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Fractional entropy is a signature of nonlocal degrees of freedom, such as Majorana zero modes
or more exotic non-Abelian anyons. However, in the mesoscopic quantum systems hosting these
states direct entropy measurements remain highly challenging. Here we introduce a self-consistent
framework to extract entropy from existing experimental conductance measurements. Applying this
approach to conductance measurement through a metallic quantum dot displaying ‘charge’ Kondo
effects, we extract the fractional entropy in the two- and three-channel Kondo effects, corresponding
to Majorana and Fibonacci zero modes, respectively. In these cases, the entropy extracted from the
experimental data falls on a theoretical curve displaying scaling towards kg log v/2 or kg log %
entropy, respectively. Our protocol provides a general route towards a direct extraction of entropy
from charge measurements in mesoscopic quantum systems.

A plethora of condensed-matter systems are conjectured to support exotic quasi-particles, which may serve as basic
ingredients for quantum technologies [1]. However, whether these particles have been observed experimentally is
currently the topic of a vivid debate. For example, current experimental evidence for the observation of Majorana
fermions (MFs) is based on measurements of zero-bias peaks in the differential conductance which, however, can be
attributed also to various other sources [2]. By contrast, thermodynamic quantities can unambiguously separate MF's
from other, simpler excitations [3-5]. Specifically, the additional entropy due to a single Majorana fermion is given
by S = %kB log 2. This entropy is half of that of a spin-degenerate state, suggesting that information is stored non-
locally across a pair of bound states that are decoupled from one another. This non-locality is hard to identify in a
conductance measurement. However, the fractional contribution to the entropy is conceptually clear and, importantly,
it cannot be attributed to a degenerate localized excitation. The measurement of a fractional entropy therefore would
serve as a smoking-gun signature for exotic quasi-particles [6, 7].

The difficulty with measurements of thermodynamic quantities in general, and entropy in particular, is that tech-
niques developed for measuring thermodynamic behaviour in bulk materials are in general not applicable to engineered
lower-dimensional systems, where changes in signal are simply too minute, due to the small number of electrons
contributing to any effect and the relatively large background contributions from the phonon bath. Therefore, char-
acterisation through thermodynamic signatures of intriguing states of matter that have shown to emerge in such
low-dimensional electron systems remains challenging. Recently entropy of mesoscopic devices has been measured
through either employing the Maxwell relation [8], which relates the temperature dependence of the charge occupation
of the device, dN/dT, to the gate-voltage dependence of the entropy, or through thermopower measurements [9].

Here we demonstrate that standard conductance measurements can be utilized to extract the entropy of the system
when charge-occupation measurements are not available (see Fig. 1). In many cases, the theory is characterized by
a single energy scale, such as the charging energy in the Coulomb blockade regime or the Kondo temperature in
Kondo systems. Then theory predicts a universal relation between dN/dT and conductance G. (In some of the cases
described below, such as the Coulomb blockade regime or the two-channel Kondo effect, they are both proportional
to the density of states and thus to each other.) Using such a relation, obtained from theory of a given model, the
experimental value of the fractional entropy of the quasiparticles can be extracted from the conductance measurement.
This also serves as a consistency check on the theory, as the theory predicts independently the value of that entropy.

In the following, we focus on multi-channel Kondo (MCK) systems [10] which support exotic quasi-particle in
their ground states. The model describes k channels of conduction electrons interacting antiferromagnetically with an
impurity spin % The impurity entropy Simp is defined as the extra entropy of the system associated with the impurity.
Consider first the single-channel case. While the weakly coupled impurity has double degeneracy with Sim, = log2
(here and below we set the Boltzmann constant to unity), the antiferromagnetic coupling leads to a spin-singlet
formation between the impurity and the Fermi sea at temperatures lower than the Kondo temperature Tk, resulting
in a non-degenerate ground state and zero entropy. However, when multiple k& channels of conduction electrons interact
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Figure 1. Illustration of the method. Left panel: Experiment provides conductance data versus gate voltage (here randomly
generated for illustration). Using a theoretical relation between dN/dT and the conductance (e.g. Eq.(3), Eq.(5), or Fig. 4b),

one can extract dN/dT from experimental conductance (right panel). The entropy difference can be obtained by integrating
over dN/dT (shaded region). The inset shows the extracted entropy, and the maximum corresponds to the entropy of the
quasi-particle.

equally with the impurity spin, spin-singlet formation is prevented, resulting in a non-Fermi liquid (NFL) state with
nontrivial impurity entropy Simp = log {2cos[n/(2+ k)]} [11-13]. These predicted fractional values of the impurity
entropy correspond to a ground-state zero mode, such as a MF in the two-channel Kondo (2CK) case [14], where
Sack = logv/2, or a Fibanacci anyon in the three-channel Kondo (3CK) case, where S3ck = log 1+T\/g Thus MCK
systems promise an alternative, gapless platform [15, 16] for MFs and non-abelian anyons [17-19).

