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INTRODUCTION

Atom-based measurements were exploited for frequency standards, inertial force sensing, magnetometry, and testing the fundamental symmetries. The research in electric field sensing was focused recently on Rydberg atoms [START_REF] Sedlacek | Microwave electrometry with Rydberg atoms in a vapour cell using bright atomic resonances[END_REF] . The microwave electric field measurements based on Rydberg atom spectroscopy allowed sub-wavelength resolution, accuracy, long-term reproducible operation and SI-traceability. Scalar detection of microwave electric fields at the µV/cm level was performed with a sensitivity limited by the photon shot noise [START_REF] Kumar | Rydberg-atom based radio-frequency electrometry using frequency modulation spectroscopy in room temperature vapour cells[END_REF] . This contribution proposes an extension of this approach to the THz electric fields by using precision vibrational spectroscopy with cold trapped HD + ions. The energy levels [START_REF] Korobov | Fundamental transitions and ionization energies of the hydrogen molecular ions with few ppt uncertainty[END_REF][START_REF] Korobov | Hyperfine structure in the H 2 + and HD + molecular ions at order mα 6[END_REF] of the hydrogen molecular ions (HMI), and their shifts in external fields [START_REF] Bakalov | Magnetic field effects in the transitions of the HD + molecular ion and precision spectroscopy[END_REF][START_REF] Schiller | Static and dynamic polarizability and the Stark and blackbody-radiation frequency shifts of the molecular hydrogen ions H 2 + , HD + , and D 2 +[END_REF][START_REF] Bakalov | The electric quadrupole moment of molecular hydrogen ions and their potential for a molecular ion clock[END_REF] were predicted accurately by ab-initio calculations.

Infrared spectroscopy of trapped and sympathetically cooled HMI provided accurate results [START_REF] Leach | Spectroscopy and quantum mechanics of the hydrogen molecular cation: A test of molecular quantum mechanics[END_REF][START_REF] Koelemeij | Vibrational spectroscopy of HD + with 2-ppb accuracy[END_REF][START_REF] Bressel | Manipulation of individual hyperfine states in cold trapped molecular ions and application to HD + frequency metrology[END_REF][START_REF] Biesheuvel | Probing QED and fundamental constants through laser spectroscopy of vibrational transitions in HD +[END_REF] .

The sub-Doppler spectroscopy techniques, allowing significant improvements of the resolution and of the accuracy, were addressed recently. The fundamental rotational transition of HD + was measured [START_REF] Alighanbari | Precise test of quantum electrodynamics and determination of fundamental constants with HD + ions[END_REF] with a fractional resolution of 3 × 10 -12 and a fractional uncertainty of 1.3 × 10 -11 . A twophoton rovibrational transition was probed [START_REF] Patra | Proton-electron mass ratio from laser spectroscopy of HD + at the part-pertrillion level[END_REF] with a precision of 2.9 × 10 -12 . The sensitivity of the HD + molecular ion transitions to external fields may be exploited to detect the electromagnetic fields and to calibrate them, by comparing the measurements of the systematic effects with the predictions provided by the molecular ion theory. This contribution proposes to characterize a THz-wave offresonantly coupled to the fundamental rotational transition at 1.3 THz by measurements of the lightshifts induced on a Zeeman component of the two-photon rovibrational transition at 55.9 THz.

Mapping an electromagnetic wave in three dimensions is a nontrivial approach. An algorithm is proposed to convert a set of scalar phase-less lightshift measurements performed for two orientations of the magnetic field in the ion trap into the amplitudes and the phases of the THz electric field components in the Cartesian laboratory frame.

