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ASYMMETRIC ATTRACTIVE ZERO-RANGE PROCESSES WITH PARTICLE DESTRUCTION AT
THE ORIGIN

CLEMENT ERIGNOUX, MARIELLE SIMON, AND LINJIE ZHAO

ABSTRACT. We investigate the macroscopic behavior of asymmetric attractive zero-range processes on Z
where particles are destroyed at the origin at a rate of order N, where 8 € R and N € N is the scaling
parameter. We prove that the hydrodynamic limit of this particle system is described by the unique entropy
solution of a hyperbolic conservation law, supplemented by a boundary condition depending on the range
of B. Namely, if f = 0, then the boundary condition prescribes the particle current through the origin,
whereas if f < 0, the destruction of particles at the origin has no macroscopic effect on the system and no
boundary condition is imposed at the hydrodynamic limit.

1. INTRODUCTION

Asymmetric and conservative particle systems are among the most interesting microscopic dynamics
currently under investigation in statistical physics. Their macroscopic behavior, due to the microscopic
asymmetry of the particles’ motion, is generally expected to be described by hyperbolic equations,
whose solutions may be visualized as propagating waves. When the system is nonlinear, jump discon-
tinuities, known as shocks, can arise in finite time, even if the initial profile is smooth. Even for linear
systems, discontinuities can appear in presence of boundary effects. Therefore, when asymmetric par-
ticle systems are subject to strong boundary mechanisms, their macroscopic behavior is much less
understood. In a general setting, imposing given boundary conditions at the macroscopic level start-
ing from a given microscopic model is far from trivial. Because of discontinuities, hyperbolic equations
do not in general have a unique solution; in order to fully describe the macroscopic limit of a given
microscopic asymmetric system, one needs to rule out the non-physical solutions. The unique relevant
one, called entropy solution, can be characterized in several different ways, and exhibits physically
consistent behavior after the shocks (see the reference book [13], in particular Chapters 2.6 and 2.7
for the existence and uniqueness of solutions to hyperbolic conservation laws in bounded domains).

The characterization of the macroscopic behavior of asymmetric particle systems by hyperbolic equa-
tions has been initiated by Rezakhanlou in [15]. In the latter, the author derives the hydrodynamic limit
—the law of large number characterizing a particle system’s macroscopic behavior in terms of a given
PDE- in cases where the microscopic dynamics are attractive. He proves in particular that the macro-
scopic density p(t,u) of the Asymmetric Simple Exclusion Process (ASEP), in the hyperbolic time scale
is given by the unique entropy solution to the hydrodynamic equation &0 = J,(p(1 — p)) on the full
line R. Twenty years later Bahadoran [2] considered the open ASEP where particles are created and
absorbed at two boundaries with given rates, and obtained the convergence to the unique entropy so-
lution on a bounded domain, satisfying the Bardos-Leroux-Nédélec boundary condition [3] in the sense
of Otto [14]. Very recently, De Masi et al. [4] have carried on with the study of the open ASEE and
considered its quasi-static hydrodynamic limit with time dependent boundary rates changing on a slow
time scale (w.r.t. the hyperbolic one). The quasi-static limit they obtain characterizes the slow transi-
tion between non-equilibrium stationary states due to the influence of the boundary. They prove in [4]
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that the density profile converges to the entropy solution of the quasi-static Burgers equation with the
corresponding time dependent boundary condition.

In the case of asymmetric zero-range processes, the law of large numbers for the particle density on
the full line has also been obtained in the attractive case by Rezankhanlou in [15]. Then, Landim in
[12] focused on the totally asymmetric case and introduced a boundary effect at the origin by slowing
down the jump rate at 0. He proves the convergence of the density profile towards the unique entropy
solution of the hyperbolic conservation law with mass creation/annihilation at the origin.

In this work, we explore the effect of boundary conditions on asymmetric zero-range processes. We
consider general asymmetric zero-range processes on Z and we introduce a microscopic mechanism
which destroys particles at the origin: if there are w, € N particles at site x € Z, then one of these
particles jumps to its right (resp. left) neighbour at rate pg(w,.) (resp. (1 —p)g(w,)), and moreover,
at the origin x = 0, one particle is destroyed at rate aN” g(cw,). Here g : N — R, is the rate function,
a =2 0 and B € R are two parameters that adjust the intensity of the destruction dynamics, N € N
being the hydrodynamic limit’s scaling parameter. Our main result is the derivation of a family of
hyperbolic equations on the one-dimensional space R. The destruction mechanism enforces different
boundary conditions at the origin, depending on the value of 3: if # < 0, then the particle destruction
has no macroscopic effect and the hydrodynamic equation is given by the hyperbolic conservation
law on the full line R with no boundary condition; if 3 = 0, then the hyperbolic conservation law is
now supplemented by a boundary condition which prescribes the particle current allowed through the
origin. This current vanishes at the macroscopic scale if § > 0, and is an explicit function of the density
left of the origin if B = 0 (see Theorem 2.3 for a precise statement).

All the results mentioned above [2, 4, 12, 15] strongly rely on the attractiveness property of both
the ASEP and zero-range processes. Here, we keep attractiveness as a crucial assumption. Indeed,
attractive zero-range processes have nice features which allow us to introduce the notion of second-class
particles and to use coupling techniques. Similarly to [4] we need to control the microscopic boundary
entropy flux and we use the notion of boundary entropy-entropy flux pairs introduced by Otto [14]
and used in [12] in order to characterize the boundary conditions in the scalar hyperbolic equations.
For non-attractive asymmetric processes, very little is known: in fact, Yau’s classical relative entropy
approach [16] is the unique method that derives the hydrodynamic behavior of such purely asymmetric
processes in general, but it requires the solution to the hydrodynamic equation to be smooth. For this
reason, it can usually only be applied to asymmetric systems up to the time of the first shock, and
furthermore fails completely in the presence of boundary conditions such as those considered in this
work.

Another option, which would allow to derive non-attractive hydrodynamic limits for asymmetric
systems in the presence of discontinuities (past the first shock, in particular) would be to adapt Fritz’s
compensated compactness arguments [8, 9]. This technique, however, is not without its own shortcom-
ings, and in particular requires to perturb the underlying microscopic dynamics by some symmetric
stirring dynamics. This perturbation needs to be strong enough to ensure that one recovers at the
hydrodynamic limit the entropy (or vanishing viscosity) solution to the hyperbolic equation, but weak
enough so that the symmetric part of the dynamics does not appear in the limiting equation. This work
is currently in progress in order to drop the attractiveness assumption in our model.

The article is organized as follows: in Section 2 we introduce the microscopic model and state
the main result of the paper, namely the hydrodynamic limit for our attractive zero-range process with
destruction of particles at the origin. In Section 3 we prove preliminary results on second-class particles
and present the coupling argument, which will be used in Section 4 to prove the main theorem. In
Appendix A we present a short alternative proof in the specific case where the jump rate is linear, using
duality arguments, and in Appendix B we prove a technical result on the equivalence of two notions
of entropy solutions.
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2. DEFINITIONS, NOTATIONS AND RESULTS

2.1. Zero-range process with source dynamics. Let N be a positive integer and Q = NZ be the
state space of the Markov process (w(t)),s, which will be the focus of this article. its dynamics is
characterized below by its infinitesimal generator ¥. Given a configuration of particles w € 2, w, € N
represents the number of particles at site x € Z. Before defining the generator %y, let us fix:

e two parameters a = 0 and 8 € R, which adjust the intensity of the particle destruction at the
origin;

o the asymmetry parameter p # % Without loss of generality, we assume % <psLl

e a function g : N — R, which represents the rate at which one particle leaves a site. This rate
function satisfies g(0) = 0, g(k) > 0 for any k = 1, and is assumed to be Lipschitz: there is a
constant a, > 0 such that

sup|g(k +1)—g(k)| < ay; (2.1)
k=0

We consider in the present work the attractive case, which means that we further assume that

the function g is non-decreasing, i.e. g(k) < g(k + 1) for all k = 0. (H1)

We say that a function f : Q — R is local if it depends on w = {w, },ez € 2 only through a finite
number of coordinates (w,,...,wy, ), and a local function f : Q — R is Lipschitz if there is a constant
¢ > 0 and a finite subset A C Z such that

FM=FQOI<c Y In()—¢x)l, foralln, { Q.

X€EA

The generator £y of the zero-range process considered here acts on local Lipschitz functions f : @ —» R
by
Dyf (@)=L (@) + 27 f (). 2.2)

The generator £Z* of the asymmetric zero-range dynamics is given by

LB ()= Y g(@ )PV f (@) +(1—p)V, 1 f ()} 2.3)

X€EZ

where for w € Qand x,y € Z, wedenote V,, , f(w) = f(w*)—f(w) and ™ € Qs the configuration
obtained from w after a particle jumps from site x to site y,

w,—1 ifz=x,
w=1{ w,+1 ifz=y,
w, ifz#x,y.

