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Abstract. We prove a zero-one law for the stationary measure for algebraic sets generalizing the results of Furstenberg
[13] and Guivarc’h and Le Page [21]. As an application, we establish a local limit theorem for the coefficients of random
walks on the general linear group.

Résumé. Nous prouvons une loi zéro-un pour la mesure stationnaire pour des ensembles algébriques en généralisant
les résultats de Furstenberg [13] et Guivarc’h et Le Page [21]. Comme application, nous établissons un théoréme local
limite pour les coefficients de marches aléatoires sur le groupe linéaire général.
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1. Introduction
1.1. Motivation and objectives

Let d > 2 be an integer. We denote by V a d-dimensional vector space over R and by V* the dual space
of V. We choose norms on V and V* which will be both denoted by |-|. For any v € V and f € V*, the
corresponding duality bracket is denoted by (f,v) = f(v); sometimes instead of f(v) we shall use the reverse
notation v(f) = (v, f). Denote by G = GL(V) the group of linear automorphisms of V. The projective space
P(V) of V is the set of elements x = Rv, where v € V' \ {0}. The projective space of V* is denoted by P(V*).

For any x =Rv € P(V) and y =Rf € P(V*) we define §(y,z) = ‘l%’ﬁ}". For any g € G and = =Rv € P(V)

with v € V' \ {0}, let gx = Rgv € P(V), where gv € V is the image of the automorphism v — gv on V. Set
N={0,1,2,...} and N* =N\ {0}.

Let 1 be a probability measure on G. Consider the probability space (€,.%,P), where Q =GN, .Z is the
Borel o-algebra on € and P = u®Y . If we denote by g¢; the coordinate mapping on Q, then gq,¢s,... is a
sequence of independent and identically distributed random elements in G defined on (2,.%,P) with the same
law p. Set G, =gy -..g1, for n> 1.

A measure v is called p-invariant (or equivalently u-stationary) if u*v = v, where * stands for the convolution
of probability measures. Furstenberg [13] showed that under some mild conditions there exists a unique p-
invariant probability measure v on P(V) which is not supported by any proper projective hyperplane: for any
projective hyperplane Y C P(V),

v(Y)=0. (1)

The Furstenberg zero-law (1) turns out to be one of the key properties in the study of random walks on the
group G. It is used in the proof of many limit theorems for the norm cocycle log|G,v|, where v € V'\ {0} is a
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starting vector. We refer to Furstenberg and Kesten [14], Furstenberg [12], Le Page [25], Bougerol and Lacroix
[9], Goldsheid and Guivarc’h [16], Guivarc’h [19], Benoist and Quint [3-5], Xiao, Grama and Liu [28], who
established the law of large numbers, the central limit theorem, the local limit theorem and large deviation
asymptotics. Some of these results have been extended to the coefficients (f,G,v), where f € V* and v €V,
however much less is known in this respect. Guivarc’h and Raugi [22] have proved the law of large numbers
and the central limit theorem for the coefficients. In the setting of reductive groups, Benoist and Quint [5] have
established the law of iterated logarithm and the large deviation bounds. The approach developed in [22], [9]
and [18] for the proof of the law of large numbers and of the central limit theorem for log|(f, Gyv)| is based
on the use of the quantitative version of the property (1) called Holder regularity of the stationary measure v
which we state below: there exist positive constants « and C' such that for any y =R f € P(V*) and ¢ > 0,

v({zeP(V):(y,x) <e}) <Ce™. (2)

The next elementary identity relates the coefficient (f, G,v) to the norm |G,v|: for any z =Rv € P(V) and
y=Rf eP(V*) with |f| =1,

log[(f, Gnv)| = log|Grno| +1logd(y, Gna), (3)

where 0(y, Gpx) = ‘|<f\,l(ét?|" From (2) one can deduce that for any >0,

li_{n nPlogd(y,Gpr) =0 P-a.s. (4)

Now using (3) and (4) we can infer the limit behaviour of log|({f, G,v)| from that of log|G,v|. This allows
for instance to prove the law of large numbers and the central limit theorem: for any x = Rv € P(V) and
y=Rfe€ ]P(V*)a

1
lim —log|(f,Gnv)|=A P-as.
n—oo n

and for any t € R,

: log |(f, Gpv)| —nA
< =
nh_}n;(}]P’( o/n <t ) =9(),

where A € R is a constant called the top Lyapunov exponent of i, ¢ is a positive number given by o2 =
lim,, o0 2E[(log |G| — nA)?], and @ is the standard normal distribution function. For the law of iterated
logarithm and large deviation bounds, Benoist and Quint [5, Lemma 14.11], following the approach of Bourgain,
Furman, Lindenstrauss and Mozes [10], have developed another strategy based on the following inequality: for
any a > 0 there exist positive constants ¢,C and ng such that for any ng <1< n, x € P(V) and y € P(V*),

P (6(y, Gnz) <e™ ™) < Ce™ (5)

The bound (5) implies (2), and therefore contains more information than (2). When studying the logarithm of
the coefficients log |(f, Gnv)|, (5) gives an alternative way to prove the law of large numbers and the central
limit theorem, but also allows to establish new results like the law of iterated logarithm and the large deviation
bounds. However, many important properties such as the Berry-Esseen bounds, local limit theorems, large
deviation principles and exact asymptotics of large deviations for the coefficients (f, G,v) cannot be obtained
by this approach. For these latter statements the exact contribution of the term d(y, G,,x) should be accounted,
which means that we need to establish more general theorems for the couple (G, z,log|Gnv|).

We find out that in order to transfer many asymptotic properties from the couple (G,xz,log|G,v|) to that
of the coefficients log |{f, Gnv)|, it is necessary to establish the identity (1) for subsets of P(V') which are not
projective hyperplanes, in particular, for the hypersurfaces {x € P(V): §(y,z) = t}, where ¢ # 0. The main
goal of the paper is to extend the result of Furstenberg (1) from the special case of projective hyperplanes
to arbitrary algebraic subsets Y of the projective space P(V). There is, however, an essential difference with
the Furstenberg’s result, which confers the mass 0 to a projective hyperplane. We show that for an arbitrary
algebraic set Y of P(V) it holds that v(Y") is 0 or 1. Contrary to the Furstenberg zero-law, it is possible, as we
show in Example 2.3, that the invariant measure v is concentrated on an algebraic subset of dimension d — 2 on
the projective space P(V). It is also interesting to note that for projective hyperplanes the Furstenberg zero-law
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can be strengthened to the regularity property (2), while for algebraic sets the quantitative analog of (2) has
not yet been established.

Using the zero-one law of the stationary measure v we will prove the following local limit theorem for
the coefficients (f,G,v): under appropriate conditions, for any real numbers a; < as, any f € V*\ {0} and
veV\ {0}, as n — oo,

a2 — a1
ovV2mn

Based on a zero-one law for the invariant measure under the change of measure which is proved in Theorem
2.6, it is possible to establish a local limit theorem with large deviations for the coefficients of G,,, however this
will be done elsewhere.

P(log|(/, Guo)| — nA € [a1,02]) = (1+o(1)).

1.2. Idea of the proof of the local limit thorem

For illustration we show how to apply our zero-one law to establish the local limit theorem for the coefficients
(f,Gpv), where f € V*\ {0} and v € V \ {0}. Letting I = [a1,az2] be an interval of the real line, we have to
handle the probability

P(log|(f, Gno)| =nA € I). (6)

Using (3) and discretizing the values of d(y, G,,x), the probability (6) is bounded from above by

ZP(log|Gnv| —n/\eln+77k,Gn$€Ykn)a (7)
k=1

where 7 > 0 is sufficiently small and will be chosen later, I;, = [a1 —n,a2+n] and Y,! = {z e P(V) : —logd(y,z) €
nlk—1,k)}. By the local limit theorem for the couple (G, z,log |G, v|) (actually in the paper we circumvent it by
using the spectral gap theory and some smoothing technique), each probability in the sum (7) is asymptotically

bounded by %V(ﬁ), with YV = {z e P(V) : —logd(y,z) € n[k — 1 — e,k + €)}. Hence, the sum (7)

asymptotically does not exceed

length(I,) <= <~
m;u(yk). (8)

An important issue is to show that the sum in (8) converges to 1 as € — 0 and 7 — 0. This turns out to be a
difficult problem. By some easy calculations it reduces to showing that for any k > 0,

v({x eP(V):logd(y,x) = —nk}) =0. (9)

The set Yo = {x € P(V) : §(y,z) = 0} is a projective hyperplane in P(V') of dimension d — 2. By (1), it holds that
v(Yy) =0, under the strong irreducibility condition on the measure pu. For k > 1, the equality (9) may not be
true for an arbitrary 7, as we show in the paper. In fact we establish a zero-one law for the invariant measure
v (see Theorem 2.2), from which it follows that for any ¢ < 0,

v({zeP(V):logd(y,x)=t})=0or 1.

This statement implies that (9) holds true for any k > 1 if we choose an appropriate constant 7. Indeed, if there
exists t < 0 such that v({z € P(V) :logd(y,z) =t}) =1, then we can choose 7 such that —nk # ¢ for any k, so
that (9) holds true for any k. Otherwise i can be chosen arbitrarily. This proves that the sum in (8) converges

to 1 as € = 0 and n — 0 and so we obtain that limsup,,_,., of the probability (6) is bounded from above by
length (1)

— By some similar reasoning liminf,,_,, of (6) is bounded from below by the same quantity.

2. Main results

The inverse of g € G = GL(V) is denoted by g~!. The adjoint operator g* of g € G is the automorphism g* of V*
defined by (¢* f)(v) = f(gv), where v € V and f € V*. Let C(P(V)) be the space of complex valued continuous
functions on P(V).



All over the paper p is a probability measure on G. Denote by supp i the support of p and by I',, := [supp p]
the smallest closed subsemigroup of G generated by supp pu.

An element g € G is called prozimal if it has an algebraically simple dominant eigenvalue, namely, g has an
eigenvalue \, satisfying [Ag| > [A}| for all other eigenvalues A} of g. It is easy to check that A\, € R. We choose
v+ an elgenvector with unit norm |vg| =1, corresponding to the eigenvalue \g, which will be called dominant
elgenvector of g. The unique element x+ = Rv"’ € P(V) will be called attractor of g. Note that it does not
depend on the choice of v;. ! !

