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BERRY-ESSEEN BOUND AND PRECISE MODERATE
DEVIATIONS FOR PRODUCTS OF RANDOM MATRICES

HUI XIAO, ION GRAMA, AND QUANSHENG LIU

ABSTRACT. Let (gn)n>1 be a sequence of independent and identically
distributed (i.i.d.) d x d real random matrices. For n > 1 set G, =
gn - ..g1. Given any starting point = Rv € P?~!, consider the Markov
chain X2 = RG,v on the projective space P4~ and the norm cocycle
0(Gn,z) = log KT;‘l”l, for an arbitrary norm |- | on R%. Under suitable
conditions we prove a Berry-Esseen type theorem and an Edgeworth
expansion for the couple (X5, 0(Gy,z)). These results are established
using a brand new smoothing inequality on complex plane, the saddle
point method and additional spectral gap properties of the transfer oper-
ator related to the Markov chain X;.. Cramér type moderate deviation
expansions as well as a local limit theorem with moderate deviations
are proved for the couple (X, 0(Gr, z)) with a target function ¢ on the
Markov chain X..

1. INTRODUCTION

1.1. Background and objectives. For any integer d > 2, denote by
GL(d,R) the general linear group of d x d invertible matrices. Equip R?

with any norm |- | and let ||g|| = sup,cpa\ foy % be the operator norm for

g € GL(d,R). Denote by P! the projective space of RZ. Let (gn)n>1
be a sequence of i.i.d. d x d real random matrices of the same law p on
GL(d,R). For any n > 1, consider the product G,, = gy, ... g1 and the pro-
cess X? = RG,v € P! with the starting point z = Rv € P!, The norm
|CT;"U|, where = Rv € P41,

The study of the asymptotic properties of the Markov chain (X7Z),>1
and of the product (G,),>1 has attracted a good deal of attention since
the groundwork of Furstenberg and Kesten [19], where the strong law of
large numbers (LLN) for the operator norm ||G,,|| has been established. In
the same context, Furstenberg [20] proved the LLN for the norm cocycle

cocycle is defined by o(G,, z) = log
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o(Gp,z): for any z € P41

lim o(Gp,x) ~ im Eo(Gp,x)

n—o0 n n—oo n

=X P-as.,

where A is a real number called upper Lyapunov exponent associated with
the product G,. Another cornerstone result is the central limit theorem
(CLT) for the couple (XZ,0(Gy,x)), established under contracting type
assumptions by Le Page [39]: for any fixed y € R and any Holder continuous
function ¢ : P41 — R, it holds uniformly in 2 € P4~! that

lim E gp(X;f)ﬂ{W@} =v(p)2(y),

where v is the unique stationary probability measure of the Markov chain
X2 on P71, 0% = limy, 00 2E[(0(Gy, 2) — nA)?] is the asymptotic variance
independent of x, and ® is the standard normal distribution function. The
optimal conditions for the CLT to hold true have been established recently
by Benoist and Quint [3].

The next step in these studies is to know how precise are the approxi-
mations in the LLN and the CLT. The asymptotic of the large deviation
probabilities describes the rate of convergence in the LLN, and the Berry-
Esseen bound characterizes that in the CLT. For sums of independent ran-
dom variables these topics have been extensively studied over many decades,
and have been proved to play the key role for many problems in probability
theory and mathematical statistics. For deep and optimal results in this di-
rection we refer to the pioneering works of Cramér [13], Esseen [17], Bahadur
and Rao [1], Petrov [41] and to the monographs of Petrov [42], Stroock [46],
Varadhan [47], Dembo and Zeitouni [16] and Borovkov and Borovkov [6].

For products of random matrices the known results about the rate of
convergence in the LLN and the CLT are far from being optimal, although
there are already important studies on the topic. The main goal of the
present paper is to fill in this gap by proving large deviation asymptotics
and Berry-Esseen type bounds which are close to definitive. Precise large
deviation asymptotics originate from the work of Le Page [39] and more
recently have been considered e.g. by Guivarc’h [25], Benoist and Quint
[5], Buraczewski and Mentemeier [11], Sert [45], Xiao, Grama and Liu [49].
For moderate deviations, very little results are known. Benoist and Quint
[5] have recently established the moderate deviation principle for reductive
groups, which in our setting reads as follows: for any interval B C R, and
positive sequence (b, ),>1 satisfying 2 — 0 and b—\/% — 00, it holds uniformly

in z € P41 that

.n 0(Gn,x) —nA s
nh_)rgoglogp <bn € B) = —;gjfgﬁ. (1.1)
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A functional moderate deviation principle has been established by Cuny,
Dedecker and Jan [12].

The first objective of our paper is to improve on the result (1.1) by estab-
lishing a Cramér type moderate deviation expansion for (G, x): we prove
that uniformly in = € P41 and y € [0, 0(y/n)],

P(o(Gn,2) —nA > Vnoy) o) {1 L0 <y + 1)} ’ (1.2)
1—(y) vn

where t — ((t) is the Cramér series of the logarithm of the eigenfunction

related to the transfer operator of the Markov walk associated to the product

of random matrices (see Section 2.3).

In many important models it is useful to extend the moderate deviation
expantion (1.2) for the couple (XZ, 0(Gy, z)) which describes completely the
random walk (G,v)p>1. We prove that, for any Holder continuous function
@ on P41 uniformly in 2 € P! and y € [0, 0(y/n)],

E [@(Xﬁ)ﬂ{a(G m)—n)\>\/ﬁcry}} v (L) y+1
= =evio Vil |y +O< ﬂ 1.3
1— o(y) [ () 7 (1.3)

see Theorem 2.3 for a slightly stronger statement.

Our second objective, which is also the key point in proving (1.3), is a
Berry-Esseen bound for the couple (X7, 0(Gp,x)): for any Holder continu-
ous function ¢ on P41,

1
xT —
:cE]P’dSEllI?yGR " |:<p(Xn)]l{ U(Gz,\;)ﬁin)\ éy}:| V((P)(I)(y)’ B O(\/ﬁ)’ (14)
see Theorem 2.1. This extends the result of Le Page [39] established for the
particular target function ¢ = 1 (see also Jan [36]). We further upgrade
(1.4) to an Edgeworth expansion under a non-arithmeticity condition, see
Theorem 2.2, which is new even for ¢ = 1.
Our third objective is to establish the following local limit theorem with
moderate deviations: for any real numbers —oo < a1 < as < 00, we have,
uniformly in x € P41 and |y| = o(v/n),

2 3
T as —a; —% 4 ync( yn)
E [0 (X)L o(G,0)-miefar st viiony | ~ 1(#) e TV (15)

For a more general version of (1.5), see Theorem 2.4, where a target function
¥ on o(G, x) is considered. When |y| = o(n'/%), the term %C(%) tends
to 0 and can be removed in (1.5). In this case, (1.5) improves the local
limit theorem of [5, Theorem 17.10] established for |y| = O(y/logn). Local
limit theorems with moderate deviations of type (1.5) are used for instance

in [2] for studying dynamics of group actions on finite volume homogeneous
spaces. As an important application of (1.5) we establish a new local limit
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theorem with moderate deviations for the operator norm ||Gy||, see Theorem
2.5.

All the results stated above concern invertible matrices, but we also es-
tablish analogous theorems for positive matrices. Some limit theorems for
o(Gp, x) in case of positive matrices such as central limit theorem and Berry-
Esseen theorem have been established earlier by Furstenberg and Kesten
[19], Hennion [29], and Hennion and Hervé [31]. Here, we extend the Berry-
Esseen theorem of [31] to the couple (XZ,0(Gp,x)) with a target function
¢ on the Markov chain X?. We also complement the results in [19, 29, 31]
by giving a Cramér type moderate deviation expansion and a local limit
theorem with moderate deviations.

The results of the paper can be useful in number of models of growing
interest in probability and statistics. In particular, our study has been mo-
tivated by applications to branching random walks and multitype branching
processes in random environment; we refer to [8, 9, 23, 24] where large de-
viation asymptotics have been obtained in these settings using the results
of this paper. For an application to moderate deviations for the operator
norm and the spectral radius of products of random matrices we refer to
[50]. Other fields of application include the financial mathematics, among
them multidimensional stochastic recursions and perpetuity sequences.

On the other hand with the approach developed in the paper, one can
also study limit theorems for Markov chains, dynamical systems, random
walks on hyperbolic groups and homogeneous spaces; for these topics we
refer to Hennion and Hervé [30], Parry and Pollicott [40], Gouézel [21],
Guivarc’h [25], Benoist and Quint [4]. For example, combining our approach
with the techniques from Guivarc’h and Hardy [26], it is possible to obtain
extensions of our results to the setting of Anosov’s diffeomorphisms and
more general dynamical systems allowing a coding by mixing sub-shifts. As
another example, one can establish the analogs of the results of the paper
for Markov chains with compact state spaces. These aspects will be not
considered here because of the limitation of the length of the paper.

1.2. Key ideas of the approach. For the moderate deviation expansions
(1.2) and (1.3), our proof is different from those in [5] and [12]: in [5] the
moderate deviation principle (1.1) is obtained by following the strategy of
Kolmogorov [38] suited to show the law of iterated logarithm (see also de
Acosta [15] and Wittman [48]); in [12] the proof of the functional moder-
ate deviation principle is based on the martingale approximation method
developed in [3].

In order to prove (1.3) we have to rework the spectral gap theory for the
transfer operators P, and R, ., by considering the case when s can take
values in the interval (—n,n) with n > 0 small, and z belongs to a small
complex ball centered at the origin, see Section 3. This allows to define the
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change of measure QF and to extend the Berry-Esseen bound (1.4) for the
changed measure Q?, see Theorem 5.1. The moderate deviation expansion
(1.3) is established by adapting the techniques from Petrov [42].

It is surprising that the proof of the Berry-Esseen bound and of the Edge-
worth expansion with a non-trivial target function ¢ # 1 is way more dif-
ficult than the analogous results with ¢ = 1. This can be seen from the
sketch of the proof which we give below.

For simplicity, we assume that ¢ = 1. Introduce the transfer operator P,:
for any Hoélder continuous function ¢ on P41 and z € C,

P.p(z) = E [ @2 p(XT)], @ ePi. (1.6)

Let F' be the distribution function of U(G"’iw and f be its Fourier trans-

form: f(t) = eit\/ﬁ)‘(P”,t/\/ﬁl)(x), t € R. The Berry-Esseen bound (1.4)

with target function ¢ = 1 is usually proved using Esseen’s smoothing in-
equality: there exists a constant C' > 0 such that for all T' > 0,

1 (T |f(t) —e /2 C
sup F(y) ~ () <~ [ T 20
yeR T™J-T t T
Inserting the spectral gap decomposition
P! =k"(z)M,+ L7 (n=>1) (1.8)

into (1.7) allows us to obtain the Berry-Esseen bound (1.4) with ¢ = 1:
after some straightforward calculations, it reduces to showing that, with

T = ey,
T
I @) e < oo (1.9)

The bound (1.9) is proved using Taylor’s expansion L?1 = L81+zd%(L21)+
o(z) with z = —it/\/n, and the fact that L{1 = 0. However, when we replace
the unit function 1 by a target function ¢ for which in general Ly # 0,
instead of (1.9), we have

T
2 @)t = . (1.10)

even though |Lie(x)| decays exponentially fast to 0 as n — oo. To over-
come this difficulty, we have elaborated a new approach based on smoothing
inequality on complex contours and on the saddle point method, see Propo-
sition 4.1. More precisely, we formulate our smoothing inequality as follows:



6 HUI XIAO, ION GRAMA, AND QUANSHENG LIU

there exists a constant C' > 0 such that for any 7' > r > 0,
sup [ F'(y) — ()|
€R

Y

- sup / f 1zye ib% dz| + = sup / f 1zye ib%
T y<0 T y>0
1 - 1 -

+ —sup F(2)eeTdz| + = —sup / F(2)e™eT dz
T y<o 1Jes T y>0 /et
1 C

+ */ / dt + = 1.11
™ rgmgT ‘ 7TT T ( )

— _,—27/2
where f(z) = %, b > 0 is a fixed constant, C,” and C;!" are semicircles

in the complex plane given by
C,={2€C:|z|=nS2<0}, CI={2€C:|z|=r,S2>0}.

Using the new smoothing inequality, together with the spectral gap property
(1.8), leads to the estimation of the following integrals:

.2
/ Kn(Z)MzSO(CU) —e 7 /2 eizyeiib%dz (112)
crucy z ’
n
/ 7Lz<’0(l‘)ei’2yeiib%d2’. (1.13)
crucer z

The integral (1.12) is handled by using the saddle point method choosing
a suitable path for the integration in Section 5.2, which is one of the chal-
lenging parts of the proof. For the integral (1.13) we use the facts that
|L?p(x)| decays exponentially fast as n — oo and that |%| <iforzec;,
y < 0 and r = ¢y/n. In contrast to (1.10), the intergral (1.13) is bounded by
Ce™® uniformly in y. The case y > 0 is treated similarly, which allows us
to establish (1.4). Note that the non-arithmeticity condition is not needed
for the validity of (1.4). Under the non-arithmeticity condition, in Theorem
2.2 we obtain an Edgeworth expansion for (XZ,o(G,,z)) with the target
function ¢ on XY, which is of independent interest.

2. MAIN RESULTS

2.1. Notation and conditions. Let N = {0,1,2,...} and N* = N\ {0}.
The real part, imaginary part and the conjugate of a complex number z are
denoted by Rz, Sz and Z respectively. For y € R, we write ¢(y) = \/%e*yz/ 2
and ®(y) = [Y_ #(t)dt. For any n > 0, set By(0) = {z € C: |z| < n} for
the ball Wlth center O and radius 7 in the complex plane C. We denote by
¢, C, positive constants whose values may change from line to line. By c,,
C, we mean positive constants depending only on the index a. We write 14
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for the indicator function of an event A. For a measure v and a function ¢
we denote v(p) = [ pdv.

For d > 2, let M(d,R) be the set of d x d matrices with entries in R. We
shall work with products of invertible or non-negative matrices. Denote by
¢ = GL(d,R) the group of invertible matrices of M (d,R). A non-negative
matrix g € M(d,R) is said to be allowable, if every row and every column of
g has a strictly positive entry. Denote by ¢, the multiplicative semigroup
of allowable non-negative matrices of M (d,R), which will be called simply
positive. We write &7 for the subsemigroup of ¢, with strictly positive
entries.

The space R? is equipped with any given norm |- |. Let P* ! = {z =
Rv : v € R\ {0}} be the projective space of RY. Let RY be the positive
quadrant of R?, and Pflfl = {z =Rov:v € RL\ {0}} be the set of directions
corresponding to nonzero vectors in Ri. To unify the exposition, we use the
symbol S to denote P! in case of invertible matrices and ]P’i_1 in case of
positive matrices. For any matrix ¢ in ¢4 or 4, and x = Rv € S, we write
g-x = Rgwv for the projective action of g on §. The space S is endowed with
the metric d: for invertible matrices, d is the angular distance, i.e., for any
z,y € P d(z,y) = |sinf(x, y)|, where 6(z,y) is the angle between z and
y; for positive matrices, d is the Hilbert cross-ratio metric, i.e., for any = =
Rv € PI! and y = Ru € P! with [v] = |u| = 1, d(z,y) = %’
where m(v,u) = sup{a > 0 : au; < v;,Vi = 1,...,d}. In both cases, there
exists a constant C > 0 such that

lv—u| < Cd(z,y), foranyz=Ru,y=RuecS, |v|=u=1 (2.1)

We refer to [27] and [29] for more details of the metric d.

Let C(S) be the space of continuous complex-valued functions on S and
1 be the constant function with value 1. Let v > 0. For any ¢ € C(S), set

lp(z) — oY)l

Plly = 1I¥ + @l e =8up ()], [Ply = Sup -

[elly = llelloo + [#]ys Nlelloo zes\ (@), lely S0 (@, y)
Introduce the Banach space By := {¢ € C(S) : ||¢|y < +o0}.

