <7/ drl(r

1U(t = to)oollr < IU(t = t0)[f(S;t0) — S(to) M]||Lr + S0 — S(to)| + I(to) -

and

But, by (3.4) and [ (f(S;to) — S(to)) Mdz = 0,
Ut = to)[f(S;to) — S(to)M]|| 1 < 2S(tg)e™*1t0) < 2e~alt~to)

Furthermore for any ¢ > 0,

) T drI(7) + 15w — S(to)| + I(to) < ¢

to

provided that ¢y is sufficiently large. In conclusion
limsup ||o(t)||zr <€,
t—o0

thus
lim A(A;t) =0 for A€ L,
t—o0

in norm L'.

Note that existence and uniqueness of the solutions to the system (3.3) follows
by standard arguments, since the nonlinear term is Lipschitz continuous in L!.
Indeed by the identity

Ny =Nuw = (f = 1) (8) xr, * f(I) + h(S) xR, * (f = h)(I)

10



and ||f(A;t)]|p1 <1 it follows that
INf = Niller <CIIf =hlle,  C>0.
We summarize the discussion in the following statement.

Proposition 3.1 Given an initial datum fo(z;A) >0, A€ L,z €T, fy € L%x,v)

such that
3 / dzfo(z A) =1, (3.6)

A€l
there exists a unique solution f(z;A;t) > 0 to the system (3.3) for any t > 0,
strongly differentiable in L' and preserving the normalization condition (3.6).
Moreover
Jim f(z; At) = goo(A) in L (3.7)

where goo(A) = M Ay, M is the uniform normalized distribution on T' and A
solves (3.5).

4 Particle approximation

In this section we derive the kinetic equations (3.3) starting from Model 1. This
is a classical mean-field problem, which has been largely investigated in previous
literature. Observe that Model 1 is particularly simple because, once integrated

over labels, the probability measure factorizes

W (Zn;t) = ZWtN(ZN;AN) = (f(t)*N(Zn)
AN
and f satisfies Eq. (2.5). We recall that we are assuming (2.2) and (2.3) at time
zero. On the other hand the dynamics of labels generates correlations as

f (21, 223 a1, a9;t) # f1 (215015 8) f1) (225 423 t) .

In order to show that such correlations are negligible as N — oo, a straightfor-
ward method consists in establishing a hierarchy of equations for the marginals
fJN (Zj; Aj;t). This is a purely algebraic computation, leading to the following
result.

Theorem 4.1 For any t > 0 we have that the marginals of Model 1 are chaotic,
and

lim fY (1) = f2"(t)

N—oc0

11



n Lle and for any choice of Ay, where f = f(z;a;t) solves the kinetic system
(3.3).

Proof. We start by computing the adjoint of the generator (2.1)
Lr = *Eo+£1+ﬁz+ﬁg£ .
The decay operator has adjoint
N
LWN(Zni Ax) =Y WN(Zysan,...,a;,. .. an)(0a,r — 0a,.1)
i=1

where
a; =1 if a; =R, a; = a; otherwise .
The interacting generator is computed as follows. Denoting
A?V’](b, d) = {a1, e ,ai_l,b,aiﬂ, e ,aj_l,d, aj+1, e ,aN} (Z 75 j)

one has that

An

30> / dZNWN (Zy; AN)[®(Z, A (a], 0)) = @(Zn; Ay)]

i<j AN
A
= N Z Z/dZNWN(ZN; AN)Xi,j[éai,Iaaj,S + 50‘1;755@]',]]
[ 8y 180, 19(Zn, AY (al, ) — (2, An)]
a;,a;

from which we obtain
A y
LiWN(Zn; AN) = NZ Xi  {(WN (Zn; AR (I, 9)) (4.1)
i<j
+WN(Zn; A (S, 1)))0; 10,1
~W™N(Zn; AN)(6a,,10a;,5 + Sas,50a,,1)} -

