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We combine two different fields, topological physics and graded metamaterials to design a topological meta-
surface to control and redirect elastic waves. We strategically design a two-dimensional crystalline perforated
elastic plate, using a square lattice, that hosts symmetry-induced topological edge states. By concurrently al-
lowing the elastic substrate to spatially vary in depth, we are able to convert the incident slow wave into a series
of robust modes, with differing envelope modulations. This adiabatic transition localises the incoming energy
into a concentrated region where it can then be damped or extracted. For larger transitions, different behaviour
is observed; the incoming energy propagates along the interface before being partitioned into two disparate
chiral beams. This “topological rainbow” effect leverages two main concepts, namely the quantum valley-Hall
effect and the rainbow effect usually associated with electromagnetic metamaterials. The topological rainbow
effect transcends specific physical systems, hence, the phenomena we describe can be transposed to other wave
physics. Due to the directional tunability of the elastic energy by geometry our results have far-reaching impli-
cations for applications such as switches, filters and energy-harvesters.

I. INTRODUCTION

A fundamental theme in wave physics is the influence of lo-
cal material, or geometrical, structurations on the global prop-
agative behaviour of waves through a medium. A crucial fea-
ture of periodic structures is that they exhibit Bragg scattering
and interference that has, subsequently, led to the fields of
photonic crystals [1, 2] and photonic crystal fibers [3, 4] in
optics and phononic crystals [5, 6] in acoustics. An extension
of using geometry, for wave propagation, is to draw upon the
developing field of topological insulators [7–9] and develop
topological photonic devices to guide and confine wave en-
ergy. Recent developments, within this field, allow us to a
priori identify strategic symmetries that, when broken, lead to
topologically nontrivial band gaps in which robust edge states
are guaranteed to reside.

The vast majority of the topological literature has concen-
trated upon quantum mechanics and its extensions into elec-
tromagnetism, and although Newtonian systems do not afford
us the same degrees of freedom as quantum systems; trans-
posing and extending concepts from topological insulators to
elastic vibrations remains naturally attractive. Thin elastic
plates are useful elasticity models and one can envisage either
plates with mass-loading or resonator attachments, or a plate
with a periodic array of more substantial perforations. Prior
uses of topology for decorated elastic plates have leveraged
methods of mimicking pseudospin [10–13], breaking time-
reversal symmetry [14], as well as utilising valley-Hall states
[15–18] which utilises flexural out-of-plane motion. This is
complemented by work on elastic lattices [19–23] or strong
depth variations in plate thickness [24] that utilises either,
or both, in-plane and out-of-plane motion and other elastic
systems, primarily through leveraging symmetry-induced (i.e.
hexagonal lattice) Dirac points. The various geometries and
settings thereby lead to potential applications such as wave
splitters [16, 23], or allowing subwavelength control [11].

It is attractive to avoid breaking time reversal symmetry and
instead utilise passive valley-Hall systems and many attractive

phenomena associated with valley contrasting properties have
been predicted and experimentally observed, such as valley
filters and valley-Hall effects [15, 16, 25–32] across a range of
physical models in electromagnetism, acoustics and elasticity.
Many of which rely upon Dirac cones which are degenera-
cies in the Bloch spectrum whose presence are a prerequisite
for whether or not these valley-Hall edge states occur. Dirac
cones broadly fall into two categories: symmetry-induced (as
in honeycomb lattice structures motivated by graphene) and
accidental (non-symmetry repelled ) [33]. We veer away from
the majority of the literature in this field by considering a care-
fully engineered structure that hosts non-symmetry repelled
Dirac cones in a square lattice. The square structure has been
shown to possess many unique properties that are not ordi-
narily exhibited within the canonical graphene-like structures
e.g. three-way partitioning of energy, topological transport
around a π/2 bend [34–36]. The valley-Hall effect arises from
the gapping of a pair of time-reversal symmetry (TRS) related
Dirac cones (well separated in Fourier space) and these result
in nontrivial band gaps where broadband edge states are guar-
anteed to reside. This differs from the pseudospin states seen
in [37] where there are a pair of Dirac cones that coincide at
Γ = (0, 0). The topological invariant that dictates the con-
struction of our neighboring media is the valley-Chern num-
ber [38]; this takes nonzero values locally at the TRS related
valleys. By attaching two media with opposite valley-Chern
numbers, broadband valley-Hall edge states arise. If a source
is placed along an interface, that partitions two topologically
distinct regions, a zero-line mode (ZLM) will be excited.

Distinct from this topological edge state material is the
subfield of graded phononic structures and so-called rainbow
trapping. Previous work [39], introduces an elastic metasur-
face created by a graded metawedge of resonators, that alter
in height, and acts as an inspiration for our current model.
The metawedge creates a device that allows for the mode
conversion of surface Rayleigh waves into mainly harmless
downward propagating shear bulk waves, or into a frequency
selective surface where different frequency components are
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concentrated at different positions. Related principles have
also been used to demonstrate how an array of graded res-
onators buried in the soil can act as a seismic barrier [40];
this, and the metawedge used in [39] is, in turn, motivated
by the optical rainbow effect that was proposed over a decade
ago [41] that inspired a whole new range of graded devices
allowing to adjust, slow down, or accelerate the speed of light
in unprecedented ways [42]. There, the authors used a graded
wedge of subwavelength resonators to trap and spatially seg-
regate the different frequencies of light. The principle of light,
sound and elastic wave trapping via graded metasurfaces is
well-established [43–48] and is markedly different from that
achieved in elastic plates structured with sub-wavelength res-
onating beams [49], which is based on insertion of defects and
randomisation, or creating cavity resonances [50], or structur-
ing constant height rods to trap energy [51, 52]. It is worth
noting that there is some subtlety in terms of the rainbow ef-
fect with regards to trapping and slow reflections as discussed
in [53].

In this article we combine the planar valley-Hall effect with
the rainbow effect. The latter effect is contingent upon the
spatial grading in depth, whilst the presence of topological
modes relies upon the planar arrangement of the perforations.
Using this model, we demonstrate how a flexural source cou-
ples into a symmetry-induced topological edge state before
becoming localised at specific locations within the crystal.
Sec. II demonstrates the geometrical edifice of our system
using an idealised thin structured elastic plate; this allows us
to illustrate the generation of the valley-Hall modes, with-
out the numerical complications introduced by finite elements,
and use group representation theory to explain the effects we
see in the perforated plate system. The latter half of Sec. II
deals with the full isotropic elastic equations, [54], in three-
dimensions. This section concludes with the numerical illus-
tration of a pair of topological edge states that exist for our
elastic plate system. Grading the plate, by altering the depth,
then allows us to localise the edge state, and we demonstrate
this in Sec. III. Finally, in Sec. IV we draw together some
concluding remarks.