We need the following strong irreducibility and proximality conditions:

1 (Strong irreducibility). No non-trivial finite union of proper subspaces of V is I',,-invariant, that is, no
non-trivial finite union of proper subspaces Vi,..., Vi in V satisfies gV U...UV,) C V1 U...UV, for any
gel,.

A2 (Proximality). T', contains at least one proxzimal element.

Assume conditions A1 and A2. By a well known result of Furstenberg [13], on the projective space P(V)
there exists a unique p-stationary probability measure v such that for any ¢ € C(P(V)),

/ / o (g2)u(dg)v(de) = / o(@)u(dz). (10)
P(V)JG P(V)

Moreover, Furstenberg [13] (see also Bougerol and Lacroix [9, Chapter III, Proposition 2.3]) showed that under
appropriate assumptions any proper projective subspace Y C P(V') has v-measure 0.

Theorem 2.1 (Furstenberg). Assume condition A1. Then, for any p-stationary measure v and any proper
projective subspace Y CP(V), it holds that v(Y) =0.

Our first result extends Theorem 2.1 to algebraic subsets of P(V'). We recall that a subset X in V is algebraic
if there exist polynomial functions py,...,pg on V such that X ={v eV :p;(v) =... = pr(v) = 0}. We say that
X is homogeneous if for every t € R and v € X it holds that tv € X. A subset Y of P(V) is algebraic if there
exists an algebraic homogeneous subset X in V' whose projective image on P(V') is Y.

Theorem 2.2. Assume conditions A1 and A2. Then, for any algebraic subset Y of P(V'), it holds that either
v(Y)=0orv(Y)=1.

The statement of Theorem 2.2 can be interpreted as a statement about the behaviour of the trajectory
(Grx)n>o0: either for some x € P(V) the trajectory (Gpnx)n>o0 stays in Y with probability 1, or for every x € P(V)
this trajectory mostly avoids Y. The case where the Zariski closure of I',, acts transitively on P(V') has been
considered in Proposition 10.1 (b) of Benoist and Quint [5], however, Theorem 2.2 covers also the case where
this action is not transitive. For instance, in the example below this Zariski closure is contained in the group
of isometries O(q) which does not act transitively on P(V). Another point of view of the way the random walk
(Grnx)n>0 avoids an algebraic subset is developed in the paper by Aoun [1].

The following example shows that there exist proper algebraic subsets of P(V') of v-invariant measure 0 or
1.

Example 2.3. Let d > 3. Fix an integer p such that 1 <p<d—1 and equip V with the quadratic form
q(v) =vi+v3+...+v2—v2, | —...—v]. Let O(q) be the group of isometries of g, that is the group of elements
g € GL(V) such that ¢(gv) = q( ) for all v € V. We choose i to be any probability measure on O(gq) such
that I',, is proximal and strongly irreducible. For instance we can take any probability measure p with the full
support O(q); then it will be proximal and strongly irreducible, since the group O(q) is proximal and strongly
irreducible on V for d > 3. Denote by v the unique p-stationary probability measure on P(V'). Let Y be the
subset of P(V') defined as the set of straight lines in V' which are spanned by vectors v € V' with ¢(v) = 0. Then
the p-invariant measure v is such that v(Y) = 1. In particular this implies that the support of the measure v
is contained in Y.

Consider the case when p=1. Let f be the linear functional f:u €V — u; € R so that |f| =1 and let
y=Rf € P(V*). Define the algebraic subset Y = {x € P(V): §(x,y) = 1/v/2}. We will show that Y contains
the support of the measure v. Indeed, if v is such that g(v) =0, then v =v3 + ...+ v2 and hence, with
z =Rv € suppv,

[(fio)| _ 1

@) =Rl = &
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Therefore v(Y) = 1. Moreover, if we define Y’ = {z € P(V) : §(z,y) =t} with t # 1/1/2, then v(Y') = 0.

Corollary 2.4. Assume conditions A1 and A2. For any t € (—o0,0), define the hypersurface Yo = {x € P(V):
d(x,y)=t}. Then v(Yy) is 0 or 1.

Proof. Let f € V* be such that |f| =1 and y =Rf € P(V*). Define the homogenous set X as the collection
of all vectors v € V satisfying (f,v)? = t?|v|2. Then Yj is the projective image of X\ {0} on P(V). As the
function ¢:v €V = f(v)2 —2[v|*> = (fivi + ... + fava)® — t2(v3 +... 4+ v2) is a polynomial on V, the set X is
algebraic. Since it is also homogeneous, by definition the set Y} is algebraic in P(V), and the conclusion follows
from Theorem 2.2. O

In order to state our second result we need to introduce the transfer operators and related notions. These
operators play an important role in many problems related to random walks on the group G, see for instance
Le Page [25] or Guivarc’h and Le Page [21]. We are going to show that the stationary measures related to these
operators do not charge the algebraic subsets.

For any g€ G, x =Rv € P(V) and y =R f € P(V*), set

atg.0)=tog 1, atg" ) =tog 21

Denote N(g) =max{||g||,|lg”||}. Consider the sets

13{520:/||g||m<dg><+oo}, {s<o [ N ntda) <+oo}
G

and note that both I and I contain at least the element 0. Let s € I U I . Define the transfer operators
P, and P as follows: for any ¢ € C(P(V)) and z € P(V),

S

(11)

Pyp(x) = /G e*7 @) () u(dg) (12)

and for any ¢ € C(P(V*)) and y e P(V*),

Plo(y) = /G e*7 "V p(g*y) u(dg). (13)

The next assumption will be necessary to state the results for s < 0.

A3 (Two-sided exponential moment). There exists a € (0,1) such that

/N wu(dg) < +oo.

Let s € Ilj‘. By [21, Theorem 2.6], under conditions A1l and A2, there exist a unique %(s) >0 and a unique
probability measure v; on P(V') such that v, is an eigenmeasure for the transfer operator Ps corresponding to
the eigenvalue k(s):

Psvs = k(8)vs. (14)

Similarly, the conjugate transfer operator P has a unique probability eigenmeasure v} on P(V*) corresponding
to the same eigenvalue £(s):

ViPr =k(s)v}.

For detailed account of the mentioned properties for s > 0 we refer the reader to [20, 21], where it is proved
that the mapping s — k(s) is analytic on a complex neighborhood of the interval I ;r . Guivarc’h and Le Page
[21] have also proved that the measure vs does not charge any proper projective subspace Y in P(V).

Theorem 2.5 (Guivarc’h and Le Page). Assume conditions A1 and A2. Then, for any s € IJ‘ and any proper
projective subspace Y of P(V'), it holds that vs(Y') = 0.



Our second result extends Theorem 2.5 to proper algebraic subsets of P(V').

Theorem 2.6. Assume conditions A1 and A2. Then, for any s € II and any proper algebraic subset Y of
P(V), it holds that either vs(Y) =0 or vs(Y)=1.

We are able to prove a similar assertion for small negative s. First we show in Section 3 the existence and
the uniqueness of the eigenmeasure v, for small negative values s.

Proposition 2.7. Assume conditions A1, A2 and A8. Then, there exists so > 0 with the following property:
for any s € [—s0,0), there exist a unique £(s) >0 and a unique probability measure vs on P(V) such that v,
is an eigenmeasure for the transfer operator Py corresponding to the eigenvalue k(s). Similarly, the transfer
operator P* has a unique probability eigenmeasure v on P(V*) corresponding to the same eigenvalue k(s).

For negative values of s we can prove the following analogue of Theorem 2.6.

Theorem 2.8. Assume conditions A1, A2 and A3. Then, there exists so > 0 such that for any s € [—sg,0)
and any proper algebraic subset Y of P(V'), it holds that either vs(Y) =0 or vs(Y)=1.

It is easy to see that all the conclusions of the Example 2.3 apply also to the measure v;.
As an application of the stated results we use Theorem 2.2 to establish a local limit theorem for the coefficients
of random walks on the general linear group GL(V).

Theorem 2.9. Assume conditions A1, A2 and A3. Let —00 < a1 < as < oo be real numbers. Then, as n — oo,
uniformly in f € V* and v €V with |f|=1 and |v| =1,

a2 —ax

P(log|<f,Gnv>| —nAe [al,ag}) - (1+0(1)).

ov2mn

To the best of our knowledge, a local limit theorem for the coefficients of random walks on the general linear
group GL(V) has not been established in the literature so far. Local limit theorem for sums of independent
random variables have been studied by many authors: we refer the reader to Gnedenko [15], Stone [27], Borovkov
and Borovkov [8], Breuillard [11]. For the norm cocycle of random walks on GL(V'), local limit theorems have
been proved by Le Page [25], Guivarc’h [19], Benoist and Quint [5]. The local limit theorems established in
[5] play an important role for studying stationary measures on finite volume homogeneous spaces, see [2] for
details.

Other potential applications of Theorem 2.2 are the Berry-Esseen bound, the Edgeworth expansion and
the Cramér type moderate deviation. A paper in progress is [31], where a local limit theorem with moderate
deviations has been established. In its turn Theorems 2.6 and 2.8 can be used to establish various limit theorems
like the large deviation principle and local limit theorem with large deviations for the coefficients [30].

3. Properties of the stationary measure
3.1. The existence and the uniqueness of the probability eigenmeasure for negative s

In this section we prove the existence and the uniqueness of the probability eigenmeasure of the transfer operator
P, for s <0. Actually we shall establish it for s in a sufficiently small neighborhood of 0, i.e. for |s| < sg, for
some small sg > 0. The approach is inspired by that of Guivarc’h and Le Page [20, 21]. The existence of such a
measure is deduced from a very general fixed point theorem due to Brouwer-Schauder-Tychonoff. To establish
the uniqueness one can make use of the general results on the perturbation theory of linear operators, which
simplifies slightly the proofs of Guivarc’h and Le Page [20, 21].

We proceed to state a fixed point theorem for measures in an abstract context. Let X be a compact topological
space and C(X) be the space of complex valued continuous functions on X equipped with the uniform norm.
Denote by C(X)’ the topological dual space of C(X) equipped with the weak-* topology. Recall that the weak-x
topology is the weakest topology on C(X)' for which the mapping v € C(X)' — v(p) € C is continuous for any
© € C(X) and that by Riesz representation theorem, the space C(X)’ coincides with the space of complex valued
Borel measures on X.