MATERIAL AND METHODS

Energy levels and shifts in external fields of HD +

The rovibrational energy levels of HD + in its ground electronic state were predicted without taking into account the hyperfine structure by ab-initio calculations [START_REF] Moss | Calculations for vibration-rotation levels of HD + , in particular for high N[END_REF] . The hyperfine structure of the energy levels is described with the coupling of the proton p . The hyperfine energy levels, labeled with the quantum numbers for the vibration and the spin coupling scheme, were calculated as the eigenvalues of a Breit-type nonrelativistic spin Hamiltonian [START_REF] Bakalov | High-precision calculation of the hyperfine structure of the HD + ion[END_REF] . The hyperfine states are split in magnetic subcomponents, labelled with the quantum number J z of the projection of J r on the quantization axis, by using a static magnetic field. The Zeeman energy levels, calculated as the eigenvalues of a nonrelativistic Hamiltonian [START_REF] Bakalov | Magnetic field effects in the transitions of the HD + molecular ion and precision spectroscopy[END_REF] , are approximated with a quadratic dependence in function of the strength of the magnetic field, described with Zeeman shift parameters. The total energy of a Zeeman energy level is expressed as :
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in function of the rovibrational energy , the hyperfine energy , and the Zeeman shift
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The external fields applied to the ions are described in the Cartesian Laboratory Coordinate Frame is defined with the z-axis oriented along the direction of the magnetic field. The THz electric field is expressed using the standard components in the MICF:
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in function of three real positive amplitudes and phases . They are associated to the linear or circular polarization components of the THz-wave, characterized with the unit vectors

1 0 ± E , E 1 0 ± ϕ ϕ , (
) 

2 1 0 y , c x ,
( ) t E V r r ⋅ - = d (4)
expressed in function of the electric dipole operator d r of HD + in the laboratory frame.

The lightshift of an energy level of HD + induced by interaction with a THz electric field far offresonance is expressed using the second-order perturbation theory [START_REF] Le Kien | Dynamical polarizability of atoms in arbitrary light fields: General theory and application to cesium[END_REF] as:
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The lightshift is calculated in this contribution in function of the dynamic polarizabilities of HD + , that depend on the matrix elements of the standard components of the dipole operator

q q d d ε ⋅ = - r
, the unperturbed energy levels E n , and their decay rates . The second line of eq. ( 5) introduces the standard dynamic polarizability of HD n γ + in function of the complex operator
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, and its eigenvalues are
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The standard dynamic polarizability of a HD + energy level is calculated in function of a set of theoretical parameters {U
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) th } (the rovibrational energy levels [START_REF] Moss | Calculations for vibration-rotation levels of HD + , in particular for high N[END_REF] with an assumed 10 -12 fractional uncertainty, the hyperfine splittings [START_REF] Bakalov | High-precision calculation of the hyperfine structure of the HD + ion[END_REF] with 0.5 kHz uncertainty, the Zeeman shift parameters 5 with 10 -4 or better fractional uncertainty, the radiative lifetimes of the energy levels [START_REF] Amitay | Rotational and vibrational lifetime of isotopically asymmetrized homonuclear diatomic molecular ions[END_REF] with ms level uncertainty, and the electric dipole transition moments 18 with 10 -4 fractional uncertainty or better), and a set of experimental parameters (the polarization q of the THz electric field, the frequency f THz of the THz-wave with a fractional uncertainty assumed at the ppt level, and the magnetic field strength B with an uncertainty at the 10 -10 T level calculated as it is shown in section 2.3). In addition, the uncertainties of the polarizabilities are derived with the error propagation law, using the uncertainties of the theoretical and experimental parameters, and assuming correlations between theoretical parameters of the same type with correlation coefficients equal to 1.

Two-photon spectroscopy scheme of HD +

This contribution proposes a spectroscopy scheme with cold trapped HD + ions for THz-wave characterization (Fig. 1.a, 1.b). The experiment setup is based on an ion trap that stores ~10 2 HD + ions and ~10 3 laser-cooled Be + ions using a transition at 313 nm. The electrostatic interactions allow sympathetical cooling of the HD + ions, and embed both ions in a Coulomb crystal. The number of HD + ions is determined from the increase of the 313 nm fluorescence level of Be + ions when the secular motion of the HD + ions is excited in the trap. An uniform static magnetic field, controlled with three coil pairs in the Helmholtz configuration which are driven with three independent current sources, is applied to the ion trap. First, the two-photon rovibrational transition (v,L)=(0,0)→(2,0) is measured by resonance-enhanced multiphoton dissociation (REMPD) with a stationary laser wave tuned by 55.909 THz. The detection is performed by photodissociation of the (v,L)=(2,0) level with a 175 nm laser. The time dependences of the populations in the relevant energy levels of the HD + are described by a set of rate equations that take into account the two-photon transition, the dissociation, the radiative relaxation, and the transitions driven by the blackbody radiation. The lineshape of the two-photon resonance is calculated by solving numerically the rate equations [START_REF] Constantin | Double-resonance two-photon spectroscopy of hydrogen molecular ions for improved determination of fundamental constants[END_REF] . The full-width half measured linewidth of the two-photon rovibrational line is 20 Hz, by assuming a two-photon rovibrational transition rate of 10 s -1 , a dissociation rate of 200 s -1 and a REMPD time of 10 s, that corresponds a fractional resolution beyond the 10 -12 level. The detection time of one experimental point is assumed by 30 s, and the measurement of a HD + line may be performed in about ten minutes. A THz electric field is coupled then off-resonantly to the rotational transition (v,L)=(0,0)→(0,1) at 1.315 THz or (v,L)=(2,0)→(2,1) at 1.197 THz, respectively, and another measurement of the two-photon transition allows to derive the lightshift.