II. ENGINEERING TOPOLOGICAL EDGE STATES
USING A C4v CELLULAR STRUCTURE

We utilise non-symmetry repelled Dirac cones present
within a cellular structure that possesses a C4v point group
symmetry, as shown in Fig. 1. We chose this structure, over
the more conventional hexagonal C6v canonical counterpart,
due to the ability to parametrically tune the position of the
Dirac cones and hence tune the envelope modulation present
with the resulting edge states [34]; the benefits of this will
become evident in Sec. III. The unrotated cellular structure
chosen contains, both, horizontal and vertical mirror symme-
tries along with four-fold rotational symmetry (Fig. 1).

Figure 1: Illustration of the symmetries present within a
cellular structure that belongs to the C4v group. There are

two sets of mirror symmetry lines, denoted by
σv(x1), σv(x2), σd(x1 + x2) and σd(x1 − x2) as well as

two-fold and four-fold rotational symmetries. The dots show
the centroid of the cell as well as lattice points that demarcate

the cell perimeter.

A. 2D structured elastic plate with point-like masses

In this subsection we examine an idealised Kirchhoff-Love
elastic plate [54] before moving in Sec. II B to using a full
elastic model. We shall see how the symmetries induced by
point-like masses arranged on a structured plate allow for the
generation of a pair of TRS related Dirac cones. These are the
necessary precursor to obtaining symmetry induced topologi-
cal states.

Formulation

The flexural wave modes that exist on an infinite elastic
plate with constraints at lattice points, and the notation is
that n = (n1, n2) labels each elementary cell, each contain-
ing p = 1...P constraints, that periodically repeats to cre-
ate the infinite planar elastic plate crystal. The wavefield
is characterised by the vertical displacement, ujκ(x), where
x = (x1, x2). The subscript notation denotes that this field
variable is dependent upon the Bloch-wavevector κ and j is an
index that numbers the eigenmodes, sequentially, from lower
to higher angular frequencies ωκ.

These displacement eigenmodes are governed by the (non-
dimensionalised) Kirchhoff-Love (K-L) equation[

∇4
x − ω2

κ

]
ujκ(x) = F (x), (1)

where ∇4
x denotes the bi-Laplacian and the reaction forces at

the point constraints F (x) introduce the dependence upon the
direct lattice.

The simplest constraints are those of point mass-loading
with the reaction forces proportional to the displacement via
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an impedance coefficient and thus

F (x) = ω2
κ

∑
n

P∑
p=1

M (p)
n ujκ(x)δ

(
x− x(p)

n

)
. (2)

The mass in cell n at point constraint p is given byM (p)
n . This

constraint automatically encompasses the point pinned plate
crystal, as the limit ω2

κM
(j)
n → ∞, where the reaction forces

are retained

F (x) =
∑
n

P∑
p=1

F (p)
n δ

(
x− x(j)

n

)
(3)

but the displacement is constrained explicitly to be zero at the
pins, i.e. ujκ(x

(p)
n ) = 0.

In an infinite periodic medium the displacements are Bloch
eigenfunctions

ujκ(x) = exp (iκ · x) ũjκ(x),

where ũjκ(x) is a periodic eigenstate. The displacements sat-
isfy the following completeness and orthogonality relations:∑

jκ

|ujκ〉 〈ujκ| = 1̂, 〈ujκ|ukκ′〉 = δj,kδκ,κ′ . (4)

with δj,k as the Kronecker delta function. Due to the periodic
arrangement of the inclusions, the displacement response, in
Eq. (1), naturally encourages a Fourier representation

ujκ(x) =
∑
G

W (G) exp (i(G− κ) · x). (5)

as a sum over reciprocal lattice vectors G. This gives the for-
mal solution in reciprocal space via(
|G− κ|4 − ω2

κ

)
W (G) =

ωκ

APC

P∑
p=1

M
(p)
I ujκ

(
x

(p)
I

)
exp

[
−i(G− κ) · x(p)

I

]
, (6)

where I denotes an arbitrary reference cell in physical space,
APC is the area of the primitive cell and, for clarity, we do not
allow for spatial dependence of physical parameters.

Group theoretic considerations for C4v cellular structure

In this subsection, we recap important elements of group
theory [55–57] that is highly relevant for periodic structures
under consideration in this paper. The cellular structures that
we analyse in this paper will belong to the C4v symmetry
group. The elements within this group are illustrated in Fig.
1; they consist of an identity operation (E), rotation by ±π/2
(C4), rotation by π (C2), a pair of orthogonal mirror reflec-
tions aligned with the basis vectors (σv(x1), σv(x2)) as well
as a pair of diagonal mirror reflections (σd(x1−x2), σd(x1 +
x2)).

The symmetry operations, in the group C4v , coupled with
a set of translation vectors yields the space group of our
structure [55]. The space group elements, which leave our
lattice invariant, are written as {R,υ}, where R denotes a
point-group element and υ = α1e1 + α2e2 represents a
lattice translation (α1, α2 ∈ R and e1, e2 are the orthogonal
lattice basis vectors).

Space groups in which the rotational and reflectional ele-
ments are disjoint from the translational elements are referred
to as symmorphic; more formally, symmorphic space group
elements can be decomposed as, {R,υ} = {R,0}{E,υ}
where υ denotes a discrete Bravais lattice translation vector.
Using this separability property we find that the displacement
eigenmodes satisfy the following:

P̂{R,υ}ujκ(x) = P̂{R,0}P̂{E,υ}ujκ(x) =

exp
(
iR̂κ · υ

)
unR̂κ(x), (7)

where R̂ is the operator form of R. If a symmetry element
R belongs to the point group of a wavevector κ (Gκ) then
its operator form satisfies the relationship, R̂κ = κmodG,
where G is a reciprocal space lattice basis vector. GΓ=(0,0) is
typically the highest order point group and, hence, due to the
space group (G) being symmorphic we find that GΓ

∼= G/T
where T is the translational subgroup [56]. It also follows
from this that Gκ (for any κ ∈ BZ) is a normal subgroup
of GΓ. Fig. 2 shows Gκ at several high-symmetry points
(HSPs) and along several high-symmetry lines (HSLs) for a
C4v structure. Notably, the degree of symmetry at the HSPs
is greater than the κ’s belonging to HSLs.