Lemma 3.1. Let T:C(X) — C(X) be a bounded linear operator such that T(f) >0 for any f > 0. Then, there
exist a constant o > 0 and a Borel probability measure vy on X such that T'vy = avy, where T' : C(X) — C(X)’
is the adjoint operator of T.
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Proof. Recall the Brouwer-Schauder-Tychonoff theorem (see [6, Appendix]): Let P be a convex and compact
subset inside a topological vector space V and let A : P — P be a continuous mapping. Then there exists vy € P
such that Avg = 1.

We shall apply Brouwer-Schauder-Tychonoff theorem with V' =C(X)’. By Riesz representation theorem, the
space C(X)' coincides with the space of complex valued Borel measures on X. Let P be the subspace of C(X)’
formed by probability measures. Then the set P is convex and by the Banach-Alaoglu theorem it is compact in
the weak-* topology. Since T'1 > 0 everywhere, the mapping v € P — v(T'(1)) € R does not vanish on P. Note
that for any ¢ € C(X) with ¢ > 0, it holds T"v(p) = v(T'¢) > 0 since Ty > 0. This allows to define the mapping
A:P — P by setting, for any v € P,

Tv

v(T1)’

As T is a bounded linear operator on C(X), the adjoint operator T is continuous for the weak-* topology.
Since T'1 is a continuous function on X, the mapping v — v(T'1) is also continuous for the weak-* topology.
Therefore, the mapping A is continuous for the weak-* topology. By the Brouwer-Schauder-Tychonoff theorem,
the mapping A has a fixed point vy: Avy = vg. The assertion follows with o =1(T(1)). O

Let v € (0,1). Consider the Banach space %, of v-Holder continuous functions on P(V') endowed with the
norm

|p(z) = (@)
Ylla, = sup |p(z)|+ sup —
|| ” :rElP(V)| ( )| z,x’' €P(V): z#x’ d(xax/)’y

where d(z,2’) is the sin of the angle between the vector lines z = Rv and 2/ = Rv’ in P(V): d(z,2’) =

N2
1-— <("’” )> . The topological dual of %, endowed with the induced norm is denoted by % . Denote by

[ol[v’]

% the Banach space of 7-Holder continuous functions on P(V*) endowed with the norm

lp(y) — eyl
lella: = sup [p(z)| + sup e
T yeR(v¥) vy e(V)yzy A Y)Y

where d(y,y’) is the sin of the angle between the vector lines y = Rf and ¢y = RS’ in P(V*): d(y,y’) =

2
_ (51D
V- (i)
Recall that C(P(V)) is the space of the continuous complex valued functions on P(V) and C(P(V)) is the
space of the complex valued Borel measures on P(V).

Lemma 3.2. Assume conditions A1, A2 and A3. Then, there exists a positive constant sg such that for any
|s| < so the operator Ps has a unique probability eigenmeasure vs associated with the unique eigenvalue k(s).

Proof. Note that for s real and close to 0, Ps: C(P(V)) — C(P(V)) is a bounded linear operator. Moreover
Py >0 for any ¢ >0 on P(V). Denote by P.:C(P(V)) — C(P(V))’ the adjoint operator of Ps. Using Lemma
3.1 with X =P(V), we get that there exists a probability eigenmeasure v, such that Plrvs = a(s)vs. By the
duality, for any ¢ € C(P(V')), we have v,(Ps¢) = Plvs(yp), so that

Vs(Psp) = as)vs (). (15)

The measure v, and the eigenvalue «(s) might a priori not be unique. We shall prove the uniqueness using the
perturbation theory of linear operators.

From the results of Le Page [25] it follows that the operator Py has a spectral gap property on the Banach
space 4., for some ~ > 0. Since the dependence of the operator Ps in s is analytic (cf. [9, Chapter V, Lemma
3.2] or [5, Lemma 11.17]), we can apply the perturbation theory of linear operators [24, Theorem III1.8]. Thus
there exist constants sg > 0 and holomorphic mappings s+ 0 € ., s+ 15 € #,,, s+ ks € C on (—s0,50) such
that g =v, 1o =1, v(rs) =1, O5(rs) =1 and

0s(Psp) = K(s)0s(p),  Psrs = k(s)rs, (16)
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for any ¢ € C(P(V')). Moreover, one can choose sg small enough so that there exist constants C' > 0 and pg € (0, 1)
such that for any complex |s| < sq, we have |k(s)| > po and

1P¢p — ()" 0s(0)rsll 5, < Cpp llpll 5, - (17)

In particular, (17) implies that for any complex |s| < sg, the complex number k(s) is the unique eigenvalue of
P in %, with modulus strictly larger than py and the associated eigenspace is Crs. Indeed, let ¢ € %, with
p#0 and A € C be such that Ps(¢) = Ap and A # x(s). Then

)\93(90) = es(Ps(p) = '%(5)08(90),

hence 05(¢) = 0. Therefore, (17) gives that
A" lellz, =128 ellz, < Crsliel, -

This implies that |A| < pg, which means that k(s) is the unique eigenvalue with modulus strictly larger than
Po-

Let us now show that the eigenspace associated to k(s) is spanned by the function r,. Indeed, if ¢ is in this
eigenspace then ¢ € %, and P = k(s)p. Again by (17), we have

£($)]"lp = Os(p)rsll, = [P e — k()" 0s(@)rsl| 2, < Crpllell 2, -

Since |k(s)| > po, we get ¢ = 0,(p)rs.

We shall use the uniqueness property of k(s) to show that x(s) is real and that rs takes real values for real
s € (—s0,50). Indeed, as s is real, for any ¢ € &, we have Py = Py, which gives P75 = Pyry = RsT5. Since
k(s) is the unique eigenvalue of P; with modulus strictly larger that pg, this proves %5 = k. Besides, from the
equation PsTs = k4T it follows that 75 belongs to the eigenspace Cr, associated to x(s), so there exists z € C
such that 75 = zrs. Since v(rs) =1 =v(7s), we get z=1 and hence 75 =, as required.

Since ro = 1, we can assume that sy is small enough such that r is strictly positive for real s € (—sg, so).
We now prove that «(s) = k(s) for real s € (—sg,s0). We put p =7, in (15) and use the second identity in (16)
to obtain

a(8)vs(rs) = vs(Psrs) = K(8)vs(rs). (18)

Since 75 > 0 we have v4(rs) > 0, which implies that a(s) = k(s) for real valued s.
Iterating (15) and using the fact that a(s) = x(s), we have that for any ¢ € 4,,

vs (Pp) = k(s)"vs (). (19)

From (19) and (17), taking the limit as n — oo we obtain that

VS(<)0> = Vs (95(90)7‘5) = GS(QO)VS(TS)?

from which it follows that for any ¢ € 4.,

This proves that the linear functional 6, is indeed a non-negative Borel measure, and that any non-negative
Borel measure which is an eigenmeasure of Py is proportional to 6. O

To show the uniqueness of the eigenfunction of the operator P, we need more notation. For any real |s| < so,
let s > 0 be the function introduced in the proof of Lemma 3.2. Introduce the operator Q5 by setting, for any

peC(P(V)),

Qup = L), (20)

K(8)rs

Then Qs is a Markov operator, namely, Qs¢ > 0 for any ¢ >0, and Q,(1) =1.
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Lemma 3.3. For any ¢ € C(P(V)), one has

: vs(¢rs)
lim sup [QF(p)(z)— =
n=0 LeP(V) ( )( ) Vs (7'5)

and

. 1 vs()
lim sup |——P" ) — rs(x
”_“’Oxe]P’(V) R(S)" (SO)( ) ( )

=0. (22)

Proof. First note that from (17) we have that (22) holds for any ¢ € Z,. This implies that (21) also holds for
any ¢ € #,. As QQ, is a Markov operator, it has norm 1 in C(P(V)), so Q% is uniformly bounded in the space of
bounded operators of C(P(V')). Since %, is dense in C(P(V')), the convergence (21) holds for any ¢ € C(P(V)).
This in turn implies that (22) also holds for ¢ € C(P(V)). O

Lemma 3.4. Assume conditions A1, A2 and A8. Then, for any |s| < sq, the function rs is the unique (up to
a scaling constant) non-negative continuous eigenfunction of the operator Ps.

Proof. If we take ¢ to be a non-negative non-zero continuous eigenfunction of Ps associated to some eigenvalue
A, then by (22) we get

. 1 vs(p)
lim sup |[——=A"p(x) — ——=<rs(x)]=0. 23
s | N o) («) (23)

It follows that A = k(s) and ¢ = %rs, which means that the function ¢ coincides (up to a scaling constant)

with the eigenfunction r;. O

Applying the previous theory to the operator P and to the adjoint projective space P(V*) we obtain the
following:

Lemma 3.5. Assume conditions A1, A2 and A3. Then, there exists a positive constant sg such that for any
real |s| < so the operator PF has a unique probability eigenmeasure v and a unique (up to a scaling constant)
positive continuous eigenfunction r% associated with the same unique eigenvalue K*(s).

We will show in Lemma 3.10 that x*(s) = k(s).
3.2. The Hélder regularity of the stationary measure

In this section we establish the Holder regularity of the stationary measure v, defined in Lemma 3.2.

Note that vy coincides with the stationary measure v defined by (10). The Holder regularity of the stationary
measure v has been established in [22] (see also [5, 9, 18]): under conditions A1, A2 and A3, there exists a
constant o > 0 such that

1
sup / ~V dx) < +00. 2
yeb(v) Jevy 0(y, @) (dz) (24)

By the Frostman lemma (see [26]), the assertion (24) implies that the Hausdorff dimension of the stationary
measure v is at least a. As mentioned before, (24) plays a crucial role for establishing limit theorems such as
the law of large numbers and the central limit theorem for the coefficients (f,G,v) (see [5, 9, 18, 22]). In the
following we establish the Holder regularity of the stationary measure v, when s is in a small neighborhood of 0.
The proof is based on (24) and the spectral gap properties of the transfer operator Ps established in subsection
3.1.

