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Abstract : The comparison between precision spectroscopy measurements with cold trapped HD"
ions and accurate predictions of the molecular ion theory is exploited to characterize a THz electric
field. A THz-wave off-resonantly coupled to the rotational transition at 1.3 THz may be detected by
measuring the lightshift induced on a Zeeman component of the two-photon rovibrational transition
at 55.9 THz. A set of six lightshift measurements for two different orientations of the magnetic field
in the ion trap can be converted into the amplitudes and the phases of the THz electric field

components in a Cartesian laboratory reference frame.
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1. INTRODUCTION

Sensing of the electromagnetic fields has applications in geophysics, navigation, medical imaging
and precision measurements. Atom-based detection of the microwave fields was exploited for SI-
traceable measurements, sub-wavelength resolution, accuracy, precision and long-term reproducible
operation. Spectroscopy of Rydberg atoms, with photon shot noise limited sensitivity, allowed scalar
detection of pV/cm microwave electric fields'. This contribution proposes to characterize a THz
electric field by comparing ab-initio predictions and experimental measurements of the lighshifts
induced on a transition probed on cold trapped HD" ions. The hydrogen molecular ions are the

simplest molecular systems for which the energies™ and the shifts in external fields™

were
predicted accurately by ab-initio calculations. The transitions of the HD" ions in the mid-infrared and
THz domain were addressed in radiofrequency traps with high resolution and accuracy, by
exploiting the sympathetic cooling with laser-cooled Be' ions. The sub-Doppler spectroscopy
techniques may allow significant improvements of the resolution and of the accuracy. The
fundamental rotational transition of HD" was probed recently’ with a fractional resolution of 3 x 10"
12 and a fractional uncertainty of 1.3 x 10!, The two-photon spectroscopy approaches are promising
for the increase of the precision®’. A two-photon rovibrational transition was also probed recently'’
with a precision of 2.9 x 1072, This contribution proposes to characterize a THz-wave off-resonantly
coupled to the rotational transition at 1.3 THz by measurements of the lightshifts induced on a
Zeeman component of the two-photon rovibrational transition at 55.9 THz. An algorithm is proposed
to convert a set of scalar phase-less lightshift measurements performed for two orientations of the

magnetic field in the ion trap into the amplitudes and the phases of the THz electric field

components in the Cartesian laboratory frame.

2. AB-INITIO CALCULATIONS OF THE HD' ION ENERGY LEVELS
AND SHIFTS IN EXTERNAL FIELDS

The rovibrational energy levels of HD' in its ground electronic state are calculated without spin
effects as the sum of the solution of the nonrelativistic Schrodinger equation with a series expansion

of quantum electrodynamics correction terms''. The hyperfine structure arise from the coupling of



the proton I, deuteron I, and electron S, spins with the rotational angular momentum L that yields

the total angular momentum J: F=S, +1;S=F+1;;J=L+S. The hyperfine energy levels, labeled

with the quantum numbers for the vibration and for the spin coupling scheme, are calculated as the
eigenvalues of a Breit-type spin Hamiltonian'?. A static magnetic field is used to define the
quantization axis and to split the hyperfine states in magnetic subcomponents, labelled with the
quantum number J, of the projection of J on the quantization axis. The Zeeman shift of an energy
level in a static magnetic field is described with a quadratic dependence in function of the value of

the magnetic field*. The total energy of a magnetic level may be expressed as :

EWLFSJJ_)=E, (vL)+E, s WLESJT)+AE, vLFSsT_B) (1)

in function of the rovibrational energy £ _ (vL) the hyperfine energy E, .(vLF.SJ), and the Zeeman

hf
shift AE_(v,L,F,S,.JJ_;B), respectively.

This contribution addresses the measurement of a THz electric field in the Cartesian laboratory

frame LCF(e,.¢,.¢.) :
E(t)= Y %xe*"(w’*"’f) tee. )

where the components are described with three real positive amplitudes £; and two phases o, .9, .

Here, for simplicity, ¢. =0. The interaction of the THz-wave with the HD" ions may be described

using the standard components of the THz electric field in a Cartesian reference frame with the z-

axis oriented along the direction of the magnetic field micF (e, ¢, , ... ) :

c,y*vez

)= Y (o Tle oo o 3)
q=1-10,1} 2

with real positive amplitudes E, E,, and phases ¢, ¢, corresponding to the linear or circular
polarizations, defined by ¢, =¢,.,é,, = i(é tie )/ V2. The interaction Hamiltonian is expressed in

cx —*Ccy

the electric dipole approximation as :

V =—d -E(t) 4)



using the electric dipole operator 4 of HD" in the laboratory frame.