The generator ZI\‘;‘ P of the source dynamics is given by
2P f(@) = aNPg(wo) {f(0@)—f(w)},
where w©® €  is the configuration obtained from €2 after the destruction of one particle at the origin
cogco) =w,—1{x =0},

p €R, and a > 0 is a positive parameter, fixed throughout. We refer the readers to [1] for a rigorous
construction of this infinite-volume dynamics, when a = 0. The general case a # 0 is a straightforward
adaptation of [1].
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2.2. Invariant measures. We now describe the invariant measures for the zero-range process without
particle destruction. To that aim, following [11, Chapter 2], let us introduce the partition function
Z :R, —» R, given by

g *

Z(C):;g(k)!, for0< ¢ < ¢,
where {* is the radius of convergence of the above summation and g(k)! := ]_[ile g(¢) with the con-
vention g(0)! = 1. For each 0 < { < {¥, let , be the product measure on Q with marginals given
by
__r &
20 gy
It is easy to check that v,, 0 < { < ¥, are invariant measures for the generator fﬁp‘. Furthermore, the

Ve(w, =k) x €Z,k eN.

particle density R({) = f wqV;(dw) is strictly increasing in ¢, hence has an inverse denoted by &(-).
To index by density the invariant measures of the generator 545“, we denote v, = Vg (,) and note that

®(p) = f g(wp) v, (dw). 2.4

Under our assumptions, ® : R, — R, is smooth and non-decreasing, where R, = [0, +0c0). Through-
out, when 0 needs to be excluded from R, we will write (0, +00).

The invariant measures for the full process generated by %y will be given in Section 3.1. In the
following, for a probability measure v on a state space 2, we denote by E,[f ] the expectation of a
function f defined on Q with respect to .

2.3. Entropy solutions. To state our main result, we first need to introduce the notion of entropy
solutions to the hydrodynamic limit in the various cases for the parameter 3. We start with the standard
definition when no boundary condition is imposed, and then we define the entropy solution to initial-
boundary value problems, as given for instance in [2, 12]. In the following we denote by C‘Ilé’e(U x V)
the set of functions H : U x V — R which are compactly supported, and C*-regular (resp. C’) in the
first (resp. second) variable.

Definition 2.1 (Hydrodynamic equation on R for < 0). Assume that p — ®(p) is a smooth function.
We say that p € L°°(R,. x R) is an entropy solution to

{ 3,p(t,u)+(2p—1)3,8(p(t,u)) =0, t>0,ucR, 25

p(Oiu) :p0(u)9 UER,

e for any non-negative test function H € C;’l((O, +00) x R), and any constant ¢ = 0,

j f {8.H(t,w)|p(t,u) —c| + (2p — 1)3,H(t,u)|®(p(t,u)) —&(c)|} dudt >0, (2.6)
0 R
o forevery A> 0,

A
limJ |p(t,u)—p0(u)|du:O.
t—0 A

Remark 2.1. It is known that entropy solutions are continuous in (t,u) for all but at most a countable
number of shock lines (t,u) (see [13, Chapter 2] for example). Therefore there exists a version p solution
to (2.5) which is continuous at (t,0) for all but a countable number of t. Then it is easy to check

f {p(t,1) — po(w)} du = f (2p — 1)®(p(s, 0))ds
R, 0
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so that in particular
28 f {p(t, W)= po(W)} du = (2p — 1)&(p(t,0))
R,
and t — ®(p(t,0)) is almost everywhere continuous on R,.

In the cases where 8 = 0, we will need to separate both parts of the real line because of the boundary
condition at the origin.

Definition 2.2 (Hydrodynamic equation on R* for 3 = 0). Assume that p — ®(p) is a smooth non-
decreasing function. Let p : R, — R, be an almost-everywhere continuous function. We say that p €
L°(R, xR, ) is an entropy solution to

op(t,u)+(2p—1)3,2(p(t,u)) =0,  t>0,u>0,
p(t,0) = p(t), t>0, 2.7)
p(05 u) = pO(u)J ue RJr’

o there exists M > 0 such that for any non-negative test function H € Cé’l((o, 00) x R) and any
constant ¢ = 0,

J f {8:H(t,u)(p(t,u) —c)* + (2p — 1)3,H(t,u)(®(p(t,u)) — &(c))* } dudt

o g (2.8)

+MJ H(t,0)(o(t)—c)*dt >0,
0

where for r € R, r* = max{r,0} and r~ = max{—r, 0};
e for every A>0
A
limf }p(t, u) —po(u)} du=0.
t—0 0
Definition 2.3 (Hydrodynamic equation on R* for 3 > 0). Assume that p — ®(p) is a smooth non-
decreasing function. Let f : R, — R, be an almost-everywhere continuous function. We say that p €

L°(R, xR, ) is an entropy solution to

op(t,u)+(2p—1)3,2(p(t,w)) =0,  t>0,u>0,
o [z pt,wdu=f(0), t>0, (2.9)
p(O: u) = pO(u); ue R+’

e for any non-negative test function H € C;’l((O, 00) x (0, 00)) and any constant ¢ = 0,

j f {a.H(t,W)|p(t, W) —c|+ (2p —1)3,H(t,u)|®(p(t,u)) —&(c)|} dudt > 0; (2.10)
0 0

e for every A>0andevery T >0,

A
112(1)] |p(t,u)—p0(u)|du=0, (2.11)
0

T
iif%f |(2p — D@(p(t,u))— f(£)|dt =0. (2.12)
0
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Remark 2.2 (Uniqueness of the entropy solution). By Krugkov’s uniqueness Theorem [10, Theorem
A.2.5.3], the entropy solution to (2.5) is unique. We refer the readers to [2, Theorem 2.1] for the unique-
ness of the entropy solution to (2.7), and to [12, Theorem A.1] for (2.9).

We adress in Appendix B the equivalence of Definitions 2.2 and 2.3. We are now ready to state the
main result of this paper.

2.4. Statements of main results. Fix an initial density profile p, on R, we assume that p, is bounded
and Riemann-integrable on any finite segment of R, and we define
n(de) = Q) Py ) (d )
X€EZ
the product measure with marginal at site x given by the Poisson distribution &, (,,y) on N, with
parameter py(x/N).

We consider the process (w(t)),>o in the hyperbolic scaling, i.e. driven by the accelerated generator
N %y, and with initial distribution given by uy on Q. Denote by P, the distribution of this process
(w(t))=0 on Q, and E,,  the corresponding expectation. We are now ready to state our main result.

Theorem 2.3 (Hydrodynamic limit). For any compactly supported and continuous function H : R — R,

for any t = 0 and for any 6 > 0,
lim P, ( > 5) =0,
N—-oo N
(D) if B <O, then p(t,u) is the unique entropy solution to (2.5);
i) if B = 0, then p(t,u) = p;(t,u)1{u < 0} + pg(t,u)1{u = 0}, where p; is the unique entropy
solution to (2.5) and py, is the unique entropy solution to (2.7) with

%ZH(%)C‘)X(H—J‘ fl(u)p(tJ u)du
R

X€EZ

where

2p—1
o(0) =R(2pfﬁ ¢(pL(t,O))), (2.13)

where the function R is the inverse of ® (recall (2.4));
(iii) if B > 0, then p(t,u) = p (t,W)1{u < 0} + pr(t,u)1{u = 0}, where p; is the unique entropy
solution to (2.5) and py is the unique entropy solution to (2.9) with f(t) = 0.

Remark 2.4. Note that from Remark 2.1, p defined in (2.13) is almost everywhere continuous, so that
Pr is well defined, as given in Definition 2.2.

Remark 2.5 (Linear case). If we assume g(k) = k for all k = 0, namely the linear case, then the solution
can be explicitly computed. To that aim, let us introduce @ = a(f3) as

1 ifp>0,
a=1 af(a+2p—1) if =0, (2.14)
0 if p<O.

Then, p(t,u) is a weak solution to the formal equation
dp(t,u)+(2p—1)o,p(t,u) =—ap(t,0)54(w), t>0,ueR,
{P(O,'):Po, ueR,
and is given, for any (t,u) € R, xR, by:

p(t,w)=(1—a@1{0 <u<(2p—1)t}) polu—(2p — 1)t). (2.15)
We provide in Appendix A an alternative (short) proof of Theorem 2.3 in the linear case, using duality
tools.
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The rest of the paper is devoted to the proof of Theorem 2.3.