The charge 2CK and 3CK effects were demonstrated in a metallic quantum dot (QD) in the quantum Hall regime,
connected between two or three spinless leads [20, 21], respectively (see inset in Fig. 2(b)), coupled to k leads by
quantum point contacts (QPCs) [20-26]. Each QPC consists of a pair of counter-propagating spinless fermions (due
to the large magnetic field), one incoming into the QD and the other outgoing from the QD. The Hamiltonian of the
model is

H:hvpzk: Z

k
], i0:05, + Ec(N = No)? + hop Y 1008, (0)1hj0us (0) + hec. (1)
j=1v=in,out j=1
This model maps onto the anisotropic k& channel MCK model [20-22]. The first term in H describes the free fermion
modes ¥;y—in, out, With vp the Fermi velocity, and the last term describes a reflection r; at the various QPCs, which
we assume were tuned to be equal r; = r, except where we discuss the crossover between different regimes. E¢ is
the charging energy and N is the electron number operator of the QD. The reflection amplitude r is related to the
transmission coefficient 7 as 1 — 7; >~ 7’? [27, 28]. The transmission 7 in turn determines the Kondo temperature Tk.

If 7 is small, then the system is in the classical Coulomb blockade (CB) regime (T' > Tk ), and if 7 is enhanced, and
the temperature lowered below a T—dependent Tk, then the system exhibits the 2CK or 3CK behaviour depending
on the number of the coupled channels. IV, is the gate voltage applied to the metallic dot, normalized to unity when
an additional electron is added to the dot, which corresponds to a magnetic field in the spin Kondo models. The
charge degeneracy at the Coulomb peaks (at Ny, = 1/2) maps to an effective impurity spin [24] and by tuning the
gate voltage, the crossover between NFL and FL is realized. The MCK models were found to accurately describe the
experimental QD device by detailed comparison to the transport measurements [20, 21, 24, 29].

In this work, we suggest how to extract the entropy of exotic quasiparticles in the multi-channel charge Kondo
system from experimental conductance measurements for the above-mentioned device [20, 21]. From the Maxwell
relation, the entropy difference between two different gate voltages can be obtained by integration of dN/dT. While,
in principle, one can obtain the entropy change between any two values of gate voltage (see Fig. 1), here we focus on
the entropy change occurring as the gate voltage is swept from a state with a unique charge ground state (N, = 0),
to a charge degeneracy point (N, = 1/2), which can be written as

1/2 AN
AS =2F, dN,——. 2

o | N 2

For the MCK model, these two points map to a FL (IV, = 0), and to a MCK fixed point (N, = 1/2), respectively.
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Figure 2. Extracted entropies for CB and 2CK regimes. (a) Phase diagram of the charge k-channel setup - a metallic
dot (blue shaded region) coupled to k leads via quantum point contacts (inset in (b) for £ = 3) in the Coulomb blockade regime,
and for kK = 2: Tx is much smaller than the experimental temperature. The entropy (in units of the Boltzmann constant) at
the degeneracy point (N, = £0.5) is log2 while it vanishes in the Coulomb valley, so that the entropy difference, measured
along the red arrow, should approach log2 at low temperature. The region near charge degeneracy (red box) is equivalent to
the two-channel Kondo case, whose phase diagram, obtained from NRG, is shown in the inset. (b) Thermodynamic entropy
difference in the CB regime, extracted from the experimental data and Eq. (4). The points corresponds to the experimental
conductance data for transmission 7 = 0.2 and temperatures 7' = 7.9 mK, 9.5 mK, 12 mK, 18 mK, 28.9 mK, 40 mK, 55 mK.
The solid line corresponds to the theoretical prediction. (c¢) Phase diagram and impurity entropy of the 2CK regime displaying
a crossover between NFL with impurity entropy S = log+/2 and FL with S = 0. The crossover is governed by the energy scale
T, which oscillates with gate voltage. (d) Entropy change extracted from the conductance data and Eq. (2) versus Tya, /T
The points correspond to the experimental conductance data for different reflections and different temperatures. Data point
corresponds to 7.9mK (55mK) is the rightmost (leftmost) point for each reflection. The solid line corresponds to the theoretical
prediction. (e) Phase diagram of the 2CK regime for different values of 71 and 72. In contrast to the 71 = 75 case, there is a
1CK phase near Ny = £0.5, T' < T, whose S = 0. The entropy difference along the red arrows becomes smaller when T is
lower than T™. (f) The extracted entropy for different values of 71 and 72, demonstrating the crossover from the two-channel
to the single-channel regimes. When log(71/72) < 0, 72 is fixed at 0.93 and 71 varied from 0.36 to 0.93. For log(71/72) > 0, 71
is fixed at 0.93 and 72 changes from 0.36 to 0.93. Inset: Temperature dependence of AS for 71 = 72 (red) and 71 # 72 (blue)
corresponding to the dashed boxes.

At low temperature, the entropy difference approaches the impurity entropy of the system, or the entropy of the zero
mode.

In the rest of the paper we find relations between dN/dT and the conductance for the different regimes that the
charge-Kondo system exhibits corresponding to classical Coulomb blockade (CB), 2CK and 3CK. From these relations,
we extract dN/dT and hence the impurity entropy of the models just from their experimental conductance data. This
is subsequently shown to be self-consistent with the thermodynamic impurity entropy directly computed for each
model.