Assume that on some probability space (€2, F,P) we are given a sequence
of i.i.d. random matrices (gn)n>1 of the same law p on 4 or 4,. Set G,, =
Jn---g1, n = 1, then for any starting point = € S, the process

Xg=z, X,=Gpz, n=1

forms a Markov chain on S. Let o(g,z) = log% be the norm cocycle,

where g€ Y and x =Rv € Pl or g € 4, and z = Rv € Piﬁl. The goal
of the present paper is to establish a Berry-Esseen bound and a Cramér
type moderate deviation expansion for the couple (X7, o(Gy,z)) with a
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target function ¢ on the Markov chain (X7?), for both invertible matrices
and positive matrices.

For any g € M(d,R), set ||g|| = SUP,cra\ {0} % and ((g) = infyepay {0y %,
where 1(g) > 0 for both ¢ € 4 and g € ¥4;. In the following we use
the notation N(g) = max{||g||,c(g)~*}. From the Cartan decomposition it
follows that the norm ||g|| coincides with the largest singular value of g, i.e.
lg]| is the square root of the largest eigenvalue of gTg, where g7 denotes the
transpose of g. For an invertible matrix g € ¢, «(g) = ||g~ ||}, hence ¢(g)
is the smallest singular value of g and N(g) = max{||g||,|lg~}/|}. We need
the two-sided exponential moment condition:

A1l. There exists a constant ny € (0,1) such that E[N(g1)™] < +o0.

We denote by I, := [supp ] the smallest closed subsemigroup of M (d, R)
generated by supp u, the support of the measure u.

For invertible matrices, we need the strong irreducibility and proximal-
ity conditions. Recall that a matrix ¢ is said to be proximal if g has an
eigenvalue )\, satisfying [Ag| > |Aj| for all other eigenvalues A} of g. The
normalized eigenvector vy (|vg| = 1) corresponding to the eigenvalue A, is
called the dominant eigenvector. It is easy to verify that A\, € R.

A2. (i)(Strong irreducibility) No finite union of proper subspaces of R is
Iy -invariant.

(ii) (Proximality) I',, contains at least one proximal matriz.

For positive matrices, we use the allowability and positivity conditions:

A3. (i) (Allowability) Ewvery g € ', is allowable.
(ii) (Positivity) I', contains at least one matriz belonging to 97 .

It follows from the Perron-Frobenius theorem that every g € ¢7 has a
dominant eigenvalue A, > 0, with the corresponding eigenvector v, € Si‘l.

Under conditions A1 and A2 for invertible matrices, or conditions A1l
and A3 for positive matrices, there exists a unique u-stationary probability
measure v on S ([27, 10]): for any ¢ € C(S),

(s 0)(e) = . / plov-audgv(de) = [ pav(ds) = vig). (22

Moreover, for invertible matrices, supp v (the support of v) is given by

V(L,) ={vy € Pd-t:geT,, gis proximal}; (2.3)
for positive matrices, supp v is given by
V() ={v, e P g el ngg). (2.4)

In addition, for both cases, V(I',) is the unique minimal I' ,-invariant subset
(see [27] and [10]).
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For positive matrices, it will be shown in Proposition 3.15 that under
conditions A1l and A3, the asymptotic variance

o2 = lim EE{(U(Gmx) — TL)\)2}

n—00 N,

exists with value in [0, 00). To establish the Berry-Esseen theorem and the
moderate deviation expansion, we need the following condition:

Ad4. The asymptotic variance o° satisfies 0> > 0.

We say that the measure p is arithmetic, if there exist ¢t > 0, 5 € [0, 2m)
and a function ¥ : § — R such that exp[ito (g, z) —if + i¥(g-z) —id(x)] = 1
for any g € T'), and € V(I',). To establish the Edgeworth expansion for
positive matrices, we impose the following condition:

A5. (Non-arithmeticity) The measure p is non-arithmetic.

A simple sufficient condition introduced in [37] for the measure p to be
non-arithmetic is that the additive subgroup of R generated by the set
{log Ay : g € T\,N¥7} is dense in R, see [11, Lemma 2.7].

We end this subsection by giving some implications among the above
conditions. For invertible matrices, it was proved in [28] that condition A2
implies condition A5. For positive matrices, conditions Al, A3 and A5
imply condition A4, see Proposition 3.15.

2.2. Berry-Esseen bound and Edgeworth expansion. In this subsec-
tion we formulate the Berry-Esseen theorem and the Edgeworth expansion
for the couple (X%, 0(Gp,x)). We first state the Berry-Esseen theorem with
a target function on XY. Through the rest of the paper we assume that
~v > 0 is a fixed small enough constant so that the spectral properties stated
in Proposition 3.1 hold true.

Theorem 2.1. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A4 for positive matrices. Then, there exists
a constant C > 0 such that for alln > 1, x €S, y € R and ¢ € B,

C

B (X301 ssmons oy |~ 0020)| < Tl (2

The proof of this theorem follows the same line as the proof of the Edge-
worth expansion in Theorem 2.2 formulated below, and will be sketched at
the end of Section 5. The presence of the target function in Theorem 2.1
turns out to be crucial in the study of the asymptotic of moderate deviations
of the logarithm of the coefficients log |(f, G,v)| with f € (R%)* and v € R?,
which will be done in a forthcoming paper.

Theorem 2.1 extends the Berry-Esseen bounds from [39, 36] for invertible
matrices, and [31] for positive matrices to versions with target functions on



10 HUI XIAO, ION GRAMA, AND QUANSHENG LIU

XZ. Note that the results in [36, 31] have been established under some poly-
nomial moment conditions. However, proving (2.5) with the target function
@ # 1 under the polynomial moments is still an open problem.

The next result gives an Edgeworth expansion for o(G,,, z) with a target
function ¢ on X'. To formulate it, we introduce the necessary notation.
Consider the following transfer operator: for any s € (—n,n) with n > 0
small, and ¢ € C(S),

Pyp(x) =E {es"(gl"”)@(gyx)} , T€ES.

It will be shown in Proposition 3.1 that there exists a unique Hoélder con-
tinuous function 7, on S such that

Psrs = k(s)rs, (2.6)

where k(s) is the unique dominant eigenvalue of Ps. Set A(s) = logk(s).
We shall show in Lemma 3.11 that for any ¢ € B, the function

bo(a) = lim E[(0(Gra) —nNe(X7)], €S (27)

is well defined, belongs to B, and has an equivalent expression (3.39) in
terms of derivative of the projection operator Il ., see Proposition 3.8.

Theorem 2.2. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A5 for positive matrices. Then, as n — 00,
uniformly inx € S, y € R and ¢ € By,
xr
E[e(XD1 s0rmioms ] 28)

2
X ;j(j% :jg )| = Ietho(—=):

The proof of this theorem is postponed to Section 5 and is based on a

new smoothing inequality (Proposition 4.1) and the saddle point method.
Even for ¢ = 1, Theorem 2.2 is new.

— v(p) [<1><y> + (1- y2>¢<y>] +

2.3. Moderate deviation expansions. Denote v, = A®(0), k& > 1,
where A = log k with the function k defined in (2.6). In particular, v3 = A
and v = 02, see Propositions 3.13 and 3.15, where we also give an expres-
sion for 3. Throughout the paper, we write ( for the Cramér series of A
(see [13] and [42]):

— 342 210 1543
C(t) = 3 Y42 %’t Y572 Y4y3Yv2 + 1oy 2

6y 243 12075/

o, (2.9)

which converges for |¢| small enough.
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Now we formulate a Cramér type moderate deviation expansion for the
couple (X7 o(Gp,x)) with target function on X7, for both invertible ma-
trices and positive matrices.

Theorem 2.3. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A4 for positive matrices. Then, uniformly
inzeS,yecl0,o0y/n)] and ¢ € B, asn — oo,

E [@( )]l{o. Gn\) —n)\>\f01/}:| %C(%) [l/(go) + el O (y—l—lﬂ )

1= a(y) Jn
E {(‘O(Xg)]l{a( nyT)— <—\/ﬁay}} e +1
e = [ufe) + lello ()]

Note that the above asymptotic expansions remain valid even when v(y) =
0. In this case, for example, the first expansion becomes

3
z _ T=U(R) y+1
E (X0 6, myomasiony] = (1= 25 ol 0 (L))

It is an open question to extend the results of Theorem 2.3 to higher order
expansions under the additional condition of non-arithmeticity. We refer
to Saulis [44] and Rozovsky [43] for relevant results in the i.i.d. real-valued
case. In the case of products of random matrices this problem seems to us
interesting because of the presence of the derivatives in s of the eigenfunction
rs and of the linear functional vg in the higher order terms.

In particular, under conditions of Theorem 2.3, with ¢ = 1 we obtain:

P o (Gn,z)—n\ > 3
( ov/n y) _ U [1+0(y+1)],
1—®(y) vn
p (2(Gnz)—nA —y 3
<) gm0 (1))
®(—y) vn

When ¢ € B, is a real-valued function satisfying v(¢) > 0, Theorem 2.3
clearly implies the following moderate deviation principle for o(G,,, ) with
target function on X7: for any Borel set B C R, and positive sequence

(bn)n>1 satlsfylng — 0 and f} — 00, uniformly in x € S,

2
. Y
—ylengoﬁ ].lmlnfb logE|: (X ):H-{U(Gnl;:;)77L>\eB} (210)
2
Y
<l 108 E | o(X)1 | e o) < — inf
IT{LILSOlcl)pr og [ (X3) {(G%MGB}} inf 52

where B° and B are respectively the interior and the closure of B. In fact it is
enough to show (2.10) only for the case where B is an interval, the result for
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general B can be established using Lemma 4.4 of Huang and Liu [34]. With
¢ =1, (2.10) implies the moderate deviation principle (1.1) established in [5,
Proposition 12.12] for invertible matrices. The moderate deviation principle
(2.10) with target function on X7? is new for both invertible matrices and
positive matrices; (1.1) is new for positive matrices. Note that in (2.10) the
function ¢ is not necessarily strictly positive.

2.4. Local limit theorem with moderate deviations. In this subsec-
tion we state a local limit theorem with moderate deviations for o(G,, ),
which is of independent interest and can not be deduced directly from The-
orem 2.3.

Theorem 2.4. Assume either conditions A1 and A2 for invertible ma-
trices, or conditions A1, A3 and A4 for positive matrices. Then, for any
¢ € By and any directly Riemann integrable function v with compact support
on R, we have, as n — oo, uniformly in x € S and |y| = o(y/n),

E[@(X,f)d}(o’(Gn, x) —n\— \/ﬁay)]

S E ()
_e [V((p)/ () du + 0(1)] .
ovV2mn R
In particular, for any ¢ € By and real numbers —oo < a1 < az < 00, we

have, as n — oo, uniformly in v € S and |y| = o(v/n),

v S
e*7+ﬁC(ﬁ)
E[@(er)H{J(Gn,x)—nke[m,ag]—‘r\/ﬁay}} = o2nn [(QQ - al)V((p)—{—O(l)} :

With ¢ = 1, we have, as n — oo, uniformly in z € S and |y| = o(y/n),

2
Lyg

TR
oV 2mn

In the case of invertible matrices, a similar local limit theorem has been
established in [5] in a more general setting and plays an important role in
studying dynamics of group actions on finite volume homogeneous spaces,
see [2, Proposition 4.7]. Specifically, from [5, Theorem 17.10], by simple
calculations we deduce that for any a; < ae, it holds uniformly in x € pd-1
and |y| = O(y/logn) that, as n — oo,

P(U(Gn,x) —n\ € [a1,a2] + \/ﬁay) = [ag —ai + 0(1)}.

y2

e

oV 2mn

Theorem 2.4 extends the range of y in (2.11) beyond O(y/logn) and more-
over, allows a target function ¢ on the Markov chain X¥. Note also that in

P(J(Gn,x) —nA € [ay,a2] + \/ﬁay) = {ag —ai + 0(1)}. (2.11)
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[5] the group SL(d,R) is considered instead of GL(d,R), and the proximal-
ity condition A2(ii) is replaced by the condition that the semigroup I',, is
unbounded. For positive matrices, Theorem 2.4 and its consequence (2.11)
are new.

As an application of Theorem 2.4, we can establish a local limit theo-
rem with moderate deviations for the operator norm |G| in the case of
invertible matrices.

Theorem 2.5. Assume conditions A1 and A2 for invertible matrices. Let
—00 < a1 < az < o0 be real numbers. Then, for any ¢ € B,, we have, as
n — oo, uniformly in x € P41 and |y| = o(n'/%),

2
_Y_

T e 2
E[@(Xn)ﬂ{mg \\Gn||*n)\€[a1,a2]+\/ﬁcry}} = [(az —a)v(p) + 0(1)} :

oV 2m™n

With ¢ = 1, we have, as n — oo, uniformly in x € P*1 and |y| = o(n'/9),

[

Y

e 2
oV 2mn

In the smaller range |y| = O(y/logn), the result (2.12) has been estab-
lished for the general framework of semisimple real Lie groups in [5, Theorem
17.7], under some assumptions which reduce to ours for the general linear
group GL(d,R). Thus Theorem 2.5 extends the results in [5] to the wider
range |y| = o(n'/®), and to the couple (XZ,log ||G,||) with a target function
@ on the Markov chain X. Note that it is an open question to establish
local limit theorem with moderate deviation for log |G, || in the whole range

lyl = o(v/n).

IP’(log |Gnll — nAX € [a1, a2] + ﬁay) = {(Iz —a; + 0(1)}. (2.12)

3. SPECTRAL GAP THEORY

This section is devoted to investigating the spectral gap properties of
some linear operators to be introduced below: the transfer operator P,, its
normalization @5 which is a Markov operator, and the perturbed operator
R; ., for real-valued s and complex-valued z. The properties for these op-
erators have been studied in recent years, for instance in [39, 10, 27, 11, 5],
where various results have been established under different restrictions on s
and z, which are not enough for obtaining the results of the paper. We shall
complete these results by investigating the case when s € (—n,n) with n > 0
small, and z belongs to a small ball of the complex plane centered at the
origin. The case of s < 0 turns out to be more difficult than the case s > 0
and requires a deeper analysis. We also complement the previous results
with some new properties to be used in the proofs of the main results of the

paper.
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3.1. Properties of the transfer operator P,. Recall that the Banach
space B, consists of all the y-Holder continuous complex-valued functions
on §. We write Bﬁy for the topological dual of B, endowed with the norm
V][5, = suPges, gl =1 [V(¥)], for any linear functional v € B',. Let L(B,, B)
be the set of all bounded linear operators from B, to B, equipped with the
operator norm ||| BB, Denote by 0(Q) the spectral radius of an operator
Q € L(By,B,), and by Q| its restriction to the subspace £ C B,.

For any z € C with |z| < n9, where 7y is given in condition A1, define
the transfer operator P, as follows: for any ¢ € C(S),

P.po(z)=E [ew(gl’x)go(gl-m)} , zed. (3.1)

The transfer operator P, acts from C(S) to the space of bounded functions
on S. The proposition stated below gives the spectral gap properties of the
operator P, for z in a small enough neighborhood of 0 in the complex plane.
In the sequel, even if it is not stated explicitly, we assume that v > 0 is a
sufficiently small constant.

Proposition 3.1. Assume that i satisfies either conditions A1 and A2 for
invertible matrices, or conditions A1 and A3 for positive matrices. Then,
P, € L(B,,By) for any z € B%o (0), and the mapping z — P, : B%o (0) —
L(B,,By) is analytic for v > 0 small enough, where ny > 0 is given in
condition A1. Moreover, there exists a constant n > 0 such that for any
z € By(0) and n > 1, we have the decomposition

P = k"(2)M, + L, (3.2)

z

where the operator M, := v, @ . is a rank one projection on B, defined by

M.,p= ::((fz)) r. for any ¢ € By, and the mappings on B;(0)

2 k(2) €C, zmr, € By, ZHVZEB,/),, z— L, € L(B,,B)

are unique under the normalization conditions v(r,) = 1 and v,(1) = 1,
where v is defined in (2.2); all these mappings are analytic in By (0), and
possess the following properties:
(a) for any z € B,(0), it holds that M,L, = L, M, = 0;
(b) for any z € By(0), P.r, = k(2)r, and v, P, = k(2)v;;
(¢) kK(0)=1,7r0=1, vy = v, and k(s) and rs are real-valued and satisfy
k(s) > 0 and rs(x) > 0 for any s € (—n,n) and x € S;
(d) for any k € N, there exist constants Cx, > 0 and 0 < a1 < ag < 1
such that |k(z)| > 1 — a1 and H%LQHBW—%W < Cr(1 —a2)™ for all
z € By(0).