An energy level of HD' probed with a THz electric field far from the resonance with another energy
level is shifted by the ac-Stark effect by an amount calculated with the second-order perturbation

theory :

T dyln) (5)

The lightshift is quantified with the dynamic polarizabilities of HD", that depend on the matrix

elements of the standard components of the dipole operator d_, = d-& ,» the unperturbed energy levels
E,, and their decay rates y,. The second line of eq. (5) introduces the standard dynamic
polarizability of HD' «a,,(0) (labeled as o, mn, o for q={-1,0,1}) using the complex
operatorH = H +iil", defined such as (n|H|n')=35,,E,, (n[|n)=3,,v,/2, and its eigenvalues
E, = E, +ily,/2. The standard dynamic polarizabilities «,({U, };¢.B, fr.) of the HD' energy levels

are calculated in this contribution in function of a set of theoretical parameters {U,} (the
rovibrational energy levels with 102 fractional uncertainty'', the hyperfine splittings with 0.5 kHz
uncertainty'?, the Zeeman shift parameters with 10™ or better fractional uncertainty®, the radiative
lifetimes with ms level uncertainty'”, and the electric dipole transition moments with 10 fractional
uncertainty or better'*), and a set of experimental parameters (polarization ¢ and frequency frz. of
the THz-wave, and the magnetic field strength B). The uncertainties of the polarizabilities are
derived with the error propagation law, by using the uncertainties of the theoretical parameters''™'*,

and of the experimental parameters (the fractional uncertainty of the THz-wave frequency is

assumed at 10™'%, and the magnetic field uncertainty is 10™"° T as discussed in section 4).

3. TWO-PHOTON SPECTROSCOPY SCHEME OF HD"

The approach for THz-wave characterization proposed in this contribution (Fig. 1.a, 1.b) is based on

7,10

previously developed spectroscopy experiments with cold trapped HD' ions A linear



radiofrequency trap is exploited to trap ~10*> HD' ions and ~10°> Be ions. Laser cooling of the Be"
jons at 313 nm is exploited for sympathetical cooling of HD'. An uniform static magnetic field,
controlled with three coil pairs in the Helmholtz configuration which are driven with three

independent current sources, is applied to the ion trap.

The measurements address the Zeeman subcomponents of the two-photon rovibrational transition
(v,L)=(0,0)—(2,0). Detection is performed by photodissociation of the (v,L)=(2,0) level with a 175
nm laser. The number of the HD" ions in the trap is monitored with the increase of the fluorescence
of Be' ions at the excitation of the secular motion of the HD" ions in the trap. Doppler-free two-
photon spectroscopy is performed with a stationary wave tuned by 55.909 THz. The time
dependences of the populations in the relevant energy levels of the HD" are described by a set of rate
equations that take into account the optical pumping, the transitions driven by the blackbody
radiation, and the radiative relaxation. The solution allows to derive the lineshape of the two-photon
resonance. The full-width half measured linewidth of the two-photon rovibrational line is 20 Hz, by
assuming a two-photon rovibrational transition rate of 10 s™', a dissociation rate of 200 s and a
REMPD time of 10 s'>. A THz electric field coupled off-resonantly to the rotational transition
(v,L)=(0,0)—(0,1) at 1.315 THz, or (v,L)=(2,0)—(2,1) at 1.197 THz, respectively, is characterized
using the measurements of the lightshifts induced on the transitions between the spin states with
maximal J and maximal magnitude of the projection J, = £J (stretched states) of the levels

(v,L)=(0,0) and (v,L)=(2,0), that have negligible sensitivity to the magnetic field.

The fractional frequency uncertainty is estimated with the expression of the Allan variance for the
molecular ion quantum projection noise limit :
1 T.
= —X _< 6

Gy(r) T Q m T ( )
in function of the quality factor Q of the two-photon transition, the number N, of HD" ions, the
cycle time 7., and the interrogation time t. The quality factor Q = o,/ Afuwrn, 1s expressed in terms
of the two-photon frequency and the half-linewidth, estimated from the natural lifetimes of the HD"
ion energy levels'’. Assuming the case of single ion spectroscopy experiment with 7. = 1, the
frequency uncertainty for (v,L)=(0,0)—(2,0) line is estimated at 2.49 Hz and for (v,L)=(0,0)—(2,2)
line at 2.57 Hz.