First we focus on the CB regime, where the reflections at the QPCs are large enough to satisfy Ec > T > Tk.
This allows us to exemplify our approach in a relatively simple case. The phase diagram in this regime is depicted in
Fig. 2(a), where the red arrow denotes the line along which we calculate the entropy change. The impurity entropy
at the degeneracy point (N, = 1/2) is Simp = log 2, signaling two degenerate charge states of the dot, while Simp >~ 0
at the Coulomb valley. We extract the entropy difference AS between Ny = 1/2 and Ny = 0 points from existing
conductance data G(N,), by relating the latter to dN/dT, and then using the Maxwell relation.

In the CB regime, both the conductance and the number of electrons in the dot can be obtained by classical rate



equations. One finds that dN¢g/dT is proportional to the conductance Geg,

dNep _ 1 Ec(N;—1/2) Gen
drT 2T T GCB,max

(3)

Here G¢B max is the Coulomb peak conductance, which is a function of 7 and T [20, 24]. The origin of this relation
is that both observables are proportional to the density of states in the dot. Notice that Eq. (3) is not periodic
in Ng, because in assuming T < E¢, we retained only two charge states. Substituting the measured values of the
conductance in this formula, we depict in Fig. 2(b) AS obtained from the experimental conductance. These points
can be compared to the theoretical AS, obtained directly from the thermodynamic free energy (solid line)

Ec/T

W — log(l + eEC/T). (4)

AScp =log2 +

As T — 0, AScp — log 2, which corresponds to the two-fold charge degeneracy of the dot. Note that the entropies

deduced from the theory and the experimental conductance data do not fully agree. One origin is the large experi-

mental fluctuations of the conductance in the small tunneling regime. Second, there are Kondo corrections due to the

2CK effect (see below) which are not described by the rate equations. These become more important at the lowest
temperatures.

Next we focus on the two-channel charge Kondo regime obtained upon tuning two QPCs to be symmetric, 71 =

T2 = 7, where Tx > T is obtained for large 7. Here there is a new energy scale T* = Ty, cos?(mN,), with
Tk = 8v7Ec(1 — 1) /72 (v = €€, C is the Euler constant). The NFL phase is stabilized for T* < T < T, while for

T < T* the system is in the zero-entropy, FL state (see Fig. 2(c)). Thus, measurement of the entropy change along
the solid red line should reveal the entropy change between the FL. and NFL states. The model can be mapped to
the resonant Majorana tunneling model [14, 24]. The exact solution allows us to obtain the relation

dNQCK _ Tr?lax Sin(Qﬂ'Ng) 2G20K (5)
dT AEcT Go ’

with G = e2/h being the conductance quantum.

Figure 2(d) depicts the deduced entropy, from different sets of conductance measurements, each for a different
value of 7. The experimental data collapse well onto the scaling form for small reflection, but one can observe small
deviations as 7 is lowered, due to the influence of the leading irrelevant operator [24, 30]. The solid line in the figure
is the result of a direct theoretical calculation of the entropy, given by

T 1 (1 T T 1T
A — max _ 1 . F - max max q/ = max
S20K = —g.p ~ 108 {\/7? (2 i QFT)] T orT <2 * 27TT> ’ (6)

where U(z) is the di-gamma function.

As the temperature becomes lower, the entropy difference AS approaches log v/2, the entropy of a single MF. Note
that according to the phase diagram depicted in Fig. 2(c), the deviation of experimentally deduced AS between the
FL and NFL regimes from logv/2 is due to the fact that the entropy in the Coulomb valley (Ng = 0) does not reach
zero. This is because T, which is proportional to 1 — 7, is necessarily small, and decreasing 7 will move us away from
the 2CK fixed point. Thus at the lowest experimental temperature, T' = 7.9mK, the entropy difference is about 80%
of the expected T' — 0 value.

Theory predicts that once the transmission coefficients of the two QPCs, 71 and 75, are not equal, the system will
flow from the 2CK fixed point towards one of the 1CK fixed points as temperature decreases (see Fig. 2(e)). Extending
the theory to this case, one obtains a relation identical to Eq. (5), except that (1 — 7) in the expression for T}, is
replaced by /(1 — 71)(1 — 72). Applying this relation to the experimental conductance data with different values of
71 and 79, we obtain AS along this crossover, showing how the fractional entropy in the NFL phase goes to zero as
the channel asymmetry drives the system to the FL, 1CK regime. The experimentally obtained AS is in quantitative
agreement with a direct theoretical calculation of the entropy, shown as solid lines in Fig. 2(f), even beyond the direct
applicability regime which requires 71 2 ~ 1. Interestingly, AS is not a monotonic function of log(m/72). This is due
to the fact that as one, e.g., decreases 7o, T™* increases. As a consequence, the system is first driven closer to the 2CK
fixed point, before turning over and flowing toward the 1CK fixed point. Also AS is not a monotonic function of T’
(see the inset of Fig. 2(f)), as illustrated in Fig. 2(e).