Let us point out the differences between Proposition 3.1 and the previous
results in [39, 10, 5]. Firstly, we complement the results in [39, 5] by giving
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the explicit formula M,p = ;:((Z)) r, in (3.2), for z € B,(0), which is one
of the crucial points in the proofs of the results of the paper. Basically, it
permits us to deduce the spectral gap properties of the Markov operator Q)
and as well as the perturbed operator R, . from those of P.. In particular,
this will enable us to obtain an explicit formula for the operators N, and
N;. . in Propositions 3.4 and 3.8, and the uniformity of the bounds (3.36)
and (3.37). Secondly, for positive matrices, some points of Proposition 3.1
have been obtained in [10] only for real z > 0. The difficulty here is the case
when z € R is negative and when z is not real, so Proposition 3.1 is new for
positive matrices when |z| < n. Thirdly, we show that x(z) and r, take real
positive values when z is real, which allows to define the change of measure
Q? for real s, for both invertible matrices and positive matrices. Previously
it was shown in [5] that x(z) is real-valued for real z € (—n,n) for invertible
matrices.

Remark 3.2. Define the conjugate transfer operator P} by
Plo(@) =E [ (gl - 2)|, wes,

where §* is the dual projective space of S, z € C with Rz € (—n,n0), and
g1 denotes the transpose of the matrix g;. One can verify that P satisfies
all the properties of Proposition 3.1: under conditions of Proposition 3.1,
we have the decomposition

P = w2l @1 4 LT, z€ By(0), n > 1, (3.3)

and all the assertions in Proposition 3.1 hold for P}, k*(2), v}, r}, L} instead
of P,, k(z), vy, 14, L.

Proof of Proposition 3.1. We split the proof into three steps. In steps 1
and 2 we concentrate on the case of positive matrices, since for invertible
matrices the results of these steps have been proved in [39, 5]. In step 1
we follow the same lines as in [39, 5]. In step 2 we follow [32] to prove
the spectral gap property of the operator Py and we use the perturbation
theory to extend it to P,. In step 3 the proof is new and is provided for both
invertible and positive matrices by complementing the results in [39, 10, 5].

Step 1. We only need to consider the case of positive matrices. We will
show that there exists v € (0,®) such that P, € L(B,,B,), and that the
mapping z — P, is analytic on B%o (0). For any m > 0, z € B%O(O) and
v € B, let

PiMo(z) =E[(o(g1,2)"e* 9 (g 2)], xeSTL
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It suffices to show that for any z € B%o(()) and 6 € B%o (0),

oo 9771 "
Piog=) WPZ( ), (3.4)

m=0 """
and that there exists a constant C' > 0 not depending on 6 and z such that

o~ 10"

>

m=0

1P o]l < Cllell- (3.5)

m)!

From (3.5) we deduce that P = p e L(By,By). Moreover, the bound
(3.5) ensures the validity of (3.4) which implies the analyticity of the map-
ping z — P, on B%O(O).

It remains to prove (3.5). We first give a control of ||Pz(m)<p|loo. Since
lo(g,2)| <log N(g) for any g € T, and = € S4, we get

- 1o

2.

m=0

E NP oo < B[R 95N @] < Clple. (3.6)

To control [Pz(m) ]y, note that for any ¢ € By,

(O'(g ali))mi (U(g 7y))m zo(g1,x
[ e e

[Pz(m)QO]v < sup
z,yePi 1t aty

ozo(g1x) _ pzol(g1y)

d¥(z,y)

+ sup
z,yePit aty

E [(0(91,3/))’” w(gl'x)] ’

+ sup R {(U(gl, y)) e (91:9) ‘P(gl'fﬂz - 90(91-@/)} ’
=y €Ry ety d7(z,y)
= I17m + I27m + I37m. (37)

We then control each of the three terms I ,,, 12 m, 13.m-
Control of It y,. Since for any a,b€ C, m € Nand 0 <~y < 1,

@™ — b™| < 2mmax{|a|™7, b " }Ha — b]?, (3.8)
we get

log N(g1))™ "N (g1 | Rz
L <2ml¢lle sup E ( (d)v)(x y)( 2 Jotgra) — olgr)l|

zyeP ! aty

Using (2.1), we deduce that for any g € I,

lo(g,2) — (g, )| < Cllglle(g) " d(z, ), (3.9)
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and hence

3 01, < 2l log N(g1)) el R0 R8N G| (3.10)
m—0 m!

Control of I3 ,. Using (3.8), we deduce that for any 21,22 € C,
le*t —e*2| < 2max{|z1|' 77, |z 77 Y max{e®, e®2} |2y — 2|7, (3.11)
By this inequality, we find that for any g € Ty,
e0:2) — 2709)| < 2(log N(g))' e EN Do (g, 2) — o (g, )",

Combining this with (3.9) implies that

o0 0 m
S 0 s < 2l (1o N(g)) 0 R 20w N @] (3.12)
m=0 m.

Control of I3,,. Since ¢ € By and d(g-z,g-y) < d(x,y) for any g € Ty,
we get

S~ 10" (11+1%=]+27) log N (1)
> I < llelhE[e J
m=0
Combining this with (3.6), (3.7), (3.10) and (3.12), we obtain (3.5).

Step 2. Again we only need to consider the case of positive matrices.
We will prove the decomposition formula (3.2) together with parts (a), (b)
and (d). Our proof follows closely [32]. Define the operator M on B, by
My =v(p)1, ¢ € B,. Set E = ker M NB,. We first show that ||¢]lec < [¢]4
for any ¢ € E. Since v(¢) = 0 for any ¢ € E, there exist z1,z9 € IP)fl[l such
that Rp(r1) = Sp(x2) = 0. Since d(zx,y) € [0, 1], it follows that

[plloo < sup [Rp(x) = Rep(a1)[ + sup [Sp(z) — Sp(za)| < 2[ply- (3.13)
zePl! zePl!
We next show that o(P|g) < 1, where P = Py (see (3.1)). For any x,y €
Piﬁl, x #y, and ¢ € By, there exists a € (0,1) such that for large n > 1,

[Pp(x) — P o(y)] d"(Gn-z,Gn-y)
d(z,y) d¥(z,y)
where for the last inequality we use [29, Lemma 3.2]. Observe that for any
¢ € By, we have ¢ — My € E, thus P"(p — M) € E for any n > 1 since
vP = v. Combining this with (3.13) and the above inequality, we get
[1P" (o — Mo)ly < 2[P"(¢ — M@)ly < 2a"[p]y < 2a"||¢]l5,

which implies o(P|g) < 1. This, together with the definition of E and the
fact that P1 = 1, shows that 1 is the isolated dominant eigenvalue of the
operator P. Using this and the analyticity of P, € L(B,,B,) shown in
step 1, and applying the perturbation theorem (see [30, Theorem IIL.8]), we

< ol E < llellya™,
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obtain the decomposition formula (3.2) with M,(¢) = civ.(p)r, for some
constant ¢; # 0, as well as parts (a), (b) and (d). Using P,r, = k(2)r,, we

get ¢; = 1/v,(r,) and thus M,p = ::((Z)) r, for any ¢ € B,.

Step 3. We prove part (c) for both invertible matrices and positive ma-
trices. From P1 = 1, we see that x(0) = 1 and 79 = 1. Letting z = 0
in v, P, = k(2)v,, we get vyP = 1 and thus vy = v since v is the unique
p-stationary probability measure. Now we fix z € (—n,n) and we show
that k(z) and r, are real-valued. Taking the conjugate in the equality
P.r, = k(2)r., we get P,7; = r(2)75, so that x(z) is an eigenvalue of the op-
erator P,. By the uniqueness of the dominant eigenvalue of P,, it follows that
k(%) = K(2), showing that x(z) is real-valued for z € (—n,n). We now prove
that r, is real-valued. Write r, in the form r, = u, + iv,, where u, and v,
are real-valued functions on S. From the normalization condition v(r,) = 1,
we get v(uy) = 1 and v(v,) = 0. From the equation P,r, = k(z)r, and the
fact that k(z) is real-valued, we get that P,u, = k(z)u, and P,v, = k(2)v,.
By part (a), the space of eigenvectors corresponding to the eigenvalue r(z)
is one dimensional. Therefore, we have either u, = cv, for some constant
c € R, or v, = 0. However, the equality u, = cv, is impossible because we
have seen that v(u,) =1 and v(v,) = 0. Hence v, = 0 and r, is real-valued
for z € (—n,n). The positivity of k(z) and r, then follows from x(0) = 1,
ro = 1 and the analyticity of the mappings z — k(z) and z — r,. This ends
the proof of part (c), as well as the proof of Proposition 3.1. O

3.2. Definition of the change of measure Q. Proposition 3.1 allows
us to perform a change of measure. Note that this change of measure for
positive s has been studied in [10, 11, 27]; however, for negative s it is new.
For any s € (—n,7), x € S and g € I',,, denote

e797) r (g - x)

K'(s)  rs(z)

432, g) = Lol (3.14)

Then (g;,) satisfies the cocycle property: for any n,m > 1 and g1, g2 € 'y,

4 (@, 91) 4 (912, 92) = @y (2, 9201)- (3.15)

Since k(s) and rg are strictly positive, ¢ (z, Gyn)u(dgr)...n(dgn), n > 1,
is a sequence of probability measures, and forms a projective system on
M(d, ]R)N*. By the Kolmogorov extension theorem, there is a unique prob-
ability measure Q% on M (d, R)N" with marginals ¢:(z, Gy)u(dgr)...u(dgy).
Denote by Eg: the corresponding expectation. For any n € N and any
bounded measurable function h on (S xR)™, it holds that for any s € (—n, )
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and r € S,
1
- z\ 80 (Gn,z) T 3:
Kn(s)rs(m)E[rs(Xn)e (XY, 0(Gr,2), o, X5, 0(G, ) |
= Eqs [h(XT,0(G1,2), ..., X2, 0(Gn, 7))] - (3.16)

3.3. Properties of the Markov operator ;. For any s € (—n,7), define
the Markov operator Qs as follows: for any ¢ € B,,

1
Qsp(z) = (o) (@)

Under the changed measure QF, the process (X7),en is a Markov chain with
the transition operator given by Q.

The next assertion will be useful to prove that the function & is strictly
convex (see Lemma 3.16). Recall that V(I',) is the support of the measure
v (cf.(2.3) and (2.4)).

Py(prs)(x), z€S.

Lemma 3.3. Assume the conditions of Proposition 3.1. Let s € (—n,n),
where n > 0 is a small constant. If ¢ < Qs for some real-valued function

¢ € C(S), then ¢(x) = sup,es ¢(y) for any x € V(L',,).

Proof. We use the approach developed in [27]. Set M = sup,cs ¢(y) and
St ={x € S8:p(x) =M} From the condition p < Qsp and the fact that
Jr, i@, 9)u(dg) =1, we get that if z € ST, then g-x € ST for any g € T,

so that I',ST C S*. Since V(T',) is the unique minimal T',-invariant set
(see [27] and [10]), we obtain V(I'),) € 8T and the claim follows. O

We state the spectral gap property of the Markov operator QQs, whose
proof is postponed to Section 3.5.

Proposition 3.4. Assume the conditions of Proposition 3.1. Then there
exists n > 0 such that for any s € (—n,n) and n > 1, we have
Q? = 1IIs + N;La
where the mappings s — g, s — Ny € L(B,,B,) are analytic on (—n,n)
and satisfy the following properties:
(a) with ms(p) = %, we have for any ¢ € B,

IL(p)(2) = ms(9)1, NP (o)(z) = Enl(s) L?&:z”;;(w)

where v, rs, Ls are given in Proposition 3.1;
(b) IIsNs = NiIIy = 0, and for each k € N, there exist constants Cj, > 0
and a € (0,1) such that

, TES,

< Cpa. 3.17
By—By k4 ( )

dk n
i
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3.4. Quasi-compactness of the operator ;.. For any s € (—n,n) and
t € R, define the operator Qs as follows: for any ¢ € B,,

1
Qs+itp(T) = mp s+it (1) ()

= ,%E{e(sﬂt)g(gl’x)go(gl-a:)rs(gl-x)], x €S.
The spectral gap properties of the operator Qsyi; for |¢| small enough can
be deduced from Proposition 3.1. However, this approach does not work for
large |t|. In order to investigate the spectral gap properties of the operator
Qs for t € R, we first prove the Doeblin-Fortet inequality and then we
apply the theorem of Ionescu-Tulcea and Marinescu [35] to establish the
quasi-compactness of the operator QQsy;+. Using this property, we shall apply
the non-arithmeticicty condition A5 to prove that the spectral radius of
Qst4t is strictly less than 1 when ¢ is different from 0.
The following is the Doeblin-Fortet inequality for the operator Qs :

Lemma 3.5. Assume the conditions of Proposition 3.1. Then, there exist
constants 0 < a < 1, and n > 0 small enough, such that for any s € (—n,n),
teR,n>1and € B,, we have

[Qg-i-it@]'y < Cs,t,n”‘P”oo + Csa”[‘ﬁ]'y- (3.18)

For positive-valued s, analogous results can be found in [27] for invert-
ible matrices and in [11] for positive matrices. The proofs in [27, 11] rely
essentially on the Holder continuity of the mapping x — ¢ (x, g) defined in
(3.14). However, this property does not hold any more in the case when s is
negative. Our proof of Lemma 3.5 is carried out using the Hélder inequality
and the spectral gap properties of the operator Ps established in Proposition
3.1.

Proof of Lemma 3.5. Using the definition of Q51+ and the cocycle property
(3.15), we get that for any n > 1,

1
n. =—— P (ors)(x), .
Qs—l—zt@(x) /in(S)T'S(.%) s+zt($07‘ )(l’) res
It follows that

|Q?+z’t§0($) - Q?-q-z’t@(y”

sup < Ji(n) + J2(n), 3.19
z,yE€S,x#Y d’y($ay) 1( ) 2( ) ( )
where

Ji(n) = sup ! _ ‘ | P it (ors) ()|

z,y€S,x#Y d'y(x7y)/€n(8) 7”5($) Ts(y) s ’
1
Ja(n) = sup Pl i(ors)(z) — Pglyy(ors) ()] -
2( ) oSty Ts(y)dW(x,y)n"(s)‘ +t( )( ) +t( )( )’
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Note that by Proposition 3.1, for any s € (—n,n), we have minges rs(x) > 0,
maxzes rs(z) < oo and k(s) > 0.
Control of Ji(n). Observe that uniformly in z € S,

|Pin(ors) (@) < PE(lelrs) () < llellook™ (8)[I7s]loc < Cslliplloor™ ().
Since rs € B,, this implies that for any s € (—n,7n) and t € R,
Ji(n) < Csfl@lloo- (3.20)

Control of Ja(n). Using the definition of Psi;; and taking into account
that rg is strictly positive and bounded on S, we have

Ja(n) < Cs(J21(n) + Jaz(n) + Jaz(n)), (3.21)

where

1 ; )
Jor(n) = sup E e(erzt)a(Gn,x) - e(s+zt)a(Gn,y) Xﬁ ,
21( ) T,YES, xF£yY d’y(m’y)ﬁn(s) {< )SO( )”

1 .
Joo (1) = su E 6(s+zt)U(Gn,y) Xﬁ — (XY ,
n( = swp ge—as[El (P(X7) = (X))

1 .
Tgln) = sup e [B{ el G (X (X2) — (XD}

T,y€S, Ay d” ((l), y) K" (S)

Control of Ja1(n). Using (3.11) and the inequality logu < u®, u > 1, for
€ > 0 small enough, we obtain

|e(s+it)cr(Gn,m) _ e(s+z‘t)cr(Gn,y)| < Q(N(Gn))‘s‘+e|U(Gn,:B) _ U(Gmy)y- )
3.22

From the inequality (2.1), by arguing as in the estimate of (3.9), we get
|0(Gy ) = (G, )" < CllGal|"e(Gr) 77 (2, ).
Using first (3.22) and then the last bound, we deduce that

Cllellos
K"(s)
where the last inequality holds by condition Al.
Control of Jaa(n). Since ¢ € B, applying the Hélder inequality leads to

|:680(Gn,y) d’Y(sz:? X%) :|
d(z,y)

Ja1(n) < (B[N @) g1 ug1) 7]} < Cormllglloos  (3.23)

C
Jos(n) < sup E
S 506) i,

< Cs [90]’7 sup

(B [e @] }1/ 2 [ & (X7, XY
z,yE€S, x#Y K‘n(s)

) 1/2
Ty ] . (3.24)
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Since v > 0 is small enough, by [39, Theorem 1] for invertible matrices and
[29, Lemma 3.2] for positive matrices, there exists a constant ag € (0,1)
such that for sufficiently large n > 1,

sup
z,YE€S,x#Y

- 1/2
l (W(meg)] <an. (3.25)

d*(z,y)
In view of Proposition 3.1, we have
E [¢27(Gn)] = 5 (28)(Ma1)(y) + LE (). v € S.