There is an innate relationship between the point group op-
erations in physical and reciprocal space. To oust this rela-
tionship, we apply a fixed point group symmetry α ∈ Gκ, to
the physical and reciprocal space orthogonality condition:

ej · (α̂e∗k) = 2πN, N = {0, 1} (8)

where, for a square Bravais lattice, the physical space basis
vectors are e1 = i, e2 = j and the reciprocal space basis vec-
tors are e∗1 = 2πi, e∗2 = 2πj (i, j represent the unit orthogonal
vectors) and α̂ is the operator form of α. The properties of
a group imply that α−1 ∈ Gκ and hence, using this prop-
erty in conjunction with the invariance of the dot product to
symmetry operations, we obtain the following orthogonality
condition,

α̂−1 ej · e∗k = 2πN, N = {0, 1}. (9)

Equations (8), (9) indicate that a point group operation α̂ in
reciprocal space is equivalent to the operation α̂−1 in phys-
ical space. Therefore, an equivalent figure to Fig. 1, albeit
in physical space, would require a reversal of the symmetry
operator arrows.

We now use the properties of the symmetry operators to
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Figure 2: Point group symmetries at high-symmetry points,
and along high-symmetry lines, for certain paths within the

Brillouin zone (BZ). The shaded region represents a quadrant
of the BZ; the significance of this region will become

apparent when we compute the Berry curvatures.

derive a relationship between degenerate basis functions,

P̂Rujκ0(x) = ujR̂κ0
(x) = ujκ0(R̂−1x)

=

d∑
i=1

D(R)i,juiκ0
(x), (10)

where P̂R = P̂{R,0}, theD(R) matrix relates Bloch functions
with different band indices but equal (fixed) κ0 [57] and d
will be shown to be the degree of degeneracy at ωκ0

. The
orthogonality of the displacement eigenmodes, (4), gives us
the precise form of D(R),

D(R)i,j = 〈uiκ0
|P̂R|ujκ0

〉 . (11)

From equation (10) we see that P̂R transforms a Bloch func-
tion at κ0 to another Bloch function at R̂κ0. Note also that the
Kirchhoff-Love operator, in equation (1), is invariant under a
similarity transformation of the group Gκ0

,

P̂RĤ(κ0)P̂−1
R = Ĥ(R̂κ0), where

Ĥ(κ0)ujκ0(x) = ω2
κ0
F̃ (x)ujκ0(x),

Ĥ(κ0) = ∇4
x,

F̃ (x) = 1 +
∑
n

P∑
p=1

M (p)
n δ

(
x− x(p)

n

)
(12)

Therefore, if ujκ0
(x) is a Bloch eigenmode then P̂Rujκ0

(x)
must be as well. Mathematically, this is shown by applying a
symmetry operator, to either side of the governing equation,
before using equation (10) to get,

P̂RĤ(κ0)ujκ0
= ω2

κ0
F̃ (x)P̂Rujκ0

(x) =⇒
Ĥ(R̂κ0)ujR̂κ0

(x) = ω2
κ0
F̃ (x)ujR̂κ0

(x). (13)

From equation (13) we easily see that the eigenfunction
ujR̂κ0

(x) has the same frequency eigenvalue (ωκ0 ) as ujκ0 ;
hence, the degree of degeneracy d in equation (10) (for a fixed
point in the Bloch spectrum) is equal to the order of the matrix
D(R) [57]. This result implies that κ’s belonging to HSPs and
along HSLs (Fig. 2) are more likely to lead to symmetry in-
duced degeneracies as there are more elementsR ∈ Gκ. Note
also that when we are at non-degenerate points the matrix el-
ement in equation (10) is merely a phase factor. A notable
non-spatial symmetry, excluded from Fig. 1, is TRS which
transforms κ to −κ and also commutes with the Hamiltonian
(equation (12)).

Classes→
IR ↓ E σ Parity of basis functions

A +1 +1 Even
B +1 −1 Odd

Table I: Cv,d character table

Classes→
IR ↓ E C2 σv(x1) σv(x2) Basis functions

A1 +1 +1 +1 +1 x21, x
2
2, x

4
1 + x42

A2 +1 +1 −1 −1 x1x2, x1x2(x
2
1 − x22)

B1 +1 −1 +1 −1 x1, x1x
2
2

B2 +1 −1 −1 +1 x2, x
2
1x2

Table II: C2v character table

Classes→
IR ↓ E 2C4 C2 2σv 2σd Basis functions

A1 +1 +1 +1 +1 +1 x21 + x22
A2 +1 −1 +1 −1 −1 x1x2(x

2
1 − x22)

B1 +1 −1 +1 +1 −1 x21 − x22
B2 +1 −1 +1 −1 +1 x1x2
E +2 0 −2 0 0 (x1, x2)

Table III: C4v character table.

The symmetry induced properties of a set of eigensolutions
are encapsulated in a series of character tables (see Tables I,
II and III). Sets of symmetry operations that are conjugate
to one another are grouped into classes; each class takes up
a column in a character table and represents a distinct set of
symmetries [55–57]. For example, in Table III each mirror
reflectional symmetry is partnered with its inverse. Separate
from this, each row represents a different irreducible repre-
sentation (IR); these describe the transformational properties
of a set of eigenfunctions and are hence associated with
separate eigenvalues (distinct bands) [55–57]. For example,
the Bloch states at Γ are classified into four one-dimensional
IRs (A1, A2, B1, B2) and one two-dimensional IR (E). The
dimensionality of each IR is given by the first column in each
character table.

The characters themselves, that populate the contents of the
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tables, are defined as the trace of the matrix D(R),

χ(R) =
∑
i

Dii(R) (14)

From the cyclic invariance, of the trace of a matrix, it is easy
to see why all the elements within a class have the same char-
acter. The orthogonality between the rows of a character ta-
ble come from the great orthogonality theorem for characters
[55–57], ∑

R

χ(n)(R)χ(m)(R) = |Gκ|δn,m, (15)

where the overbar denotes a scalar complex conjugate and the
superscripts indicate a particular IR. The representations (IRs)
in the tables are referred to as irreducible due to their counter-
part matrix representations being irreducible. This means that
there is no similarity transformation that can simultaneously
convert all the matrix representatives (for each class) into a
block-diagonal form [57]. The matrix representatives for each
IR are commonly referred to as the irreducible matrix repre-
sentations (IMRs). The only two-dimensional IMRs, in our
case, occur at the origin and at the vertices of our BZ (Fig. 2)
where the two-dimensional IR, E, yields a pair of degenerate
modes. However, due to the presence of TRS, the local disper-
sion is prohibited from being of the desired Dirac-type, and is
often locally quadratic [38]. We are only guaranteed a pair of
symmetry induced locally linear dispersion curves at the ver-
tices of a hexagonal BZ [15]. Therefore, as we require a pair
of TRS related linear crossings, for our square structure, we
have no choice but to strategically engineer them. As we will
demonstrate in the next subsection, this is achieved by forcing
a non-symmetry repelled crossing of a pair of opposite parity
modes [34–36, 58].