We now turn to the 3CK system obtained by tuning 71 = 70 = 73 = 7. Here the situation is far more complex,
both theoretcally and experimentally. From the theory point of view, an analytical solution along the NFL to FL
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Figure 3. Entropy for the 3CK regime. (a) Conductance for the 3CK system as a function of Ny for different transmissions
at T = 7.9mK, comparing experimental data (points) with NRG calculations (lines). (b) Numerically determined relation
between dN/dT and G for the same model parameters as in (a). The inset demonstrates the lack of collapse of the normalized
quantities, indicating that the experiment is not in the universal regime 7" <« Tx. (c) Entropy difference AS between systems
with Ny = 0 and  using the Maxwell relation with the dN/dT-G relations in panel (d) at 7' = 7.9mK (points), compared with
AS(T) obtained by standard thermodynamic NRG calculations for the same systems (lines). (d) Schematic phase diagrams
for large transmission (left) and small transmission (right). Blue depicts the CB regime (T' > Tk, S = log(2)), yellow for the
FL regime (T' < T, S = 0), and red for the intermediate NFL regime (T* < T < Tk, S = log %\/g) One obtains good scale
separation between Tx and T™ for all Ny only at large 7.

crossover is not known. So we employ a numerical solution using state-of-the-art numerical renormalization group
(NRG) calculations [31-33] to obtain the conductance G [21] as well as dN/dT along the crossover. Second, by
comparison to the experimental data we note that the experiment is not in the universal regime T* < Tk (see below).
In order to make the comparison with experiment quantitative, we retain multiple dot charge states [28]. Thus, for
each experimental conductance curve we obtain the model parameters to best match the conductance lineshapes. We
consider a single (base) temperature of T' = 7.9 mK and transmissions ranging from 7 = 0.79 to 7 = 0.198 as in the
experiment, which corresponds to the crossover regime from T' < Tk to T > Tk.

Figure 3(a) depicts the remarkable agreement between the experimental conductance curves and the NRG ones
over the entire range of N, for all values of the transmission considered. This again validates the theoretical model
as an accurate description of the physical device. For these same parameters, NRG also yields dN/dT, and hence we
deduce numerically the relation between G and dN/dT, as shown in Fig. 3(b). The inset shows the relation between
the normalized dN/dT and the normalized conductance. Unlike the CB and 2CK cases (Egs. (3) and (5)), the curves
do not collapse onto each other, indicating that the experimental system is not in the universal regime 7" < Tk.
Accordingly, for each set of parameters, we use the numerically relation between dN/dT and G to determine the
entropy difference AS between gate voltages corresponding to Ny = 0 and N; = 1/2. These are marked as circles in
Fig. 3(c).

The results are consistent with the entropy obtained from standard thermodynamic NRG calculations (lines), which
include the full temperature dependence. For larger transmission we find a direct crossover from AS = 0 to log ¢, with
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¢ = 1+T\/g the golden ratio, for T < Tk, corresponding to the 3CK NFL state hosting a Fibonacci anyon. Interestingly,
for small 7 we find that AS first approaches log 2 for T' > Tk before approaching log ¢ at the low-temperature limit.
These two behaviours for large and small transmissions are illustrated in the two phase diagrams in Fig. 3(d). For
large 7, due to large charge fluctuations, the 3CK temperature well exceeds the N, dependent crossover scale 7. As
a result, AS — which probes gate-voltage sensitivity — increases from 0 to log ¢ as T is lowered below the crossover
temperature T*. For small transmission, however, there are effectively only two charge states as in the familiar spin
Kondo problem. Then there is a large gate-voltage sensitivity, which acts as an effective magnetic field on the impurity
‘spin’. Similar to the situation shown in Fig. 2(a), above T the system is described by the CB theory, and below Tk
there is a FL-NFL crossover, leading to the non-monotonic behavior observed in Fig. 3(c) at small 7.

To summarize, we described how nontrivial fractional entropy of exotic quasiparticles, such as Majorana fermions
and Fibonacci anyons, can be extracted from conductance data. While here we focused on well-characterized charge-
Kondo devices, in general, we believe, entropy spectroscopy serves as a smoking-gun probe of exotic anyons in other
more controversial systems, including Majorana wires, or other experimental systems realizing Majorana fermions
based on the spin Kondo effect [34, 35] or other mechanisms [36].

The general framework is based on thermodynamic Maxwell relations and requires to perform charge measurements
as a function of a conjugate chemical potential that causes entropy changes. Here, thanks to a relationship between
the charge and the conductance, the self-consistent approach can be already carried out without charge measurements.
Our approach opens up a new way to detect nontrivial excitations in quantum impurity systems.
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METHODS

Charge-2CK model: bosonization and refermionization. We start with the original model for the charge
Kondo system in Eq. (1). The electron number operator of the QD, N, is defined as

N = Z / dxh ()bgin () + e (~2)jom (—)]. (7)

The range corresponding to the QD is 0 < x < oo for the incoming modes and from —oco < < 0 for the outgoing
modes. Using bosonization, the fermion operators are represented by (cf. [24, 25])

D
¢;y($) =\ whop 1€ it (@), (8)

D is bandwidth of the system and 7, is a local Majorana fermion ensuring proper anticommutation relations of the
various species (j = 1,--- , k; v = in, out) of fermions. Its commutator, satisfying {n;,,nj./} = d; j/0,,,,. Equivalently
there are four boson modes corresponding to the fermion modes, whose commutators are [¢;, (), ¢;./ (y)] = imsgn(x —
y) (we use a convention with right-movers only).