4. PROBING MAGNETIC FIELDS BY ZEEMAN SPECTROSCOPY OF HD"

An alternative spectroscopic scheme aiming to characterize the magnetic field in the ion trap, is
based on a sensitive Zeeman component of the rovibrational transition (v,L)=(0,0)—(2,2) of HD".
The detection is performed similarly, by photodissociation of the (v,L)=(2,2) level with the 175 nm
laser. Precisely, the Zeeman shift of a transition (v,L,F,S,J,J,)=(n,J,)—(n’J’;) may be calculated

approximatively with a quadratic dependence :
4fn,n’(B)_fn,n’(B = 0) = nB(thQn'rn’tn"qn"rn’lJz'J(z)B + nBZ (tn’qn’rn'tn"qn”rn"‘]z"](z )Bz (7)

in function of the magnitude of the magnetic field B and the linear n, and quadratic n,. Zeeman

shift coefficients that depend on a set of six theoretical parameters {U,,}=1{,.9,.7,.t,.4,.7, | that were

calculated for the relevant hyperfine energy levels of HD™ in ref. *.

The inversion of eq. (7) allows to derive the magnitude of the magnetic field in function of the

experimental Zeeman shift, and the values for the theoretical parameters {U,,}. Two values of the

magnetic field may be derived from the second-order equation. The identification of the solution
may be made by comparison with the value of the magnetic field measured with an accurate
magnetometer. The uncertainty of the magnetic field may be calculated with the error propagation
formula, in function of the contribution from the frequency shift measurement uncertainty
Gumpre =2.57-V2 Hz, estimated with the molecular ion quantum projection noise limit, and of the
contributions from the theoretical parameters, which are assumed correlated and having the same

uncertainties o, . =50MHz/T?,0,, =5kHzT. Here, the Zeeman spectroscopy of the subcomponent

thig.r
(v,L,F,S,J,J,)=(0,0,1,2,2,-2)— (0,2,1,2,4,0) is addressed for measuring the magnitude of the
magnetic field. The dependence of the fractional uncertainty of the magnitude of the magnetic field
is plotted in Fig. 2. The sensitivity and the precision of the calibration of the magnetic field are
limited by the frequency measurement uncertainty by 5 x 10"° T. The contribution of the theoretical
uncertainties to the precision of the magnetic field remains at a fractional value beyond the 10

level.



5. PROBING THZ ELECTRIC FIELDS BY LIGHTSHIFT MEASUREMENTS
5.1 Scalar THz electrometry by HD" spectroscopy : accuracy and sensitivity issues

The total lightshift induced by a THz-wave on a two-photon rovibrational transition
(v,L,F,S,J,J,)=(n)—(n’) may be expressed in function of the amplitude of the electric field E7y. of
the THz-wave:

|2

E 4
FoonEr)= fosw (B =0) = B

3 (an’({Uth }!B:fTHz)_an({Uzh }:'B:fTHz )) ®)

The HD" frequency measurements may be converted into measurements of the THz-wave electric
field by using the total dynamic polarizabilities of the HD' energy levels that are calculated
theoretically. For the propagation of a plane electromagnetic wave, assumed here, the electric field is

related to the intensity of the THz-wave as : I, =cg,Ejy,. , in function of the speed of the light ¢, and

the vacuum permittivity €.

The sources of uncertainty of the THz-wave intensity are the frequency measurement errors that
translate into uncertainties of the lightshift and of the magnetic field magnitude, and uncertainties of
the theoretical parameters that contribute to the uncertainty of the dynamic polarizability and of the
magnetic field magnitude. The uncertainty of the THz-wave intensity is estimated with the error

propagation formula :

i) J[ (s o) ))2 ypr },-B,fmz»y ©)

AO‘({Uzh } B, fru. AO‘({U th } B, fru )

in function of the lightshift measurement uncertainty «(8f), and the uncertainty of the dynamic
polarizability u(Aa({U,}; B, fr;.)). The first term on the right side of the eq. (10) gives the sensitivity
limit for the detection of the THz-wave by lightshift measurements using a two-photon transition. In
order to minimize the calibration uncertainty for a given intensity, polarization and frequency of the
THz-wave, the two-photon transition should have the highest dynamic polarizability, the lightshift
measurements should be performed with the lowest uncertainties, and the dynamic polarizability
should be estimated with the lowest uncertainty. Particularly, the choice of the magnitude of the

magnetic field can optimize the value and the uncertainty of the dynamic polarizability.