To engineer this Dirac-type crossing we must have an un-
derstanding of the eigenmode shapes and their relationships

against different symmetry operators. The basis functions,
shown in the final column of the character tables, detail the
eigenmode shapes. Conveniently, the one-dimensional IRs di-
rectly tell us about the parity of an eigenmode with respect to
a specific symmetry operator. For example, from Table I, we
see that the action of the mirror symmetry operator yields ei-
ther an even (+) or odd (−) parity eigenmode,

P̂σujκ(x) = ±ujκ(x), (16)

and hence from the signum of the right-hand side we can as-
certain which IR ujκ(x) belongs to.

Another means to identify, which IR an eigenmode belongs
to, is by comparing it against other eigenmodes which lie
along the same band but reside at a different κ. Due to the
continuity of the bands, the IRs belonging to Gκ0

will trans-
form adiabatically into the IRs of Gκ1

(where κ0 6= κ1).
These relationships between different IRs, in different point
groups (when Gκ0

6= Gκ1
), are commonly called compatibil-

ity relations [55–57]. We shall pictorially demonstrate a few
examples of crucial compatibility relations, that relate eigen-
solutions from one IR to another, in the next subsection.

Bandstructures

Valley-Hall topological guides leverage the discrete val-
ley degrees of freedom that arise from degenerate extrema in
Fourier space. Upon a strategic symmetry reduction, these
degeneracies are gapped, leaving a pair of pronounced TRS-
related valleys, which are distinguished by their opposite
pseudospins [9]. The space group symmetry of the struc-
ture, that we analyse in this subsection, Fig. 4(a), is p4mm
[55, 56]; therefore, the physical space and point group sym-
metries are given by Figs. 1, 2. We use the two mirror symme-
tries, σv(x1), σv(x2) (Fig. 1), inherent within this structure,
to create non-symmetry repelled Dirac cones along HSLs.

Four eigensolutions, belonging to ΓX , are shown in Fig.
3(c) (labelled 1, 2, 3 and 4). From Fig. 2 we see that GΓX =
σv(x2), hence the eigensolutions along this path, are associ-
ated to the opposite parity IRs (A,B) (Table I). Using equa-
tion (16) we immediately see that the eigensolutions, enumer-
ated 1, 3, belong to the IR B whilst the even-parity eigenso-
lutions, 2, 4, belong to the IR A. Formally, the eigensolutions
satisfy the relations,

P̂σv(x2) : u1ΓX(x)→ −u1ΓX(x) =⇒ B,

P̂σv(x2) : u2ΓX(x)→ +u2ΓX(x) =⇒ A,

P̂σv(x2) : u3ΓX(x)→ −u3ΓX(x) =⇒ B,

P̂σv(x2) : u4ΓX(x)→ +u4ΓX(x) =⇒ A.

(17)

Using similar arguments, albeit now at X where the point
group is C2v (Fig. 2), we prescribe the four eigenso-
lutions, 1′, 2′, 3′, 4′ (Fig. 3(c)), to the four distinct IRs
(A1, A2, B1, B2) in Table II. By applying, the two orthog-
onal mirror symmetry operators to the four eigensolutions at

X , we obtain their associated IRs as,

P̂σv(x1),σv(x2) : u1′X(x)→ ±u1′X(x) =⇒ B1,

P̂σv(x1),σv(x2) : u2′X(x)→ −u2′X(x) =⇒ A2,

P̂σv(x1),σv(x2) : u3′X(x)→ ∓u3′X(x) =⇒ B2,

P̂σv(x1),σv(x2) : u4′X(x)→ +u4′X(x) =⇒ A1.

(18)

An alternate means to ascertain the IRs from the eigensolu-
tions is by examining the resemblance of the eigenmodes to
the basis functions in the character tables.

As we are dealing with a continuous Hermitian system, the
bands in the dispersion curve, Fig. 3(b), vary continuously,
except possibly at accidental degeneracies where mode inver-
sion may occur, which in turn leads to a discontinuity of the
intersecting surfaces. Hence, when moving along a continu-
ous band of simple (real) eigenvalues the eigenstates continu-
ously transform; departing from the HSL, ΓX , the associated
IRs describing the transformation properties of the eigenstates
smoothly transform into the IRs belonging to the eigenstates
at the HSP X . The compatibility relations dictate that the ac-
tion of a particular symmetry operation must remain invariant



6

Figure 3: (a) Upper panel shows the cellular structure; vertex and non-vertex mass values of 1.5 and 0.75, respectively, lattice
constant of 2, centroid to vertex mass distance of 0.40. Pre-perturbation structure has σv(x1), σv(x2) symmetries,

post-perturbation structure breaks these symmetries via an angular rotation of the inclusion set. The lower panel in (a) shows
the BZ and a quadrant of the BZ (shaded region). Dispersion curves (b) for structure shown in (a); Dirac cones are highlighted
by hollow purple circles. Four eigensolutions, along, both, ΓX and X are enumerated; these are explicitly shown in (c). The

grey lines that join the ΓX and X eigensolutions in (c) illustrate the compatibility relations.

along a continuous κ path. Therefore, using Fig. 2 and Ta-
bles I, II, we immediately see that along the path ΓX to X ,
the IRs must transform from (A,B) into (A1, A2, B1, B2).
Specifically, the action under the mirror symmetry operator of
σv(x2) must remain unchanged from (17) to (18); this con-
straint tells us that, (B1, A2, B2, A1) ↔ (B,B,A,A). How-
ever, from equation (18), we see that the ordering of the modes
at X is (B,A,B,A) rather than (B,B,A,A); this implies
that there is an unavoidable linear crossing (Dirac cone) be-
tween the points 2, 3 and 2′, 3′. This is pictorially illustrated
in Fig. 3(c). Note that the Dirac point, found along path ΓY
in Fig. 3(b), has a similar geometrical basis as the crossing
along ΓX .

The gapping of the Dirac cones, along ΓX and ΓY , is
accomplished by rotating the internal set of point scatterers
(Fig. 3) either clockwise or anti-clockwise. This lifts both of
the mirror symmetries, σv(x1), σv(x2), and, in turn, gaps the
Dirac cones in Fig. 3(b). When considering the entirety of the
BZ, 4 regions of locally quadratic curvature, often referred to
as valleys, remain, Fig. 4(a, b). The valleys have opposite
chirality and are related by reflectional symmetry as well as
TRS. These valleys are imbued with a local nonzero topolog-
ical quantity known as the Berry curvature [59–61]. When
dealing with a discretised BZ, the Berry curvature can be seen
as a proportion of the Berry phase. The Berry phase is a ge-
ometric phase that the eigensolution acquires after circulating
around a small closed loop in Fourier space [62, 63]. The
valleys that demarcate a band gap (at a fixed κ) and which
possess opposite signum Berry curvatures allow for the the
machinery of the zone-folding bulk-boundary correspondence
[64] to be used to generate valley-Hall edge states.