The hierarchical equation for marginals is obtained (as for the well known

BBGKY hierarchy) by computing the quantity

Z /dZJ/V—kEz]‘Y«; WN(Zksz/V—k;AkvAlN—k) :

’
AN—k

12



We split the sum .. into three contributions. The first one for i < j < k yields

1<J

k
N intfk :

The second one for k < i < j is vanishing. The third one, for i < k,j > k, gives,
using the symmetry of W,

k
k
—_— Z /d2k+1 Xi,k+1

{baut (P51 (Zhs 2nns AP 8)) + 2 (Zis s ALT(S,T))) -

(Sai 1 F2%1 (Z1, 2415 Ak, S) + Say s fier (Zis 20415 Ak7I))}

= )\72 /dzkHXi k+1 (42)
[fk+1(ZkaZk+17A;ciJ1rl(I 1)) - flﬁl(Zkvszrl;AkaI)]
N — k
= Aick-&-lfk-&-l(zkvAk)

Here the last identity defines the hierarchical collision operator Cjy1.

In conclusion we find

WY =L + Lol + £k*t W +>\ Ck+1fk+1 (4.3)

for k < N. The last equation, for k = N, is nothing else than the equation for the
measure W = f¥ that is
oW =L wh .

Coming back to the kinetic system (3.3), we write it in the more compact form
of a single equation

Oif(ziast) = Lf(z;a;t) + L f(z5a5t) + AQ(f, f)(25a51)

where
QUf, )z a) = /dZ1 X(|z — @1 < Ro) [f(2;8)f (215 1)ba,1 — f(250) f(2151)a,s] -
Consider now the sequence of products

[i(Z5; Ajst) = f9(Z;; Ajst)

13



By direct inspection, we obtain

Ocfe = Life + LG f + A Crp1 froqr (4.4)

for k > 1.

We are now in position to conclude the proof following, for instance, the same

strategy as for the inhomogeneous Kac model (see e.g.[12]), which is inspired to

the seminal paper by Lanford on the validity of the Boltzmann equation for hard

sphere systems [9]. We remind the basic steps.

5

1. The operator Ck41 is controlled by

[Crs1frtrlly, < Ckllfesallny

for some C' > 0, where the norm || - ||, is defined as

I illes, =3 1 Fu(A) ey, -

A

. We can represent the solutions of both hierarchies (4.3) and (4.4) in terms of

two series expansions which are converging in LY, for short times, uniformly
in N.

. The Markov semigroup UN (t) := (LR Lin)t converges in LY in the limit

N — o to U(t) = e, indeed

koee k2
wet=o (%)

Hence we have a term by term convergence of (4.3) to (4.4).

. This allows us to achieve a short time convergence. But we have the a-priori

estimate || £ (2)|| 1, = 1, which allows us to iterate the procedure and reach

arbitrary times.

Numerical simulations

We make use here of Monte Carlo method to simulate the behaviour of Model 1

and Model 2, and compare the evolution of the population fractions S(t), I(t) and
R(t) with the solution of the SIR equations (2.6).

14



Let us describe the setting of the particle simulation. The spatial domain is
the torus A = (0, D)? with D = 500. At time 0 we consider N particles uniformly
distributed in space with uniformly distributed velocities in S, so that the gas
as a whole is at equilibrium. We focus on two different initial distributions of
labels. In the first case, a fraction I(0) of infected agents are labeled as I, and
these particles are chosen uniformly. In the second case, the I particles at time
0 are all the particles lying in a disk of area I(0)|A|. All the remaining agents
are susceptible, hence we fix R(0) = 0. In the following we will refer to these two
initial distributions as homogeneous and concentrated initial data, respectively. In
all the experiments reported below, we set 1(0) = 155, S(0) = 1 —1(0), R(0) = 0.

We recall here that the kinetic equations (2.4) reduce to the STR-model (2.6)

2
for uniform data, with the corresponding parameter 5 to be chosen as 8 = )‘TA]TO.