3. PRELIMINARY RESULTS

In this section we give some preliminary results which will be crucial to prove Theorem 2.3. We
start in Section 3.1 by defining the invariant measures for the zero-range process with destruction at
the origin. Then, in Section 3.2 we introduce the notion of second-class particles. In Section 3.3 we
prove an entropy inequality at the microscopic level using coupling techniques.

3.1. Invariant measures for the process with destruction. For a function m : Z — R, let () be
the product probability measure on Q with marginals given by

5,,1(_)(0),( = k) = ?m(x)(cox = k), x€Z,keN. (3.1)

In order for v, to be invariant for the whole process generated by £y, the function m needs to solve
some discrete system, as stated by the following lemma:

Lemma 3.1. Assume that m : Z — R, is solution to

{me—1+(1—P)mx+1_mx:0 forx;éO,

(3.2)
pm_; +(1—p)m; — (1 +aNP)m, =0.
Then the product measure v,y is invariant for the dynamics generated by %y.

Remark 3.2. (i) If p = 1, namely the totally asymmetric case, the solution to (3.2) is

m_, ifx<-—
m, =

m,, ifx=0,
where m_, m,. are non-negative and satisfy m_ = (1 + aNP)m,.

(i) If% < p < 1, then any solution to (3.2) has the following form:

P ;
m. = Cq W+C2 l_fx<0
X X
p .
C3 g +Ca ifx=20

where {c;}1<i<4 are real numbers such that m, = 0 for all x € Z, and moreover they satisfy

{C1+C2:C3+C4,
c1(1=p)+cop+csp+cy(1—p) = (1+aNP)(c; +cy).

Solving the above equations, we have
_ aNP
=0+ g6 6,
— NP
C4 —_ C2 - (27_71)(61 + Cz).

Proof of Lemma 3.1. We need to show that for any local function f such that f fdVyy =0, we have

J ,%Nf(co)?m(.)(dw) =0

Direct calculations show that the left hand side equals

f S H{pe(@)(f (@) = F(@)) + (1= p)gle1)(f (@) = £ () } T (dew)

X€EZ

+ f aNP g(wo)(f (0®) = £ () T ([dw).  (3.3)
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Since, by change of variables,

My 418(0x) Vi) (A ) = M, 8 (@11 + 1) Py (d 0™ ),

My 8(W11) V() (dw) = myi18(w, + 1) Vg (d ™),

x,x+1 x+1,x

— w respectively, we rewrite the first line of (3.3)

makjng the transformations w — w and w

J > (1 D)1 — Py g(wx)—“‘p)’”“l_p’"’“g(wm)}f(wmo(dw)

x€Z my My

_ f 5 (I ¥ Pt “ M ) 3 £(0) Ty (deo)

XEZ My

:f aNP g(wo)f () Ty (dw).

In the first identity above we have reindexed the second sum, whereas in the second identity, we have
used that m is a solution to (3.2). Similarly, using the change of variable

8(@0) Ty (d @) = My Ty (d ),

and using the fact that f has mean 0 w.r.t. 7,,.), the second line of (3.3) equals

J aNP (my — g(e00) ) () Ty (d2) = — J aNP g(20)f () Ty (d).
Therefore (3.3) vanishes. This proves the result. O

3.2. Second-class particles. We now consider an auxiliary process ({(t)),so composed of second-class
particles. Instead of killing a particle at the origin, we turn the killed particle into a second-class particle,
as explained below. The process (w(t), {(t)),>o evolves as follows:

e at site x # 0, an w-particle jumps at rate Ng(w,.), and a {-particle jumps at rate

N(g(wx + Z:x)_g((")x)) 5
e when a particle jumps, it jumps to the right with probability p and to the left w.p. 1—p;
e at site x = 0, an w-particle is transformed into a {-particle at rate aN'*# g(w,).
It is easy to see that the process (w(t)+ {(t));>o evolves as the usual zero-range process according to
the generator NZZ%, and (w(t)),>, according to the generator N.%y. Denote by RLN the law of the
process (w(t), {(t)), with no second-class particle at the initial time, i.e. («(0), {(0)) ~ uy ® 645 where
0y is the Dirac measure on the empty configuration. Denote by EMN the corresponding expectation.

We first state a lemma to bound the number of second-class particles up to time t. The following

lemma is sufficient to prove the hydrodynamic limit in the case < 0.

Lemma 3.3. Assume that the initial distribution py is stochastically dominated by v,,. for some density
p* €(0,+00). Let K, := Y, _, {,(t) be the number of second-class particles up to time t. Then there
exists a finite constant C > 0 independent of N such that

E,, [K.] < Ctmin{aN'*#, N}.
Proof. Since K, — fot aN'*P g(w(s))ds is a mean zero martingale and since the process (w(t)),so is
attractive and stochastically dominated by v,,.,
g [Ke ] < aNtPtE, [8(wo)] < app *aN'*Pt.

where a is the Lipschitz constant of g, 1ntroduced in (2.1), which satisfies g(k) < agk. We now show
that EHN[ .] < CNt for some constant C > 0. Observe that K, is bounded by the number of particles
visiting the origin up to time t. Let Y, be a homogeneous Poisson point process on R with intensity
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ay,N. Then the displacement of a typical first-class particle up to time t is bounded stochastically by
Y,. Dividing Z into the unions of [jayNt,(j + 1)ayNt], j € Z, we have

oo
E,, [K]< 2a,0'NtB, [Y, > jacNt]+6a,p*Nt.
j=3

Above, the first term on the right hand side comes from the total number of particles which are initially
at Z\[—3a,Nt,3a,Nt] and visit the origin before time t, and the second term from the total initial
number of particles in the interval [—3a,Nt,3a,Nt]. Since IP LY > jagNt] < exp{—ay(j — 2)Nt},
the first term on the right hand side vanishes as N — oo. This is enough to complete the proof. O

The following lemma will be used to identify the limiting density profile to the left of the origin in
the case § =20

Lemma 3.4. For any t 2 0 and for any f3 € R,
x<0

Proof. We only need to prove

nggolE [ Z Cx(t)} =

x<—vN
since by attractiveness of the process, we have
1 o
Wy 2 Go]<enn
—/N<x<0

Recall that K, is the number of second-class particles at time t. Denote the positions of the second-class
particles by X;(t), for 1 <i <K,. Then

Z (== Zﬂ{X(t) —VN}.

x<1/_

Let S; be a discrete time simple random walk which jumps to the right with probability p and to the
left with probability 1 — p. Then

Py, (X1()<—VN) = ZEW (X,(t) jumps j times up to time t) x P, (S; <—+N)

=0

= J ~1/2
< sup P, (S; <—VN)< <CN
i=VN e J>J_((2P—1)J+\/—)2

for some finite constant C independent of N. Together with Lemma 3.3, we have

[ Zﬂ{X(t) }]<CN—3/2]E [K,]<CN7Y2,

This completes the proof. O

Since the process (w(t)+{(t)),>, is the usual asymmetric attractive zero-range process, we conclude
this paragraph with a well-known result concerning the hydrodynamic limit of (w(t)+£(t)),>o, which
has been proved in [15].
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Theorem 3.5 ([15, Theorem 1.3]). Suppose the initial density profile p, is bounded. For any compactly
supported and continuous function H : R — R, forany t =20, 6 >0, f € R,
>0 ) =0,

s (
where p(t,u) is the unique entropy solution to (2.5).

3.3. Microscopic entropy inequality. In this subsection, we shall couple two copies of our Markov
process, denoted by w(t) and @ (t). Recall that the process is supposed to be attractive (Assumption
H1). If both processes have the same number of particles on a given site, a particle at this site will
perform at the normal rate a particle jump/destruction, identical in both processes. If the processes do
not have the same number of particles at a given site, at the minimal rate g(w,) A g(@,), a particle
will perform the same jump/destruction in both processes. To make up for the loss of jump rate, the
process with the highest number of particles will make a particle jump/destruction while the other one
will remain unchanged at a compensated rate |g(@,)— g(w,)|. The generator of the coupled process
is given by its action on local Lipschitz functions f : Q x Q — R by

~>TH(E) (wx(c)+cx(t))—f H(w)p(t,u)du
R

X€EZ

Iflw,@)= Z (glw) A g(@)) {pf (@™, @ )+ (1-p)f (@, &™)~ f(w, @)}

XEZL

+ > (8(w) — g(w) A g(@ ) {pf (@, @) + (1= p)f (0, @) — f(w, @)}
XEZ

+ > (8(@)— glw) Ag(@)){pf (@, @) + (1= p)f (0, @) — f(w, @)}
XEZL

+aNP(g(wo) A g(@0)) {f (0@, @)~ f(w, @)}

+ aNP(g(wo) — g(wo) A g(@))) {f (0, @) = f (w, )}

+ aNﬁ(g(wo) —g(we) A g(wo)) {f(w,w(o)) —f(w,w)}.
One can easily check that under this coupling, if the process (w, @) evolves according to %, then both
marginal processes w(t) and @(t) evolve according to ¥ . For a probability measure {iy on Q x €, let

E;N be the distribution on D([0, T],Q x Q) of the process (w(t), @ (t)) with generator N gfv and with
initial distribution iy .

e _ -1

For x € Z and a positive integer ¢, denote by wf( =(2(+1) Z|)’*X|<f w, the average number
of particles in a box of size 2¢ + 1 around x. Given the coupling above, we now state a microscopic
version of entropy inequality.