Since, by Proposition 3.1(d), [[M2s1]lc is bounded by some constant Cs,
and || L5,1]| is bounded by Csk™(2s) uniformly in n > 1, it follows that
E era(Gnvy)]

sup sup

—_ L (.. 3.26
nzlyesS K"(25) ° ( )

As k is continuous in the neighborhood of 0 and x(0) = 1, one can choose n >
0 small enough and a constant « € (0,1/ag) such that £/2(2s)/k"(s) < o,
uniformly in s € (—n,n). Substituting this inequality together with (3.25)
and (3.26) into (3.24), we obtain that for any s € (—n,n) with > 0 small,
there exists 0 < a < 1 such that uniformly in n > 1,

Jaa(n) < Csa"[ply. (3.27)

Control of Ja3(n). Using (3.26) and the fact that r, € By, and applying
similar techniques as in the control of Jse(n), one can verify that there exists
a constant 0 < a < 1 such that uniformly in n > 1,

Jaz(n) < Csa”[|lloolrs]y < Csa™ @]l co- (3.28)
Inserting (3.23), (3.27) and (3.28) into (3.21), we conclude that
J2(n) < Cspnll@lloo + Csa™[ely.
Combining this with (3.20) and (3.19), we obtain the inequality (3.18). O

From Lemma 3.5 and the fact that ||Qsti®]lco < Csll¢lleo for any s €
(—=n,m) and t € R, we can deduce that Q.ry € L(By,By). We next
prove that the operator Qs is quasi-compact. Recall that an operator
Q € L(B,,B,) is called quasi-compact if B, can be decomposed into two Q
invariant closed subspaces B, = E®F such that dim ' < oo, each eigenvalue
of Q|r has modulus ¢(Q), and o(Q|r) < 0(Q) (see [30] for more details).

Proposition 3.6. Assume the conditions of Proposition 3.1. Then, there
exists n > 0 such that for any s € (—n,n) and t € R, the operator Qg1 1S
quasi-compact.
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Proof. The proof consists of verifying the conditions of the theorem of Ionescu-
Tulcea and Marinescu [35]. We follow the formulation in [30, Theorem IL.5].

Firstly, by the definition of QQs1;, there exists a constant Cs > 0 such
that ||Qstit¢lleo < Cs||¢|loo for any s € (—n,m), t € R and ¢ € B,.

Secondly, by Lemma 3.5, the Doeblin-Fortet inequality (3.18) holds for
the operator Qs.yt.

Thirdly, denoting K = {Qs+i¢ : |¢|ly < 1}, we claim that for any s €
(—n,n) and t € R, the set K is conditionally compact in (B, || - [|). Since
|Qstit@lloo < Csl|@lloo for any ¢ € B, we conclude that K is uniformly
bounded in (B, || - [|[s). Moreover, by taking n =1 in (3.18), we get that
uniformly in ¢ € B, with [j¢||, <1,

|Qsitp(x) — Qsriro(y)] < Cospd? (2, y).

This shows that K is equicontinuous in (B, || - ||s). Therefore, we obtain
the claim by the Arzela-Ascoli theorem.

The assertion of the proposition now follows from the theorem of Ionescu-
Tulcea and Marinescu. O

The proposition below shows that the spectral radius of the operator Qs
is strictly less than 1 when ¢t is different from 0. The proof which relies on
the non-arithmeticity condition A5, follows the standard pattern in [27, 11];
it is included for the commodity of the reader.

Proposition 3.7. Assume either conditions A1 and A2 for invertible ma-
trices, or conditions A1, A3 and A5 for positive matrices. Then, there ex-
istsm > 0 such that for any s € (—n,n) andt € R\{0}, we have o(Qs+it) < 1.

Proof. By the definition of Qs4t, we have 0(Qs+it) < 0(Qs) = 1. Suppose
that 0(Qs+tit) = 1 for some t # 0. Then, applying Proposition 3.6, there exist
@ € By and B € R such that Q140 = ¢ p. From this equation, we deduce
that |p| < Qs|¢|. Using Lemma 3.3, this implies that |o(z)| = sup,es [#(y)]
for any = € V(T',), so that ¢(z) = ce’(®) where ¢ # 0 is a constant and 9 is
a real-valued continuous function on §. Substituting this into the equation

Qs+ritp = ewgo gives that for any x € V(I',,),
Eqz exp [ito (g1, z) — if + i0(g1-x) — id(x)] = 1.

Since ¥ is real-valued, this implies exp|ito(g,x) —if + id(g - x) — id(x)] =
1 for any x € V(I'y) and p-a.e. g € I'y, which contradicts to condition
A5. Therefore, 0(Qs+i) < 1 for any t # 0. Recalling that condition A2
implies condition A5 for invertible matrices, the proof of Proposition 3.7 is
complete. O
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3.5. Spectral gap properties of the perturbed operator R, .. For any
s € (=n,n) and z € C such that s + Rz € (—no,no), define the perturbed
operator R, . as follows: for any ¢ € B,,

Ry () = Bgy @@ NEp(x7)|, zes. (3.29)
With some calculations using (3.15), it follows that for any n > 1,
R’;’ng(x) = Ege [ez(a(Gn,x)an/(s))(p(X;f)] . T€ES. (3.30)

The following formula relates the operator R, to the operator Pg, , and is
of independent interest: for any ¢ € By, n > 1, s € (—n,n) and z € B,(0),

r0qy P r
R () = o Tt (3.31)
The identity (3.31) is obtained by the definitions of R, and P, using the
change of measure (3.16).

There are two ways to establish spectral gap properties of the operator
R, .: one is to use the perturbation theory of operators [30, Theorem IIL.§],
another is based on the Ionescu-Tulcea and Marinescu theorem [35] about
the quasi-compactness of operators. The representation (3.31) allows us to
deduce the spectral gap properties of R, . directly from the properties of
the operator P,. This has some advantages: it ensures the uniformity in
s € (—n,n), allows to deal with negative-vaued s and provides an explicit
formula for the projection operator II; , and the remainder operator Ng',
defined below.

Recall that A = log x, where « is defined in (2.6).

Proposition 3.8. Assume the conditions of Proposition 3.1. Then, there
exist n > 0 and § € (0,7n) such that for any s € (—n,n) and z € Bs(0),

Rg, =g s+ Ny, n>1, (3.32)
Moz = MM —A): (3.33)
and for p € B,
Votz(@Ts) Tstz

s (¢) = ) 3.34
( ) Vs+z(rs+z) Ts ( )
N (p) = o—nlA)+A ()] Ltz (07s) (3.35)

% Ts )

where v, v, and L, are given in Proposition 3.1. In addition, we have:
(a) for fized s, the mappings z +— Il . : B5(0) = L(By,B,), 2 — N, :
Bs(0) = L(B,,By) and z — A, : B5(0) — C are analytic,
(b) for fized s and z, Il is a rank-one projection with Ilso(¢)(z) =
7s(p) for any p € By and x € S, and 11 ;N , = N, .11, , =0,
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(c) for any k € N, there exist constants C, > 0 and 0 < a < 1 such that

dk
sup  sup |1l < Cp, 3.36
s€(—n,n) 2€B5(0) H dzk By—By (3.36)
dk
sup  sup || NG, < Cra™ (3.37)
56(_77777)2’635(0)“de B, —B,

Note that, for s > 0, similar results have been obtained in [11]. The
novelty here is that s can account for negative values s € (—n,0] and that
the bounds (3.36) and (3.37) hold uniformly in s € (—n,n). This plays a
crucial role in establishing Theorem 2.3.

Proof of Proposition 3.8. The proof is divided into three steps.
Step 1. By Proposition 3.1, we have

Vstz(¢Ts)
Vg4z (Terz)

Substituting this into (3.31) shows (3.32), (3.33), (3.34) and (3.35).

Step 2. We prove parts (a) and (b). The assertion in part (a) follows
from the expressions (3.33), (3.34) and (3.35), and the analyticity of the
mappings z — k(z), z +— 15, z — v, and z — L, defined in Proposition
3.1. To show part (b), by (3.34), we have that Il , is a rank-one projection
on the subspace {w™= : w € C}. The identity Il5o(p)(z) = 75() follows

from (3.34) and the fact that m4(p) = %. Using Proposition 3.1, we get
that L,r, = 0 and v,(L.¢) = 0 for any ¢ € B,. This, together with (3.34)
and (3.35), shows that II, ;N5 . = N, .II, . = 0.

Step 3. We prove part (c). By Proposition 3.1, there exists a constant
n > 0 such that the mappings z — k(z), z — 71, 2 — v, are analytic
and uniformly bounded on Bs,(0). Combining this with (3.34), we obtain
(3.36). We now prove (3.37). Since the function r; is strictly positive on the
compact set S, by Proposition 3.1(d), we deduce that there exists a constant
0 < ag < 1 such that uniformly in ¢ € B,,

P (prs) = w"(s + 2) rsz + Lo (ers).

H L. (ors)
Ts

sup  sup

| < Cliglhap. (3.:38)
s€(—=mn,m) 2€By(0) v

Using the fact that the function A is continuous and A(0) = 0, there exist a
small n > 0, § € (0,7) and a constant a; < % such that

—n[A(s)+A/(s)z]

sup  sup ‘e < Caf.

s€(—n,n) 2€B5(0)

Combining this with (3.38) proves (3.37) with £ = 0. The proof of (3.37)
when k > 1 can be carried out in the same way as in the case of kK =0. [
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Proof of Proposition 3.4. The assertion is obtained from Proposition 3.8
taking z = 0. O

In order to establish the non-arithmeticity of the perturbed operator R, ;,
we shall need the following lemma from [30, Lemma II1.9]:

Lemma 3.9. Let s € R, § > 0 and I;5 = (s — 9,5+ 9). Assume that the
mapping t € I; 5 — P(t) € L(B,,B,) is continuous. Let r > o(P(s)). Then,
there exist constants € = €(s) and ¢ = ¢(s) > 0 such that

sup  [|P"(t)|B,—B, <cr".
te(s—e,s+e)

Moreover, it holds that
limsup o(P(t)) < o(P(s)).

t—s

Proposition 3.10. Assume the conditions of Proposition 3.7. For any com-
pact set K C R\{0}, there exist constants Cx > 0 and n > 0 such that for
anyn =1 and ¢ € By,

sup supsup| Ry 0(2)| < e Kol
s€(—n,;n) teK xS
Proof. By Proposition 3.7, for any fixed s € (—n,n) and t € R\ {0}, we have
0(Rs+it) = 0(Qstit) < 1. Tt follows that for any s € (—n,n) and ¢t € R\ {0},
there exists a constant C'(s,t) > 0 such that, for any n > 1 and ¢ € B,,

sup | R o (z)| < e "Dl
€S

From (3.31), we see that the operator R, is continuous in s and ¢. By
Lemma 3.9, there exist constants (s) > 0 and §(¢) > 0 such that

efnC(s,t

sup sup  sup |Rg ()] < ol

s'€(s—e(s),s+e(s)) t/€(t—8(t),t+4(t)) TES

Let I C (—n,n) and K C R\{0} be any compact sets. Since

o(Guw) |J {(s—e(s),s+2(s) x (E=6(8), ¢+ (1))} DT x K,
(s;t)eIx K
by Heine-Borel’s theorem, there exist an integer mg > 1 and a sequence
{Sm, tm }1<ms<mg such that

mo

U {(5m = &ms5m + €m) X (b = Gns b + 0m) } D T x K,

m=1

where €, = €(sy,) and 6, = d(spm,). This concludes the proof of Proposition
3.10 by taking Cx = mini<m<mg C(Sm, tm)- O
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We now give some properties of the function by, defined as follows: for
any s € (—n,n) and ¢ € B,,

bs () = Jim Eqq [(0(Gnyz) —nA (s)p(XD)], =z €S.
In particular, with s = 0, we have by , = by, which is defined in (2.7).
Lemma 3.11. Assume the conditions of Proposition 3.1. Then the function
bs,, s well-defined, b, , € B, and
dIl
boglw) = =17
Proof. In view of Proposition 3.8, we have that for any ¢ € B,,
Eg: [ez(U(G’mx)—nA’(S))(p(Xﬁ)} = )\szﬂs,z(p(:r) + Ngch(x), xzeS.

dXs,z

From (3.33), we have A;o = 1 and =32*|.—¢ = 0. Differentiating both sides

of the above equation with respect to z at the point 0 gives that for any

r €S,
dHS z dN‘;LZ
Eas [(0(Go) = nA (9)0(Xi)]| = "2 olw) + =] (@), (3.40)
Using the bounds (3.36) and (3.37), we find that the first term on the right-
hand side of (3.40) belongs to B,, and the second term converges to 0

exponentially fast as n — oco. Hence, letting n — oo in (3.40), we obtain
(3.39). This shows that the function by, is well-defined and b, , € B,. O

For any s € (—n,n) with > 0 small, define Q; = [¢Q¥m,(dx). The
following result will be used to prove the strong law of large numbers for
0(Gy, z) under the changed measure Qs:

ZZO«p(a:), x€S. (3.39)

Lemma 3.12. Assume the conditions of Proposition 3.1. There existn > 0
and ¢,C > 0 such that uniformly in s € (—n,7n), ¢ € By andn > 1,

[Bq, [(0(G, ) — n(5))p(XD)]| < Cllillye " (3.41)

Proof. We follow the proof of the previous lemma. Integrating both sides of
the identity (3.40) with respect to ms, we get, for any ¢ € B,,

Eq, [(0(Gn, z) — nA'(s)) (X))

st z stnz
= T : s : . 42
m < ZO¢> o < dz z080> (3 )

dz
Since HiZ(p = Il ., we have 2Hs,0(dg;‘*z l.=0p) = dg;,z |.=—0¢. Integrating

both sides of this equation with respect to my and using the fact that II, o =
s, we find that
( dll ,
Ts

dz

z:o‘P) = 0. (3.43)
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It follows from (3.37) that uniformly in ¢ € B, and s € (—7,n), the second
term on the right-hand side of (3.42) is bounded by C||¢||ye™“". Therefore,
from (3.42) and (3.43) we obtain (3.41). O

We now establish the strong laws of large numbers for o(G,,, x) under the
measures QF and Qg, which are of independent interest.