We now specify to the 2CK case (k = 2). The boson modes are transformed as

(Z)C 1 -1 1 -1 ¢1in

QSI _ 1 1 -1 -1 1 ¢10ut (9)
¢ ] 211 1 1 1 Goin |

¢2 1 1 -1 -1 ¢20ut

Also the Majorana fermions are transformed as nem;r = N1inMiout = N2inM20ut- L he Hamiltonian becomes

- Y [aE e

i=1,2,C,I
He :?(qsc(o) +7N,)?, (10)

D , , ,
Hp ==ncnp(r1e'%e©) 4 pye=i9c)eior(0) L H (..
T

If the charging energy Ec exceeds all other energy scales, we can integrate out ¢¢ [24, 25]. Subsequently, we have

¢i9c(0) o J2Fe o—inNs  We refermionize the model using ¢} (0) = —2—nre="1(). For convenience, we denote

r= % and 7 = “572. The Hamiltonian acquires a double-Majorana resonant level form

. Z mF/dx 06 +th/4wa 1

+ \/W (r cos(wNy)nc(1(0) = ¥}(0) + iF sin(wNy)nc (1(0) + 1(0)). (1D

This simple form of the Hamiltonian of the non-trivial 2CK fixed point allows us to obtain analytic expressions for
the thermodynamic entropy and for dN/dT. Their derivation are given in the supplementary information [28].

dN/dT from conductance: CB and 2CK cases. In Fig. 4 we compare dN/dT obtained from experimental con-
ductance data either in the CB or 2CK regimes, using the relations in Egs. (3), (5), respectively, with the theoretically
derived results. In the CB regime, following Ref. [37], we use

dN 1 E —1/2 2F —1/2
YV _ C ianh C( / ):| C( / ) (12)
ar ~ 2T T Tsinh(2Ec (N, — 1/2)/T)
to draw the solid lines in Fig. 4(a). For the 2CK regime, we use
I N0 o (o S ) PN 1 S o) + s 2y )
T m2T 27T 2 27T
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Figure 4. (a) dN/dT for Coulomb blockade regime (7 = 0.2). Solid lines are theoretical curves (see Supplementary Information)
and crossings show the experimentally extracted dN/dT" with Eq. (3). (b) dN/dT for 2 channel Kondo regime (7 = 0.9). Solid
lines are theoretical curves in Eq. (13) and crossings show the experimentally extracted dN/dT" with Eq. (5).

whose derivation is shown in Ref. [28]. For each QPC, the transmission 0 < 7; < 1 (i = 1,2,3) is related to the
2

reflection amplitude r; according to [27] 1 — 7 = (H—IW
Experimentally extracted values fit with the theory quantitatively well. AS shown in Fig. 2(b) and (c) is obtained
by

1 vz 4Nt AN
AS_§[—/O AN, T + 1/2ngd—T}, (14)

or averaging over two entropy differences, S(N; = 1/2) — S(N, = 0) and S(N, = 1/2) — S(N, = 1) to reduce
experimental error.

Modeling the charge-3CK model with NRG. In the original model Eq. (1) the reflections in the QPCs appear
as a small perturbation. We apply an alternative description which is equivalent in the large charging energy regime,
keeping only a finite number of charge states, and treating the transmission as a perturbation [28, 29].
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I. SUPPLEMENTARY NOTE: DERIVATION OF EQ. (5)

In this supplementary note, we calculate the expectation value of the number of electrons in the quantum dot for
the 2CK model. We start by writing the Hamiltonian in Eq. (11) in a simpler form. We first rotate the fermion modes
as

1 1+iZtan(nNy) " 1 1—iZtan(mNy)
XI == — I— 7= =
V2 \/1—|- %tanQ(ﬂ'Ng) iv2 \/1 + %tanQ(ﬂNg)
_ 1 1+iftan(aN,) 1 1—iftan(aNg)
YA Ty reeny Vs ey
1+ 5 tan®(mN,) 1+ % tan*(mNy)

Using this notation, the Hamiltonian becomes

h
H = Z UF/ 0z¢0) +iﬁvp/d$)218x)z[+iﬁvp/dxxlaxxl

v=1,2

Wl

E
+ 24\/77(’;51}}? [12 cos?(mN,) + 72 sin®(mN,) | nex1(0). (S2)

From this model we can obtain the thermodynamic entropy as [1, 2],

Ec 8yEchvr Ng) + 72 sin®*(7N,
- / dw (r? cos®(mNy) + 72 sin®*(7N,)) w/T +log(1+e_“’/T) . (S3)

Bo 2T w2 4 LECMF (r2 cos?(mNy) + 72 sin®(7Ny))] : [1 +ew/T
Equation (S3) is used to draw Fig. 2(c) and (e). For Fig. 2(c) we use r = 0.3987, and for Fig. 2(e) we use r = 0.3962
and 7 = 0.1269.
The average electron’s number of the dot can be obtained using the relation
1 OF

N=N, - — .
9" 2E¢ 0N,

(54)

After computing dy, F', the charge deviation becomes

2yhop [FC dw , .
N =Ny =B [ SR rsin(eN) o (1(0) = 6}(0)) ) + i cos(mNp) e (0) + wHO)) )] (55)
C
The energy integration is bounded by E¢, which is a high energy cutoff appearing after integrating out ¢c. We can
compute the correlators (nc1r(0)) or <770¢} (0)) by changing the basis back as in Eq. (S1).
Combining Eqs. (S4) and (S1), the number expectation value becomes

Ec g,
N =N, + 2(r? )JVZCF Sln(ﬂ'Ng)cos(ng)\/ ! — /_E %(_¢)<ncx,(o)>. (S6)

72 cos?(mN,) + 72 sin® (1 N,)




Then dN/dT becomes

N 1
d =2(r? — 7?) yhor sin(mN,) cos(mN,) dw

o [
g )
dT Ec \/7“2 cos2 (7TNg) + 72 sin® (Tl'N ) 2m

Next we calculate the conductance. The current operator is

(=i){ncx1(0)).