Proposition 3.6. Assume conditions A1, A2 and A3. Then, there exist constants so >0 and o > 0 such that

1
sup sup / ~Vs(dz) < +o0. (25)
s€(=s0.50) yeB(V*) JB(v) 0(Y: @)

In particular, there exist constants o, C' > 0 such that for any 0 <t <1,

sup sup vs {z €P(V):0(y,x) <t}) < Ct™. (26)
S€(—s0,80) yeP(V*)
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One implication of the Proposition 3.6 is that the eigenmeasure v does not charge the projective hyperplanes.
Precise formulation follows:

Corollary 3.7. Assume conditions A1, A2 and A3. Then there exists a constant sqg > 0 such that for any
s € (—s0,80) and any projective hyperplane Y of P(V') it holds vs(Y) = 0.

Before proceeding to proving Proposition 3.6, let us first recall a change of measure formula which will be

:57(9,2) 1, (gx)
EOREROREER

used in the proof of Proposition 3.6. For any s € (—sq, o), the family of functions ¢ (x, g) =
satisfies the equation

)

Torm (T,9291) = 44 (917, 92) 45, (T, 91)

for x € P(V) and g¢1,92 € G. This, together with the fact that Psrs = k(s)rs, implies that the probability
measures

Q5. (dg1, -, dgn) = ¢, (2, gn - .- g1)11(dg1) - . . (dgn) (27)

form a projective system on GY. By the Kolmogorov extension theorem, there exists a unique probability
measure Q% on G with marginals Q5 .- We denote by Eqg= the corresponding expectation. For any measurable
function ¢ on (P(V) x R)™, it holds that

1
- s0(Grn,x)
) E [Ts(an)e @(Glx, o(G1,2),...,Gpr,0(Gy, .Z‘))}

= Eqs [@(Glx,a(Gl,x), ...,an,cr(Gn,:r))]. (28)

Under the changed measure QF, the Markov chain (G,x),>0 has a unique stationary measure 75 defined by
s () = 22827 for any o € C(P(V)).

vs(rs) ?

We shall use the following result which has been established in [5, Lemma 14.11].
Lemma 3.8. Assume conditions A1, A2, A3. Then, for any € > 0, there exist constants c¢g >0 and ng > 1
such that for alln >k >ng, x € P(V) and y € P(V*),
P(é(y, Gpz) < e_Ek) < e %0k,

Proof of Proposition 3.6. Step 1. We choose a small enough constant sy > 0 and show that for any € > 0,
there exist constants ¢; >0 and ng > 1 such that for any n > ny,

sup sup sup QF (5(1/, Gnpx) < 678"> L<e ™, (29)
SG(*S(),SO) yEIP(V*)mEIP’(V)

To prove this, using (28) and the fact that the eigenfunction x — r,(x) is strictly positive and bounded on P(V)
uniformly in s € (—sg, o), we get

T —en 1 so(Gn,x
Qs (5(yaan) <e™* ) = K(S) E [e ( )Ts(an)]lw(y,an)Se_E"}

nrg(x)

C N
li(s)nE |:es ( 3f)]1{6(y,an)<e—an}} .

~

By Holder’s inequality, it follows that

1/2

c {EeZSU(Gn,x)} 1/2 [P(é(y,an) < e—an)} ) (30)

K(s)™

Q7 (5(y, Gpz) < e_m) <

It is easy to see that Ee257(Gn:?) L {E[N(gl)msq } . Since £(0) = 1 and the function & is continuous in a small

neighborhood of 0, we can choose a sufficiently small constant sy > 0 such that

sup sup <e?n,

|:Ee2sa(Gn,w)
s€(—s0,80) z€P(V) K‘(S)n

}1/2
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where co > 0 is a constant satisfying ¢y < ¢¢/4 with ¢g given in Lemma 3.8. This, together with (30) and Lemma
3.8, concludes the proof of (29) with ¢; = ¢y/4.

Step 2. The invariance of 7w, under the operator Q7 says that for any non-negative Borel measurable function
¢ on P(V), we have

ws(go):/ / o(gn---0172)Q5 ,,(dg1, . . ., dgn)ms(dz),
P(V) JGm

where QF , is a probability measure on G™ defined by (27). This, together with (29), gives that uniformly in

s,n

s € (—s0,80) and y e P(V*),
s ({z€P(V):6(y,x)<e *"}) = /P(V) QI (6(y,Gnz) <e™")ms(dx) <e” ™. (31)

We denote B, := {zx € P(V): e =1 < §(y,x) < e~*"}. Choosing a € (0,c1/¢), we deduce from (31) that
uniformly in s € (—s,s0) and y € P(V*),

1 1 = 1
ms(dx) :/ 7s(dz) + / 7s(dx)
~/]P’(V) 6(11/73:)& {zeP(V):6(y,x)>e—cm0} 6(y7x)a Z B, (5(y,$)a

n=no

oo
< e | Z esa(n+l)e—cln<+oo.

n=no

This proves (25) by the relation 75(¢) = velers) for any p € C (P(V)). The inequality (26) is a direct consequence

vs(rs)

of (25) by the Markov inequality. O

Let so be small enough. For any real s such that |s| < sg, any y € P(V*) and bounded measurable function
 on P(V') denote

V() = / o, P v,

Corollary 3.9. There exists so >0 such that for any s € (—so,0), the mapping y € P(V*) —v¥ € C(P(V))’ is
continuous for the total variation norm on C(P(V))’.

Proof. Let sy be small enough and s € (—sp,0). Let y,4/ € P(V*). Since both v¥ and v¥ are absolutely
continuous with respect to v,, we have

12 =¥ |y = / 15(2,9)° — 8(a,y')*| vs(de)
P(V)

N R A
/]P’(V) 5<x’y)—s(5(_x7yl)—s S(d )

Applying the Holder inequality gives

Y |13, < z,y) "% = 6(x,y) "% Prs(da 2,1)% v, (dx z,y ) vs(dx) | .
s S||Tv<</]?(v)6< o) — ()| (d))(/m)a( W) va(d ’)(/p(vf( ) (d))

As y' — y, the first term converges to 0 by the dominated convergence theorem, whereas the other two terms
remain bounded by Proposition 3.6. O

3.8. The explicit form of the eigenfunction for negative s

We apply the results of the previous two sections to give explicit forms of the eigenfunctions of the operators
P, and P; for s <0. Let us recall the corresponding results for s > 0 which have been established in [21]: under
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conditions A1 and A2, for any s € I:[, the functions

n@= [ s, sw= [ sy (32)

are the unique (up to a scaling constant) non-negative eigenfunctions of the operators Ps; and P, respectively.
The proof of these expressions for s < 0 is quite different from that in the case s > 0; it requires the Hélder
regularity of the eigenmeasures v, and v}, which has been established in Proposition 3.6.

First we state the cohomological equation (see [5]) which will also be useful later on: for any g € G, z =Rv €
P(V) and y=Rf e P(V*),

logd(y, gx) + o(g,x) =logé(x,g"y) + o(g",y). (33)
For the ease of the reader we include a short proof of (33). By elementary transformations,

(g0l (0]
el 5 fllgol

and, in the same way,

(v, g* )] g N lg*f]
log ——— =1 =1
ETl T % g ATl 7]

By the definition of the automorphism g*, we have (f, gv) = (v,g* f), hence the identity (33) follows.

+log f’|' — log 8(y, g2) + o9, )

log

+ log =logd(z,g9"y) +o(g",y).

Lemma 3.10. Assume conditions A1, A2 and A3. Then, there exists a constant sy >0 such that for any
s € (—s0,0), the eigenfunctions rs and % are defined (up to a scaling constant) as follows: for x € P(V) and
yeP(Vr),

n@= [ dwpwin, = [ oy (34)

Moreover, k*(s) = k(s) for any s € (—s0,0).

Proof. Let x € P(V). By Proposition 3.6, there exists sy > 0 such that for any s € (—sg,0),
o) = [ Sla)vitdy)
P(V*)

is well-defined and positive. By Corollary 3.9 (applied to the dual situation), the function ¢ is continuous on
P(V) when sg is small enough. We claim that Ps¢s = k*(s)¢s with £* from Lemma 3.5. Indeed, since ¢y is
uniformly bounded on P(V'), using the cohomological identity (33) and Fubini’s theorem we get

Pau(a) = [ o0 ( / 5<gx,y>8u:<dy>> p(dg)
G P(V*)
= [ e gy ). (35)
P(v+) JG

Note that the function y > §(x,y)° belongs to the space L'(v}). As the operator P; is positive and v} is a

S
probability eigenmeasure of P, then P can be extended to be a bounded operator on L*(v}), which we still

denote by PZ. Therefore, by (35),
Paonla) = [ PrO )i ()
P(V*)

=) [ e i) = (5)ou().

By Lemma 3.4 we get that £*(s) = k(s) and s = c¢s for some constant ¢ > 0.
The proof for r} is similar and therefore will not be detailed here. O
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To summarize, the same relations between Py, P¥, v,, v}, rq, 75 and k(s) hold for both positive and small

negative s: under appropriate conditions there exists so > 0 such that for any s € (—sp,0) U Il‘f,
Psvs =k(S)vs, Plvi=r(s)v: (36)
and

Pyrs=k(s)rs, Piri=r(s)rs (37)

x
8.4. Harmonicity of the invariant measure

Assume that s € (—s0,0) UL,
function ¢ on P(V), denote

Y(p) = z 6(m’y)su T
o= [ o) v, ). (39)

S

where sp > 0 is small enough. For any y € P(V*) and bounded measurable

Due to the regularity of the eigenmeasure v, we have 0 < §(z,y) < 1, vg-a.s. on P(V) (for large s > 0 this
follows from Theorem 2.5; for small s <0 it can be deduced from Proposition 3.6). Since the eigenfunction
is bounded and strictly positive on P(V'), the measures v and v¥ are equivalent.

Lemma 3.11. The following two assertions hold:

1. Assume conditions A1 and A2. Then, for any s € I}, the mapping y € P(V*) = v¥ € C(P(V))" is contin-
uous in the total variation norm || - ||rv.

2. Assume conditions A1, A2 and A3. Then, there exists a constant so >0 such that for any s € (—sg,0),
the mapping y € P(V*) —v¥ € C(P(V)) is continuous in the total variation norm | - ||rv.

Proof. For positive s > 0 the assertion of the lemma is easily proved due to the continuity of the mapping
(z,y) — d(x,y)® (see Lemma 3.5 of [21]). For s < 0 the assertion of the lemma follows from Corollary 3.9. O

For any g € G and y € P(V*), set

. B eso(g”,y) r*(g*y)
a:(9,y) = o) ) (39)

By (37), for any y € P(V*), the function ¢¥(g,y) is a positive density on G, i.e.