Lemma 3.6 (Microscopic entropy inequality). Fix 8 < 1. Let Uiy be a probability measure on Q x Q
with both marginals stochastically dominated by v,,. for some p* > 0. Then for any € > 0 and for any
non-negative smooth function H with compact support in (0,00) x R,

lim liminf B;_ f Y G H(E )|l -l ()

{—o00 N—oo
XEZL (35)

+(2p —13,H(t, ¥) |8(wh (1) — &(w (1)) }dt > —£:| =1.

Remark 3.7. Using the same argument, we could prove

Jlim liminf By, f EDREE (B CROB-A0)]
- X€EZ (36)

+(2p —1)3,H(t, £) (e(wl () — @(wi(t)))*}dt > —s] =1.
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We will use (3.5) in the case B > 0, and (3.6) in the case 3 = 0. Note that the case f < 0 is a direct
consequence of the hydrodynamic limit stated in Theorem 3.5, because then the particle destruction at the
origin is too weak to affect the macroscopic density.

Proof of Lemma 3.6. We follow the strategy presented in [10, Chapter 8] and [12, Proposition 5.1].
For this reason we only sketch the proof here.

Step 1. The first step is to prove that in the limit N T oo the configurations w and @ are ultimately
locally ordered. To be precise, for any A> 0, any t > 0, and any y € Z,

]\}LngoE J Z Gx’xﬂ,(w(s),w(s))ds] =0, 3.7)
|x|<AN

where G, (0w, @) = H{w, <@,,w, > @} +1{w, > @,, 0, <@} Theideais to investigate the
mean zero martingale defined as

= Z |, (£)— wx(t)l—— D o (0)— wx(on—J > Zy(lods) @ ()) ds.
0

\X\\AN \X\\AN |x|<AN

By calculating directly the term involving the generator £y, we show that

N—-oo

lim EN f x,x—l(w(s); w(s))}g((f‘)x—l(s))_g(wx—l(s))}
\x\\AN

+ (1= )Gt (@(), D)) 8 (@1:1(5)) — g(@ 11 ()|} + aNP ! [ 20(s)) — g (0(s)) ds] =

By an induction argument as in the proof of [10, Lemma 8.2.2], one is able to prove (3.7) from the
above formula.

Step 2. For any non-negative smooth function H with compact support in (0, 00) x R, consider the
mean zero martingale

ZH(t,N)mx(r) wx(rn—f(asws’f})( D HG, Bl (s) - wx(sn)ds (3.8)
0

er X€EZ

Direct calculations show that if § < 1, then limy_, ., IEﬁN [supogsgt(é)ﬁ?’ )2] = 0. Since H has compact

support in (0, 00) x R, we can take t large enough for the first term on the right hand side to vanish.

By direct calculations, we bound the term > _, H(s, %)Z\, |w, — @, | from above by

D> H(s, 2)(plg(@er) — g(@ )l + (1= p)Ig(wyi1) — (@ 41) —8(w,) — g(@,)]).
X€EZ
An integration by parts allows us to write the first term above as
= Z(zp 1)3,HGs, ¥)Ig(w,) — (@)l + oy (1).
er

Therefore, for any £ > 0,

lim B f Y UaH(E B)|w () — @ (1)

N—-oo
x<Z (3.9)

+2p=DAH(E ) |gu(0) ~g(@ ()] e >~ | = 1.

Step 3. Due to the smoothness and compactness of H, in (3.9) we can replace |w, — @,| and
|g(w,) — g, )| with their spatial averages over sites in a box of size 2¢ + 1 around x. Moreover, by
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(3.7) and repeating the proof of [10, Lemma 8.2.3], we can replace
@+1)7 D7 [gle, () —gl@, (D) resp. 2A+1) D o, () =@, (1)
ly—x|<t ly—x|<t

i.e. the average of the absolute value, by

@+ D g, () —gl@, ()| resp. (D) —@(t)]

ly—x|<t

i.e. the absolute value of the average. Therefore, we have

lim P, U —Z{BH(t )|l —al (0] +@2p—1)3,H(t, %
0

N—oo
X<t (3.10)
x|+ D] gl ()—@E+DT D] g(wy(t))‘ }dt > —s] =1.
[y—x|<¢ ly—x|<t
We complete the proof by using the one-block estimate as stated in Lemma 3.8 below. O

Lemma 3.8 (One-block estimate). If 3 < 1, then for any € > 0, any A> 0 and any t > 0,

lim sup hmsupIP J. Z 7,V (w(s))ds = )

{—o0 le\AN
where
Vi) = |2+ 1) Y gle,) - 2(w)].
lyl<t
The same result obviously holds with w(t) replaced by w(t).

The proof of the above lemma is quite standard, we omit the proof here. We refer the readers to
[12, Lemma 5.4] for its detailed implementation.

4. PROOF OF THEOREM 2.3

In this section we give the proof of Theorem 2.3. We distinguish four cases, namely <0, § =0,
0<f<land =21

4.1. The case 3 < 0. By Lemma 3.3, if f < 0, then for any compactly supported smooth function H,

H
B[~ Y H(E) 0] < ||ﬁIEN[Kt] < CllH|lwatN* —0,
er
where { is the process of second-class particles introduced in Section 3.2. In particular, both processes
w(t) and w(t)+ {(t) have the same macroscopic limit. Theorem 2.3 therefore follows from Theorem
3.5.

4.2. The case 3 = 0. We now prove Theorem 2.3 in the case § = 0. Several results proved in this
subsection will also be used in the case f < 1, we will make it explicit in the statements. We first
introduce some notation. Denote by .#, (R) the space of positive Radon measures on R endowed with
the vague topology. For each configuration w € 2, define the empirical measure o € ., (R) as

oV (w) = Zw B/
er

where 6, is the Dirac measure at u € R, and denote at = a¥(w(t)). Fix a time T > 0. Let Qy be the
distribution on the path space D([O, T], //t+(IR)) of the path (af’ ), where ag’ is distributed according
to the pushforward distribution wy o (o).
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Lemma 4.1 (Tightness). Suppose the initial measure uy is stochastically dominated by v,. for some
p* > 0. If B < 1, then the sequence (Qy)yey is tight. Moreover, all limit points are concentrated on
weakly continuous paths which are absolutely continuous with respect to the Lebesgue measure and with
density bounded by p*.

Proof of Lemma 4.1. The proof of tightness is quite standard, see [15, Lemma 4.1] for example. To
prove Lemma 4.1, it is enough to show that for any H € C.(R),

N H(G @0 -0o)| | =0

—5|\5 XEZ

limlimsupE, [ sup

620 N-oo

The only difference with [15] is that Dynkin’s formula has an extra term coming from the destruction
part of the dynamics, so that we only detail how the Glauber contribution is controlled, and refer to
[15] for the other estimates. For any function f,

t

fe(t)) Zf(w(O))+f N2y f(e(s))ds +Mm,, (4.1)

0
where 90, is a martingale whose quadratic variation is given by

E, [m]= EMUO N( &y f? —2szf)(w(s))ds]. 4.2)

Choosing f(w)=N"'>H (% )wy, in addition to the proof performed in [15] we have two extra terms
to control:

(i) first, in (4.1), the contribution of the Glauber dynamics is given by

f NP f(w(s))ds:f H(0)25" wo(s)ds
0 0

=D 050)— oD - H(O)f LP(s)ds + N,

where 0N, , is a martingale whose quadratic variation has order max{N A1 N~1}. All terms
but the third term on the right hand side vanish in L?(Py). To control the third term, since

LR wy=pglw_1)+(1—p)glw,)—glwy),

and the function g is Lipschitz, it remains to prove

f w,(t)dT

for any x € Z. Using the Cauchy-Schwarz inequality twice, the expectation above is bounded

by
T 1/2
51/ZX(EHN|:J wi(r)dr]) .
0

Since the initial measure is bounded by v,,. and the process is attractive, the quantity above
is uniformly bounded in N. This concludes the proof of (4.3).
(ii) second, in the integral in (4.2) appears the Glauber contribution

lim limsupE N[ sup } =0. 4.3)

-0 N-oo lt—s|<5

EHN[Lt (Nfﬁ’ﬁfZ_2Nf$ﬁ’ﬁf)(w(5))ds:| PINTEN

which vanishes in the limit as N — oo since f§ < 1.