1 0 oo
=ty ( [ dolutnn — havm) + [ oo thutaon)

;Tam(oo; ex1(0)x1(0). 0 (87)
The conductance is
G=5 / a0, T0)) = ~ 55 [ 52 A0 (0), X1 (0):0) A1 (0), 01 (0 )i (/)
= o [ a0 xa 0 unr(/T) = 5 [ S A0 x1(0)0) St/ )
ﬁTaT [ 5 a@u)w)
S TR W;)H%m ——r [ 5o o)), (59)

Here A(x1(0), x7(0);w) is spectral function of operator x1(0) at energy w. In the calculation, we use A(x7(0), x7(0);w) =
1 for non-interacting X, and the equation of motion of x;,

16vEc o :
\/W [7"2 cos?(mNy) + 72 81112(71']\79)])(1(0, w) = —iwnc(w). (S9)
Then
dN 2y . 2G
9T = o (r* =7 )sm(27rNg)G—07 (510)
where again Gy = e?/h.
Now we obtain the expressions for dN/dT and G. From the correlators
zw\/167€rc [72 cos?(mN,) + 72 sin®(1N,)] 1
<770X1(0)>( ) 21 4 e w/T’ S11
w? + [—8250 [7‘ cos?(mNy) + 72 sin2(7rNg)]] (S11)

(nox1(0))(w

) =
we can integrate Eq. (S7) and Eq. (S ) leading to
dN  2y(r? -7 B

L2C (12 cos?(mNy) + 72 sin® (1 Ny ) ) 1 BEe(r2cos?(mN,) + 72 sin’(7N,)) ))

) sin(27 N, )( 1/,(1)(5 +

dar m2T 2nT 2rT
(S12)
and
G Go (1 B B'YEC (r? cos?(7N,) + 72 sin® (7N, ))q/,(l)( SWE (r? cos?(mNy) + 72 sinQ(ng)))) (513)
2 27T 2 27T

Equation (5) of the main text relating dN/dT with G follows from Egs. (512) and (S13).
The extracted entropy AS is obtained as

_4E¢ r(} + ke

3T

4yE 1 4yBor? 1 dyBor
|+ 22 1200 (5 + Ty oy 4 DET] L (s14)

AS =
3T 3T 2 3T

(2 f2)+log[ ( 4’YEcT2)

It is used to draw solid lines in Fig. 2(d) and (f).



II. SUPPLEMENTARY NOTE: LEADING IRRELEVANT CORRECTION TO EQ. (5)

In this supplementary note, we calculate the leading irrelevant corrections to dN/dT and G. The lowest order
corrections are

dN 22y Tl 2E¢
5 (ﬂ) = 7'['2 Sln(27TNg)@|:ﬁ +210g (ﬁ)}, (815)
Go’]‘(‘ ’)/T 2
0G = 5 16ECT sin®(7N,). (516)

Equation (S16) is derived in Ref. [3]. Below we will derive Eq. (S15). By inspection, we see that these corrections
violate the relation in Eq. (5). Therefore Eq. (5) holds only for small r, small T, and large E¢.
To compute the leading irrelevant correction to dN/dT', we use the bosonized description and treat the reflection as
a perturbation. The leading irrelevant contribution to the conductance is computed within this framework in Ref. [3].
The Lagrangian of the system is £ = Ly + Lo + L where

Z th /dxam(bz 8t¢z - w¢z)

i=1,2,1,C
Lo=— ?(gbc(()) +mNy)?, (S17)

Ly = DT ei@i0+000) | (itor®-000) 4 .
™

‘We Fourier transform the boson fields as

(151-(1', T) = \/f Z d)l (qa wn)eiqajiiwn‘l—a (818)

Wn,q

where w, = 2nT'n/h, L is system size, and 7 is imaginary time. The bare action is transformed to

Z q an (q? wn)(bC(*q, 7wn)- (819)

Wn g

We now focus on the ¢¢ and ¢; fields. Heading towards a perturbative expansion in the backscattering term Lp, we
integrate these two fields away from x = 0. Neglecting Lp at first, and noticing that the fields ¢, 2 are decoupled, we
obtain

2y, = / Doy exp [— > ‘;;m(wn)m(—wn)}

— [ocew |- ([l 4 EeJocnvc-wn) + 2 ool 0 - N2 (50

n

Now we expand the perturbation £p. Then the partition function can be expanded as Z ~ Z; + %Zz, where
2y = 24, Z¢., and Z, is written as

Zy = Z /OT dridr /in)]Dd)c exp {— Z (M 1(wn)dr(—wp) — i\ﬁfl(e*iw"ﬁ — eiw"72)¢)1(w,b)>:|