Proposition 3.13. Assume the conditions of Proposition 3.1. Then, there
exists n > 0 such that for any s € (—n,n) and x € S,

7(Gn, ) =AN(s), Q%-a.s..
n

Proof. By the Borel-Cantelli lemma, it suffices to show that for any ¢ > 0,
€ (-n,n) and x € S, we have

Z Qi (o
Now let us prove (3.44). By Markov’s inequality, we have for small § > 0,
Q?( o(Gn,x) —nh'(s )‘ ns)
< e Eg, (eé(a(Gn,z)an/(s))) ey, (676(U(Gn,x)an’(s)))'

From (3.30) and Proposition 3.8, we deduce that there exist positive con-
stants ¢, C independent of s, x,§ such that

Eg: (eé(U(Gn,m)—nA'(S))) +Egs (e—ﬁ(U(Gn,x)—nA’(s)))

< Cen[A(eré)fA(s)fA’(s)é] + Cen[A(sf6)fA(s)+A’(s)6} + Ce—en

lim

n—oo

(Gn, ) nA’(s)‘ > na) < 0. (3.44)

Using Taylor’s formula and taking 6 > 0 small enough, we conclude that
Q?( o(Gn,x) — nA'(s)‘ ) Cem3e
which implies the desired assertion (3.44). O

Proposition 3.14. Assume the conditions of Proposition 3.1. Then, there
exists n > 0 such that for any s € (—n,n) and z € S,
G
lim 7(Gn,z) =A'(s), Qs-a.s..

n—00 n

Proof. Taking ¢ =1 in (3. 41) leads to
lim EQ (0(Gp,x)) = N(s). (3.45)

n—0o n,

Let Q = M (d, ]R)N* and Q = S x Q. Following [27, Theorem 3.10], we define
the shift operator 6 on € by 8(z,w) = (g1 -, 6w), where w € Q and 6 is the
shift operator on Q. For any z € S and w € Q, set h(z,w) = o(g1(w), ).
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Then h is Qs-integrable. Since o(Gp,z) = S7s(hod %) (z,w) and Q; is
o (Gn,x))

§—erg0dic, it follows from Birkhoft’s ergodlc theorem that T’ converges
Qs-a.s. to some constant cs as n — oo. If we suppose that c, is different from
A'(s), then this contradicts to (3.45). Thus ¢; = A’(s) and the assertion of
the lemma follows. g

Now we give the third-order Taylor expansion of A, defined by (3.33),
with respect to z at the origin in the complex plane C.

Proposition 3.15. Assume the conditions of Proposition 3.1. Then, there
exist 1 >0 and 6 > 0 such that for any s € (—n,n) and z € Bs(0),
0_2 A/// (S)
6

Aer=1+ 7322 + 2+ o(]2]*) as |z| =0, (3.46)

where

(a) 02 =A"(s) =0 and A" (s) € R;

(b) for invertible matrices, o5 > 0 under the stated conditions; for posi-
tive matrices, os > 0 if additionally o = og > 0 or if the measure p
is non-arithmetic;

(c) uniformly in s € (—n,n) and x € S,

= lim 1IEQ1-[ (Gn, ) — nA’(s)]2

T noo n

= lim 1EQ [0(G, ) — nl(s)]%;

T nSoo n

(d) wniformly in s € (—n,n),
1 3
" BERT < . /
A"(s) = lim n]EQS [0(Gn,z) —nA'(s)]".
The proof of Proposition 3.15 is based on the following lemma:

Lemma 3.16. Assume the conditions of Proposition 3.1. Then the func-
tions A and k are convex on (—n,n) for n > 0 small enough. Moreover, A
and k are strictly convex for invertible matrices under the given conditions,
and for positive matrices under the additional condition AS5.

Proof. The proof follows [27]. Since A = logk, it suffices to prove Lemma
3.16 for the function A. For any t € (0,1), s1,82 € (—n,n), set s’ = ts1 +
(1 — t)s9. Using Holder’s inequality and the fact that Psrs = k(s)rs,

Po(rlyrly ") < wl(s)s! ™ (sa)rl,rly " (347)

s1' 82 S1° 82

Since k(s’) is the dominant eigenvalue of the operator Py, we obtain (s’) <

r!(s1)k'7(s2) and thus the function A is convex.

To show that the function A is strictly convex, we suppose, by absurd, that
there exist s1 # s2 and some ¢ € (0,1) such that s(s') = x(s1)x'"(s2). Us-
ing this equality, the definition of the Markov operator Qs and (3.47), we get



30 HUI XIAO, ION GRAMA, AND QUANSHENG LIU

Qsz(r;rg;t/rs/) < rélrggt/rs/. Applying Lemma 3.3 with ¢ = —rélr;;t/rsr,
this implies that r 17@; * = ¢ry on V(T',,) for some constant ¢ > 0. Substitut-

ing this equality and the identity x(s') = x(s1)k'"(s2) into (3.47), we see
that the Holder inequality in (3.47) is actually an equality. This yields that
there exists a function c(x) > 0 such that for any g € I', and = € V(T',,),

6810(9’I)r51 (g-x) = c(:lc)esz"(t‘”:)rs2 (g-x). (3.48)

Integrating both sides of the equation (3.48) with respect to u gives c(z) =

%. Substituting this into (3.48) and noting that s; # sg, we find
52

that there exist a constant ¢; > 0 and a real-valued function ¢ on S such

that e?(9%) = ¢ “‘:éfg'g) for any g € '), and € V(I',,). This contradicts to the
non-arithmetic condition A5. Recall that condition A2 implies condition
A5 for invertible matrices. Hence A is strictly convex for invertible matrices

under stated conditions. OJ

Proof of Proposition 3.15. The expansion (3.46) follows from the identity
(3.33) and Taylor’s formula.

For part (a), by Lemma 3.16, we have A”(s) > 0 for any s € (—n,n).
Since A = logk and it is shown in Proposition 3.1 that the function s is
real-valued and strictly positive on (—n,7n), we get A”'(s) € R.

For part (b), recall that it was shown in [11] that o9 > 0 for invertible
matrices under the stated conditions, and for positive matrices under the
additional condition of non-arithmeticity. Hence, using the continuity of the
function A”, we obtain that o > 0.

For part (c), by Proposition 3.8, we get that for |z| small,

Eg: {ez(U(Gn,x)*nA/(S))} = AL (IL 1) () + (N, 1) (). (3.49)
It follows from (3.46) that for |z| = o(n~1/3),
22 23
Ao, =1+ na?; + nA”’(s)g + o(n|z|3). (3.50)
Using Taylor’s formula, the bound (3.36) and the fact II; o1 = 1, we obtain

(I 1) (x) =1+ csp12 + cs7x,222 + Cij,323 + 0(|z|3), (3.51)

where the constants c; 4.1, Cs 4,2, Cs,2,3 € C are bounded as functions of s and
x. Similarly, using the fact Nyl = 0 and the bound (3.37), there exist
constants Cs z 1, Cszn2, Cszn3 € C which are bounded as functions of
s,z and n such that

(Ng 1)(2) = Cs g npz + C’S,x,n7222 + Cs7x7n7323 + 0(\z|3). (3.52)
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Taking the second derivative on both sides of the equation (3.49) with re-
spect to z at 0, and using the expansions (3.50)-(3.52), we deduce that

Eqs [0(Gp,z) — n/\/(s)]2 = naz +2¢s22+2Cs 2. (3.53)

This, together with the definition of Q and the fact that the constants c; 42,
Cs.zn,2 are bounded as functions of s, z,n, concludes the proof of part (c).

For part (d), integrating both sides of the equations (3.49), (3.51) and
(3.52) with respect to ms, and using the property (3.43) with ¢ = 1 (thus
the second term on the right-hand side of (3.51) vanishes), in the same way
as in the proof of (3.53), we get

Eq, [0(Gn,z) — nA’(s)]3 = nA"(s) 4+ 6¢s 3 + 6Cs 3.
This implies the desired assertion in part (d). O

Remark 3.17. Inspecting the proof of Proposition 3.15, it is easy to see that
the results in parts (c) and (d) can be reinforced to the following bounds:

sup sup lE@g [0(Gn, ) — nA/(s)]2 — 0 < g,
se(—n,n) zeS M n
l / 3 " g

sup Eq, [0(Gn,z) —nA'(s)]” — A" (s)] < —.
s€(—n.m) 1T n

The first bound above also holds with the measure Q7 replaced by Q.

4. SMOOTHING INEQUALITY ON THE COMPLEX PLANE

In this section we aim to establish a new smoothing inequality, which plays
a crucial role in proving the Berry-Esseen bound and Edgeworth expansion
with a target function ¢ on X; see Theorems 2.1, 2.2, 5.1 and 5.3.

From now on, for any integrable function h : R — C, denote its Fourier
transform by h(t) = [pe Wh(y)dy, t € R. If h is integrable on R, then
using the inverse Fourier transform gives h(y) = 5= [p ™R (t)dt, for almost
all y € R with respect to the Lebesgue measure on R. Denote by hy * ho the
convolution of the functions k1, hy on the real line.

For any r > 0, denote

D, ={ze€C:|z| <r},

Df={z€C:|z|<nrSz>0} and D, ={z€C:|z| <73z <0}

We construct a density function pr which plays an important role in estab-
lishing a new smoothing inequality. As in [42], we define a density function
p on the real line R by setting p(0) = 1/27 and

1 /sin 2
p(y) (2

= g> y e R\ {0}.
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Then p is a non-negative function bounded by % and [ p(y)dy = 1. Its
Fourier transform p is given by

Pty =1t tel-1.1],

and p(t) = 0 otherwise.

For any T' > 0 and the fixed constant b > 0 satisfying ffb p(y)dy = 3/4,
define the density function

pr(y) =Tp(Ty —b), yeR,

whose Fourier transform pr is given by

pr(t) = e 1 (1 - g) te[-T,T), (4.1)

and pr(t) = 0 otherwise. Note that the function pr is not smooth at the
point 0, so that it can not have an analytic extension in a small neighborhood
of 0 in the complex plane C.

Now we are ready to establish our new smoothing inequality. Its proof
is based on the properties of the density function pr, Cauchy’s integral
theorem and some techniques from [17, 42].

Proposition 4.1. Assume that F' is non-decreasing on R, and that H is
differentiable of bounded variation on R such that sup,cg |H'(y)| < 0o. Sup-
pose that F(—o0) = H(—o00) and F(oco) = H(oo). Let
F(t) = / eMAF(y) and h(t) = / e MWAH(y), tER.
R R

Suppose that r > 0 and that f and h have analytic extensions on D,.. Then,
forany T >,

swww—Hm<wp/f ) izve=ii g
yeR y<0
—I- — sup / f ”ye_ib% dz
T y>0
1 _
+ —sup )7()6”%1% dz
T y<0 [JCr z
—i—lsup f(Z) _h( ) zzyeszdZ
T y>0 |JCF z
1 — h(t
.y m><wﬁ
T Jr<|t|<T t
3b
dt + — H'
7rT/ (t)] +TZ§§’ @I,
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where b > 0 is a fixed constant satisfying ffb p(y)dy = 3/4, and C; and C;}
are semicircles given by

C,={2€C:|z|=nr92<0}, CI={ze€C:|z|=r32>0}. (42)

Proof. Let T > r. From the definition of p7 and the choice of the constant
b, we have fOQb/T pr(y)dy = 3/4. Since p < 5=, the function pr is bounded
by T'/27. The proof of Proposition 4.1 consists in establishing first an upper
bound and then a lower bound.

Upper bound. Since the function F' is non-decreasing on R and pr is a
density function on R, we find that for any y € R,

F(y) < § [ Pertu—

0+ 4 "R~ @)ortu )+ ()~ HG)pr(o )]
s [T <>>pT<u—y>du+§f’zgﬂg|H/<y>|. (4.3

Let Fi(y) = Jg F(u)pr(u — y)du, and Hi(y) = Jp H(u)pr(u —y)du, y € R.
Elementary calculations lead to

e AR ) = FOpr(-t), [ ) = k-, teR
R R

Restricted on the real line, the function pr is supported on [T, T]. By the
Fourier inversion formula we get

1 T ity _ e R
F)-F0) =5 [ SO0t yoek

1

Hi(y) — Hi(v) = o

T elty _ eztv
| = (-nar,  yver
By the definition of pr (cf. (4.1)), we get

Fi(y) — Hi(y) — (F1(v) = Hi(v))
:2171-/_1; f(t)z__th(t)eityeib%dt—l/T f(t)_h( ztv szdt

1 T f(t) — h( 'Lty zbf |t| f ztv bt |t|
—%/_T _ dt+—/ et
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It follows that for any y,v € R,
|Fi(y) — Hi(y) — (Fi(v) — Hi(v))]

Tf(t)_h(t)i ib% Tf(t)_h()zvsz
\%/ _76“”6 dt—/_T p ¢ dt

- / (t)|dt. (4.4)

We shall use Cauchy’s integral theorem to change the integration path
[-T,T] to a contour in the complex plane. In order to estimate the dif-
ference |F1(y) — Hi(y)|, we are led to consider two cases: y < 0 and y > 0.

Control of |Fi(y) — Hi(y)| when y < 0. Let C- = C.r UC,, where
Crr = [—T,—r]Ur,T] and C,” is the lower semicircle given in (4.2). Since
F(—o0) = H(—o0) and F(oc0) = H(0), by the definition of f and h, we
see that f(0) = h(0). This, together with the condition that f and h have
analytic extensions on D,., implies that z = 0 is a removable singular point

of the function z € D, — M € C. Hence, using the fact that the
ibz

function z > e'*Ve is analytic on the domain D,, applying Cauchy’s
integral theorem, we obtain that for any y,v € R,

/T f(t) — h(t) ity ik g /T f(t) = h(t) oitv gibk gy
-T it -7 it

f(Z)—h( ) 1zyeszdZ

c_ 1z c_ iz

_ f(Z)—h( ) 'sz ZdeZ (45)
where the integration is over the complex curve C_ oriented from —T to
T. The second integral in (4.5) converges to 0 as v — —oo, by using the
Riemann-Lebesgue lemma on the real segment C.7 and by applying the
Lebesgue convergence theorem on the semicircle C;-. Note that Fj(—o0) =
Hi(—00) since F(—o0) = H(—o0). Consequently, letting v — —oo in (4.5)
and substituting it into (4.4), we get

— . - T
[ LB i+ o [0 - holar.

Therefore, recalling that C_ = C,.7 UC,, it follows that

Fily) - Hi(0)] < -

L=
s Fi(o) ~ i) < 5 [ 50 \dt
1 1O i o [ i
— e~ Le¥VeTd t. (4.
+27T 22% cr z e 7rT (Dld (46)

Control of |Fi(y) — Hi(y)| when y > 0. Let Cy+ = C,p UC,, where
Crr=[-T,—r]U[r,T] and C; is the upper semicircle given in (4.2). In an
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analogous way as in (4.5), applying Cauchy’s integral theorem we have

/T F@) = h®) ity vt gy /T F&) = h(t) ito vk gy
-T 1t _T it

f(Z) - h(Z) zzyezb f(z) — h(z) izv sz dz (47)

= — e Tdz — — e
c. 1z c, 1z

where the integration is over the complex curve C also oriented from —7" to
T. The second integral in (4.7) converges to 0 as v — 400, by using again
the Riemann-Lebesgue lemma on the real segment C.r and by applying
the Lebesgue convergence theorem on the upper semicircle C;F. Note that
Fi(00) = Hi(o0) since F(oco) = H(oo). Hence, letting v — +o0 in (4.7),
similarly to (4.6), we obtain

10 =)

1
sup | Fu(y) — Ha(w)| < o [ |55

y>0 27 Je T

f(Z) B h(Z) eizyeibz

Tdz
ct Z

1
+ — sup
2 y>0

4 FlT/_i F(6) — h(t)|dt. (4.8)

Putting together (4.6) and (4.8) leads to

sup | F1(y) — Hi(y)|

yeR
1 t) — h(t
gi‘/ () ()‘dt—i—sup/ f zzyeszdZ
27 Je, r t 2T y<0
1 f(Z)—h(Z) izy bz
= J\R) TR izy i t. 4.
+27ry>18/cr+ ~ Ve’ Tdz| + T/ (t)|dt. (4.9)

Denote A = sup,cg |F'(y) — H(y)|. Then, taking into account that pr is a

density function on R, using (4.9) and the fact that f%/T 7r(y)dy = 3/4,
we get that for any y € R,
y+3
[7 ) - H@)pr(u - y)du
y
y+2
<IAG) ~ )|+ 51 [7 7 pr(u- >m)
1 t) — h(t
g7‘/ f() ()‘dt-i- Sup/ f zzyeszdZ
27 Je, r t 2T y<0
1 f(Z) - h(z) izy ibZ A
+27Ty>18/ci p Ve’ Tdz| + T/ |dt+4.
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Substituting this inequality into (4.3), we obtain the following desired upper
bound: for any y € R,

F(y) - H(y) < 31/ f(t)_h()’dt
37T 25‘8 / fe=ha) ZZy@Zdez
“5eum s H) i
%T/ W+§+?wmﬁﬁh(um

yER

Lower bound. Similarly to the upper bound (4.3), using the fact that F
is non-decreasing and pr is a density function on R, we have for any y € R,

4 [y

o) g [ Pl =i

g [, (P = HOrty - 2 sup H'()|.

y— yeR
Let Fy(y) = (F * pr)(y) and Hs(y) = (H % p7)(y), y € R. Then,

/Refitdez(y) = ft)pr(t), /Refitydﬂz(y) = h(t)pr(t), teR.
Proceeding in the same way as in the proof of (4.9), one has

sup [Fa(y) — Ha(y)|
yeR

1 t) — h(t
<—/ 7() ()’dt—i-sup/ f ’Zye bE
2 t 27Ty§0
1 f(Z)—h() izy —ib& /
JRE) 7 ME) izy g—ib g — t) — h(t)|dt.
+gmsup| [ AR e ttas () - hoo)

Following the proof of (4.10), we obtain the lower bound: for any y € R,

2 t) — h(t
F(y)—H(y) 2 — 3/ 7() ()‘dt

s
— —sup / J(z) ~ hz) ’zye_ib% dz

37Ty<0

2 — . oz
& f( ) ( )ezzye—sz dz

37Ty>() C;" z

4 T A 2b
- — t dt — — — — H'(y)]. :
o7 |, (O~ bl =~ swp /). (411)
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Combining (4.10) and (4.11), we conclude the proof of Proposition 4.1. O

5. PROOFS OF BERRY-ESSEEN BOUND AND EDGEWORTH EXPANSION

5.1. Berry-Esseen bound and Edgeworth expansion under the changed
measure. We first present a Berry-Esseen bound under the changed mea-
sure QY.