[z a.mtas) =1, (40)
and for any g € G,

q5(9,y) > 0. (41)

For any g € G, y € P(V*) and bounded measurable function ¢ on P(V'), define
gol(e)= [ elgoprda), (12)
P(V)

where vY is a probability measure given by (38). The following lemma can be viewed as a generalization of the
stationary property ms = m4Qs. For s > 0 it has been obtained in [21, Lemma 3.6].

Lemma 3.12. Assume either conditions A1, A2 and s € I:, or conditions A1, A2, A3 and s € (—s0,0) with
small enough so > 0. Then, for any y € P(V*) and bounded measurable function ¢ on P(V'), we have

W(g) = /G 9 (0)q2 (9,9)(dg).
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Proof. For short we denote 1Y (z) = ¢(z)e*198%@¥) /1*(y). By the definition (38) of the measure v¥, we have

S

)= [ @) )= [ @),
P(V) (y)

rs P(V)

From the identity Psvs(¢¥) = k(s)vs(¥Y), it follows that

Y _L Yy x\v.(dx
)= [ Pot@wiian

1 / (/ slogéd(gz,y)+so(g,x) )
= o(gr)e ' “u(dg) | vs(de).
k(8)rs(y) Jeoy \Je (o7) (o))

Using the cohomological identity (33), Fubini’s theorem and (42), we get

vile) = /<5(3)71“"(l/)/<a </IP’(V) @(917)65log(s(z’g*y)ﬂa(f"y)Vs(dT‘)> n(dg)
e57(9".y) .
:/G k(s)r*(y) </IP’(V) plgz)er o=t y)ys(dx)> wldg)
r;(g

:/G S;<s>’y

- /G ¢ (9,1)gv7 ¥ (9)u(dg),

y@)’) gu9" V() a(dg)

as desired. 0

4. Auxiliary statements
4.1. Stationary measures on finite extensions

Let G be a locally compact subgroup of G. Assume that H < G is a closed subgroup of finite index, which
means that the quotient G/H is a finite set. Let pu be a probability measure on G. Denote by Q the set of
infinite sequences (g1, go,...) and equip it with the measure u®Y . For any w € Q, set

T(w)=min{k>1: gx...q1 € H}.

The stopping time 7 is p®Y -a.s. finite, see Lemma 5.5 of [5]. Define the mapping f:w € Q'+ gr(y...91 € H.
Let g be the image of the measure M®N* by the mapping f. We call pz the probability measure induced by
w on the subgroup H. From Lemma 5.7 of [5] we have the following assertion.

Lemma 4.1. Assume that the probability measure m is p-stationary on P(V). Then m is also a pp-stationary
probability measure.

4.2. Determination of the support of the stationary measure

Since we will use facts from complex algebraic geometry, we now introduce some basic notions on complex
algebraic sets. We write V¢ for the complexification of V. For example, one can define V¢ as the space V2
equipped with the complex vector space structure defined by (a +b)(v, w) = (av — bw, aw + bv) for a,b € R and
v,w € V. One then identifies V with the set V x {0} C V2. We recall that a subset X in V¢ is algebraic if there
exist complex polynomial functions py,...,pr on Vg such that X = {v € Vg :p1(v) =... = pr(v) = 0}. We say
that X is homogeneous if for every ¢t € C and v € X it holds that tv € X. The topological space X is called
Noetherian if every non-increasing sequence of closed subsets is eventually constant.

We also need the projective space of Vi, which is defined in a similar way: P(V¢) is the set of elements
x = Cuv, where v € V¢ \ {0}. A subset Y of P(V¢) is algebraic if there exists an algebraic homogeneous subset
X whose projective image is Y. With this notion, a set X in V is (real) algebraic if and only if there exists a
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complex algebraic set X’ such that X = X’ NV. In the same way, a set Y in P(V') is (real) algebraic if and only
if there exists a complex algebraic set Y’ such that Y =Y’ NP(V).

From the Noetherian property of the ring of polynomial functions it follows that the sets defined as zeros
of infinitely many polynomials are also algebraic. This implies that the algebraic sets are precisely the closed
sets of the Zariski topology. The set GL(V¢) is a Zariski open subset of the complex vector space End(V¢) of
complex endomorphisms of V¢, so we can equip it with the Zariski topology of End(V¢). The closure of a set
Y in the Zariski topology is denoted by Zc(Y).

The limit set of the semigroup I',, is a subset of P(V¢) defined as follows:

A(T,) ={xg : g €T, g is proximal}.

It is well known that, under conditions A1 and A2, A(T',) is the smallest nonempty closed I',-invariant set in
the projective space ]P’(’é_l.

Lemma 4.2. Assume either conditions A1, A2 and s € I:[, or conditions A1, A2, A3 and s € (—sg,0) with
small enough sy > 0. Then the support of vy is A(T',,).
Proof. If we apply Lemma 3.1 with 7= P, and X = A(I',), then we obtain that P; admits an eigenmeasure
which is concentrated on A(I',). By the uniqueness of the eigenmeasure vy (see (14) and Lemma 3.5), we get
vs(A(T,,)) = 1. This proves that the support of vy is contained in A(T,).

Conversely, let us prove that for any nonempty open subset U C A(T',) it holds that v,(U) > 0. To show
this we fix some point « € supp(vs). Since the orbit ',z is dense in A(I',), we can find an integer n € N and
g € supp(p)™ such that gz € U. As supp(u)™ is the support of the measure p*", we get

P(G,zeU)>0.

This gives
P'y(z)=E (es“(c”"x)]l{cnzeU}) >0.

Since the function P! (1) is upper semi-continuous, the set
V={a"eP(V): PM1y(z") >0}

is open. By assumption V Nsupp(vy) is nonempty, hence v4(V) > 0 and vs(P1y) > 0. It follows that vs(U) =
k() "vs(P™My) > 0, as required. -

Remark 4.3. Let I'}, be the adjoint semigroup of I',,, which is a subsemigroup of GL(V*). Then assumptions
A1 and A2 hold for T}, if and only if they hold for I',. In particular, there exists a smallest nonempty closed

' -invariant subset in the dual projective space P(V*), which will be called limit set and denoted by A(T).

Let H, = Zc(T',) be the Zariski closure of '), in GL(V¢). Define X, = Zc¢(A(T'),)) = Zc(suppv). Note that
X, is an algebraic subset of P(V¢).

Lemma 4.4. Assume conditions A1 and A2. The algebraic set X, is the unique closed H,-orbit in P(Vc). In
particular, every nonempty Zariski closed H, -invariant subset contains X, .

Proof. It is a general fact in algebraic geometry (we refer to Borel [7, Corollary 1.8, p.53]) that there exists
2o € P(V) such that Yy = H, xq is a Zariski closed orbit. We shall prove that X, =Yj.

The orbit Yy is also analytically closed and, moreover, it is I',-invariant (if g € I';, then ¢gYy = gH,z0 =
{99'x0: g € H,} CY, as g¢' € H,). Therefore, the minimal closed I',-invariant set A(I',,) is contained in Yp:
A(T,) C Y. This implies that X, = Zc(A(T'),)) C Ze(Yy) = Yo, since Y) is Zariski closed. So we have showed
that X, C Yp.

Now we prove the converse inclusion Yy C X,. Since X, is a I',-invariant Zariski closed subset, by the
continuity of the map g € GL(V¢) — gx € P(V¢) in the Zariski topology for any x € P(V¢), the set X, is also
H,-invariant. This means that H,X,, C X,. We know that for any x € Y} it holds that H,,x = Y}. Since X, C Yy,
we have that H,x =Y for any x € X,,. This implies that Yy = H,x C X, which concludes the proof. O
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To avoid any confusion with the notion of strong irreducibility of the set I', introduced before, let us recall
the notion of irreducibility of an algebraic subset. We say that an algebraic subset Y is irreducible if Y cannot
be represented as the union of two proper closed algebraic subsets of Y.

Lemma 4.5. Assume conditions A1 and A2. Then, the algebraic set X,, is irreducible.

Proof. Let Hg be the Zariski connected component of H, which contains the unit element of G. Note that
Hﬂ is a finite index Zariski closed subgroup of H,,.

Let po be the measure on H2 induced by the measure p through the mapping f as explained in Section 4.1.
By Lemma 4.1, the probabilty measure v defined by (10) is ug-stationary. By the construction of po we have
Ty=TunN Hg. Since any finite index subgroup of a strongly irreducible group is still strongly irreducible, it
follows that I',,, is strongly irreducible (we note that the irreducibility is not necessarily preserved). It is also
proximal since any positive power of an element of I', is also proximal. By the result of Furstenberg [13] the
measure [y has a unique stationary probability measure vy on P(V) which (by uniqueness) coincides with v.
This implies that X, = X,, = Zc(supp o) = Zc(A(T,))-

Applying Lemma 4.4 with p instead of i, we conclude that X, = X)) is an Hy-orbit in P(V). Since H}) is
connected (and therefore irreducible as an algebraic set), we conclude that X, is irreducible as the image of
Hﬂ by the Zariski continuous mapping g € Hﬂ — gro € X, O

4.8. The maximum principle

We shall use repeatedly the following simple fact which we call maximum principle.

Lemma 4.6. Let ¢: (X,P)— R be a measurable function on the measurable space X equipped with the prob-
ability measure P which satisfies ¢(x) < B, P-a.s. and [ ¢(x)P(dx) =, where S € R is a real number. Then
¢=0, P-a.s.

5. Proof of Theorem 2.2

We shall prove the following statement which implies Theorem 2.2. All over this section we assume conditions
A1l and A2. First we recall that by the definition of X, (see Section 4.2) we have X, = Zc(suppv), so that
v(X,)=1

Proposition 5.1. For any proper algebraic subset Y of X,,, it holds v(Y') =0.

We need to recall some elementary notions from algebraic geometry (see, for instance Borel [7]). We say that
a topological space X is irreducible if and only if X cannot be written as X = X; U X5, where X; and X, are
proper closed subsets of X. Recall that a topological space X is Noetherian if every non-increasing sequence
of closed subsets is eventually constant. Any Noetherian topological space can be written as a finite union of
closed irreducible subsets.