£162=%1 Wn, 2

n E T i — 2EcN, E
e[ = 37 (152 + Eoetunoetun) iy Fa o e scon) + 2t —0) - B,

Here &1, {5 = +1 indicate the tunneling directions (£1) and tunneling positions (£3). From Eq. (S4), the electron’s
number in the quantum dot is

T 1dz 2r2y T T 7T T2
N=N,— ——=— ~ — ———sin(2aN,)— dr dr 1-— .
g, =N e [ [ et - |

(S21)



To integrate Eq. (S21), we introduce the infinitesimal time 79, which corresponds to the inverse of the bandwidth (or
h/Ec),

h/T T h/T—7o T )
dr———— = dr————— = 2hlog(—— S22
/0 TSin(ﬂ'TT/h) /TD 7—sin(7rT7')/h og( Toﬂ'T)’ (522)
h/T (nT)3 h/T—7o (nT)3 2 2h
dr——"——= = dr——t— = B3 |73T? — — + 7°1 . S23
/0 T sin(x T /h)3 /T Tsin(xTr)/h [TO 6 7 Og(moTﬂ (823)
After integrating 7 and 7o we have
r? 2Fc 1 w2T? 7277 2FE¢
N ~ Ny — 2sin(2nN, ) 57 log(——+ — 9y _ 2sin(2wNg)vyr [8 - 6EZ, + 12 log( — )]s (S24)
and dN/dT becomes
dN 27“27 1 2r27 T 1 2E¢
P sin(27 N, ) = sin(27 N, )4E2 [— + 2log(—= T N)]- (S25)

The first term corresponds to a Taylor expansion for small r of our result in Eq. (S12) (with 7 = 0). The second part
corresponds to the leading irrelevant corrections in Eq. (S15).

III. SUPPLEMENTARY NOTE : DETAILS OF NRG CALCULATIONS

To simulate the experimental 3CCK system using NRG, we implement a generalization of the standard 3CK model
to include multiple dot charging states and a finite charging energy F¢. Following Matveev [3] we identify three
distinct channels of conduction electrons o = 1,2, 3 around each of the three QPCs connecting the dot to the leads.
We label electrons on the physical leads as ¢ =1 and electrons on the dot as ¢ =| (even though in reality the electrons
are effectively spinless due to the large applied magnetic field). Without interactions, the three channels are to a good
approximation independent because of the decohering Ohmic contact [4], which gives a long dwell time for electrons
on the dot. However, tunneling events at the QPCs become correlated due to the dot charging energy E¢. Tunneling
of electrons onto or off the dot changes the number of dot electrons N, and hence its electrostatic energy due to the
Coulomb interaction. A gate voltage Vj is used to tune the average dot filling, and hence N,.

The Hamiltonian reads, Hsccx = D, (H s + Hiot—1ead) T Hint + Hgate. Here,

chéads = Z Ekcjxka'cozka ’ (826)
k,o

describes each effective spinfull conduction electron channel. For simplicity, we take equivalent leads with a constant
density of states v = 1/2D inside a band of half-width D.
Electronic tunneling between the dot and lead « is described by,

Hgot—lead = Ja (CL¢CQTS+ + CLTCQLS'_) ) (827)

where Coo = Y, @kCako i a localized lead orbital at the dot position. We define St = ZN°+N 1N |Ng + 1)(Ny4| as

an operator that increases the number of dot electrons by one unit (and correspondingly S- = (S ) decreases the
dot charge), which thereby keeps track of the electron localization in either lead or dot around each QPC. Here Nj is
some fixed reference number of electrons, while N determines the number of accessible dot charge states. Formally
Ny, N — 00, however in practice a finite number of charge states N can be retained in the NRG calculations, provided
the QPC transmission is not too high, and the temperature is low enough compared with the charging energy Ec.
One can check post hoc that the results of NRG calculations are converged with respect to increasing N for a given
set of physical model parameters.
Electron interactions on the dot are embodied by the charging term,

Hine = Ec(Ng — No)?, (528)

with Ny = >, K LMCQN the total dot number operator such that Ny|Ng) = Ng|Ng). With the gate voltage term
Hgate = —€V, Nd, we may write Hing + Hgate = EC(Nd — No — N,)? up to an irrelevant overall constant, with



eVy = 2EcNy. In the following we refer only to NNy, but it should be understood that this is tunable in practice
through Vj,.

Note that for half-integer Ny and Ec — oo, only the lowest two dot charge states survive, and the model becomes
equivalent to a spin-anisotropic version of the standard spin-3CK model. However, in this work, we use a finite value
of E¢ and retain multiple charge states. Specifically, we take Fc = 300mK and 7" = 7.9mK as in the experiment,
and set D/Ec = 10. We choose Ny to be half-integer and take N = 5, meaning that in total 10 dot charge states are
retained in the NRG calculations. We have confirmed that the results are insensitive to further increasing D/E¢ and
N. We focus on the properties at the critical point, for which we have equal couplings, J, = J.

The above model is solved using Wilson’s NRG method [5], which involves the logarithmic discretization of the
conduction electron bands, mapping them to Wilson chains, and then iteratively diagonalizing the discretized model.
Retaining only N, of the lowest energy states at each step amounts to an RG procedure in which the physics on
progressively lower energy scales is revealed.