The fractional frequency uncertainty of the measurements is estimated with the value of the Allan variance in the case of the molecular ion quantum projection noise limit, expressed as:
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in function of the quality factor Q of the two-photon transition, the number N ion of HD + ions, the cycle time T c , and the interrogation time τ. The quality factor Q = f 2ph /Δf HWHM , is expressed in terms of the two-photon frequency and the half-linewidth, estimated using the natural lifetimes of the HD + ion energy levels [START_REF] Amitay | Rotational and vibrational lifetime of isotopically asymmetrized homonuclear diatomic molecular ions[END_REF] . Assuming the case of single ion spectroscopy experiment with T c = τ, the frequency uncertainty for (v,L)=(0,0)→(2,0) line is estimated at 2.49 Hz and for (v,L)=(0,0)→(2,2) line at 2.57 Hz.

Probing magnetic fields by Zeeman spectroscopy of HD +

The magnetic field in the ion trap may be also characterized using precision measurements with HD + ions. This contribution proposes to perform Zeeman spectroscopy of a sensitive component of the two-photon rovibrational transition (v,L)=(0,0)→(2,2) of HD + using a stationary laser wave tuned by 57.701 THz. The detection is performed by photodissociation of the (v,L)=(2,2) level with the 175 nm laser. The Zeeman shift of a transition (v,L,F,S,J,J z )=(n,J z )→(n',J' z ) may be calculated approximately with a quadratic dependence:
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in function of the magnitude of the magnetic field B and the linear and quadratic Zeeman shift coefficients that depend on a set of six theoretical parameters { } , determined for the relevant hyperfine energy levels of HD [START_REF] Bakalov | Magnetic field effects in the transitions of the HD + molecular ion and precision spectroscopy[END_REF] . Solving the second order equation allows to derive the magnitude of the magnetic field in function of the experimental may be derived by inverting the second-order equation and choosing, if necessary, the suitable solution that matches the value of the magnetic field provided, for example, by an accurate magnetometer. The uncertainty of the magnetic field may be calculated with the error propagation formula, in function of the contribution from the uncertainty of the Zeeman shift measurement The dependence of the fractional uncertainty of the magnetic field in function of the magnetic field is calculated and plotted in Fig. 2 for a selection of sensitive transitions starting from each hyperfine level of the (v,L)=(0,0) state. The transition (v,L,F,S,J,J z )=(0,0,1,2,2,-2)→(2,2,1,2,4,0) is the most sensitive and displays the lowest uncertainties. The total uncertainty, by 4 × 10 -10 T, indicates the precision of the calibration of the magnetic field by Zeeman spectroscopy. This uncertainty is due mostly to frequency measurement error. The contribution of the theoretical error, shown also in Fig. 2, is orders of magnitude smaller and remains at a fractional value by 7 × 10 -7 .
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RESULTS AND DISCUSSION

Scalar THz electrometry using HD + spectroscopy : sensitivity and precision issues

The total lightshift induced by a THz-wave on a two-photon rovibrational transition (v,L,F,S,J,J z )=(n)→(n') may be expressed in function of the squared amplitude of the electric field E THz of the THz-wave:
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A HD + frequency measurement may be converted into a measurement of the THz-wave electric field by using the total dynamic polarizability of the HD + energy levels that were calculated theoretically.