We now characterize the macroscopic density profile to the left of the origin.
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Lemma 4.2 (Hydrodynamic limit to the left of the origin). Assume 8 < 1. For any continuous function
H with compact support included in (—o0,0], and for any t =0, § > 0,
>0 ) =0,

where p(t,u) = p;(t,u) is defined in Theorem 2.3 as the unique entropy solution to (2.5).

[lim P, (‘%ZH(%)wx(t)—J.RH(u)p(t,u)du

X€EZ

Proof Recall the second-class particle’s process introduced in Section 3.2. We start by proving

lim EHN[%Zm(ﬁ)m(Q] =0. (4.4)

N—-oo
X€EZ

Since H has its support included in (—oo, 0], we bound

B | 2 H ()10 | < Ml 3 D E,, [£(0)]
XEZ x<0
and the right hand side vanishes from Lemma 3.4. Note that the function H is not necessarily con-
tinuous on R, however by maximum principle (applied to the vanishing viscosity limit, see e.g. [13,
Lemma 4.46, p. 73]), and since w is stochastically dominated by an equilibrium measure v,., H can
be approximated in L!(R) by a sequence of smooth, compactly supported functions H. We can now
use straightforwardly Theorem 3.5 and (4.4) to complete the proof. (]

We now characterize the macroscopic density profile to the right of the origin. Let ./, (Ri) be the
space of positive Radon measures on Ri endowed with the vague topology. For any integer { and any
configuration w € €, the Young measure n¥>!(du,dA) € //t+(]Ri) is defined by its action on continuous
function G : Ri — R with compact support as

(nNfG) :=N"1 ZG(%,@Q.

x>/

Denote rtltv b= gN *(w,). The mapping w, — (ay ,nltv ) induces a probability measure Qy , on the

space D([0, T], 4, (R) x /ﬂJr(Ri)). It is not hard to show that if § < 1, then the sequence of measures
Qu ¢ is tight (cf. e.g. [10, Lemma 8.1.2]). Denote by Q* any limit point of the sequence Qy , as N — 00
then £ — 0o. To prove the hydrodynamic limit in our setting, the main step is to prove the following
microscopic version of (2.8).

Lemma 4.3. Let = 0. Assume the initial measure uy is stochastically bounded by v,,. for some p* > 0.
There exists M > O such that for any non-negative test function H € C;’l((O, 00) x R) and any constant
¢ 2 0, Q*-almost surely,

J. f f {@H(t,u)(k —c)* +(2p —1)3,H(t,u)(®(L) —d)(c))i}nt(du, dA)dt
o Jo Jo

+MJ. H(t,0)(o(t)—c)" dt > 0.
0

Proof. Fix ¢ 2 0. We couple two processes (w(t), @(t)) according to the generator N Z\, as described
in Subsection 3.3. Denote by [y ;, i = 1,2, the i-th marginal of iy . Take the first marginal piy ; of iy
to be the initial measure uy defined in Subsection 2.4, and the second marginal {iy , to be the invariant
measure of the process with generator ¥y, with the four parameters {c;},<;<4 as stated in Remark 3.2
given by

aNP (0 o= aNP +2p—1
2p—1 2p—1

G =- ®(c), c3=0, c,=%(c).
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It is easy to check

A, By [t

= R( ai‘;;l@(c)) ifu<o,
c ifu>0,

where R is the inverse function of ®. Since the process @ (t) is time invariant, by law of large numbers,
for any € > 0 and for any non-negative test function H with compact support in (0, +00) x R, we have

Jim limsup B, U ZH(t )|w§(t)—R(aig;11¢(c))|dt>s]:o,

T Nooo N
lim hmsup]P> [ ZH(t )|wfc(t)—c|dt>8}=0.
(=00 N-oo N &

For any &, y > 0, define H, 5(t,u) = ¢, * 1{- > —6 }(w)H(t,u), where 1), is an approximation of the
identity, so that H, 5(t,u) converges as y — 0 to H(t,u)1{u > —6}. Taking H, 5 as test function in
(3.6), and letting v — 0, we have Q*-almost surely,

f J J {@H(t,u)(k—c)i+(2p—1)3uH(t,u)(<I>(A)—d)(c))i}nt(du,dl)dt
0 0 0

oo 0 4 4
+ f f {atH(r,u)(pL(t,u)—R(aif;;;q»(c))) +(2p — 1)3H(t,u)(@(p, (6, 1) — 2255 2(c)) }dudr
0 —6

+ J (2p — DH(t,~8)(#(p,(t,~5)) — 22 8(c)) " de > 0
0

Since p; (t,u) is bounded, the second line above is bounded from above by C& for some finite constant
C. Furthermore, because ® is increasing and Lipschitz continuous, |®(u) — ®(v)| < aplu — v|, we have

(#(pute,—5) 5252 0(0)” < LD R a(pue~60) <)’

We conclude the proof by letting 6 — 0. O

The rest of the proof is quite standard [15, Section 5], and we only sketch the proof here. We first
introduce the concept of measure-valued entropy solutions. Let 7, ,(dA) be a measurable map from ]R?F
into the space ./, (R, ). We say 7, ,(d 1) is bounded if there exists a finite constant C such that 7, ,(d2)
is supported in [0, C] for a.e. (t,u) € Ri. We say 7, ,(dA) is a measure-valued entropy solution to (2.7)
if

e there exists M > 0 such that for any non-negative test function H € C;’l((O, 00) x R) and any
constant ¢ = 0,

J f {@H(t, u)f (A— c)inw(dl) +(2p—1)3,H(t, u)f (@(A)— @(c))int,u(dl)} dudt
o Jo 0 0

+MJ. H(t,0)(o(t)—c)*dt=0; (4.5)
0

o foreveryA>0

A o]
limJ. f A —po(w)|m, ,(dA)du = 0. (4.6)
0

t—0 0

It is obvious that if p(t,u) is an entropy solution to (2.7), then &, ,)(dA) is a bounded measure-
valued entropy solution. By [2, Theorem 2.1], the converse is also true: there exists a unique bounded
measure-valued entropy solution 7, ,(dA) to (2.7), which is of the form 7, ,(dA) = 6 5 ,y(dA), p(t,u)
being the unique entropy solution.
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We now state a lemma concerning the properties of the limiting measure Q*.

Lemma 4.4. Assume the initial measure uy is stochastically bounded by v,,. for some p*. For all § € R,
we have Q*-almost surely,

(1) a.(du) and w.(du,dA) are both absolutely continuous with respect to the Lebesgue measure du,
whose densities are denoted by p(t,u) and 7, ,(dA) respectively. Moreover,

J. AT (dA) = p(t,u);
0

(i) m,,(dA) is bounded, with support on [0, p*] for almost every (t,u) € Ri.

The above lemma is an analogue of [15, Lemma 5.5]. We omit the proof here. The main ingredi-
ents are attractiveness of the process and the following observation: for any continuous function with
compact support H : R, — R,

(@, H) = (n",HA)
plus error terms that vanish uniformly as N — oo.

Now we are ready to prove Theorem 2.3 for = 0.

Proof of Theorem 2.3 in the case 3 = 0. We lay out the main arguments, but omit some technical de-
tails, for which we refer the reader to [15, Lemma 5.2]. Fix a smooth function H with compact support,
that we decompose as H(u) = H(u)1{u = 0} + H(u)1{u < 0}. The part corresponding to H(u)1{u < 0}
is treated in Lemma 4.2, so that we only need to prove that for any function H which is continuous
and compactly supported in R,

>0 ) =0,

where p = py is the unique entropy solution to (2.7) with boundary condition given by (2.13). the
proof is divided into several steps.

[lim P, ('%ZH(%)%@)—L H(u)p(t,u)du

x=0

Step 1. We first assume the initial density profile p, restricted to R, is a Lipschitz continuous
function with compact support, so that we can use the proof of [15, Lemma 5.6]. From the latter,
it follows straightforwardly that the initial condition (4.6) holds Q*-almost surely. By Lemmas 4.3
and 4.4, m, ,(dA) is bounded and the inequality (4.5) holds Q*-almost surely. This implies the limit
Q" is concentrated on trajectories such that 7, ,(dA) is a bounded measure-valued entropy solution
to (2.7). Since there exists a unique bounded measure-valued entropy solution, which is given by
a Dirac measure &, ,)(dA4), and by Lemma 4.4, Q" is concentrated on trajectories such that p(t,u)
is entropy solution to (2.7). By the uniqueness of the entropy solution, we conclude the proof for
Lipschitz continuous initial density profile p, with compact support.