However, standard NRG cannot be used here due to the complexity of the model at hand (in particular its three
conduction channels). Instead, we use the ‘interleaved NRG’ (iNRG) method [6], which involves mapping all three
channels to a single generalized Wilson chain. This dramatically lowers the computational cost of such calculations,
and brings the numerical solution of the 3CCK model within reach. We exploit conserved charge in each channel and
conserved total spin, use a discretization parameter A = 3 and keep N, = 60000 states at each step of the calculation.

To compare with experiment, we calculate the dc linear response differential conductance,

Gop = (S29)

B
Vv, —0

where I* = fe<]\'faT> is the current into lead a and Vbﬁ is the voltage bias applied to lead 3. Here NaT = %NaT
and J\Afm => chTcakT' An ac voltage bias on lead 8 can be incorporated by a source term in the Hamiltonian,
H. = —eV cos(wt)Nsy, where w is the ac driving frequency. The dc limit is obtained as w — 0.

The geometry of the charge Kondo device means that conductance cannot be related simply to a dot spectral
function, and we must use the Kubo formula instead,

. 21 ImK,p(w)

Gap/Go = QIJ% — Y (S30)
where G = e2/h as before, and K,p(w) = ((Nat; Ngp)) is the Fourier transform of the retarded current-current cor-
relator Kog(t) = —if(t){([Nat, Nst(t)]). Within iNRG, ImK,s(w) may be obtained from its Lehmann representation
using the full density matrix technique [7]. In fact, the numerical evaluation is substantially improved by utilizing the
identity TmK ,5(w) = —w?Im((Nut; Nsp)) [8]. Due to the channel symmetry considered here, Gozs = —2Gaa = G.

Next, we fine-tuned the model couplings J so as to fit the NRG conductance lineshapes for the Coulomb peak,
obtained by varying N, to the corresponding experimental data at a given transmission 7. Remarkable agreement
is obtained over the entire range of N, for each 7 considered, as shown in Fig. 3(b). The fitted model J for each
experimental 7 is given in Table I.

Experimental transmission, 7 0.790 | 0.737 | 0.681 | 0.558 | 0.343 | 0.198
NRG coupling, J/D 0.41 | 039 | 0.37 | 0.34 | 0.27 | 0.22
NRG effective transmission, Tes 0.83 | 0.79 | 0.75 0.68 | 0.51 0.37

Table 1. Optimized NRG couplings use to fit calculated conductance lineshapes to experimental data in Fig. 3(b).

The effective QCP transmission 7.g can be estimated from the low-temperature conductance of a tunnel junction
between two non-interacting leads, where the tunneling matrix element is J and all other interactions are ignored.
This yields the standard result,

it = | AmvJ )7 (S31)

1+ (mvd)?)?’

also given for comparison in Table I. Although a good rule of thumb, it is evident that quantitative simulation requires
a more sophisticated fitting procedure than simply using 7eg.

Importantly, for 7 = 0.79 and low temperatures T = 7.9mK, the conductance approaches closely the nontrivial
3CCK fixed point value of G/Gy = 2sin?(7/5), as also captured by NRG. We note however that at large transmissions
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Figure S1. dN/dT vs Ny for the 3CCK model with different transmissions at 7' = 7.9mK. Parameters tuned as in Fig. 3 to
match the experimental conductance lineshapes (See Table I). Here we measure energy in units of mK.

7 ~ 0.79, the Kondo temperature Tk found in the experiment diverges [4], indicating that a macroscopic number of
dot charge states are involved in the screening process. This effect cannot be captured with NRG, which necessitates
using a relatively small finite N (the maximum Tk in NRG is around E¢). This means that the comparison between
experiment and theory at high transmission breaks down at elevated temperatures. We therefore confine our discussion
here to the experimental base temperature T' = 7.9mK (< E¢) which still affords a good comparison at large 7 (and

noting that such issues do not arise at smaller 7 since then Tk < E¢ anyway).

Finally, we comment on the static thermodynamic quantity N = (Ng) — Np, which can be calculated at any
temperature T' within NRG. For the same set of parameters as used for Fig. 3(b), we obtain N as a function of gate
voltage, over the Coulomb oscillation period 0 < Ny < 1 at temperatures 7 = 7.9mK and 7" = 7.901mK. Although
AN = N(T) — N(T") is very small for this AT = 0.001mK temperature difference, the NRG calculations are highly
accurate and allow for an excellent finite-difference approximation to the derivative dN/dT ~ AN/AT (the exact
derivative can also be obtained by differentiable programming techniques [9]). The results are presented in Fig. S1.

Note in particular that the full model has exact particle-hole symmetry at all integer and half-integer values of N,.
This means that IV is a constant and independent of temperature at these points. This is reflected in Fig. S1 by
the condition dN/dT =0 at Ny =0 and N, = % It is crucial to capture this boundary condition behaviour in the
NRG simulations of the model, since dN/dT must be integrated over (half of) the whole Coulomb oscillation period
to correctly obtain the entropy via the Maxwell relation. Hence one must keep multiple charge states in the model
(N > 1) to capture the correct gate-periodicity of the Coulomb peaks.

At very low temperatures the Coulomb peaks become very narrow such that the minimum conductance G, =~ 0
in the middle of the valley. Only in this universal regime can the results of the two-charge-state model be used. The
experiments are not in this fully universal regime.
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