In the case of the detection of a progressive plane wave, which is assumed here, the THz electric field can be related to the THz-wave intensity as , in function of the speed of the light c, and the vacuum permittivity ε
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The uncertainty of the THz-wave intensity is determined by the frequency measurement errors, which translate into the uncertainties of the lightshift and of the magnetic field magnitude, and by the uncertainties of the theoretical parameters, that contribute to the uncertainty of the dynamic polarizability and of the magnetic field magnitude. The uncertainty of a THz-wave intensity measurement is estimated with the error propagation law :
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gives the sensitivity limit for the detection of the THz-wave by lightshift measurement. In order to minimize the uncertainty calculated with eq. ( 9), for a given intensity, polarization and frequency of the THz-wave, the two-photon transition should have the highest dynamic polarizability, the lightshift measurements should be performed with the lowest uncertainties, and the dynamic polarizability should be estimated with the lowest uncertainty. Particularly, the value of the magnetic field may be suitably chosen in order to minimize the uncertainty of the THz-wave intensity.
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In the case of the detection of a THz-wave at 1,314,947,502.3 kHz with π polarization by using lightshift measurements on the (v,L,F,S,J,J z )=(0,0,1,2,2,2)→(2,0,1,2,2,2) two-photon transition with an experimental uncertainty of ( )
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the optimization procedure for the magnetic field magnitude yields the smallest experimental uncertainty of the THz-wave intensity of 4.8 × 10 -8 W/m 2 . The limit of sensitivity of this method is a 6 × 10 -6 V/m THz electric field, which is a 30 times improvement to the value of the lowest microwave electric field detected previously with the Rydberg atom spectroscopy method [START_REF] Kumar | Rydberg-atom based radio-frequency electrometry using frequency modulation spectroscopy in room temperature vapour cells[END_REF] .

The uncertainty for the calibration of the intensity of a THz-wave at 1,314,947,502.3 kHz with σ -or π polarization, using lightshift measurements of the (v,L,F,S,J,J z )=(0,0,1,2,2,2)→(2,0,1,2,2,2) twophoton transition of HD + , is calculated for a value of the magnetic field up to 2 × 10 -4 T, that minimizes the total uncertainty estimated with eq. ( 9). The results are plotted in Fig. 3. The contribution to the fractional uncertainty arising solely from the frequency measurement errors is by an order of magnitude smaller than the total fractional uncertainty. The precision of the calibration a THz-wave with an intensity of 1 W/m 2 is at the 10 -3 level, being limited by the accuracy of the dynamic polarizability calculation.

Three-dimensional characterization of a THz-wave using HD + spectroscopy

A set of lightshifts induced on the components of the two-photon rovibrational transition (v,L)=(0,0)→(2,0) can be exploited to characterize the polarization ellipse of a THz-wave in three dimensions. As indicated in eq. ( 5), each standard component of the THz electric field in the MICF probes off-resonantly π or σ ± Zeeman subcomponents of the (v,L)=(v,0)→(v,1) transitions, and induces a lightshift in proportion with its squared amplitude. In addition, the squared amplitudes

( ) 2 β α σ π ±
, , E of the standard components of the THz electric field can be related in function of the Euler angles α and β to the amplitudes and phases of the Cartesian components of the electric field in the LCF ( )
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The characterization of the five THz-wave parameters requires at least five independent measurements of the squared amplitudes of the standard components. This contribution proposes to exploit six independent measurements of lightshifts of two-photon transitions
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for two different orientations of the magnetic field. The lightshifts are related to the squared amplitudes of the standard components of the THz electric field
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for the chosen orientations with a 6 × 6 matrix { } ( ) ( )

THz th q , i f , B U A ; α Δ
formed with two 3 × 3 diagonal blocks depending on the appropriate differential standard dynamic polarizabilities of the two-photon transitions multiplied with the suitable prefactors. The squared amplitudes of the standard components may be determined by inversion , if the matrix is nonsingular. This requirement can be satisfied by using three different values of the magnetic field, or by addressing three different Zeeman or hyperfine subcomponents of the two-photon transition.
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The choice of the orientations of the magnetic field should take into account the periodicity of the transformation from the squared amplitudes of the standard components of the THz electric field in the MICF to the Cartesian components of the THz electric field in the LCF. The two orientations chosen here are described with Euler angles and ( ) (