The computation for the Berry phase is well known [59–61]

Figure 4: Panel (a) shows post-perturbation dispersion curves
for the cellular structure in Fig. 3(a); where we have applied

a 0.15 radians angular perturbation away from the mirror
symmetry lines, σv(x1), σv(x2). Shaded region highlights

the band gap of interest. The inset shows a top-down view of
the Berry curvature for the 5th band (c,f. Fig. 10(c) and the

red-dashed line gives the frequency used for the
iso-frequency contours in that figure). Upper panel in (b)

shows a side view of the Berry curvature, lower panel shows
a 3D surface plot of the 4th and 5th bands in (a); the 4 sets of

pronounced valleys are clearly evident.

and is given for band j by the following,

θ =

∮
s

i 〈uj,κ|∇κuj,κ〉 dκ =

∫∫
S

∇κ× i 〈uj,κ|∇κuj,κ〉 dx,
(19)

where S is the surface of an element contained within the dis-
cretised elementary cell in Fourier space and s is a closed path
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that positively traverses around that element [59]. The geo-
metrical phase change between the eigensolutions at κ and
κ + δκ is given by,

exp(−iθ) ≈ 1− iθ = 1− i 〈uj,κ|∇κuj,κ〉 δκ, (20)

where |δκ| � 1. Using finite differences in equation (20)
eventually yields the following formula, valid for small seg-
ments in Fourier space,

exp(−iθ) ≈ 〈uj,κ|uj,κ+δκ〉 . (21)

Therefore the phase change of an eigensolution, upon travers-
ing a closed path in Fourier space, is approximated as,

θ =
∑
k

θk → exp(−iθ) ≈
∏
k

exp(−iθk)

=
∏
k

〈uj,κk
|uj,κk+1

〉 . (22)

This is rearranged to give,

θ = i ln

(∏
k

〈uj,κk
|uj,κk+1

〉

)
. (23)

The Berry curvature is merely θ/A, where A is the area of an
element within a discretised elementary cell in Fourier space

[59]. We compute the Berry curvature numerically, in Fig.
4(a, b), for the 5th band. The top-down viewpoint of the Berry
curvature is given by the inset in Fig. 4(a), whilst Fig. 4(b)
shows a side viewpoint. Notably, there are four highly lo-
calised areas of nonzero Berry curvatures. One needs only
to sum the Berry curvatures around a desired area in Fourier
space to get the Chern number or the valley-Chern number
[38].

B. 3D structured elastic plate with large perforations

We leverage our group theoretical and topological findings
in Sec. II A and now apply it to a three-dimensional structured
elastic plate that hosts, not only, flexural out-of-plane modes
but also in-plane shear and compressional modes. The core
mechanisms in the generation of flexural valley-Hall states
are geometrical, therefore many of the earlier subsections
principles will hold for this subsection. For example, a band
gap, similar to that shown in Fig. 4(a), will be engineered
and we shall use the earlier Berry curvature computations to
realise topological states in our 3D plate.

Formulation

The time-harmonic Navier equations, which govern the to-
tal displacement through an elastic medium, are written as,

∇ · [C : ∇uj,κ(x)] + ρω2
κuj,κ(x) = 0, (24)

where we have excluded the source term required to gen-
erate a plane flexural wave, the displacement un,κ(x) =[
u

(1)
j,κ(x), u

(2)
j,κ(x), u

(3)
j,κ(x)

]T
, x = (x1, x2, x3) and C is the

rank-4 (symmetric) elasticity tensor with entries Cijkl =
λδijδkl + µ(δikδjl + δilδjk), i, j, k, l = 1, 2, 3, i.e. isotropic,
λ and µ being the Lamé parameters, ρ the mass density and
ωκ the angular frequency of the wave.

We set stress-free boundary conditions at the top and bot-
tom boundaries of the plate, and on the surfaces of the inclu-
sions:

(C : ∇u) · n = (C : ε(u)) · n = 0 (25)

where ε(u) is the rank-2 strain tensor with entries εij =
1/2(∂ui/∂xj + ∂uj/∂xi) and n is the outward pointing nor-
mal to the boundaries. We solve the weak form of equation
(24) using the commercial finite element software COMSOL
[65]. The elastic plate is widely used to model flexural wave
propagation in engineering. For definiteness the plate dimen-
sions, elastic parameters and wave frequencies used are illus-
trative for thin soil layers in geophysics and civil engineering
[66–70] with amplitude displacements consistent with linear
elastic plate theory and consistent with ambient seismic noise
and urban noise sources; applications are to airfields, roads
and other thin layered elastic media.

To model an unbounded domain, within our bounded sys-
tem, we utilise Perfectly Matched Layers (PMLs) to strongly
absorb outgoing waves in a reflectionless manner; notably, our
problem becomes especially challenging for our 3D plate con-
figuration when considering a point forcing. We use adap-
tative elastic PMLs, which are well suited for dealing with
cases, ranging from the quasi-static limit to high-frequency
settings, and are obtained from the Navier equations (24) as
described in [71].

Bandstructures

For band structure calculations, we take advantage of the
periodicity of the system in the horizontal x1 − x2-plane, and
consider a single elementary cell that tesselates to create an
infinite crystal. We look for Floquet-Bloch eigensolutions in
the form

uj,κ(x + d) = ũj,κ(x1, x2, x3) exp [i(κ1d+ κ2d)] (26)

where d = (d, d, 0)T and κ = (κ1, κ2) is the Bloch vector
which is evaluated within and on the first Brillouin zone (BZ)
(Fig. 5), d is the pitch of the lattice; the BZ has to be chosen
carefully, even for square lattices [72].