The (combinatorial) dimension of a Noetherian topological space X is the maximum length [ of sequences
XoC...C...X; of distinct irreducible closed sets in X:

dim(X)=sup{l: X0 C...C... X; C X} e NU{o0}.

From this definition it is obvious that if X is irreducible and has finite dimension then any proper closed subset
of X has strictly smaller dimension.

It is known that the projective space P(V¢) is irreducible and Noetherian for the Zariski topology with
dim(P(V¢)) = d—1. In the following by the dimension of an algebraic subset of P(V') we mean the combinatorial
dimension.

Denote by 4(X,,) the set of irreducible algebraic subsets Y of X,,. Set

do=min{l <r<d:Y eA(X,), dim(Y)=r, v(Y)>0}.

It is easy to see that dp < dim(X,)<d—1.
Lemma 5.2. Let Y be an algebraic subset of P(V¢) with dim(Y) < do. Then v(Y) =0.
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Proof. Write Y as a union of irreducible algebraic subsets Y1,...,Y,. of P(V¢): Y =Y U...UY, (see Proposition
1.5 of Hartshorne [23]). As each Y}, has dimension strictly less that dy, we have v(Y};) =0, by the definition of
dp. So v(Y) =0. O
We will establish the following assertion, which is the key point in the proof of Theorem 2.2.
Proposition 5.3. The dimension of X, is do: dim(X,,) = do.
The proof of this proposition requires some additional assertions. For any ¢ > 0, set

Wo(e) ={Y e A(X,) : dim(Y)=dy, v(Y) >c}.

We start by showing that this set is finite.
Lemma 5.4. For any ¢ >0, the set Wy(c) is finite. Moreover card Wy(c) < ¢ L.

Proof. Let Y7,---,Y, be two by two distinct elements of Wy(c). For any 1 <i < j <r, the intersection ¥; NY;
is an algebraic subset of dimension strictly smaller than dy. By Lemma 5.2 we have v(Y; NY;) = 0. This implies

that v(YiU---UY,)>ecr,sor <c . O
Set
B=sup{r(Y):Y e A(X,), dim(Y)=do}. (43)

In the following it is important to show that the supremum in (43) is attained.

Lemma 5.5. The following mazimum is attained,
f=max{r(Y):Y e A(X,), dim(Y)=do}.
Proof. As 8> 0, we have

B=sup{v(Y):Y e Wy(5/2)}.

By Lemma 5.4, the set Wy(8/2) is finite. Therefore, the supremum is attained. O

All the algebraic sets Y € 2(X,,) for which the maximum f is realized are collected in the set
W=A{Y eA(X,): dim(Y)=dy, v(Y) =0},

which is finite by Lemma 5.4 (as a subset of Wy(8)).

Lemma 5.6. The set W is I';-invariant, which means that for any g €'y, and any Y € W we have that
gy ew.

Proof. Let Y be an element of W. Since the measure v is u-stationary, we have

V(¥ = / o9 Y ) u(dg).

“w

For any g € ', we have that ¢7'Y € 2(X,) and ¢~'Y has dimension do, hence v(g~'Y") < 3. Since

B=v(Y) :/r v(g~'Y)u(dg),

n

by the maximum principle (see Lemma 4.6), we get that v(g7'Y) = 3 for p-almost all g € T',,. Since W is
finite (by Lemma 5.4), we get that ='W =W for p-almost all g € T',,, and that the set {g €T, : g~'W =W}
is closed. We have shown that it has p measure 1, therefore it contains the suppu (by the definition of the
latter). This means that for any g € supp p we have g='W C W. Since the cardinality of W is finite, we get that
g~ W =W for any g € supp . By the definition of the support of the measure p, the last statement implies
that g~ W =W for all g €T,,. Since g~*W =W is equivalent to gV =W for g € T}, the assertion follows. [
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Proof of Proposition 5.3. By Lemma 5.6, the set W is I',-invariant (I', W C W), and by Lemma 5.4, the
set W is finite. Therefore, the set Z = Jy ) Y is a Zariski closed I',-invariant algebraic subset in X,. As I',,
is Zariski dense in H,, = Zc(I',,), the algebraic set Z is H-invariant. By Lemma 4.4, we have that X, C Z. On
the other hand Z C X, so Z = X, which reads as X, = Jy ¢y Y. According to Lemma 4.5, X, is irreducible,
hence we get X, =Y for some Y in W. In particular, dim(Y") = dy = dim(X ), which concludes the proof of
Proposition 5.3. O

Now we show that Proposition 5.3 implies Proposition 5.1.

Proof of Proposition 5.1. Let Y be an algebraic subset of X,, with v(Y) >0 and let us show that ¥ =
X,.. By Proposition 1.5 of Hartshorne [23], we can decompose the set Y into a union of Zariski closed and
Zariski irreducible subsets Z1,...,Z, of X,,: Y =2, U...UZ,. Then, there exists k such that v(Z;) >0, and
hence dim(Z) > dp = dim(X,,), by Proposition 5.3. It follows that Z, = X,,, hence Y = X, as claimed by our
assertion. O

Now we prove that Proposition 5.1 implies Theorem 2.2.

Proof of Theorem 2.2. Let Y be an algebraic subset of the projective space P(Vg). If X,, CY, we have
v(Y) > v(X,)=1. Otherwise, Y N X, is a proper algebraic subset of X,,. Since v(X,) =1, we have v(Y) =
v(Y NX,) =0, by Proposition 5.1. The assertion of the theorem now follows from the fact that an algebraic
subset of P(V) is the intersection of an algebraic subset of the projective space P(V¢) with P(V). O

6. Proof of Theorems 2.6 and 2.8

We shall first prove the following;:

Proposition 6.1. Assume conditions A1 and A2. Then, for any s € I,j‘ and for any proper algebraic subset
Y of X, it holds vs(Y) =0.

Proposition 6.2. Assume conditions A1, A2 and A3. Then, there exists a constant sg >0 such that for any
5 € [=50,0) and for any proper algebraic subset Y of X,,, it holds vs(Y') = 0.

We will see at the end of this section that Propositions 6.1 and 6.2 imply Theorems 2.6 and 2.8, respectively.

To establish Propositions 6.1 and 6.2 we stick to the proof of Guivarc’h and Le Page [21]. The proofs that
we give below will work in both cases s € IF and s € [~s0,0), where so > 0 is small enough.

We need a series of auxiliary statements. We use the notation 2(X,,) from Section 5 and v¥ from Section
3.4. For any y € P(V*) define

do=min{1 <r<d:Y eA(X,), dim(Y)=r, v¥(Y) > 0}.
Since the measures v¥ and vy are equivalent, there is no dependence on y in the above definition of dy, so that
do=min{l <r<d:Y eA(X,), dim(Y)=r, vs(Y)>0}.

It easy to see that dy < dim(X,) <d—1.
Lemma 6.3. Let Y be an algebraic subset of P(V¢) with dim(Y') < dy. Then vs(Y) =0.

Proof. The proof being similar to that of Lemma 5.2 is left to the reader. O

In the sequel we are going to prove the following assertion.
Proposition 6.4. It holds that dim(X,,) = dy.

We shall show below that Proposition 6.4 implies our Propositions 6.1 and 6.2.
The proof of Proposition 6.4 is based on several lemmas. For any ¢ > 0, set

Wi (e) ={Y e A(X,) : dim(Y) =do, v¥(Y) >c}.

Lemma 6.5. Let ¢ >0 be a constant. Then, for anyy € (P*1", the set WY (c) is finite. Moreover card WY (c) <
—1
ch



A zero-one law for invariant measures 19

Proof. Let Y7,---,Y, be two by two distinct elements of W (c). For any 1 <14 < j <r, the intersection Y; NY;
is an algebraic set of dimension strictly smaller than dy, hence by Lemma 6.3, v¥(Y; NY;) = 0. This implies
that v¥(YU---UY,)>cr,sor<c L. O

Proceeding as in the proof of Lemma 5.5, from Lemma 6.5 it follows that for y € P(V*), the number
h(y) =max {v¥(Y):Y € A(X,), dim(Y)=do} (44)

is well-defined and the max is attained. By Lemma 3.11, the function h:P(V*) — R, is continuous and thus
attains its maximum on P(V*). Therefore, we can define

p= e h(y). (45)

Lemma 6.6. If h(y) = for some y € P(V*), then h(g*y) =5 for all g €T',. In particular h(y) = for all
yE A(F;).

Proof. Assume that y € P(V*) and h(y) = 8. Using (44) and (45), we see that there exists Y € 2(X,,) such
that v¥(Y) = 3. Note that 1y (gx) = 1,-1y (x) for x € P(V). By Lemma 3.12, it holds that

5=V = [ v a™ Y )ai 0.0)n(do). (46)
Since g~'Y is an irreducible algebraic subset of dimension dy, we have that for any g~ €T,
v (gTY) < B, (47)

From (46), (47) and the fact that ¢¥(g,y)u(dg) is a probability measure, by the maximum principle (Lemma
4.6), it follows that v? ¥(g~'Y) = for qg( Y )du almost all g € G. Using the fact that the measures ¢¥(-,y)du
and p are equivalent, we obtain that v9 ¥(¢g~'Y) = 8 for p-a.s. g € G. Therefore, h(g*y) = 8 for p-a.s. g € G.
Since the function h is continuous on P(V*), we conclude that h(g*y) = 8 for all g € supp i, hence, by iteration,
forall geI',.

To prove the second assertion, define

Z={yeP(V*): h(y)=B}. (48)

The set Z is nonempty and, since the function h is continuous, it is closed. From the first assertion of the
lemma we have I';,Z C Z. Since A(I'},) is the smallest nonempty closed I'j-invariant set (by Remark 4.3), we
get A(T'}) C Z. Therefore, by the definition (48) of Z, we conclude that h(y) = j for all y € A(T},). O

For any y € P(V*), we collect all the algebraic sets Y € A(X,) for which h(y) defined by (44) is realized, in
the set

Wly) = {Y €A(X,): dim(Y) =do, v2(¥) =h(y)}. (49)

In the same way as in the proof of Lemma 5.5, using Lemma 6.5 one can show that W(y) is a finite set:
card(W(y)) < co. For any y € P(V*), set

n(y) = card(W(y)). (50)

Note that for any Y € W(y) we have v¥(Y) = h(y) = B. So, by Lemma 6.5 we get that n(y) < 4! for any
y € P(V*). Set

r=max{n(y): y€P(V"), h(y) =pF}.