)
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). In this case, the parameters of the THz-wave in the LCF may be expressed with analytical dependences in function of ( ) (10) Let us discuss the application of this method for the characterization of a reference THz-wave that is σ + polarized and propagates along an arbitrary direction defined in the LCF with Euler angles φ and θ (Fig. 1.a). The parameters of the THz-wave in the LCF may be expressed as: (11) in function of the amplitude of the THz-wave E 0 . The frequency of the THz wave is assumed at f THz = 1,314,947,502.3 kHz, the intensity at 1 W/m 2 (E 0 = 27.42 mV/m) and the direction is defined by (φ=π/4, θ=π/4). The measurements address six lightshifts of the two-photon transition (v,L,F,S,J,J z )=(0,0,1,2,2,2)→(2,0,1,2,2,2) of HD + for two orientations of the magnetic field and ( ) ( )
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) in the case of three different values of the magnetic field B 1 = 10 -6 T, B 2 = 5 × 10 -6 T, and B 3 = 10 -5 T. First, the experimental lightshifts are simulated by adding the values of the lightshifts calculated for the reference THz-wave and random errors described with a Gaussian distribution with zero mean and covariance equal to the square of the experimental uncertainty 
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The calibration accuracy for the Cartesian components of the THz electric field in the laboratory frame is 5% or better for the amplitudes, and better than 10% for the phases. For each parameter of the THz-wave, the deviation between the mean value obtained by measurement and the corresponding value of the reference THz-wave is compatible with the uncertainty of the measurement. The comparison of the projections on the xy, yz, and zx planes (Fig. 4) of the polarization ellipse of the reference THz-wave and of a polarization ellipse calculated with the parameters from eq. ( 12) confirms qualitatively the accurate retrieval of the polarization ellipse of the THz-wave by lightshift measurements.

CONCLUSION

This contribution proposes a new method to characterize the electromagnetic fields based on the comparison of the measurements of the frequency shifts induced on two-photon rovibrational transitions of cold trapped HD + ions with the predictions of the molecular ion theory. The SItraceability is ensured on one hand, by performing infrared frequency measurements with an assumed fractional uncertainty at the 10 -12 level against a frequency standard and, on the other hand, by exploiting accurate ab-initio calculations of the energy levels and of the transition dipole moments based on the values of the fundamental physical constants [START_REF] Mohr | CODATA recommended values of the fundamental physical constants: 2014[END_REF] . The approach allows to derive the uncertainties of the parameters of the electromagnetic fields in function of the uncertainties of the frequency measurements and of the theoretical calculations.

The Zeeman spectroscopy of the (v,L,F,S,J,J z )=(0,0,1,2,2,-2)→(2,2,1,2,4,0) transition of HD + may allow the measurement of the magnitude of a static magnetic field applied to the ion trap with an uncertainty at the 10 -10 T level. In addition, the amplitude of the electric field of a THz-wave with linear or circular polarization tuned near the hyperfine transition (v,L,F,S,J)=(0,0,1,2,2)→(0,1,1,2,3) of HD + may be characterized using the lightshift induced on the transition (v,L,F,S,J,J z )=(0,0,1,2,2,2)→(2,0,1,2,2,2). The sensitivity of the precision spectroscopy-based method is at the 10 -6 V/m level. A THz-wave with an intensity of 1 W/m 2 can be calibrated using lightshift measurements with a precision at the 10 -3 level, determined by the accuracy of the theoretical calculations. In addition, the electric field vector of the THz-wave may be characterized in three dimensions using lightshift measurements for different orientations of the magnetic field in the ion trap. The response of HD + to the external field obtained with this method may be referenced directly to a frequency standard, that is advantageous comparing to the approaches based on the Rabi-rate measurements [START_REF] Koepsell | Measuring the polarization of electromagnetic fields using Rabi-rate measurements with spatial resolution : Experiment and theory[END_REF][START_REF] Thiele | Self-calibrating vector atomic magnetometry through microwave polarization reconstruction[END_REF] . A THz-wave with circular polarization and an intensity of 1 W/m 2 may be calibrated using a set of ten lightshift measurements with a precision estimated at 5% or better for the amplitudes of the electric field components in the Cartesian laboratory frame and better than 10% for the phases.