The cellular structure, Fig. 5(a), under consideration here
possesses the same set of x1 − x2 planar symmetries as
the structure shown in Fig. 3(a). It is the presence of the
σv(x1), σv(x2) mirror symmetries (Fig. 1) that allows for a
conical intersection to manifest itself via parametric variation
in our system (similar to Fig. 3, see [34, 35] for further de-
tails). From Fig. 5(b) it is evident that, for our structured
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Figure 5: Physical space structure in the upper panel of (a) shows our cellular geometry which is an elastic plate containing a
square empty inclusion. The Floquet-Bloch band diagram in (b) is associated with the cellular structure, that consists of an
unrotated inclusion, and that possesses, both, vertical and horizontal reflectional symmetries. Dispersion curves in (c) arise

from either, a positively or negatively, rotated internal inclusion. The lower BZ plot in (a) highlights the region, in which the
dispersion curves are plotted around, as well as the regions of inequivalent nonzero Berry curvatures (here shown for the 8th

band) that lead to the generation of the valley-Hall edge states [64]. Panels (b) and (c) are for all 3 polarizations of elastic waves
propagating within a periodically perforated soil plate (density 1800 [kg/m3], Young’s modulus 0.15× 109[Pa], Poisson’s

ratio 0.20) 10cm in thickness with stress-free air perforations (2m×2m) in a square array of pitch 3m; the lowest bands are for
out-of-plane flexural waves (blue), and in-plane shear (green) and pressure (red) waves. All black curves are primarily of

flexural polarization. Note the presence of Dirac points at frequency 16.60 Hz in (b) that are then absent in (c). The
topologically nontrivial band gap that is opened, between the frequencies 15.8− 17 Hz, will host the symmetry-induced edge

states.

elastic plate of depth 10cm, the Dirac cones are located at
ωκ/(2π) = 16.60 Hz (where κ ∈ ΓX,ΓY ). The depth of the
structured plate that we have chosen, is relatively small com-
pared to its length (see Fig. 8(a) as an example). We did this
intentionally as we wished to focus on the flexural waves (in
Fig. 5) without the effect being over-complicated by in-plane
shear and compressional modes. The foundational principles
of the phenomena studied will remain intact irrespective of
the depth of the medium. The phenomena are based upon the
fields of group theory and topology, which are independent of
the physical system and this will allow the generalisation of
the ideas here into other physical systems such as electromag-
netism or acoustics.

The relevant Dirac cone locations, highlighted in Fig. 5(b),
are reminiscent of those found in Fig. 3(b). As the structures
in this subsection and in Sec. II A share the same symmetries,
we expect symmetrically similar eigensolutions to those seen
in Fig. 3(c). To demonstrate this, we analyse 4 eigensolutions,
located at X in Fig. 5(b); as GX = C2v (Fig. 2), the eigen-
solutions transformation properties will adhere to the IRs in
Table II. From Fig. 6 we see that the sequential ordering
of the eigenmodes (from low to high frequency), in terms of
their IRs, is (B2, A1, B1, A2); this differs from the equation
(18) ordering. Crucially, however, the two middle bands have
opposite parity. This property, ensures that two-band effective
Hamiltonian, comprising of the A1, B1 bands, is diagonalis-

able, hence, they are not symmetry repelled and they can be
engineered to cross [34].

In a similar manner to Fig. 4, we now rotate the internal
square inclusion by 22.5 degrees to lift both mirror sym-
metries thereby yielding a band gap that ranges between
ωκ/(2π) = 15 − 17.6 Hz, Fig. 5(b). Notably, this band
gap exists for both, flexural waves and in-plane shear waves;
also note that the in-plane pressure waves are irrelevant for
us as our sole focus is on the control of flexural waves.
Mathematically, by Kirchhoff-Love theory, the in-plane
oscillations are effectively the higher-order terms in an
asymptotic expansion and hence the dominant leading-order
flexural wave terms take precedence. Similar to our earlier
example, Fig. 4(a), we see a pair of well-defined extrema
(valleys) along the ΓX and ΓY boundary paths of the BZ in
Fig. 5(c), which are separated by an omnidirectional band
gap. The valley-Hall effect is geometrically induced, hence
system independent, therefore we may leverage our earlier
results in Sec. II A to determine the bandstructure’s (Fig.
5(c)) topological quantities. The ease of construction and the
uniformity of the underlying topological quantities (signum
of the Berry curvature or the valley-Chern number) has led to
their widespread usage across wave systems [15, 16, 25–32].
Hence, by using the more tractable K-L model in Sec.
II A as a vehicle, we are able to oust useful quantites in a
time-efficient manner. Choosing more complicated models
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Figure 6: Eigensolution orbitals for highlighted positions in
Fig. 5; their transformation properties are described by Table
II. Panel (a) Frequency: 14.06 Hz, IR: B2, basis: x1x

2
2, (b)

Frequency: 15.29 Hz, IR: A1, basis: x4
1 + x4

2, (c) Frequency:
17.39 Hz, IR: B1, basis: x2

1x2, (d) Frequency: 19.26 Hz, IR:
A2, basis: x1x2(x2

1 − x2
2).

to explore them adds nothing more than computation time
and results in lower resolution solutions that obscure from
the fundamental physics. By using Sec. II A, we note that
the valleys that demarcate the band gap in Fig. 5(c) are
locally imbued with a quantized nonzero topological charge.
This quantized quantity is system-independent and shown
as an overlay, of the BZ, in Fig. 5(b). Importantly, for
topologically inequivalent states, the chirality is reversed due
to the presence of TRS [15, 16, 25–32].

We generate ZLMs, for an elastic plate of constant depth,
by placing one gapped medium above its reflectional twin,
Fig. 7. These regions are referred to as “reflectional twins”
due to the cells in the lower medium being obtainable from
those in the upper medium via a reflection in either σv(x1)
or σv(x2) (Fig. 1). The simplicity of this construction, the
added protection afforded by the imbued chirality and the a
priori knowledge of how to tessellate the two media, to pro-
duce these broadband edge states, is the main benefit of these
geometrically engineered modes. The topological protection
afforded by these valley-Hall states, when we apply a suffi-
ciently small perturbation, is attributed to the orthogonality of
the pseudospins. Fig. 7(a), shows how even and odd-parity
edge states exist along an interface that separates oppositely
perturbed media; the edge states drawn here reside in the band
gap frequency range of Fig. 5(c). This result is predictable via
group theoretical considerations; consider a ribbon configura-
tion, similar to that in Fig. 7(a), that is infinite in extent, in
the x1 and x2 directions. This structure belongs to the p1m1

Figure 7: Panel (a) illustrates the opposite parity edge states
that exist within the band gap frequency range of the bulk

medium (for clarity, we have opted to use a schematic here,
the true numerical edge state computations are shown in

Supp. SI). The even and odd-parity eigenmodes exist at the
frequencies, ωκ/(2π) = 16.5, 16.55 Hz, respectively. The

two ribbon eigenmodes shown depict the absolute values of
the out-of-plane components of the modes propagating along
the interface between oppositely orientated squares. Periodic
boundary conditions have been applied to left and right-side
of this ribbon with Floquet-Bloch conditions applied along

the top and bottom boundaries. Panel (b) shows how an
even-parity flexural edge state is excited, in an elastic plate of

constant thickness (10cm), by a left-incident plane-wave at
the frequency ωκ/(2π) = 16.5 Hz.

frieze group [55] and hence Table I guarantees a pair of even
and odd-parity modes. The parities are taken, with respect to
the mirror symmetry line, which in this instance is the inter-
face.