Lemma 6.7. Suppose that y € P(V*) is such that h(y) = 8 and n(y) =r. Then h(g*y) = and n(g*y) =r for
all g €Ty, In particular h(y) = B and n(y) =r for all y € A(T'},).
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Proof. Define for any y € P(V*),
h.(y) = max{vg(Y) Y =Y1U---UY,, Y, €A(X,),dim(Yy) =do, 1 <k < 7‘}.

By Lemma 3.11, the function h, is continuous on P(V*). We claim that for any y € P(V*), we have h,.(y) < fr
and equality holds if and only if A(y) = 8 and n(y) = r. Indeed, for Y1,...,Y, from the definition of h,., (44) and
(45) imply that v¥(Yy) < B, thus h,(y) < Br. Moreover, if h,(y) = Br, then there exist Y7,...,Y, € A(X,) with
dim(Yy) = dp for 1 < k <r such that v¥(Y) = r, where Y =Y; U---UY,.. Then, necessarily the sets Y7,---,Y,
are two by two distinct and v¥(Y;) = for any 1 <i < r. Thus h(y) = and n(y) =r. The converse statement

is obvious.
Therefore, to prove the first assertion of the lemma we need to show that the set {y € P(V*): h,(y) = fr}
is I'}-invariant. For any y in this set, let ¥1,...,Y, € A(X,) be such that dim(Yy)=dp for 1 <k <r and

v¥(Y) = pr, where Y =Y U---UY,. Using Lemma 3.12, we get
Br=ul(ViU--UY) = [ ol (g (¥ U+ UY) gl utd).
G

Since v¥(g~ (YL U---UY,)) < Br for any g € G and y € P(V*), by the maximum principle (Lemma 4.6), it
follows that ¢*(-,y)du-a.s.

vg*y (g_l(Yl U---u YT)) =fr.

This means that h,(g*y) = Sr for ¢¥(-,y)du almost all g € G. Since the measures ¢¥(-,y)du and p are equivalent,
we deduce that h,.(¢g*y) = Br holds for p almost all g € G. Thus we have proved that h,.(y) = Sr implies h,.(g*y) =
Br p-a.s. for p almost all g € G. Since the function h is continuous on P(V*), it follows that h,(g*y) = Br for
all g € supp p and hence for g € I';,. This means that I'}, Z, C Z;., where

Zy={yeP(V"): h.(y)=pr}.

By Lemma 6.6, we know that I'; Z C Z, where Z is defined by (48). Therefore I';,(Z, N Z) C (Z, N Z). Noting
that

ZrNZ={yeP(V"): h(y) =B, n(y) =1},

we get the first assertion of the lemma.

Now we prove the second assertion. Since the function h,. is continuous, the set Z, is nonempty and closed.
We have seen in the proof of Lemma 6.6 that the set Z is also nonempty and closed. Recalling that A(I'}) is
the smallest closed I'},-invariant set (by Remark 4.3), we obtain A(I';,) C Z. N Z, which is precisely the second
assertion. O

Lemma 6.8. The mapping y € A(T'},) — W(y) is locally constant. In particular, the number of distinct values
of this mapping is finite, i.e.

card {W(y): ye A(T'},)} < oo.
Proof. For any y € P(V*), set
e(y) =max{v?(Y): Y e A(X,), dim(Y)=dy, v¥(Y) < S},

where the maximum is attained (this can be established using Lemma 6.5 in the same way as in the proof
of Lemma 5.5). Equip the space C(P(V'))" of complex valued Borel measures on P(V') with the total variation
norm || - ||rv. Since e(y) < 3, by the continuity of the mapping y € P(V*) — v¥ € C(P(V))’ (see Lemma 3.11),
we get

eo= sup &(y)<p.
yeP(V*)

Note that any algebraic subset Y has the following property:

vi(Y)=8 or v{(Y)<eo. (51)
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On the compact set A(I'},) there exists a neighborhood U, C A(T',,) of y such that for any y' € U,,

[v¥ = v [lrv < B — 0. (52)

Let Y1,...,Y, be the elements of W(y) that realize 3, i.e. v¥(Yy) =08, k=1,...,r. In particular, this implies
that

v/(Y1U...UY,)=pr (53)
Then, by (52) and (53),
V(YU UY,) —o? (M U...UY,)| = |Br—o? (Y1 U...UY,)| < B — e (54)

By (51) we have either v¥ (Y3) = or v¥ (Yz) < e, for k=1,...,7. If there exists Y such that v¥ (¥3) < &0,
then this will lead to a contradiction. Hence we get that v¥' (Y3) = for k=1,...,r, so that W(y') C W(y). In
turn, since card W(y) = card W(y') = r, we obtain that W(y) = W(y’) for any y’ € U,, which means that the
mapping y — W(y) is locally constant on A(T'},).

Since A(I'}) is a closed set of the projective space P(V*), it is also compact. We know that any locally
constant mapping on a compact set has a finite range. Therefore, the mapping y+— W(y) on A(T}) takes only
finitely many values. This proves the second assertion. O

Lemma 6.9. For any y € A(T'},), we have W(g"y) =g "W(y) for p-a.s. all geT,,.

Proof. Let y € A(T'},) and Yi,...,Y, be two by two distinct elements of W(y) that realize 3, i.e. such that
Y € A(X,), dim(Yy) = do and v¥(Yy) = 3 for any k=1,...,r. Since the sets Y7,---, Y, are two by two distinct,
for any 1 <14 < j <, the intersection Y; NY; is an algebraic set of dimension strictly smaller than dy, in view
of Lemma 6.3 it holds that v¥(Y; NY;) = 0. This implies Br = v¥(Y; U---UY,). Taking into account Lemma
3.12, we have

pr=vi(V1U---UY,)= /Gvé’*y (97" (V1 U---UYL)) (g, y)u(dg).

Since v¥ (g~ (Y1U---UY,)) < Br for any y € P(V*), by the maximum principle (Lemma 4.6), it follows that
p-a.s. on G, and therefore following the same reasoning as in the proof of Lemma 6.7 for all g € supp u,

vV (g iU UY)) = B

Note that vfj*y(g_lYi) < B, so that for all g € supp u,

T

Br=uvl¥ (g7 (ViU UY,)) <D ol Mg Vi) < Br
=1

This implies that v9 ¥(g~'Y;) = 8 for all g € suppp and i =1,--- ,r. Thus g~ " W(y) C W(g*y) for all g € supp p.
Noticing that both sets have the same cardinality r, we obtain that ¢g=*W(y) = W(g*y) for all g € supp . The
desired assertion follows. O

Proof of Proposition 6.4. The proof is similar to that of Proposition 5.3. Set

w= J Ww).

yeA(Ty)

By Lemma 6.9, the set W is I',-invariant: I', )W = W. By Lemma 6.8, the set W is finite, hence Z :=Jy ¢y, Y
is a nonempty I',-invariant algebraic subset in X,,. Since I',, is Zariski dense in H,, = Zc(T',), the algebraic set
Z is H,-invariant. By Lemma 4.4 X, is the minimal H,, invariant algebraic subset, so X, C Z. On the other
hand, we have Z = Jy ¢y, Y C X, therefore, we get Z = X,. This reads as X, = Jy Y. From Lemma 4.5,
we know that X, is irreducible, therefore, we obtain that X,, =Y for some Y in W. In particular, it holds that
dim(Y") = dyp = dim(X,), which concludes the proof of Proposition 6.4. O
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We are now prepared to prove Propositions 6.1 and 6.2. The proof is based on Proposition 6.4 and the
arguments already used in Section 5.

Proof of Propositions 6.1 and 6.2. Let Y be an algebraic subset of the set X, with v4(Y) > 0. As the set
Y can be reducible, we decompose it as a finite union of irreducible algebraic subsets. Specifically, according
to Proposition 1.5 of [23], there exist irreducible algebraic subsets Zi,...,Z, such that Y =2, U ... U Z,.
From vs(Y) >0, it follows that v5(Z;) > 0 for some 1 < k < r. Recalling that do is the minimal dimension of
irreducible algebraic subsets U satisfying vs(U) > 0, we get dim(Zy) > dy. By Proposition 6.4, we know that
dim(X,,) = do. Hence we have dim(Z) > dp = dim(X,,). This implies that Z; = X, hence Y = X,. The latter
obviously proves the claims of Propositions 6.1 and 6.2. O

We end the section by establishing Theorems 2.6 and 2.8.

Proof of Theorems 2.6 and 2.8. Let Y be an algebraic subset of the projective space P(V¢). If X, C Y,
we have v4(Y) > v4(X,) =1, by Lemma 4.2. Otherwise, Y N X, is a proper algebraic subset of X,,. Since
vs(X,) =1, it follows that v4(Y) =v,(Y N X,) =0, according to Propositions 6.1 and 6.2 for s >0 and s <0
respectively. The assertion of both theorems now follows from the fact that an algebraic subset of P(V') is the
intersection of an algebraic subset of the projective space P(V¢) with P(V). O

7. Proof of local limit theorems for coefficients

In this section we show how to apply the zero-one law for the stationary measure v to establish a local limit
theorem for the coefficients (f,G,v) of the random walk G,,, which to the best of our knowledge cannot be
found in the literature.

7.1. Auziliary results

Let us fix a non-negative density function p on R with [, p(u)du = 1, whose Fourier transform p(t) =
fR e~ "p(u)du, t € R, is supported on [—1,1]. For any 0 < e < 1, define the rescaled density function p. by

pe(u) = 1p(%), u € R, whose Fourier transform has a compact support on [—e~*,e7!]. Set B.(u) = {u € R:
|u' — u| < e}. For any non-negative integrable function 1, we define

gt = sup P() and Yr(w= inf (), weR (53)
u’ €Be (u) u’ €Be (u)

We need the following smoothing inequality from [17], which gives two-sided bounds for the function .