Step 2. Now we assume the initial density profile p, is integrable on R, and bounded. On R,, we
approximate p, by po . € CZ°(R,) such that

ling)f |(po.c — Po)W)|du=0,
VIR

and leave p, . = p, unchanged on (—c0,0). We shall use the coupling introduced in Subsection 3.3.
We take the initial measure [y, of the coupled process to be such that

ey =y iy ,de) =@ P, de,)

X€EZ

and that

w, <@, if po(F)<poyx) and o, =@, if po(F)=p.(5)
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for all x € Z and with probability one with respect to fif,. Since under the coupling, the number of
discrepancies only decreases in time, for any t > 0,

s B} St wr<x>l]<sg§ﬁﬁz[%2

x=0 X€EZ

|@2o(x) —WO(X)|] < J. |Po.(W) — po(w)|du,
0

which vanishes as ¢ — 0. Let QN . be the law of the pair (aN N, . ) when (w(t), @ (t)) starts from [ iy
where
~ wa(t)éxm(du)
er

Let @, be any limit point of @N’g as N — oo, whose support is concentrated on absolutely continuous
measures (Q;, a;) = (8 p(¢,wdU, 6 (¢ ydu). Passing to the limit in the last inequality, we have

gigg)E@E[ J |p(t,u)_p€(t,u)|du] < ygg)f |90, (1) = po(w)|du =0, 4.7)
0 R

where, as a consequence of the first step p.(t,u) is the unique entropy solution to (2.7) with initial
datum p,, and with boundary condition (2.13) independent of ¢. To justify the last statement, note
that the boundary condition (2.13) only depends on the density left of the origin, which is initially
independent from e. By the L!-contraction principle (see [13, Theorem 7.28] for instance) p, con-
verges in L! to the solution of (2.7) with boundary condition given by (2.13) and initial condition p,.
We conclude the proof by using (4.7) which proves that p(t,u) must be the solution of (2.7) with b.c.
(2.13).

Step 3. To extend the result to bounded initial datum p,, we use the approximated functions
Pox() = po(u)i{lu| < k} and let k — oo. See [15, Theorem 5.1] for details. This concludes the
proof for the case 8 = 0. O

4.3. The case 0 < 3 < 1. In this subsection we prove Theorem 2.3 for the case 0 < 8 < 1. Following
the same steps presented in the last subsection, we only need to prove the following lemma.

Lemma 4.5. Assume 0 < 3 < 1. Every limit point Q" of the sequence Qy , is concentrated on paths

7, ,(dA) such that
hm f J. ®(A) 7, (dA)dt =

Proof. To prove this result, we adapt the arguments laid out in [12, Lemma 6.4]. Fix ¢ = 0. We couple
two processes (w(t), w(t)) according to the generator N gfv as stated in Subsection 3.3. Let fiy ; = uy.
We take the second marginal [y , of iy to be the invariant measure as stated in Remark 3.2, with the
four parameters given by

aN? 2p—1
2p—1+aNB ¢ 6=, =0, o= 2p— 1+ aN?P
With the above choice,

L =— ®(c).
c ifu<o,
0 ifu>0.

Since the process @(t) is time invariant, by law of large numbers, for any ¢ > 0 and for any non-
negative test function H with compact support in (0, c0) x R, we have

Jm Eg Top] = {

hm hmsup]P> [f ZH(t )|w£(t)—c}dt>s]zo,

—00
N—oo %<0

lim limsup ]P’~ [j ZH(t )wfc(t)dt > 8] =0.

(=00 Nooo >0
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By Lemma 3.6,

J J {a.H(t,0) J A, o(dA) + (2p — 1)3,H(t,u) J S(M)m, ,(d2)} dudt
0 0 0 0
20 (4.8)
+f f {aH(EwIp. (6w —cl+(2p — DAH(E WP, (6, W)~ 8(C)]} dude >0
0 —00

with Q*-probability one. The proof of Lemma 4.5 is adapted from [5, Theorem 4.1]. In order not to
burden with technical details, we now present a formal argument, and refer to the latter for additional
technical details. From (4.8), we first obtain formally, for any c, t, u,

(Orme 1{u=> 0}, 1) + (2p — 1)(9, 7, , 1{u > 0}, &(1))
<at7":t,uﬂ{u <OhL|A—cl)+(2p— 1)<aunt,uﬂ{u <0}, @A) —2())) <O (4.9

in the sense of distributions, where we define 7, ,1{u <0} = yI{u < 0}. Observe that

pL(tu
0=0,(m., H{u <0}, |A—p,(t,W)]) +(2p —1)3, (., 1{u < 0}, |2(A) — (o, (t, W))I)
= (0, 1H{u <0}, 1A —p, (¢, W)]) + (2p — 1)(G, 7, , 1{u < O}, |2(A) — (o, (£, ))])

+ (1, H{u <0}, 6,12 — pr (t,W)] + (2p — 1)3,|2(A) — @(p, (£, W)
< (G H{u < OL 1A —p (6, w)l) + (2p — 1)(8, 7, 1{u < O}, |2(A) — &(p . (¢, W)

in the sense of distributions. In the last inequality, we use the fact that p; (t,u) satisfies the entropy in-
equality and thus the penultimate line is non-positive in the sense of distributions. Therefore, choosing
c=p;(t,u) in (4.9) yields

(0,1, H{u=>0},2) +(2p — 1){0, 7, , 1{u > 0}, &(Q)) <

in the sense of distributions. More explicitly, this identity yields for any non-negative test function H
that

J f {BtH(t,u)J M‘tt’u(dk)+(2p—1)3HH(t,u)f @(A)nt,u(dk)}dudt>0 (4.10)
0 0 0 0

with Q*-probability one. Fix 6 > 0. Using the same strategies presented in the proof of Lemma 4.3, we
approximate H(t,u) = 1{t < T} x 1{u < &} by smooth functions with compact support, and together
with (4.10), we obtain that there exists C > 0 such that

T [ee)
f f (M), 5(dA)dt < C6 (4.11)
0 0

with Q*-probability one. This completes the proof by letting 6 — O. O

4.4. The case > 1. To indicate the dependence of the process on the parameter f3, let w®(t) be
the process with generator N (.EKI\%R + 54?’/3 ). Without confusions and to make notations simple, in this
subsection we denote w(t) := w/?(t) and n(t) = (°)(t). In other words, in 1) any particle that
reaches the origin is destroyed. We still denote by P, - the distribution of the coupled processes, and by
E,, the corresponding expectation. We shall couple n(t) and w(t) together such that if w(0) = 1(0)

u
at the initial time, then

limsup ZEMNUnX(t) w.(0)]]=0 (4.12)

er
This is enough to prove Theorem 2.3 for the case § = 1, since the case § = 1/2 has already been
proved. Indeed, since the process is attractive, for any compactly supported and continuous function
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H:R—Randforanyf§ =1,

E.U«N |:

¥ ZHEEPO 0,00 < = S, [0 -0, 0]

X€EZ

< %meﬂm(t)—%(m] —0 asN — oo,

X€EZ

We now describe the coupling. We label the n-particles by Y*(t), and the w-particles by Z*i(t), where
kez,i=1,2,...,1.(0). Let

1:(0) 1:(0)
n(O=2. > YR () =x},  w)=) > 1z (@) =x}.
keZ i=1 keZ i=1

If Y® and Z*! are at the same site, then we say these two particles are coupled; otherwise they are
uncoupled. We shall see that n(t) < w(t) for all t = 0 and that Y-particles are always coupled with
Z-particles. The dynamics is as follows:

o at rate Ng(n,(t)), a pair of coupled particles is chosen uniformly from the coupled particles
at site x, and jumps to site x + 1 with probability p, or to site x — 1 with probability 1— p;

o at rate N(g(w,(t))—g(n,.(t))), an uncoupled Z-particle is chosen uniformly from the uncou-
pled Z-particles at site x, and jumps to site x + 1 with probability p, or to site x — 1 with
probability 1 — p;

e at the origin, Y -particles die instantaneously and at rate (N + aN>/2)g(w,(t)), a Z-particle is
chosen uniformly from those particles at the origin, then it jumps to site x + 1 with probability
p/(1+ aN'/?), or to site x — 1 with probability (1 —p)/(1 + aN/2), or dies with probability
aN2/(1 +aN'/?).

With the above coupling, we have
1(0)
Z |nx(t) — cox(t)| = Z Z 1{Z*" visits the origin before time t and survives by time t}.
X€EZ kezZ i=1
Using the same argument as in the proof of Lemma 3.3, we can restrict the above summation to a large
box {k : k € [-AN,AN]} for some A > 0. Depending on whether Z*! is at the origin or not at time t,
we can bound the expectation of the last expression by

E, [wo(O]+ Y. E, [1:(0)]

ke€[—An,An]

1
1+aN1/2’

which divided by N converges to zero as N — oo. This proves (4.12).