The regions that demarcate the band gap in Fig. 5(c), and
that have locally quadratic curvature, are precisely the re-
gions of opposite ± pseudospins shown in Fig. 7(a). Fig.
7(b) shows a scattering computation for an ungraded elastic
medium, whose planar symmetries are those of the ribbons
shown in Fig. 7(a), albeit extended in the longitudinal di-
rection. Here a flexural even-parity edge wave is excited at
ωκ/(2π) = 17Hz via an incident plane-wave source. More
exotic planar topological edge waves are shown in Supp. SII;
these are reminiscent of those in [34–36, 58]. We also show
the shear and compressional in-plane modes in Supp. SIII and
demonstrate how they are smaller than the vertical displace-
ment by a factor of 10; this verifies that, for this thin plate,
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the in-plane elastic fields are of secondary importance and are
enslaved to the dominant out-of-plane motions.

We reiterate that a pleasant feature of these states is that
they are reliant upon a simple passive symmetry-based con-
struction and hence they provide a practical means to guide
flexural waves, for frequencies below 20 Hz, in a pragmatic
elastic plate model.

III. TOPOLOGICAL RAINBOW EFFECT

We have routinely seen how symmetry-induced topological
edge states behave along interfaces [25–31], around different
angled bends [15, 17] and within topological circuits [16, 34],
for a myriad of Newtonian systems. However we have yet to

Figure 8: Panel (a) shows the periodically perforated soil
plate that varies in depth (from 10cm to 10.7cm). By sending
in a plane-wave source of fixed frequency ωκ/(2π) = 17.3
Hz, the rightward mode excited shifts its position along the

even-parity dispersion curve (shown in Fig. 7(a)). The source
amplitude has a magnitude of 1.6× 10−4m and the

corresponding vertical displacement is of the order 10−4m.
We have opted to analyse a thin plate as we wanted to

demonstrate the effect of the depth variation on the flexural
ZLM without being obscured by in-plane considerations.
Importantly, as the depth of the elastic substrate increases,

the curve shifts upwards (black solid line) whilst the
excitation frequency (orange dashed line) remains

unchanged. As the modal excitation approaches the standing
wave at Γ the period of the envelope modulation decreases as
shown in (c). The magnitude of the out-of-plane component

of the displacement is shown in panel (d); the region of
concentrated energy is highlighted by the red dashed circle.

Figure 9: Magnitude of the out-of-plane flexural
displacement fields, for the model in Fig. 8, are shown here

for three other frequencies,
ωκ/(2π) = 17Hz, 17.1Hz, 17.2Hz (top to bottom). Notably,
as the frequencies increase, the region of concentrated elastic
energy (red dashed circle), shifts further to the right. This is
due to the topological mode, that is initially excited by the
incident plane-wave, being further away, from the standing

wave at Γ, for higher frequencies.

see how these planar states behave when they are incorporated
in a medium that spatially grades in depth.

A. Slow wave elastic energy concentration using a topological
wedge

The energy concentration, for our ZLM, arises due to the
depth change of our elastic medium. In Fourier space, if the
depth change is increasing, in the direction of propagation,
then there is an adiabatic upwards shifting of the edge modes,
Fig. 7. Hence, in this instance, for an even-parity ZLM, the
excited frequency will gradually transition closer to the stand-
ing wave frequency, thereby reducing the group velocity and
increasing the overarching envelope modulation that encases
the short-scale oscillations of our flexural wave [34]. This en-
velope modulation adiabatically changes, alongside the depth
change, Fig. 8(c). As the slow ZLM approaches the stand-
ing wave frequency the period of the envelope modulation in-
creases. Since the valley-Hall state is a weak topological state
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protected solely by symmetry, care must be taken to prohibit
backscattering hence knowledge of the long-scale envelope is
especially useful for finite length interfaces as it can be used to
minimise reflections. The inhibition of backscattering inher-
ent within topological modes differentiates us from earlier ar-
ticles that have utilised an adiabatic grading [73]. An asymp-
totic method, more commonly known as high-frequency ho-
mogenisation (HFH) allows for the characterisation of this
long-scale envelope [74, 75]. The Fourier separation between
counter-propagating edge states is highly relevant to the trans-
mission properties of the topological guide [16, 34].

The position of the localised patch of energy is depen-
dent upon the source frequency and the grading rate of our
medium. Unlike hexagonal lattice structures, square struc-
tures, only possess non-symmetry repelled Dirac cones and
these are located along the HSLs. These linear crossings are
parametrically tunable (Figs. 3 and 5) and, therefore, as is the
envelope modulation [34]. This property gives us the freedom
to choose the size of the Fourier separation between counter-
propagating edge states. We opt for a smaller separation,
which has two effects on our system (Fig. 8): firstly the initial
mode excited, at the start of the crystal, has a discernible long-
scale envelope and secondly, only a small adiabatic grading in
depth (0.7cm in Fig. 8) is needed to obtain a concentrated
region of localised elastic energy.

If we now allow frequencies to vary, along with the lin-
ear variation in depth, we obtain the series of displacements
shown in Fig. 9. Significantly, for higher frequencies the ZLM
propagates further along the domain wall, before approaching
a standing wave frequency. The concentrated region of elastic
energy, lies further to the right of the structured elastic plate,
for higher frequencies. This can be explained pictorially by
Fig. 8(b); the higher the frequency, the further away the right-
ward propagating mode is from the standing wave and there-
fore a greater change in depth is needed to get this mode to
adiabatically transition into a (pseudo) standing wave.

If in Fig. 8, instead of a rightward propagating plane-wave
source, we had a leftward propagating plane-wave impacting
the crystal on the right-hand side then we obtain a starkly dif-
ferent displacement pattern. We would obtain a localised re-
gion of nonzero displacement on the right-hand side of the
crystal. The negligible leftward propagation would imply that
the localised patch in Fig. 8 is close to a standing wave. This
source dependent asymmetry in displacements is a symptom,
of the broken mirror-plane symmetry (x1 − x3 plane), that
arises from the variation in depth of our elastic substrate. For
an elastic medium with constant depth, this mirror-plane sym-
metry is still intact, therefore this source dependent asymme-
try in displacements is (almost) non-existent.