Lemma 7.1. Suppose that ¢ is a non-negative integrable function and that v+ and v are measurable for any
€ > 0. Then, there exists a positive constant C,(e) with Cy(e) =0 as € =0, such that

depa) = [ w)p () 9 < (L G wpaw), ueR
w|>e
Define the perturbed operator P;; as follows: for any ¢ € R and ¢ € C(P(V)),
Palp)a) = [ 700 N p(ga)u(dg), x B(V). (56)

G

The following proposition which is taken from [29] will be used in the proof of Theorem 2.9. Recall that v is the
unique stationary measure of the Markov chain (G,,z),>0 on the projective space P(V). Let ¢ be a y-Holder
continuous function on P(V'). Assume that ¢ : R— C is a continuous function with compact support in R, and
moreover, ¥ is differentiable in a small neighborhood of 0 on the real line.

Proposition 7.2. Assume conditions A1, A2 and A8. Then, there exist constants § >0, ¢ >0, C >0 such
that for all x € P(V), || < ﬁ, peB,andn>1,

Ve [ ) @00t — VI (0)

C C !/ —Ccn
<%Hwﬂwrg||90||v§|u§(\¢(t)|+Iw (®)) + Ce \l@Hw/le(t)ldt-
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The explicit dependence of the bound on the target function ¢ as well as the rate of convergence established
in Proposition 7.2 will be used in the proof of Theorem 2.9.

7.2. Proof of Theorem 2.9

The goal of this subsection is to establish Theorem 2.9 using Theorems 2.1 and 2.2, Lemma 3.8 and Proposition
7.2.

Proof of Theorem 2.9. The basic idea is to decompose the logarithm of the coefficient log|(f, G,v)| as a

sum of the norm cocycle o(G,,,x) and of logd(y, G,x), where x =Rv € P(V) and y =Rf € P(V*) with |v|=1
and |f| =1, see (3). Specifically, we have the decomposition:

J:= a\/%]P’(logKf, Gnv)| —nA e [al,ag})
= U\/%]P’(SZ +logd(y,Gpx) € [al,ag]), (57)

where

Sy =log|Gpv| — nA.
For any fixed small constant 0 <7 < 1, we denote

I = (—nk,—n(k —-1)], keN".
In the sequel, let |a| denote the integral part of a € R. To apply limit theorems established for the norm cocycle
log |G, v|, we are led to discretize the function x — logd(y, ) to obtain that: with a sufficiently large constant

Cy >0,

J =oV2mnP( Sy +10g(y, Gna) € [ar, az], 10g(y, Gu) < —|C: logn) )

|C1logn|
+oV2mn Z IF’(S}; +1logd(y,Grx) € a1, a2, logd(y,Gpz) € Ik)
k=1

=:J1+ Jo.

Upper bound of Jy. The term Jj is easily handled by using the fact that, with very small probability, the
Markov chain (Gpz)n>0 stays close to the hyperplane ker f. Indeed, by Lemma 3.8, we get that there exists a
constant ¢, > 0 such that

J1 <oV 27mIP’<log5(y, Gpx) < —n|Cy lognj) <oV2rneenlCilosnl (58)

as n — 00, since the constant C; > 0 is sufficiently large.
Upper bound of Jo. Note that on the set {logd(y,Gnrz) € I}, we have 0 <logd(y,G,z) + nk <n and hence

|C1logn]
J2<ov2mn Y ]E(1{85fnke[al’am]}ﬂ{log«s(y,cnm)eu})~
k=1

We denote 91(u) = Liuelay,antn}> ¥ € R, and PF (u) = sup,ep_ () ¥1(u’) as in (55), for 0 < e < 1. Using the
upper bound in Lemma 7.1 gives

|C1logn]
o <(1+Cp(e)ov2mn Y E [ %p2) (S — nk) L fog(y,Gra)ets}) - (59)
k=1
For small enough constant €; > 0, we define the density function p., by setting pe, (u) == é(l = ‘Elll) for

u € [~e1,e1], and pg, (u) = 0 otherwise. For any k € N*, with the notation xx(u) := lyer,} and X;:al (u) =
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SUPyreB, | (u) Xk (u'), one can check that

Xk (1) < O, *Pen) (W) X oe, (1), wER. (60)

For y € P(V*), we denote for short ¢} (z) = (X;61 * pe, ) (logd(y,x)), x € P(V), which is Hélder continuous on
P(V). Using (60) leads to

|C1logn]|

T2 < (14 Cple))ovamn Y E[p](Gna) (9 #pe2)(S5 — k)] - (61)
k=1

Denote by ¢ the Fourier transform of /%, then by the Fourier inversion formula,

1 A
whpatn) =5 [ SO OFa0, ueR
27T R

Substituting u = .S}, — nk and using Fubini’s theorem, we obtain

LCllognJ
J< (14 \f e~ P () ()0 (072 (1)t (62)

where Pj; is the perturbed operator defined by (56). We shall apply Proposition 7.2 to deal with each integral

in (62) for fixed k > 1. Note that e P Llasno 00, unlformly in 1 <k < |Cylogn]. Since the function @*ﬁs

is compactly supported in R, using Proposition 7.2 with ¢ = ¢}, ¢ = wa pe2 and [ = "k , we obtain that for any
fixed k > 1, as n — oo, uniformly in feV*and veV with |f|=1 and |v| =1,

27T

[Pyt ) (e (Ot = T2 002 O(e)| < =l

Note that p.2(0) =1 and

’(Z:(O) = / Sup '(/];_ (ul>du = / 1{u€[a175,a2+n+6]}du =az —a;+n+ 2.
R R

y' €B: (u)
One can calculate that y-Holder norm [|¢} |, is dominated by C%, uniformly in y € P(V*). Taking
sufficiently small v > 0, we obtain that the series n ZLCI togn] % converges to 0 as n — oo. Conse-

quently, we are allowed to interchange the limit as n — oo and the sum over k in (62) to obtain that, uniformly
in feV*and veV with |f|=1 and |v| =1,

limsup J, < (1+ Cy(e))(az — a1 +n+2¢) > _ v(p}). (63)
k=1

n—roo

Observe that for any z € P(V),

Y

on(x) < ]1{ logé(y’_)elk} (:L’) + ]l{ log 5(y,-) €Ik e, } (ZL’), (64)
where Ij, ., = (—nk —2e1,—nk] U (—n(k—1),—n(k — 1) 4 2¢1]. For the first part in (64), we have that for any
y e P(V*),

oo

3 V(as cP(V):logd(y,z) € Ik> —1. (65)

k=1

For the second part in (64), we need to apply Theorem 2.1 and the zero-one law for the stationary measure v
established in Theorem 2.2. By the Lebesgue dominated convergence theorem, we get

E = Ellig(); V(CL‘ eP(V):logd(y,x) € Ik’gl)
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M

1/<x eP(V):logd(y,x) = fnk) + i V(x eP(V):logé(y,z) =—n(k — 1))
k=1

1 =

e
Il

|
Wt

1/(96 eP(V):logd(y,z) = —nk),

S
Il

1

where in the last equality we used Theorem 2.1. We are going to apply Theorem 2.2 to prove that £ =0. In
fact, for any y € P(V*) and any set Y, ; = {z € P(V) :log§(y,z) =t} with ¢t € (—00,0), by Theorem 2.2 it holds
that either v(Y,;) =0 or v(Yy,) =1. If v(Y, ;) =0 for all y € P(V*) and t € (—00,0), then clearly we get that
E=0.1If v(Yy,) =1 for some yo € P(V*) and ¢y € (—00,0), then we can always choose 0 <7 <1 in such a
way that —nk # to for all k > 1, so that we also obtain E =0 for all y € P(V*). Therefore, combining this with
(63), (64) and (65), letting first ¢ — 0 and then n — 0, and noting that C,(¢) — 0 as € — 0, we obtain the upper
bound: uniformly in f € V* and v € V with |f| =1 and |v| =1,

limsup Js < as —ay. (66)

n—roo

Lower bound of Js. Since 0 < logd(y, Gpx) + nk < n on the set {logd(y, Gpx) € I}, we have

|C1logn]
VELACZTEDS E[]l{S%*nke[aﬁn»arn]}ﬂ{log5(y7Gnm)€Ik} :
k=1

We denote 92(u) = Liyea;,as4n)}, ¢ € R, and recall that ¢ (u) = inf, cp_(u) 2(u') is defined by (55), for
0 <e<1. By Lemma 7.1, we get

|C1logn]
J2 = ov2mn Z E [(wa_ *p82)(55 - nk)]l{logfs(y,G’na:)GIk}]
k=1

[C1logn]
—oV2mn Z / | E [t (Sy = nk — 0) 1 1o 5(y,Grayerst] P2 (w)dw
k=1 lwlze
= J3 - J4. (67)

For any k € N, define xx(u) :=L{uer,y and x;, ., (u) =infyep, () xk(u'). It is easy to verify that

X () 2 (X o, *Per) (W) 2 X e, (1), wER, (68)

where pg, is the density function introduced in (60). For short, we denote @j(x) = (X, * =, )(logd(y,z)),
x € P(V'), which is Holder continuous on P(V').
Lower bound of Js. Using (68), we get

|C1logn]
Js=oV2mn > E[GH(Gax) (s pe2)(Sy — k)] -
k=1

In an analogous way as in the proof of (63), we obtain

liminf J3 > (a2 — a1 — 21 — 2¢) Z v(@y). (69)
k

n—00
=1

Proceeding in a similar way as in the proof of the upper bound (66) for Ja, using Theorem 2.2, we can obtain
the lower bound for J3: uniformly in f € V* and v € V with |f| =1 and |v| =1,

liminf lim inf lim inf J3 > as — a3. (70)
n—0 e—=0 n—oo
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Upper bound of Jy. Note that 1= < 1, then it follows from Lemma 7.1 that ¢/ < (1 +Cp(5))121\j,552. Moreover,
using (60), we get Liiog5(y,Gna)eln} < (X;E1 * Pe, )(Grx). Similarly to (62), we have that Jy defined in (67) is
bounded from above by

o |C1logn] . N
G5 X [ [ [ re e 0 0] oo

Applying Proposition 7.2 with ¢ = ¢} and ¢ = 1}2‘ pe2, it follows from the Lebesgue dominated convergence
theorem that

|C1logn]
lminf /i < (1+C(0) Y v 052(0) [ palwidn 0,
n—oo Pt lw|ze

as € = 0. Combining this with (67) and (70), we get the lower bound for Jz: uniformly in f € V* and ve V
with |f| =1 and |v| =1,

liminf Jo > ay — aq. (71)
n—roo
Putting together (58), (66) and (71), we conclude the proof of Theorem 2.9. O
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