APPENDIX A. THE LINEAR CASE

In this section, we provide a simpler, alternative proof of the hydrodynamic limit (Theorem 2.3)
in the linear case where the jump rate is given by g(k) = k. Note that in this case, (cf. Remark 2.5),
the hydrodynamic limit follows a linear advection equation, and thus does not develop shock. Proving
existence and uniqueness of weak solutions is then straightforward. The alternative proof of Theorem
2.3 we propose in the linear case follows the duality approach already used in [6, 7] for symmetric
exclusion processes. However, it is significantly easier for the linear asymmetric zero-range process,
because the estimation of the two-points correlations of the system is straightforward.

For any sites x, y € Z, any t = 0, we define the following discrete density field
PV () :=E, [w. ()], (A1)
as well as the two-points correlation field

oY (0) =, [(w. ()= pJ (D)), ()= pY ())]- (A.2)
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As detailed in [6], the hydrodynamic limit in the linear case is a straightforward consequence of Lem-
mas A.1 and A.2 below. The first lemma states that the discrete density field, once properly rescaled,
converges to the hydrodynamic limit.

Lemma A.1. The density field pV defined in (A.1) converges as N — oo towards the function p defined
in (2.15), in the sense that: for any t 2 0, any u € R,

Jim ol () = p(t,u), (A.3)

where the convergence is uniform in u over compact subsets of R \ {0,(2p — 1)t}. In the identity above,
the function p is the linear hydrodynamic limit defined by (2.15). In particular, for any H € Cx(R),

Nli_)ng()%éH(%)pf(t) = J.RH(u)p(t,u) du.

The second lemma states that the two-points correlation field vanishes away from the diagonal.

Lemma A.2. For any € > 0, and any t = 0,

: N —
Jm f}l.fz loy , (O] =0. (A.4)
[x—y|=eN

We will not detail the proof that the hydrodynamic limit follows from these two estimates, we simply
sketch the main steps and refer the interested reader to [6, Section 5] for a detailed implementation.
The main argument comes from the straightforward bound

| (3 2 (%)wx(t)—fRH(u)p(r,u))z]

X€EZ

2
< % Z H(%)H(%)@Qy(t)+2(%ZH(%)pf(t)—fRH(u)p(t,u)du) ,

X,YEZ X€EZ

which is obtained by adding and subtracting N~ >. H(x/N )pfj (t) inside the parenthesis. The second
term in the right hand side vanishes according to Lemma A.1. The first term can be split, for any £ > 0
into a term that vanishes as N — oo according to Lemma A.2, and a second sum which contains
0((eN)?) terms. Because the process is stochastically dominated by some equilibrium distribution
vy, the cpf’ y(t) are bounded, uniformly in x, y, t, by some constant C(p*). In particular, each of the
terms in the sum are of order C(H, p*)/N?, and this last contribution vanishes as N — 0o and ¢ — 0,
which proves the hydrodynamic limit.

Proof of Lemma A.1. By Dynkin’s formula, the values p¥ (t) := p"(t, %) are the solutions of the fol-
lowing system:

{ AN (@) =N(A—p)p,, () +ppl, ()= pN (D)), x#0 as)

Loy () =N(A-p)pY () +pp™, () — (1 + aNP)p} (1)).

The main ingredient to prove Lemma A.1 is a duality relationship that expresses the density field
e (t) as a function of an asymmetric random walk X on Z. Define a cemetery state 0, and consider a
continuous-time random walk X, on Z, killed at rate aN'*# at the origin, at which point it goes to the
cemetery state 9. The random walk is asymmetric, and jump at rate Np to the left and N(1—p) to the
right, i.e., its drift is inverted w.r.t. the particles in our zero-range process. Denote by AS,”A', the generator
of this process, acting on local functions f : ZU {0} — R as

(gl\gf)x :NP {fx—l _fx} +N(1_p){fx+l _fx} +aN1+ﬂ {fa _fx}ﬂ{x = O}‘ (A.6)
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We denote by T € [0, +00] the time at which the random walk is killed, namely T = inf{t > 0, X, =0},
by P, the distribution of X, started from x, and by E, the corresponding expectation. For convenience,
we let the random walk run after it is killed by letting it jump at infinite rate from 0 to 0, but keep
track that it died.

With these notations, (A.5) yields

LoN)y=2ipN() xez t>0,

pY()=0 t>0, (A.7)
PN (0) = po(3) x €Z,
so that by Feynman-Kac’s formula, we have the dual identity
X
Neey— t
PV (1) =E, [Po(ﬁ) 1{r > t}]. (A.8)
We now consider the behavior of the random walk X,. Define py, qy, 7y as
aNP 2p—1 2—2p
= =——— and =———=1—py—
V=T N N T T aNg N Tyane TNV

which are the probabilities that: the random walk X, initially at the origin, gets killed before jumping
out (py), the random walk is not killed and escapes to infinity without ever coming back to the origin
(qn), and the random walk is not killed immediately but eventually comes back to the origin (ry).

From this, we deduce that the probability that, starting at the origin, the probability that X, gets
killed before escaping to infinity is

aNP ~

— A9
alNPB +2p —1 N—oo (A.9)

ay :=Py(7 < oo)=pNZr]'f,=
=

where o was defined in (2.14).

Fix now u € R, and assume that X, = |[Nu]. Recall that we let the random walk X jump asymmet-
rically after it dies, we further claim that

X,
Py (sup ﬁ‘ —u+(2p— 1)s) > 2N’1/4) =g(N"V®). (A.10)

s<t
We define the martingale M := X,—|Nu|+N(2p—1)s, which is a martingale w.r.t. the natural filtration
of X.. Fix t > 0, by Doob’s inequality

o

Py (sup |M,| > N3/4) S Epy [IM|IN73/4 < N3/ [1 + f

s<t 1

Py (IM,| = V)dv}. (A.11)

Fix K > 0, we define for k <N

Y, = (Mt(k+1)/N _Mtk/N) ﬂ{|Mt(k+l)/N — M| < K}.

By Azuma’s inequality,

N-1
]P’[Nuj(‘ Z Yk) > v) < 2e7V/ANK?
k=0

In particular,
2 2
Py (IM, | = v) < 2e7™ /2NK +Nke{(gl}?ﬁ_l}PLNuJ(|Mr(k+1)/N — Myl = K).
Assume that K > 2t, the probability in the right hand side is less than the probability that the random
walk X jumps at least K/2 times in the time interval [t(k 4+ 1)/N, tk/N], which is less than Ce ¥/t
since the number of jumps in this interval is distributed as a Poisson random variable of parameter t.
This finally yields
Py (M| > v) < 2¢77/2NK L NCe K/t
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so that, choosing K = (log N log v)?/t, (A.11) yields
Pl (sup M| > N'”“) =oN7'9), (A.12)
s<t

which proves (A.10).

We now get back to (A.8). For any u ¢ [0, (2p — 1)t], for any N large enough, according to (A.10),
Py (T < t) S Py, (3s < t,X, =0) = 0(N"/8). In particular, recall from (2.15) the definition of p,
and recall that we assumed p,, to be uniformly c,-Lipschitz, (A.8) yields

o (D= p(t,w)] <2N"V4ey + O(NT8) — 0.

We now consider u € (0, (2p — 1)t), for which we can write, using the same bounds,

|} () = P (6, WPy (7 > £)] S 2Ny + o(NT/®) — 0.

N—-ooo
To conclude the proof, we only need to show that Py, (7 > t) converges to 1 —a as N — oc0. To do
so, we show that Py, (T = t) = Py(7 = 00) + oy(1). We start by writing

]PLNuJ(T t) _]P)I_NuJ(T = OO)+]P>|_NuJ(t T< OO)

By Markov property, the first term in the right hand side is Py(7 = 00) because an asymmetric random
walk X started from x > 0 hits the origin a.s. in finite time. Regarding the second term, we can write
using (A.10) that for some negative u’,

Py (t < T < 00) S Py (T < 00)+ O(N~YE).

Indeed, at time t the random walk has not died, and is w.h.p. of order 1 — @(N~"/®) to the right of
Lnu’], where v’ = (u—(2p —1)t)/2 < 0. However, the random walk being asymmetric, the probability
Py (T < 00)is 0(e M) since it visits the origin with probability @(e™N) for some positive constant
¢ =c(u/,p). Finally (A.9) yields as wanted

Py (T2 ) =Py(t=00)+ OINV/E)=1—a+ O(N*),
where ¢ = |3| A 1/8.