B. Elastic edge waves to chirality-locked beam splitting

A fascinating chiral beaming phenomenon has been ob-
served for classical and electronic valley-Hall systems [27,
76]. By exciting a valley-Hall crystal near the periphery of the
topological band gap (Fig. 8) we enable a spatial separation
of vortex states that carry discernible pseudospins or chirality.

Figure 10: Panel (a) shows the dimensions of our elastic
substrate. Note the enhanced depth variation when compared
with Fig. 8. The Fourier space manifestation of this change is

shown in (b). The mode excited by the source
(ωκ/(2π) = 16.75Hz) drastically shifts into the pseudospin

bulk modes which induces the chirality-locked beam splitting
shown in (d). For clarity we have opted to plot the real

component of the out-of-plane displacement in (d).
Magnifications of the two oppositely polarized beams are
shown to emphasise their separation. In (c) we see that the

disparate direction of the beams is driven by the intersection
between the propagation direction (in Fourier space) and the
isofrequency contours. Due to valley-Hall phenomena being
largely system-independent we opted to deduce the contours,
from our earlier model in Sec. II A, by intersecting the plane
(horizontal red line in Fig. 4(a)) with the 4th band surface in
Fig. 4(b). The upper and lower set of contours are associated
with the upper medium and its lower reflectional twin. The

Berry curvatures demonstrate that the two beams in (d) share
the same pseudospin.
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This phenomenon is especially meaningful in systems that do
not have an intrinsic spin polarization.

This effect is induced adiabatically, in our elastic system,
by increasing the depth variation. The elastic substrate in
Fig. 10 now ranges from 10cm to 12cm as opposed to the
0.7cm variation shown in Fig. 8. Due to the greater variation
in depth the modal excitation shifts, more dramatically (see
Fig. 10(b)), than in Fig. 8(b). Therefore, a slow topological
ZLM is initially triggered before it transitions into a pair of
pseudospin-locked beams, Fig. 10(d). The excitation of the
separated pseudospin states stems from the gradient direction
of the isofrequency contours shown in Fig. 10(c) [27, 76].

IV. CONCLUSION

We have combined the rainbow effect [41, 77, 78], with
a symmetry-induced topological insulator, to demonstrate the
topological rainbow effect for low-frequency surface elastic
waves. By combining these two phenomena, a robust elastic
edge state smoothly transitions into, either, a localised stand-

ing wave or a pair of chirality-locked beams. We have demon-
strated this using detailed finite element simulations which
solved the full 3D vector Navier system. Note that our design
is generic and transposable to a myriad of different regimes;
for example, they could be scaled up or down and the elas-
tic parameters adapted to achieve similar adiabatic behaviours
for ultrasonics [73]. The design paradigm espoused herein is
generic and expected to function in a similar manner for other
geometries, and other wave systems, e.g. surface acoustics,
hydrodynamics and plasmonics, that yield valley-Hall edge
states.
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Supplementary Material

SI. EDGE STATES FOR OUT-OF-PLANE AND IN-PLANE
MODES

To complement the schematic of the edge states, shown in
Fig. 7(a), numerically computed edge states are presented in
Fig. S1. The coloured bands highlight the flexural dominant
modes, whilst the black curves are dominated by in-plane os-
cillations. Exemplar modes for these two cases are shown in
Fig. S2, notably for the eigenstates associated with the edge
states of Fig. S2(a) the in-plane displacements are an order of
magnitude (or more) smaller than the out-of-plane displace-
ment.

Figure S1: Numerically computed edge states for the case
shown in Fig. 7(a). The coloured bands are dominated by

out-of-plane oscillations, whilst the black curves are
dominated by in-plane shear and compressional modes.

Typical eigenstates are shown in Fig. S2 that demonstrates
the dominance of the in-plane or out-of-plane motion for the

black and coloured curves, respectively.

SII. PLANAR EFFECTS FOR AN UNGRADED ELASTIC
PLATE

Refs. [34, 35] combine four structured domains to create
a three-wave topological beam-splitter using the C4v model.
[34] showed this beam splitting for the Kirchhoff-Love equa-
tion consisting of masses of infinitesimal radius; similar ef-
fects were also achieved in the context of dielectric photonic
crystals [35]. These effects are not contingent upon a varia-
tion in the depth of the medium and are therefore simpler to
transpose to our full elastic medium comprised of judiciously

rotated square boreholes. Fig. S3(a, b) shows a topological
π/2 bend and a three-way beam-splitter for a 3D elastic plate
model. This elastic system is more challenging than the toy
system found in [34] since all three elastic wave polarizations

Figure S2: Exemplar eigensolutions that correspond with a
typical coloured curve (a) and a black curve (b) in Fig. S1.
The chosen set of eigenstates correspond to the highlighted

circles in Fig. S1.

can couple at the interfaces. If we strategically graded the
medium, in either the x1 or x2 directions, then we could ob-
tain selective localisation along one or more of the outgoing
leads.

SIII. IN-PLANE DILATATION AND SHEAR
DEFORMATION

To confirm that the concentration of energy at the turning
point suggested by plots in Fig. 9(c), is not rather a con-
version of a flexural wave into an in-plane elastic wave be-
yond the turning point, we also plot the in-plane dilatation
∇ · (u1, u2)T = ∂u1/∂x1 + ∂u2/∂x2, and in-plane shear de-
formation ε12 = 1/2(∂u2/∂x1 + ∂u1/∂x2) for the system
parameters and frequency of Fig. 9(c). One notes that there
is an almost one-to-one mapping between spatial variation of
out-of-plane displacement field intensity in Fig. 9(c), and the
divergence of its in-plane divergence and shear strain in Fig.
S3(c, d) (up to the order in magnitude). We attribute the in-
significant conversion of out-of-plane into in-plane vibrations
at the turning point to the small plate thickness. We believe
that markedly enhanced conversion from out-of-plane to in-
plane vibrations might take place in a thicker plate.
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Figure S3: Panel (a): Magnitude of out-of-plane component of displacement field showing propagation around a π/2 bend at
the interface between a single quadrant of squares oppositely orientated to the three remaining quadrants. Panel (b): The

three-way splitter (ωκ/(2π) = 16.728Hz), showing a typical wave pattern like a Saint George’s cross, where the quadrants
alternate in their relative rotation. In both panels the excitation is a point force polarized along the out-of-plane direction, which

is located at the leftmost edge of the crystal. Panels (c) and (d) show the in-plane shear deformation
ε12 = 1/2(∂u2/∂x1 + ∂u1/∂x2) and dilatation ∇ · (u1, u2)T = (∂u1/∂x1 + ∂u2/∂x2) (respectively) for a graded perforated

plate. The source frequency, ωκ/(2π) = 17.3Hz, and the geometrical parameters match those of Fig. 9(c).