Figure captions:

Figure 1. a. The experimental setup with the coordinate frames. Be + ions are cooled with the 313 nm laser (magenta line). Two-photon spectroscopy of HD + is performed with a stationary wave from the IR laser (red line). The detection is performed by dissociating HD + ions with the 175 nm laser (green line). The static magnetic field in the ion trap (olive line) can be oriented to any direction, defined with Euler angles α and β in the Cartesian Laboratory Coordinate Frame (x,y,z) (black lines) (LCF). The THz-wave (blue line), off-resonantly coupled to the energy levels of the HD + ions, has a wave vector n r oriented in a direction defined with the Euler angles θ and φ in the LCF. (v,L,F,S,J,J z )= (0,0,1,2,2,-2) (2,2,1,2,4,0) (0,0,1,1,1,-1) (2,2,1,1,3,1) (0,0,1,0,0,0) (2,2,1,0,2,-2) (0,0,0,1,1,1) (2,2,0,1,3,-1) -0,02 -0,01 0,00 0,01 0,02 -0,02 -0,01 0,00 0,01 0,02 -0,02 -0,01 0,00 0,01 0,02
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  in Fig.1.a. The axes of the LCF are oriented along three orthogonal directions defined with the alignment of three coil pairs in Helmholtz configuration, that are exploited to generate a uniform static magnetic field in the ion trap. The electric field of a THz-wave in the LCF is expressed as the sum of three orthogonal linearly polarized components:

.

  The interaction of the HD + ions with the THz-wave is addressed in the electric dipole approximation with an Hamiltonian:

  with the molecular ion quantum projection noise limit, and from the Zeeman shift parameters uncertainties ( ) ( ) ( ) kHz/T.

.

  The squared standard components of the THz electric field are subsequently derived using the relevant set of differential standard dynamic polarizabilities. The polarizabilities are estimated as the theoretical values plus a random contribution with a Gaussian distribution with zero mean and variance equal to the squared uncertainty of each polarizability calculation. Then, the parameters of the THz electric field in the laboratory frame are determined analytically from the calculated values of the squared standard components. The retrieved polarization ellipses of the THz electric field are represented on Fig. 4 for 10 simulated sets of lightshifts. The mean values and the uncertainties of the parameters of the THz-wave are: (

Figure 2 .

 2 Figure 2. Dependence of the fractional uncertainty of the magnetic field determined by Zeeman spectroscopy in function of the magnitude of the magnetic field for a selection of two-photon transitions. The dependences of the combined experimental and theoretical fractional uncertainties are represented with continuous lines. The dependences of the theoretical fractional uncertainties are represented with dotted lines.

Figure 3 .

 3 Figure 3. Dependence of the fractional uncertainty of the THz-wave intensity in function of the THz-wave intensity (left axis, bottom axis). THz-wave polarization σ -(red lines) and π (blue lines). The combined experimental and theory errors are shown with continuous lines. The experimental errors are shown with dotted lines. The plot indicates also the dependence of the fractional uncertainty of the THz electric field amplitude in function of the THz electric field amplitude (right axis, top axis).

Figure 4 .

 4 Figure 4. Polarization ellipse of the reference THz-wave (red ellipse) and polarization ellipses retrieved from lightshift measurements (blue ellipses). The projections on the xy, yz, and zx planes of the polarization ellipse of the reference THz-wave are shown in orange. The projections on the xy, yz, and zx planes of the polarization ellipse calculated with the mean values of the THz-wave parameters obtained by measurements are shown in black.

  rad

	E	x	39 . 16	84	mV/m,	E	y		17 .	11	56	mV/m,	E	z	709 . 13	24	mV/m
					x	21 . 2	20	rad	,	y	24 . 2	11

  The standard components of the THz electric field are referenced in the Cartesian Molecular Ion Coordinate Frame (x c ,y c ,z c ) (black lines) (MICF). The MICF is related to the LCF by a z-y-z rotation with the Euler angles (α,β,χ=0). b. Rotation-vibration energy levels of HD + addressed in the THz sensing scheme. The two-photon rovibrational transitions are indicated with red lines with arrows, the dissociation with green lines with arrows, the THz-wave-driven electric dipole couplings with blue lines with arrows and the blackbody-radiation-driven transitions with black lines and curves with arrows.
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