Also, the STR—model asymptotics, once fixed the initial data, depends only on the
ratio g For fixed ratio % the actual values of 8 and < influence only the time
scale of the evolution. As we shall see, inhomogeneous initial data can instead
modify considerably the evolution of the population fractions.

We consider first the dynamics of Model 1, with parameters A = 20, Ry = 15,
v = 1/30; see Fig.1. The result verifies the correspondence between homoge-
neous particle model and SIR—model, and the different behaviour in the case of
concentrated initial data. In the latter case, the spread of infected particles is
much slower, implying that the infected population reaches a lower peak and in a
longer time. The asymptotic values S, and R, are also affected. The quantity )
appearing in (3.5) is indeed different in the homogeneous and in the concentrated
case.

When considering Model 2 with the same parameters as in Figure 1, the evolu-
tion is very far from the SIR—model, even for homogeneous initial data, and only a
small fraction of susceptible agents is infected before the extinction of the infected
population. Note that the evolution of Model 2, as pointed out in Section 2.2,
only gives rise to the kinetic description when the propagation of chaos holds true
in the limit N — oo, which might not hold for this choice of parameters.

Let us now fix the ratio /\lﬂTITg /7 and the domain |A|, and let us initially fix also
the value of 7. We can choose different values for Ry and A and try to identify
the regime for which the homogeneous particle system behaves as the SIR-ODE
model. We find that by decreasing Ry and increasing A accordingly, keeping the
product AR2 fixed, the particle system approaches the SIR-ODE model behaviour,

while it is far from it for large Ry. The rate of approach also depends on ~y (for
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Figure 1: Parameters: A = 20, Ry = 15, v = 1/30.
Left panel: evolution of S, I, R fractions for a particle system evolving according

to Model 1. The solid and dashed lines represent, respectively, the case of homo-

geneous and concentrated initial data. N = 50000.
)\7rR(2)
Al

Right panel: numerical solution of (2.6) with 8 =

smaller v, higher value of Ry is required). However, this is true up to a certain
threshold. Indeed, when the value for Ry is too large, no choice of v and A can
work (think of Ry > D).

The spread of infected particles is favoured when agents of type I are sur-
rounded by a large number of susceptible. This does not happen in general when
the labels have strongly non—-homogeneous distribution. The dynamics in Model
2 produces such inhomogeneities in disks of radius Ry. However, if the decay rate
v is sufficiently small, infected particles have sufficient time to mix with other
agents in the surrounding space, before becoming recovered. Instead for R large,
the infected agents are unable to exit the shielded region.

We see in Fig. 2 a second set of simulations where the parameters are such that
Models 2 and SIR Equations match (keep the same ratio %) Now, since v and A are
small, particles have enough time to mix before being involved in a new infection.
Moreover for the same reason, the particles reach a homogeneous distribution
quickly, so that the difference homogeneous and concentrated initial datum is not
so significant in this case. In Fig.3, we propose a last set of simulations, for an

intermediate regime (and same g)
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Left panel: evolution of S, I, R fractions for a particle system evolving according
to Model 2. The solid and dashed lines represent, respectively, the case of homo-
geneous and concentrated initial population of I agents, N = 200000.

Right panel: numerical solution of (2.6) with 8 = )TAITg'
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Figure 3: Parameters: A = 200, Ry = 15/10, v = 1/300.
Left panel: evolution of S, I, R fractions for a particle system evolving according
to Model 1 (solid lines) and to Model 2 (dashed lines), for concentrated initial
population infected agents. N = 60000 and N = 200000 respectively.

Right panel: numerical solution of (2.6) with 8 =
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6 Appendix. Proof of estimate (3.4)

We fix tg = 0 with no loss of generality. Consider the following equation for a
probability density f(x,v,t) with z € A and v € S:

atf"_v'vmf:%_f
f($7v70) = fo(x,v)

where ps(z) = [gdwf(z,w) is the spatial density associated to f. We can write
the solution explicitly, by iteration of the Duhamel formula:

flz,ut) = e_tz (;T)n/otdtl.u/otnl dtn/dw1'~/dwn

n>0
fg(l' — ’U(t — tl) — wl(tl - t2) s — wntnywn) s

where f defined in the whole R? x S, is the periodic extension of fy from the
square A.