Theorem 5.1. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A4 for positive matrices. Then there exist
constants n > 0 and C > 0 such that for alln > 1, s € (—n,n), x € S,
yeRand p € B,,

C
o [e(X01 scsnin )| - w20 < Zlleh. )

The next result gives an Edgeworth expansion for (XY, o(Gy,x)) with
a target function ¢ on X7 under Qf. The function bs,(x), € S, which
will be used in the formulation of this result, is defined in Lemma 3.11 and
has an equivalent expression (3.39) in terms of derivative of the projection
operator Il ., see Proposition 3.8.

Theorem 5.2. Assume either conditions A1 and A2 for invertible matri-
ces, or conditions A1, A3 and A5 for positive matrices. Then there exists
n > 0 such that as n — oo, uniformly in s € (—n,n), x € S, y € R and
p € By,

Eqz {‘P(Xﬁf)]l{ o (Gr,a) —nA!(s) gy}]

osv/n

— Egs [p(X5)] {(P(y) + ég%(l - yz)é(y)] + b;’fy%)ﬂy)‘ = H‘P’W(\/lﬁ)'

The following asymptotic expansion is slightly different from that in The-
orem 5.2, with the term Egq [p(X7)] replaced by ms(¢):

Theorem 5.3. Under the conditions of Theorem 5.2, there exists n > 0
such that, as n — oo, uniformly in s € (—n,n), v €S, y € R and ¢ € By,

Eqz [@(Xﬁ)ﬂ{amnf);ﬁm'@ gy}} (5:2)
A" (s) bs.() 1
N o) + %“”\/ﬁaﬁ(y)| =ligllho(=)-

With fixed s > 0 and ¢ = 1, the expansion (5.2) has been established
earlier in [11].

- o) [0 +
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The assertion of Theorem 5.3 follows from Theorem 5.2, since the bound
(3.17) implies that there exist constants ¢,C' > 0 such that uniformly in
v € By,

sup sup |Egg [p(X7)] — ma(9)| < Cem ey (5-3)
s€(—n,n) z€S

Theorems 2.1 and 2.2 follow from the above theorems taking s = 0 and
recalling the fact that A’(0) = A, 09 = ¢ and by, = by,.

5.2. Proof of Theorem 5.2. Without loss of generality, we assume that
the target function ¢ is non-negative on S. For any x € S, denote

F(y) = Egz |o(X) L1 o(pa)—na’cs , € R,
() Q¢ [@( n) {ete ;s)ﬁA(ky}} Yy

A/// (S)
6o3\/n

(1= 4)0(0)] - buol@) ) yer.

H(y) = Bo: [p(X3)] |2(0) + el

Define
1) = [emar), b = [ eMane), ter
R

By straightforward calculations we have that for any x € S,

- _ito'(Gn,z)—nA/(s) "
f(t) =Eqz |o(X7)e o5V =R} _iw p(z), teR, (5.4)

Tos/n

ht) = e { [1 — (it)? é;' ;’% R" yolz) — ztl;‘f’\(/?} L teR. (5.5)

It is clear that F(—oo) = H(—o00) = 0 and F(co) = H(oco). Moreover, one
can verify that the functions F, H and their corresponding Fourier-Stieltjes
transforms f, h satisfy the conditions of Proposition 4.1 for r = d14/n, with
some §; > 0 sufficiently small. Hence, by Proposition 4.1 we get that for
any real 7' > r,

sup |F'(y) — H(y)| <
yeR

(Il + I +13+I4), (5.6)

3| -
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where
I, = Sibsupuﬁ[’( )N, I :/ f(t)_h(t)‘dt?
T yer <JtLT t
_h _ . .
_[3 = Sup / f(Z) ( Zzye 7‘bT dz —+ sup / Mezzyefszdz
y<0 I/Cy z y>0 1JCh z
+ sup / M Y F + sup / Meizyeib%dz
y<0 I/C.~ z y>0 [Jeh z
=: I31 + I32 + I33 + I34,
Iy = T/ (t)|dt, (5.7)

with the constant b > 0 and the complex contours C, ,C;" defined in (4.2).
By virtue of (5.6), in order to establish Theorem 5.2 it suffices to prove
that, as n — oo, uniformly in s € (—n,7), z € S and ¢ € B,,

1
Lh+L+I1I3+1= Hg0||70<%) (5.8)
Control of I;. From (5.3) we deduce that uniformly in ¢ € B,,
?up )SUP|E@I (XD < Clielly- (5.9)
n,1

By the formula (3.39) and the bound (3.36), we get that uniformly in ¢ € B,,

sup sup [bs o ()] < Cllglly- (5.10)
s€(-n,n) T€S

Using the bounds (5.9) and (5.10), and taking into account that o2 > 0 and
A" (s) € R are bounded by a constant independent of s € (—n,7), we obtain
that |H'(y)| is bounded by c1|¢lly, uniformly in s € (—n,7), z € S,y € R
and ¢ € B,. Hence, for any € > 0, we can choose a > 0 large enough such
that for T' = a/n, uniformly in ¢ € B,,

37Tb61

sup sup Iy < ——|l¢ll, < —=l¢ll (5.11)
s€(—n,n) €S ! \f v

Control of Is. Since oy, := infse(_,m) os > 0, we can pick é; small enough
such that 0 < ¢; < min{a,do,,/2}, where § > 0 is the constant given in
Proposition 3.8. Then, with r = d;4/n we bound I, as follows:

I < / ‘@(dt +/ ]@‘dt. (5.12)
S1v/n<t|<avn d1v/n<t|<avn

Let oy := supse( ) Os- It holds that 0 < o < oo. On the right-hand side

of (5.12), using Proposmon 310 with K ={t e R: é1/op < |t| < a/on},

the first integral is bounded by Ce™"||¢||,, uniformly in s € (—n,n), x € S

and ¢ € B,; the second integral, by the bounds (5.9) and (5.10) and direct



40 HUI XIAO, ION GRAMA, AND QUANSHENG LIU

calculations, is bounded by Ce™“"||¢||,, also uniformly in s € (—n,7n), z € S
and ¢ € B,. Consequently, we conclude that uniformly in ¢ € B,,

sup sup Ir < Ce “[l¢],. (5.13)
s€(—n,n) T€ES

Control of Is. Recall that the term I3 is decomposed into four terms in
(5.7). We will only deal with I3, since I32, I33, I34 can be treated in a similar
way. In view of (5.4) and (5.5), by the spectral gap decomposition (3.32),
we get,

f(z) = h(z) = J1(2) + J2(2) + J3(2) + Ja(2), (5.14)

where

T1(2) = ma() {Ag e —eF [1 P Al } } , (5.15)

S 603\/n
Jo(2) = A" _, [H o) — () +izb‘w(x>} (5.16)
2 s’ogz/zﬁ S’n‘S\/H s O-S\/ﬁ ’ ’
. bS,Lp(fE) _2 n
J3(Z) == ’LZT\/H <€ 2 — AS,J;%)’ (517)

B = N s (o) ~ Ngela)e™ % [1- (2 g A ] (618)

With the above notation, we use the decomposition (5.14) to bound I3; in
(5.7) as follows:

os/n

4
131 < Z Ak, where Ak = Sup (519)

k=1 y<0

/ @) jizye-ivg g
e

z

We now give bounds of Ay, 1 < k < 4, in a series of lemmata. Let us start
by showing an elementary inequality, which will be used repeatedly in the
sequel. Let [z1, z2] = {21 +0(22 — 21)) : 0 < 0 < 1} be the complex segment
with the endpoints z; and z».

Lemma 5.4. Let f be an analytic function on the open conver domain
D C C. Then for any 21,22 € D, andn > 1,

’f(ZQ)_’;)f k(!Z1)(ZQ—Zl)k < 6[ 1, 2]’ ( )‘

n!
Proof. The proof of this inequality can be carried out by induction. The
inequality clearly holds for n = 1 since for any 21,29 € D,

F(22) — F(21)] = ‘ /[ LS

|29 — 2z1|™.

< sup |f'(2)llz2 — - (5.20)

z€[z1,22]

For n > 2, applying (5.20) to F(2) = f(2) — X7-; %(z —z1)k, 2 € D,
leads to the desired assertion. OJ
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Now we are ready to establish a bound for each term Ag. The proof
is based on the saddle point method. To be more precise, we deform the
integration path, which passes through a suitable point related to the saddle
point, to minimise the integral in Ay (see (5.19)).

Lemma 5.5. Let C,~ be defined by (4.2) with r = §1/n and 61 > 0 small
enough. Then, for T = a\/n with a > 0 large enough, uniformly in x € S,
s € (—n,n) and ¢ € By,

J1(2) z

[ ez < el
Cr z n

A = sup
y<0

Proof. In view of (3.33), using A = log x and Taylor’s formula, we have

k) .

2 oo A( (s)(_ _iz k

N =e T e T
Tos/n

(5.21)

For brevity, for any z € C~, denote

1 o AR(9) s g A o,
h(z) = - |2 T &) —1—(—2'2)3603%] e DT (5.22)
S

Then, in view of (5.15), the term A; can be rewritten as

22 .
/ e~ 2R (2)dz
Cr

A1 = 7s(p) sup . (5.23)

y<0

The main contribution to the integral in (5.23) is given by the saddle point

z = 1y which is the solution of the equation di(—g + izy) = 0. Denote by

D, = {z € C:|z| < 2r,Qz < 0} the domain on analyticity of h;, where
r = d1y/n with §; > 0 small enough. Set

Yn = min { —y,61v/n}. (5.24)

When —d;1y/n < y < 0, the saddle point iy belongs to D,,. By Cauchy’s
integral theorem, we change the integration in (5.23) to a rectangular path
inside the domain on analyticity D, which passes through the saddle point.
When y < —014/n is large, the saddle point iy is outside the domain D5,
In this case we choose a rectangular path inside D,, which passes through
the point —iy,, = —id11/n. Note that 74(¢) is bounded by ¢1 ¢l uniformly
in s € (—n,n) and ¢ € B,. Since the function h; has an analytic extension
on the domain D, with r = d;/n, applying Cauchy’s integral theorem, we
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—d1/n—iyn d1v/n 22
/ +/ e~ 7T hy(2)dz
51f 61\/ﬁ_iyn

deduce that

Ay < calelly sup

y\
d1v/N—iyn L2
+cllolly sup / e 2 hy(2)dz
y<0 _61\/ﬁ_iyn
=: c1]|plly(A11 + Ai2). (5.25)

Control of A11. Using a change of variable, we get

52 Yn 42 )
A :e_%”sup / et7+ty_251\/ﬁ(t+y)h1(—51\/ﬁ—it)dt
y<01J0
B /yn e%—i—ty—&-iél\/ﬁ(t-i-y)hl (51\/7; _ it)dt‘
0
52 Yn 42
ge*ﬂsup/ e2+ty{\h1(—51\/ﬁ—it)\+\hl(élﬁ—it)|}dt‘. (5.26)
y<0 [J/0

We first give a bound for |hi(4014/n —it)|. Since t € [0,y,] and y,, < d01y/n,
direct calculations give

R[(—i)>(£01vn — it)®] = 302nt — 3 < 205n%/2,
which implies that for d; > 0 sufficiently small,
2 AW () (—i)F(£61v/n — z't)k} 1
R {n Z < = 0%n. (5.27)
= K (osy/n)k 4

Observe that there exists a constant ¢ > 0 such that uniformly in ¢ € [0, y,]
and s € <_77777)7

=l <
z +o1/n —itl = 5/’
Since | exp{—2(£6,y/n—it)}| is bounded by some constant ¢ > 0, uniformly

int € [0,y,] and n > 1, from the bounds (5.27) and (5.28), it follows that
uniformly in s € (—n,7),

A/// ’ (5.28)

‘ (£61v/n —it)®

c (6%71 cs, ‘ﬁn
a1 —|—cn) < —=ed
Sovn Jn

In view of (5.24), we have t < y, < —y and thus e2+ty < 1 for any
t € [0,yn). Note that y, < d14/n by (5.24). Consequently, we obtain the
desired upper bound for Aq1:

|hi(=d1v/n — it)| + |h1(61v/n — it)| <

2 2
A ngn ¢ oy e 529
sup 11 < e < cs€ . (5.29)

cs
s€(—n,m) lf
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Control of A1o. Using a change of variable z =t — iy,, leads to

1
e%y721+y”y/ v eiéJrit(y”er)hl(t — iyn)dl
—51/n

Ajp = sup
y<0

< sup
y<0

(51\/7; 2
e%yiwny/ e~ T |ha (t — iyn)|dt| (5.30)

—61/m
where the function h; is defined by (5.22). To estimate the term Ajs, the
main task is to give a control of |hi(t — iyy)|. It follows from Lemma 5.4
that et — e?2| < em™®arRab 2y — 2o and |e® — 1 — 29| < 1z0)%el! for
any 21,22 € C, and hence

1
€%t — 1 — 29|  emaxiRzRaat) ) o) 4 5|z«2|2e|z2\. (5.31)

We shall make use of the inequality (5.31) to derive a bound of |hy (t —iyy)|.