In the case of the detection of a THz-wave at 1314947502.3 kHz with © polarization by using
lightshift measurements on the (v,L,F,S,J,J,)=(0,0,1,2,2,2)—(2,0,1,2,2,2) two-photon transition with
an experimental uncertainty of u(5r)=2.49-42 Hz, the optimization procedure for the magnetic field
magnitude yields the smallest experimental uncertainty of the THz-wave intensity at 4.4 x 107
W/m?”. That indicates the limit of sensitivity with the method proposed in this contribution, that is a
THz electric field with an amplitude as low as 5.8 x 10 V/m, which is an order of magnitude
smaller than the lowest microwave electric field detected with the Rydberg atom spectroscopy

method'.

The precision of the calibration of the THz-wave intensity using lightshift measurements is
estimated for an optimized value of the magnetic field in the range 0-10™* T that minimizes the total
uncertainty estimated with eq. (10), and plotted in Fig. 3. For THz-wave intensities higher than 0.1
W/m® the optimized value for the magnetic field is negative and therefore fixed at 0. The best
fractional uncertainty is at the 10~ level. The contribution to the fractional uncertainty arising solely
from the frequency measurement errors is by an order of magnitude smaller than the total fractional
uncertainty or better. For a THz-wave intensity of 1 W/m?, the fractional uncertainty is limited by
the accuracy of the dynamic polarizability calculation at the 107 level, while the experimental
fractional uncertainty is at the 10™ level. The limit of sensitivity of this method may be extrapolated

in this case at the 10”7 W/m? level.
5.2 Retrieval of the polarization ellipse of a THz-wave by HD" spectroscopy

The THz electric field vector is described in eq. (2) with three linearly polarized components along

each axis of a fixed Cartesian laboratory coordinate frame LCF(¢,,é,,¢.). The axes of the laboratory

x> Yy 'tz
frame are aligned following the orientations of the coil pairs, which are supposed orthogonal.
Alternatively, the THz electric field may be decomposed in standard components in

MICF (e, ¢, ,.¢,. ), as indicated in eq. (3). The orientation of MICF relative to LCF , defined with the

Euler angles(o,B,¢=0), may be changed by varying the currents in the coils. Each standard

component of the THz electric field, denoted with Eft“(ﬁ), addresses off-resonantly m or o' Zeeman

subcomponents of the (v,L)=(v,0)—(v,1) transitions and induces a lightshift in proportion with its



squared amplitude. The squared modules of the standard components may be related to the THz

electric field amplitudes and phases in the laboratory frame (EX,E},,EZ,(px,(p },)16.

For a given orientation of the magnetic field, three independent measurements of lightshifts

5 *P) k={123} allow to derive the standard components of the THz electric field, by solving a

nonsingular system with three equations with the appropriate differential standard dynamic
polarizabilities. Possible approaches that may provide independent lightshift measurements are to
use three different values of the magnetic field, or to address three different Zeeman or hyperfine
subcomponents of the two-photon transition. In order to determine all parameters of the THz electric
field in the laboratory frame, it is necessary also to change the orientation of the magnetic field. The
choice of orientations of the magnetic field is linked to the periodicity of the transformation from the
standard components of the THz electric field in the rotated frame to the Cartesian components in

the laboratory frame. At least five measurements of the standard components £*# P at two

different orientations («p) of the magnetic field are required. For example, one can exploit the

(0.0) E(?'O),E(‘l'o),E(‘}"/z),E(Q“/Z)) to derive analytically the

,
T c c c G

measurement of the set of amplitudes (E
parameters of the THz electric field in the laboratory frame'®.

The measurement of a reference THz-wave oscillating at fr, = 1314947502.3 kHz with the
following parameters of  the electric field in the laboratory frame

(E,=E,=E. =1583mV/im,¢, =n/4,¢,=7/3) is presented here. The measurement addresses the

lightshifts of the two-photon transition (v,L,F,S,J,J,)=(0,0,1,2,2,2)—(2,0,1,2,2,2) for two orientations
of the magnetic field («.8)=(00).(wp)=(0.7/2) and three values of the magnitude of the magnetic field
Bi=10°T, B,=5x10°T, By = 10” T. The six experimental lightshifts are estimated by adding the
lightshifts calculated for the reference THz-wave with random error values described with a
Gaussian distribution with zero mean and covariance equal to the squared uncertainty given by the
molecular ion quantum projection noise limit for the frequency measurements. The standard
components of the THz electric field are subsequently derived using the relevant set of eighteen
differential standard dynamic polarizabilities. The polarizabilities are estimated as the theoretical
values plus a random contribution with a Gaussian distribution with zero mean and variance equal to

the squared uncertainty of each polarizability calculation. From the calculated values of the standard



components, the parameters of the THz electric field in the laboratory frame are determined
analytically. The retrieved polarization ellipses of the THz electric field are represented on Fig. 4 for
10 simulated sets of lightshifts. The values and the uncertainties of the parameters of the THz-wave
determined from a set of 100 simulations of lightshifts are:

E, =15.88(92)mV/m, E, =15.74(72)mV/m, E_ =15.831(3)mV/m
¢, =0.78(6). 9, =1.05(1)

(10)

The accuracy of the calibration is better than 5% for the components of the electric field and better
than 10% for the phases. The shift between the initially assumed value and the determined value for

each parameter of the THz-wave is consistent with the calculated uncertainty.

6. CONCLUSION

This contribution proposes the characterization of the electromagnetic fields from the comparison of
the measurements of the frequency shifts induced on two-photon transitions of cold trapped HD"
ions with the predictions of the molecular ion theory. The Zeeman shift for a selected hyperfine
component of a two-photon rovibrational transition may be exploited for the measurement of the
magnitude of a static magnetic field with an uncertainty at the 10'° T level. The amplitude of the
electric field of a THz-wave may be determined by the lightshift induced on a selected Zeeeman
component of a two-photon transition. The sensitivity of the precision spectroscopy-based method is
pushed here at the 10° V/m level. A THz-wave with an intensity of 1 W/m?” can be calibrated with
an accuracy limited at the 10 level by the accuracy of the theoretical calculations, and at the 10™
level by the experimental errors. In addition, the polarisation ellipse of a THz-wave may be retrieved
from the measurements of the lightshifts induced on a Zeeman component of a two-photon transition
for different orientations of the magnetic field in the ion trap. The response of HD" to the external
field obtained with this method may be referenced directly to a frequency standard, that is
advantageous comparing to similar approaches based on the Rabi-rate measurements with the
Rydberg atoms'®'”. The precision of the calibration of a reference THz-wave using a set of lightshift
measurements is estimated better than 5% for the electric field components and better than 10% for

the phases.

10
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Figure captions :

Figure 1. a. The experimental setup and the reference coordinate frames. The THz-wave (blue line)
is off-resonantly coupled to the energy levels of the HD" ions embedded in a Coulomb crystal. Two-
photon spectroscopy is performed with a stationary wave from the IR laser (red line). Be" ions are
cooled with the 313 nm laser (magenta line). The detection is performed by dissociating HD" ions
with the 175 nm laser (green line). The static magnetic field in the ion trap (olive line) can be
oriented to any direction, defined with the Euler angles (a,3) in the Cartesian Laboratory Coordinate
Frame (x,y,z) (black lines). The standard components of the THz electric field are addressed in the
Cartesian Molecular Ion Coordinate Frame (XcVc,Z:) (black lines). b. Rotation-vibration energy
levels of HD" addressed in the THz sensing scheme. The two-photon rovibrational transitions are
shown with red lines with arrows, the dissociation with green lines with arrows, the THz-wave-
driven electric dipole couplings with blue lines with arrows and the blackbody-radiation-driven

transitions with black lines and curves with arrows.
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Figure 2. The relative uncertainty of the magnitude of the magnetic field determined by Zeeman
spectroscopy of the two-photon transition (v,L,F,S,J.J,)=(0,0,1,2,2,-2)—(2,2,1,2,4,0) of HD'. The
contribution from theoretical and experimental uncertainties is shown with the red line. The

contribution from theoretical uncertainties is shown with the blue line.
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Figure 3. Dependence of the fractional uncertainty for the THz-wave electric field calibration
(calculation with combined experimental and theory errors in black squares, calculation for
experimental errors only in red circles) using measurements of the lightshifts of the
(v,L,F,S,1,J,)=(0,0,1,2,2,2)—(2,0,1,2,2,2) two-photon transition of HD'. The magnetic field
value is optimized to minimize the total uncertainty. The THz-wave frequency is 1314947502.3

kHz and the polarization G".
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Figure 4. Polarization ellipse of a reference THz-wave (red curve). Retrieved polarization
ellipses of the electric field of the THz-wave using the measurements of the lightshifts of the

two-photon transition (v,L,F,S,J,J,)=(0,0,1,2,2,2)—(2,0,1,2,2,2).
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