Let P;(z9,z) be the transition probability from zg = (zg,v9) to z = (z,v) in
time ¢ > 0. For y € R? and zy € A, we introduce 67 (z —z0) :== > _d(x — (20)r,v —
vg) where ¢ is the Dirac delta, m = (k1, k2) is a pair of integers and

(0)r = ((wo)1 + k1D, (z0)2 + k2 D)

are periodic images of zg. We also denote abusively 0P (x —xo) := Y 6(x—(20)x).
Then

1 n t tn—1
Pi(z0,2) = e—tép(x—vt—mo,v—vo)—i—e—tz(2> /dtl---/ dt,
T 0 0
n>1

/dw1-~-/dwn,15p(x—v(t—t1)—wl(tl—t2)~~—votn—x0).

P, is not absolutely continuous and we are looking for a lower bound, uni-
form in z and zy. The above formula is a series of positive terms which we call
Pt(")(zo,z). They are absolutely continuous for n > 2. We focus then on the

simplest contribution n = 2

2t t1
Pt(2)(Zo,Z) = e*t (2]’-71_) A dtl/o dtg/dw 5P(ZL’—’U(t—t1)—U)(t1—tg)—votg—(ﬂo) .
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Changing to the variable £ = w(t; — t2) one finds that P,5(2)(:<:07 z) is equal to

2 ot
et (;ﬂ) /0 dtg/df x (€] St—tz)%(sl)(m—v(t—tz)—f+|€‘1}—’l}0t2—l‘o)

2 3
> (o) [t [ de el < o - ot~ ) = €4 elo — ota — a0)

SN ]

If ¢ is large enough, £ spans at least a square in the two-dimensional lattice of side
D and hence the above integral is not vanishing. Moreover the Jacobian |g—g| of

the transformation
§—1€lv—mn

is
v 11§y

IS

with inverse bounded from below by

¢ L1
€T+ Torlles] + Toall&s] = T orl + Joo]

1
> —.
-3
Therefore the last integral in d¢ is bounded from below by 1, which implies
Pf“(29,2) > Ce™* (A1)

for some C' > 0 (independent of z, zp), provided that ¢ is large enough. Here P2¢
is the absolutely continuous part of P;.
From (A.1) we shall prove that

| P20, ) — Pe(z1,)[lrv < 2p (A.2)
with p < 1 and this is enough (see e.g. [8]) to conclude that
[ Pat (20, ) = M|l7v < 2p"
from which in turn we obtain for all t > 0
IU@)R = ML < 2e7,

for some (certainly not optimal) a > 0.
To prove (A.2), we introduce the Wasserstein distance with the discrete metric
d(z,2)=1if z# 2/, d(z,2z) = 0:

= inf d "YR(dz,dz'
W)= inf / dle ) R(dz.d)
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where C'(u,v) is the family of couplings between the probability measures p and
v (R is a measure on the product space having p and v as marginals). We have
that (see for instance [13] Eq. (13), p.7)

| = vy =2 W(p;v) .

To control W(Py, Py) with P;(dz) = Pi(z;,dz), i = 0,1, we introduce the following
explicit Ry € C(Py, P):

(Po(dz) — M(2)dz)(Py(d2") — A(2")dZ")

Ro(dz,d2") = 6(z — 2 )\(2)dz d2 + 1— [dzA(z)

where A(z) = min(P§°(z), P¢(z)) and P2 is the density of the absolutely contin-
uous part of P;. By (A.1) we obtain that

W(Py, Pp) < /d(z,z’) Ro(dz;d2") <1 -— /dz)\(z) <1-Ce'=:p.

This concludes the proof. W
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