Since y—r;b < 01 where §; > 0 can be sufficiently small, we get that, for

|t| < d14/n and large enough n, uniformly in s € (—n,7),

X AB () it —iyn) 1" yn (612 = Ty2H)AB)(s) 1
PE SO [ < O e

Moreover, elementary calculations yield that there exists a constant ¢ > 0
such that, for sufficiently large n, uniformly in s € (—n,7),

> AR (g it —iyn & . ) B)(s
nz A k‘( ) [_ (t Y ):| o [—Z(t o ’Lyn)]3A ( )
k=3 ’

os\/n 6o3\/n
EAB () [ it —iya))*] _ 4y
=n> 7 [— —_ } Se—==. (5.34)
k=4 s
It is clear that
SAG ()P 16 448

sup —i(t —iyn) < . (5.35)
s€(—n,m) [ } 6o3v/n n

Taking into account that both |¢| and y, are less than d;+/n, and the fact
01 > 0 can be small enough, it follows that

3A(3)(5)
6odv/n

sup )exp {’ [ —i(t — zyn)]

s€(=n,n

142 2
} < eZ(t +yn)
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Combining this with the bounds (5.32), (5.33), (5.34) and (5.35), and using
the inequality (5.31), we conclude that

o Ak (s iz ®3)
sup |e" k=3 i )(_osﬁ)k —1- (71,/2)3/\7(8)
S€(=nn) Go3v/n
4 .4 6 1,6 4,4 46 4 6
< cit T Yn 32 + cit T Yn 52 +u) < ct ki Un o5 (E2+07) (5.36)
n n n

Since |exp{—%(t — iyn)}| is bounded by some constant, uniformly in |¢| <
61v/n and n > 1, by (5.36) and the fact |;——| = 1//t2 + y2, we find that

t_iyn

t3 3 t5 5
sup [ha(t — ign)| < Y TP U0 )
s€(—n,m) n

Therefore, noting that y < —y,, and 0 < y,, < d14/n, we obtain

c
sup A < —sup
s€(—n,m) 1 y<0
<— sup e 14y, +y,) < -
" yn€[0,61v/7] n

d1v/n 2
Sl N Y( L R TP
—d81/n

Substituting this and (5.29) into (5.25), we conclude the proof. O

Lemma 5.6. Let Jo(z) be defined by (5.16), and C,~ be defined by (4.2) with
r = 01y/n and 61 > 0 small enough. Then, for T = a/n with a > 0 large
enough, uniformly inx € S, s € (—n,n) and ¢ € B,

/ JQ(Z) eizye—ib%dz
[

Ay = sup
y<0

< el
\n@'y-

Proof. Denote

z

ho(z) = el 2uk=3 " (_m)’C [H&a;i/zﬁ@(x) —7s(p) + izm

Using (5.21), we rewrite A as

Ay = sup
y<0

22 .
/ e 2T hy(2)dz
Cr

As in the estimation of Lemma 5.5, the solution of the saddle point equation

di(—g +izy) = 0is z = 1y. Set y, = min{—y,d1\/n}. Since y, € D,,,

where 7 = d14/n, and the function hs is analytic on the domain D,,., by
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Cauchy’s integral theorem we obtain

—d1v/n—iyn d1v/n 2
/ +/ e 2T hy(2)dz
—81v/n 81/ Mn—iyn

51\/ﬁfiyn 22 .
+sup/ e~ 2T hy(2)dz
y<0 |/ =61/ n—iyn

=: Aoy + Aso.

Az < sup
y<0

Control of Ag;. Similarly to (5.26), we use a change of variable to get

52

_%
Aoy < e 2"sup
y<0

Yn 42
/ e?”y“hg(—él\/ﬁ—itﬂ + |h2(61\/ﬁ—it)|]dt’.
0

Using Lemma 5.4, the formula (3.39) and the bound (3.36), for any z =
+d1/n — it with ¢t € [0, y,], we get that uniformly in s € (—n,n), z € S and
p € By,

- bse(@)) _ |2

1

‘;HHS’UX/ZHSD(Q;) - 775(90) +z Us\/ﬁ
Note that |e~7 | is bounded uniformly in z = +8,1/n — it, where t € [0, y,].
Therefore, taking into account the bounds (5.27) and (5.37), we obtain that
uniformly in s € (—n,7) , v € S and ¢ € B,,

(&
| <elelh < el (537)

n

)

H»—Aw

|ha(=d1v/n — it)| + |ha(d1v/n — it)

< ="l

c
NZD
2
Since y < 0, for any ¢ € [0, y,], it follows that %—i—ty < 0 and thus eTHY <1
Combining this with the above inequality yields that uniformly in ¢ € B,,
%, yn 01 5

sup sup Ag; <ce” 2"==e1"|plly < ce” 2"l (5.38)

s€(—nn) *€S vn

Control of Age. Similarly to (5.30), we use a change of variable to get
2

i
e%yiﬂny/ e~ [ha(t — iyn)|dt
—§1/n

Ago < sup
y<0

We first estimate |ha(t—iy,)|. In the same way as in (5.37), with z = t —iy,,
we obtain that uniformly in s € (—n,7), z € S and ¢ € B,,

21, s t0) = i) + iz

osv/n Og

<.k 1)+

lplly < e el

n
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Combining this with the bound (5.33), we get that uniformly in ¢ € B,,

2

¢ L2ty [V -2
sup sup Agy < — |||, sup [e2n T e T ([t + yn)dt
s€(—nmn) 2€S n y<0 —o1v/n
c _ 1,2 c
< —llelly  sup e (14 yn) < —flelly. (5.39)
n y”n,E[Oyélm n
Putting together (5.38) and (5.39) completes the proof. O

Lemma 5.7. Let J3(z) be defined by (5.17), and C,~ be defined by (4.2) with
r = d1/n and 61 > 0 small enough. Then, for T = a\/n with a > 0 large
enough, uniformly inx € S, s € (—n,n) and ¢ € B,

J: 4 4
Ay =sup| [ B givevige) <
y<o IJC 2 n
Proof. We denote
1 oo AR (o) sk oz
hs(z) = [en k=R o) 1] e T, (5.40)
s/

Using the expansion (5.21) and the bound (5.10), we have that uniformly in
se (—n,mn), z €S and ¢ € By,

Az < cflelly sup

Y

22,
/ e 2T hs(2)dz|.
o

r

As in Lemma 5.5, the saddle point equation d%(—% +izy) = 0 has the
solution z = 4y. Set y, = min{—y, d14/n}. It follows from Cauchy’s integral

theorem that
—d1y/n—iyn divn 22 .
Az < cl¢lly sup / +/ e~ T T ha(2)dz
—61v/n 81/ n—iyn

y<0
Sivn—iyn 2
+ellely sup| [ ¢TIy (2)
y<0 _51\/ﬁ_iyn

=: A3 + Asa.

Control of Asy. Similarly to (5.26), we use a change of variable to get

/y" e%“y th(—cﬁf - zt)’ + ‘h3(51\/ﬁ - Z’t)Hdt’ )
0

5
A1 < cflpllye™ 2" sup
y<0
Using (5.27), we deduce that uniformly in s € (—n,7n) and z € S,

(52
|ha(=81v/n — it)] + |hs(61v/n — it)| < \%(e%” +1) < =€

n
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Since & 2 +ty <0 for any t € [0,y,] and y < 0, we have e Ty < 1. This,
together with the above inequality, implies that uniformly in ¢ € B,,
Yo 0 o
sup sup Az < c—=e 1 "¢|ly < ce” 2" |p||5- (5.41)
s€(—n,n) TES vn

Control of Age. Similarly to (5.30), one has

51\/ﬁ +2

ezyn+yny/ =7 ha(t — iyn)|dt| .
—5/n

We first give a control of |hs(t — iy,)|. It follows from Lemma 5.4 that
le? — 1| < em@{R=0}| 4| for any z € C. Using this inequality and taking into
account the bound (5.33), we obtain

Asa < cf|plly sup
<0

Yy

oo A(k)(s k 1 t3 3
sup_|¢" T N 1‘gceﬂzll +n
vn

s€(—n.m)
and hence

t 3
sup sup |hs(t — iyy,)] <ce4t2| | +y"
s€(—n,n) TS n

It follows that uniformly in s € (—n,7n), z € S and ¢ € B,,

Ly2 fivm —ﬁ 3,3 ¢
Ay < il suple [ TP ] < Dl (5.42)

1

Putting together (5.41) and (5.42), we conclude the proof. O

Lemma 5.8. Let J4(z) be defined by (5.18), and C,~ be defined by (4.2) with
r = 01y/n and 61 > 0 small enough. Then, for T = a/n with a > 0 large
enough, uniformly inx € S, s € (—n,n) and ¢ € B,

/ J4(z) zzye—szdZ
-z

Ay = sup
y<0

< ce” o]y

Proof. Since Sz < 0 on C; and y < 0, we have [¢**¥| < 1. Using again the
fact that Sz < 0, we get that |e 7| is uniformly bounded on C;". From the
bound (3.37) and the fact that §; > 0 can be sufficiently small, we deduce
that |J4(2)| < ce™"||¢lly, uniformly in s € (—n,n), v € S and ¢ € B,.
Therefore, noting that || = (d1y/n) ! and that the length of C; is md1/n,
the desired result follows. O

End of the proof of Theorem 5.2. Combining Lemmata 5.5-5.8, we obtain
that I31 < |||y, uniformly in s € (—n,7), z € S and ¢ € B,

Now we give a control of the term I3y defined in (5.7). Note that y > 0
in I3y and the integral in I35 is taken over the semicircle C;F, which lies in
the upper part of the complex plane. In this case we have the saddle point
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equation d%(—% + izy) = 0 whose solution z = iy also lies in the upper

part of the complex plane. Similarly to (5.24), we choose a suitable point
yn = min{y, d1/n}. Proceeding in the same way as for bounding I3; we
obtain that I3z < /¢, uniformly in s € (=n,7n), z € S and ¢ € B,.

Let us now bound the terms I33 and I34 defined in (5.7). Since the function
z — €T is analytic on C; and C, the estimates of I33 and I34 are similar
to those of I3; and I39, respectively. From these bounds, we conclude that
there exists a constant ¢ > 0 such that uniformly in s € (-7n,7), x € S and
v € By,

&
Is < Sl (5.43)

It remains to estimate I defined in (5.7). We can decompose the dif-
ference |f(t) — h(t)| in the same way as we did in (5.14) (with real-valued
t = z). Then proceeding in a similar way as in the estimation of I31, I32, I33
and I34, one can verify that there exists a constant ¢ > 0 such that uniformly
inse(-nmn),recSand p€B,,

C
1< gl (5.44)

Combining (5.43), (5.43) and the bounds for I; and I in (5.11) and (5.13),
and using the fact that ¢ > 0 can be arbitrary small, we obtain (5.8), which
finishes the proof of Theorem 5.2. g

5.3. Proof of Theorem 5.1. Since the proof of Theorem 5.1 is quite similar
to that of Theorem 5.2, we only sketch the main differences. Denote

F(y) = Eqge [@(er)]l{a(cn,z)fn/\’(w gy}], y €R,

gsvVn
H(y) = Eqz[p(X5)] ®(y), yeR.
By the definition of the operator R, . in (3.29), direct calculations lead to

£ = [ aFW) = B s pl@), teR
R ,O'S\/E

) 2
h(t) = / cTAH(y) = e~ T RMgp(x), teER.
R

One can verify that the functions F, H and their corresponding Fourier-
Stieljes transforms f, h satisfy all the conditions stated in Proposition 4.1.
Instead of using Proposition 4.1 with » < T in the proof of Theorem 5.2,
we apply Proposition 4.1 with » =T = d;/n, where d; > 0 is a sufficiently
small constant. Then we obtain a similar inequality as (5.6) but with the
term I» = 0. Since the non-arithmeticity condition A5 is only used in the
bound of the term I, following the proof of Theorem 5.2 we show that
under the conditions of Theorem 5.1, the terms I; and I3 defined in (5.7)
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are bounded by c||¢||,/+/n, uniformly in s € (—n,n), z € S and ¢ € B,. We
omit the details of the rest of the proof.

6. PROOF OF MODERATE DEVIATION EXPANSIONS

In this section we prove Theorem 2.3. The proof is based on the Berry-
Esseen bound in Theorem 5.1 and follows the standard techniques in Petrov
[42], and therefore some details will be left to the reader.

We start with the following lemma whose proof uses the analyticity of the
eigenfunction r; and the linear functional v, see Proposition 3.1:

Lemma 6.1. Assume either conditions A1 and A2 for invertible matrices,
or conditions A1 and A3 for positive matrices. Then, there exists n > 0
such that uniformly in s € (—n,n) and ¢ € By,

I7s = 1loo < Cls|  and  |vs(p) = v(p)] < Clsllell5-

Proof. According to Proposition 3.1, we have ro = 1, vg = v. In addition,
the mappings s — rs and s — vy are analytic on (—n,n). The assertions
follow using Taylor’s formula. O

Proof of Theorem 2.3. When y € [0, 1], Theorem 2.3 is a direct consequence
of Theorem 5.1, so it remains to prove Theorem 2.3 in the case when y > 1
with y = o(y/n). We proceed to prove the first assertion in Theorem 2.3.
Applying the change of measure formula (3.16), we have

I:=E {(P(Xﬁ)]l{a(Gn,a:)ZnA’(O)Jr\/ﬁaoy}} (6.1)

= 75(2)5" (5) B [ (s VXD O D oo (0)yiman) ]

Under the assumptions of Theorem 2.3, by Proposition 3.15, 02 = A”(s) > 0

for any s € (—n,n) with n > 0 small enough. We denote W;¥ = 9(Gn,z)—nA(s)

osv/n
Recalling that A = log k, we rewrite (6.1) as follows:
I — rs(x)e_n[SA,(S)_A(S)}
x Eqg (Ws_l)(Xﬁ)e_wsﬁW’fl{Wz2ﬁ[A’<0)—A’<s>]+m (6.2)

By Proposition 3.1, the function A is analytic and hence for s € (—n,7n),
A(s) = Y92, Ps®, where v, = A®)(0). For any y > 1 with y = o(y/n),
consider the equation

Vn[A'(s) — A'(0)] = ogy. (6.3)
Choosing the unique real root s of (6.3), it follows from Petrov [42] that
2 3
/ -y Y (L
sN'(s) — A(s) = o n3/2C(\/ﬁ)’ (6.4)
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where ( is the Cramér series defined by (2.9). Substituting (6.3) into (6.2),
and using (6.4), we get

_ﬁ i Yy x
[=ry(@)e” T TV Bg [(pry ) (XDe V™ i Ly (65)

For brevity, denote F'(u) = Eq: {(gpr;l)(Xﬁ)ﬂ{ngu}], u € R. In view of
(6.5), using Fubini’s theorem and the integration by parts, we deduce that

2 3 0o
I=r(@)e T T B (@)D [T Lawgensonme

2 3

— () TSR / eIV (). (6.6)
0
Let I(u) = F(u) — ms(or; 1) ®(u), u € R. Tt follows that
0 -1
—S\/EUSUdF — I + TrS(SOTS )I 67
/0 e (’U,) 1 /727_‘_ 25 ( )
o o) u2

I = / e VIISdl(), Iy = / e~SVIIU T gy, (6.8)

0 0

Estimate of I,. Integrating by parts, using the fact that r; € B, and
the Berry-Esseen bound in Theorem 5.1 implies that uniformly in s € [0,7),
reSand p €B,,

< el
V!

Estimate of Iy. Since the function A is analytic on (-n,7) and 02 =

A"(s) > 0, by Taylor’s formula, we have A’(s) — A/(0) = so2[1 + O(s)] and

02 = o¢[1 + O(s)]. Thus, using standard techniques from Petrov [42], one

has

L] < [i0)] + sv/no / e~ VTs i ()| du < (6.9)
0

L=I3+0( ! ), where I /OO B T (6.10)
= — ), where I3 = e 70 . .
2 =13 Jn 3 A
Since o is strictly positive and bounded uniformly in s € (0,7), using (6.3)
and the fact that y > 1, for sufficiently large n, we get that s\/nos > %as >
¢ > 0. This implies that Cy < sy/nl; < Cy for large enough n, where
C1 < (5 are two positive constants independent of n and s. Combining this
two-sided bound with (6.7), (6.9) and (6.10), we obtain

| e = 1y [”“") + el 0<s>] - (6a1)
0 ver !