All estimates above are uniform away from the boundary points u = 0, u = (2p — 1)t, so that the
second statement of the lemma is now clear. The last statement of the lemma is straightforward, we
do not detail it. O

Proof of Lemma A.2. In the asymmetric case, the proof of Lemma A.2 is straightforward, we simply
sketch it. In the same way that we obtained (A.7), one can write using Dynkin’s formula

Lo (D=2 () x,y€Zlx—y|>1,t>0,
@évy(t):cpxa(t)— t>0,x, y€?Z, (A.13)
oy, (0)= X,y €z,

where 313’2 is the generator of a two-dimensional asymmetric random walk X = (X,Y) on Z2, where
both X and Y are driven by the generator 54:; defined in (A.6). In other words, under 54:;’2, X jumps
from (x,y) to either (x +1,y) or (x,y + 1) at rate 1 —p, to (x —1,y) or (x,y — 1) at rate p, and
jumps from (x,0) or (0, y) to the cemetery state (x,d), (9,y) at rate aN'*?. Note that not to burden
the proof, we say nothing about the behavior of the random walk X = (X,Y) close to the diagonal,
i.e. when |X — Y| < 1. When the random walk gets close to the diagonal, we will simply use the crude
bound yielded by attractiveness, namely
sup [ (0)] < C(p").

X,yEZ
t=0
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Once again, by Feynman-Kac’s formula, one can write for any |[x —y|> 1, t =20,
oY (D) =E,, [ox, (t=7) Lzcinn ] S C(PMP,, (T < 1), (A.14)

where P, ,, E, , denotes the distribution of the random walk X, = (X,,Y,) started from X, = (x, y),
and the corresponding expectation. In the identity above, 1’ is the first time the random walk X,
hits the set |x — y| < 1, whereas T = 7(X) A 7(Y) is the first time either X or Y hits the cemetery
state. Equation (A.14) comes from the fact that we have three boundaries to the system (A.13) : if
either X or Y hits the cemetery state, ¢~ vanishes. If the random walk reaches time t, then we query
the initial time correlations, which also vanish. The only non-zero contribution therefore comes from
getting close to the diagonal. However, given & > 0, uniformly in |x — y| = ¢N, P, (7’ < t) vanishes
as N — 00, because X, and Y, will be respectively close (up to a fluctuation of order @(+'N)) to
x+(@2p—1)Nt and y +(2p —1)Nt and x and y are far apart. This proves (A.4).

O

APPENDIX B. EQUIVALENCE OF DEFINITIONS 2.2 AND 2.3

In Definition 2.2 the boundary condition is given by the density p(t) at the origin, while in Definition
2.3 the boundary term is given by the flux f(t) into the system. In this section, we show that the two
definitions coincide if f(t) = (2p — 1)®(p(t)).

Indeed, assuming p is an entropy solution to (2.7), we shall prove it is also an entropy solution
to (2.9) with f(t) = (2p —1)®(p(t)). Then by uniqueness of the weak entropy solutions, these two
definitions are the same. Taking H € c;’l((o, 00) x (0,00)) in (2.8) proves that p satisfies (2.9). It
remains to prove p also satisfies (2.12). Fix T > 0. We also need to assume furthermore that p has a
finite number of discontinuities on the time interval [0, T]. For any interval [t;, t;,;] and a > 0, taking
H(t,u) =1p, ., ,1(t) x 1[4 4 and ¢ = o(¢;) in (2.8), we have

i+1

f {lo(ti,w)—o(t)l— Ip(ti+1,u)—9(ti)l}du+Mf lo(t) — e(t)ldt
0 t;

> f (2p —1)|@(p(t,a)) —@(a(t;)|dt (B.1)

i
tiv1

>f H (2p—1)|¢(p(t,a))—<1>(9(t))|dt—f (2p —1)|®(a(1) — 2(o(t,)|dt.

i ti

Since @ is smooth,
tiy1
J (2p— 1)}‘1’(9(f)) _¢(Q(ti))}dt S C(9)6,(ty, b4t — t3),
ti
where 6, (t;, ti 1) = SUP.e(, ) l0(t)—o(t;)]. Similarly, the second term on the left hand side of (B.1)

is bounded by M5 ,(t;, t;41)(t;11 —t;). Taking a partition {t;} of the time interval [0, T] and summing
over the partition in (B.1), we have

ZJ {|P(fi, w)— et —lp(tiq,u)— Q(fi)|}du +(C(2) +M)Tysupb,(t;, tiyy)
t; JO t

To
> f (2p — )| ®(p(t,a)) —@(a(1)|dt.
0

Since infy,y sup; 6,(t;, t;11) =0 and p(t,u) is bounded,
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Ca?}?{ZJ. {|P(fi,u)—9(fi)|—|P(fi+1,u)—9(fi)|}du
T Jo

T
> f (2p— )| 2(p(t, @) — #(o(0))|dt.
0
We conclude the proof by letting a — 0.

REFERENCES

[1] E. D. Andjel. Invariant measures for the zero range process. The Annals of Probability, 10(3):525-547, 1982.
[2] C Bahadoran. Hydrodynamics and hydrostatics for a class of asymmetric particle systems with open boundaries. Commu-
nications in Mathematical Physics, 310(1):1-24, 2012.
[3] C.Bardos, A. Y. Leroux, and J. C. Nedelec. First order quasilinear equations with boundary conditions. Communications in
Partial Differential Equations, 4(9):1017-1034, 1979.
[4] A.De Masi, S. Marchesani, S. Olla, and L. Xu. Quasi-static limit for the asymmetric simple exclusion. preprint available on
HAL: hal-03177202, March 2021.
[5] R.J. DiPerna. Measure-valued solutions to conservation laws. Archive for Rational Mechanics and Analysis, 88(3):223-270,
1985.
[6] C. Erignoux. Hydrodynamic limit of boundary driven exclusion processes with nonreversible boundary dynamics. Journal
of Statistical Physics, 172:1327-1357, 2018.
[7] C. Erignoux, C. Landim, and T. Xu. Stationary states of boundary driven exclusion processes with nonreversible boundary
dynamics. Journal of Statistical Physics, 171:599-631, 2018.
[8] J. Fritz. Entropy Pairs and Compensated Compactness for Weakly Asymmetric Systems, volume 39 of Advanced Studies in Pure
Mathematics, chapter 6, pages 143-171. Mathematical Society of Japan, Tokyo, 2004.
[9] J. Fritz and B. Téth. Derivation of the leroux system as the hydrodynamic limit of a two-component lattice gas. Commun.
Math. Phys., 249:1-27, 2004.
[10] C. Kipnis and C. Landim. Scaling limits of interacting particle systems, volume 320. Springer Science & Business Media,
2013.
[11] C. Kipnis, S. Olla, and S. R. S. Varadhan. Hydrodynamics and large deviation for simple exclusion processes. Communica-
tions on Pure and Applied Mathematics, 42(2):115-137, 1989.
[12] C.Landim. Hydrodynamical limit for space inhomogeneous one-dimensional totally asymmetric zero-range processes. The
Annals of Probability, pages 599-638, 1996.
[13] J. Mélek, J. Nelas, M. Rokyta, and M. RuZi¢ka. Weak and Measure-valued Solutions to Evolutionary PDEs. Chapman and
Hall/CRC, 1996.
[14] E Otto. Initial-boundary value problem for a scalar conservation law. Comptes rendus de ’Académie des Sciences, 1
322(8):729-734, 1996.
[15] E Rezakhanlou. Hydrodynamic limit for attractive particle systems on Z<. Communications in mathematical physics,
140(3):417-448, 1991.
[16] H. T Yau. Relative entropy and hydrodynamics of Ginzburg-Landau models. Letters in Mathematical Physics, 22(1):63-80,
1991.

INRIA, UNIV. LILLE, CNRS, UMR 8524 - LABORATOIRE PAUL PAINLEVE, F-59000 LILLE
Email address: clement .erignoux@inria.fr

INRIA, UNIV. LILLE, CNRS, UMR 8524 - LABORATOIRE PAUL PAINLEVE, F-59000 LILLE
Email address: marielle.simon@inria.fr

INRIA, UNIV. LILLE, CNRS, UMR 8524 - LABORATOIRE PAUL PAINLEVE, F-59000 LILLE
Email address: 1injie.zhao@inria.fr



	1. Introduction
	2. Definitions, notations and results
	2.1. Zero-range process with source dynamics
	2.2. Invariant measures.
	2.3. Entropy solutions
	2.4. Statements of main results.

	3. Preliminary results
	3.1. Invariant measures for the process with destruction
	3.2. Second-class particles.
	3.3.  Microscopic entropy inequality.

	4. Proof of Theorem 2.3
	4.1. The case < 0.
	4.2. The case = 0
	4.3. The case 0 < < 1.
	4.4. The case 1.

	Appendix A. The linear case
	Appendix B. Equivalence of Definitions 2.2 and 2.3
	References