Substituting (6.3) into (6.10), we get

o0 2 e -1
—s\/ﬁasudF — %/ —%qu 7T-S(Sprs )+ 10 )
| e ) = e [ " e T 4l 0)
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Together with (6.6), this implies

L) -
I =ry(@)ev Vi [1 = ()] [mo(ers) + ¢l OCs)], (6.12)
where ms(por;l) = % By Lemma 6.1, we have ||[rs — 1|loc < Cs and

ITs(prst) — v(p)| < Cs|l¢lly, uniformly in s € [0,1) and ¢ € B,. Since
5= O(%), this concludes the proof of the first assertion of Theorem 2.3.
The proof of the second assertion of Theorem 2.3 can be carried out in
a similar way. Specifically, instead of using (6.3), we consider the equation
Vn[A'(s) = A'(0)] = —ogy, where y > 1 and s € (—n,0]. We then apply the
spectral gap properties of operators Ps, Qs, Rs . (see Section 3) for negative
valued s to deduce the second assertion by following the proof of the first
one. We omit the details. 0

7. PROOF OF THE LOCAL LIMIT THEOREMS

The goal of this section is to establish the local limit theorems with mod-
erate deviations, namely Theorems 2.4 and 2.5.

7.1. Proof of Theorem 2.4. We first establish an asymptotic expansion
which will be used to prove Theorem 2.4. Assume that ) : R — C is a
continuous function with compact support in R, which is differentiable in a
small neighborhood of 0 on the real line.

Proposition 7.1. Assume either conditions A1 and A2 for invertible ma-
trices, or conditions A1, A3 and A4 for positive matrices. Then, there
exist constants n,0,c,C > 0 such that for all s € (=n,n), x € S, |l| < ﬁ,
peByandn >1,

s /el [ TR (o) @)t — mﬂswww)‘

C C / —Ccn
< ﬁ\lwlh + el i (@] + [ (1)) + Ce IISOIH/R [p(®)]dt. (7.1)
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Proof. For brevity, denote c,(v)) = @ﬂs(go)w(O). Taking a small constant
0 > 0 and using the spectral gap decomp081tion (3.32) with z = it, we have

Vi e [ R (o) (0t — cu(v)

R

nl2 .
‘\/ﬁ e /t|>5 e_ztlnR?,it(CP)(x)i/J(t)dt‘

nl2

Ve /m e NN () () (1) |

'n,l2 .
vmesE [ N o) @0t )
= J1+ Jo+ J3. (7.2)

For Ji, since the function ¢ is bounded and compactly supported on R,
taking into account Proposition 3.10 and the fact |[e~%"| = 1, we get

sup sup sup Ji < Cse” “"||plly / (t)|dt. (7.3)
se(-nm) veS |i|< L

For Jo, by (3.37) there exist constants ¢s > 0 and a € (0, 1) such that

sup supsup [N, (e)(@)] < sup sup | Ngulls, 5, ll¢lly < csa”(ell,.
s€(—n,n) TES |t|< se(—n,n) |t|<d

This implies that uniformly in s € (—n,n), |I| < %, z €S and ¢ € B,,

e o O (74)

For J3, we make a change of variable t = ¢'/y/n to get

2(, ov/n 7ztlf n t _
e /_M N T (P ()t = es()

ni? t

dv/n
0202 /_(xf 7ztlf)\n7f |:Hs’\1/’%<90)(w)w(\/ﬁ) —WS(QD)’L/J(O)] dt

J3 =

<

+

ni2  r8\/n
M) [ e A”,fdt—cs(df)’

=:J31 + J32. (7.5)

Using the formula (3.33) and the fact that the function A is analytic in a
small neighborhood of 0 of the complex plane, we can check that there exists
a constant C' > 0 such that for all s € (—n,n), t € [-0y/n,0y/n] and n > 1,

N I 76
S,L—e 2 \%6 4, .
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By (3.36) and the fact that II; o(¢)(x) = 7s(p), it follows that uniformly in
€ (—n,m), t € [-0y/n,dy/n] and x € S,

‘Hs,&'tﬁ(w)(w) - 7['8(90)’ < HHS’&"% — Tl

i
lelly < cf”¢||7

By—By

Since the function v is differentiable in a small neighborhood of 0, we obtain
that there exists a constant C' > 0 such that for all s € (—n,n), z € S and

S [—5\/7%5\/@

t
11, 2 (D)@ =) = 7l 0)]

<0, 2 @@(7) - (=) [+ [Tao(@ @) (72) - (o))

< &WMWWWUHCLWMWWWUI

Combining this with (7.6), we get the desired bound for Ja;: there exists a

constant C' > 0 such that, for all n > 1, || < n, € (-=n,m), x € S and
v € By,
Jss < el + Ll sup ()] + 19/0) (77)
Vn /<o

To estimate J32 in (7.5), we first notice that

ni2  edy/n 0242
T < |mul)b () [ aM%vm% Qw
—sym o
nl2
@@ [ et g
\t| =6/
=: J321 + J322. (7.8)

For Jso1, from (7.6) it follows that Jsgo; < %Hg@“v For J399, using the

2 2
basic inequality [,* e~ Tdt < %eiy? for y > 0, we get that Jzgo < e™"[¢]|,.
Hence, there exists a constant C' > 0 such that for all |I] < ﬁ, s € (—n,mn)
and ¢ € By, it holds that J3» < %H@Hv This, together with (7.7) and

(7.5), implies the desired bound for J3: there exists a constant C' > 0 such
that for alln > 1, |I| < ﬁ, se(nn),zeS and ¢ € By,

kéjﬂﬂw el st () + 14/ 0)

Combining this with (7.3) and (7.4), we conclude the proof of Proposition
7.1. U
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Now we are equipped to establish Theorem 2.4.

Proof of Theorem 2.4. We only need to establish the first assertion of the
theorem since the second and the third ones are its particular cases. By
the change of measure formula (3.16), we get that for any s € (—n,n) with
sufficiently small i > 0,

Ju s = E|p(XD)t(0(Gn, x) = nA — Vo) | (7.9)
= 15(2)A" (5)Baz [(ors ) (X0)e 7 CDy (0(Gr, ) — nA = vnory)]
For brevity, denote
T? = (G, x) — nA'(s).

By considering equation (6.3) for any |y| = o(y/n) (not necessarily |y| > 1),
we get the identity (6.4) for |y| = o(y/n). Hence, we have

Tn = r(@)e N AN, | (o ) (X)e T (T

= ry(@)e” T T Ry [(prs ) (XD)e T (T)].

EE

We denote
Ys(u) = e *"“Y(u), ueR. (7.10)

Taking into account Lemma 6.1, in order to establish Theorem 2.4, it is
sufficient to prove the following asymptotic: as n — oo,

Ay i= 0V/Bmn g [(ors NXDW(T)]  vle) [ wlwdu.  (1.11)

To prove (7.11), we need to use some smoothing techniques. For sufficiently
small € > 0, we denote for any s € (—n,n) and u € R,

w;:e (u) = sup s (ul)? w;,a (u) = inf Vs (u/) (712)

u ER:|u/ —ul<e u/ €R:|u/ —u|<e
Denote respectively by 12;5 and @Zga the Fourier transform of ¢ and 1.
For the moment we suppose that

lg 3(0) = lim 05..(0) = [ w(w)du. (7.13)

e—0

Note that the Fourier transform of the function s may not be integrable
on R. In the sequel we shall use a smoothing inequality from [22, Lemma
5.2], which gives two-sided bounds for 1. Let p be a non-negative density
function on R with [p p(u)du =1 and p(u) < H%( for all u € R, so that its
Fourier transform p is supported on [—1,1]. For any 0 < € < 1, define the
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rescaled density function p; by pe(u) = % p(2), u € R, whose Fourier trans-
-1

form has a compact support on [—e~! ¢7!]. Then, there exists a positive
constant C,(e) with Cy(e) — 0 as € — 0, such that for any u € R,

Vg e*pez(u) — s Use(u—v)pe2 (v)dv < hs(u) < (1+ Cp(e))th % pe2 (u).
v|2€
(7.14)
Now we are going to prove (7.11). The proof will be done by establishing
upper and lower bounds for A,,. Without loss of generality, we assume that
the target functions ¢ and 1 are non-negative.

Upper bound. Applying the smoothing inequality (7.14) and the Fourier
inversion formula to the function wsfa* Pe2, We get

An < (14 Cyl))oV2mnEqs |(or ) (X)W % p2)(T3))]

Noyfas [ Rl N@F0padt, (115

where R, ;1 is the perturbed operator defined by (3.29) with z = it. Applying
Proposition 7.1 with ¢ = r;! and ¢ = 1;;5@2 (one can verify that the
remainder term in (7.1) vanishes as n — oo, uniformly in s € (—n,7)), we
obtain, uniformly in s € (—n,n), [t/ > 0 and x € S,

limsup A, < (1+ C,(e))v()d.(0).

n—oo
Letting ¢ — 0, we get the desired upper bound for A,: uniformly in s €
(=m,n) and z € S,

limsup A, < v(p) lim 1Z+ 0). 7.16
0 0,e
IS ) K

n—o0

Lower bound. Similarly to (7.15), using the smoothing inequality (7.14),
the fact that ¢, < ¥s < (1 + Cpy(€))Yd *p.2, and the Fourier inversion
formula to the functions ¢, *p.2 and ¢ *p.2, we obtain

An 2 ov/2mnEqs |(ors ) (X0 (Ve * p2)(T5))|

—oV2mn | Bae (ors )X (T8 = v)] pee (v)do

|v|>e

\f/me (@) (5.2 )
oo

— (1 +Cple))ay /5 e Ry (ors ) @)L (8)pee (t)dt] pe2(v)dv

—: By(¢) — Dple ). (7.17)
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For B, (¢), in the same way as in the proof of (7.16), by considering the func-
tion 1), . instead of Qﬂj,g and using Proposition 7.1, we have that uniformly
inse€(—n,n) and z € S,

llgélf llnrgg.}f By(e) = v(p) gg% ¥0.(0). (7.18)
For D, (e), we first note that we can follow the proof of the upper bound for
A, to check the following asymptotic: for sufficiently small € > 0, uniformly

inse (_777 7])7 reSandve [_\/ﬁ7 \/EL

2 ) N N
lim o/ Shem e [ TR (ory ) @)dE (0 (0t = (@) (0).
n—00 2 R ’ ’ )
(7.19)

To obtain an upper bound for the term D, (), we shall apply the Lebesgue
dominated convergence theorem to pass to the limit as n — oo through the
integral flv\> .- The applicability of this theorem is justified below. We split
the integral [,,.. in the term Dy (e) into two parts: [,,5 m and [ << /m-
For the first part f|v|> Jm» since the density function p.2 has polynomial
decay, i.e. p.2(v) < %(, |v| > v/n, we get that /np.2(v) < ﬁ, which is
integrable on R. For the second part, using (7.19) we see that, the function
under the integral feg\m <y 18 dominated by Cp,2 which is integrable on R.
Therefore, we can interchange the limit as n — oo and the integral flvl>6’

and then use (7.19) again to obtain that uniformly in s € (—n,n) and x € S,

limsup Dy (2) < (1+ Co()r(@)a(0) [ por(v)do.
n—oo |v|=e

The integral on right-hand side converges to 0 as e — 0, since p.2(v) =

5%,0(6%) and the function p is integrable on R. Together with (7.17) and

(7.18), this implies the desired lower bound for A,,: uniformly in s € (—n,n)
and r € S,

hnlgio%f An = v(p) 21_1}%) Y0..(0). (7.20)

Combining (7.16) and (7.20), we obtain the assertion of Theorem 2.4,

provided that (7.13) holds. Condition (7.13) can be relaxed to the direct

Riemann integrability condition of the target function v, by applying the

approximation techniques developed in [49]. So the proof of Theorem 2.4 is

complete. O

7.2. Proof of Theorem 2.5. In this subsection we prove Theorem 2.5
concerning the local limit theorem with moderate deviations for the operator
norm ||Gy|| in the case of invertible matrices. In this proof Theorem 2.4
plays the key role. Another important ingredient is the following Lemma



LIMIT THEOREMS FOR PRODUCTS OF RANDOM MATRICES 57

7.2 established recently by Benoist and Quint [5], which provides a precise
and interesting comparison between log |G, || and o(Gy, x):

Lemma 7.2. Assume conditions A1 and A2 for invertible matrices. Then,
for any a > 0, there exist ¢ > 0 and kg € N, such that for allm > k > kg
and x = Rv € P41,

[Gall 1G]

e
Gl ~ % Gl

Proof of Theorem 2.5. Without loss of generality, we assume that the target
function ¢ is non-negative.

We first give the upper bound. By Lemma 7.2, we get that for any
a > 0, there exist ¢ > 0 and kg € N, such that for all n > k > k¢ and
z =Ry € P41,

log

< eak> >1— e,

I = E[<p(X§f)ﬂ{1og \\Gn||—n>\6[a17a2]+\/ﬁ‘fy}}

<E[p(XD1y,, 16

—ck
Gl +log ||G’k||—n>\6[al—e*“k,az—&—e*ak]—l—\/ﬁay}} Te HQOHOO

With the notation G, = gn...gk+1 for any n > k > 1, we have XV =
G- X¢ and 0(Gp,z) —0(Gy,x) = 0(Gp i, X). Thus the first term of the
right-hand side of the above inequality can be rewritten as

E[‘P(G”Jf ' Xk')]l{a(Gn,k,X,f)f(nfk))\e[alfe*ak,a2+6*“k]+\/50y*(10g ||Gk|‘*k)‘)}} '

Now we fix a sufficiently large constant C; > 0 and we choose
k= I_Cly2J7

where |y| denotes the integer part of y € R. For any € > 0, there exists a
large enough k; > 1 such that for all £ > kq,

[a1 — e ag + e %] C I := a1 — ¢, a9 + €.

Using the large deviation bounds for log |Gkl (see [5] or [49]), we see that
for any § > 0, there exists a constant ¢ > 0 such that for large enough k > 1,

P(|log |Gx|| - k:/\‘ > k) < e k.

Using this bound, it follows that

Jn S E {SD(G"”“ ' Xk)ﬂ{o(ank,Xz)%nfk)xefih/ﬁoyf(log||Gkuka>}

—ck
1{|10gGk—k)\|<k5}] +em [ @lloo-



58 HUI XIAO, ION GRAMA, AND QUANSHENG LIU

Taking conditional expectation given the o-algebra %, = o(g1,...,9%), we
get

n < E{E{‘/’(Gmk XY (G X (AT oy~ (g G0}

—ck
ﬂ{‘log”GkHk)x’éké}’gk}}—i_e “ HSOHOO

Applying Theorem 2.4, we obtain that, as n — oo, uniformly in z € P%!
and |y| = o(n1/5),

1, yyn u 2 1
§<\/:iz—k‘_a\/n—k) }U 2mn
x [(a2 = a1+ 2)(0) +o()] + e Hglloo  (7:20)

Jp < sup exp{ -
|u|<kd

Since k = |C1y?], it follows that as n — oo,

y2

e 2

In <

{(ag — a1+ 2e)v(p) + 0(1)}. (7.22)
oV2mn

We next give the lower bound. Since the proof is similar to that of the
upper bound, we only sketch the main differences. By Lemma 7.2, we get
that for any a > 0, there exist ¢ > 0 and kg € N, such that for alln > k > ko
and z € P41,

xT
T E[p(XD) —\gggq+1og||GkH—nAe[a1+efak,a2—efak1+ﬁay}}'

With the notation used in the proof of the upper bound, we have

Jn > Ble(Gu X)L (G Xp)~ (- RNEI oy~ (og Gl 0}

]1{ | 1og ||GkH—k)\|<k6}} ’

where I := a1 + €, a2 — €]. Notice that, for any € > 0, there exists a large
enough k1 > 1 such that for all k& > kq,

ak ak;] )

I” Clar+e a2 —e”

In the same way as in the proof of (7.21), we take conditional expectation
given %, and use Theorem 2.4 to obtain that as n — oo, uniformly in
z € P! and |y| = o(n'/%),

. 1 NG 2 1
In = |u1|1gﬂseXP{ - 5(\/?211]6 N g\/;j— k) }U\/ﬁ

x [(a2 = a1 = 2e)(p) — 0(1)].
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As k = |C19?], elementary calculations lead to

(M)

Y

€ 2
o > ———|(as — a1 + 26)u(¢p) - o(1)]. (7.23)
ovV2mn
Since £ > 0 can be arbitrary small, combining (7.22) and (7.23), we conclude
the proof of Theorem 2.5. ]
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