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Compressive learning for patch-based image denoising*

Hui Shif, Yann Traonmilinf, and Jean-Francois Aujolf

Abstract. The Expected Patch Log-Likelihood algorithm (EPLL) and its extensions have shown good perfor-
mances for image denoising. The prior model used by EPLL is usually a Gaussian Mixture Model
(GMM) estimated from a database of image patches. Classical mixture model estimation meth-
ods face computational issues as the high dimensionality of the problem requires training on large
datasets. In this work, we adapt a compressive statistical learning framework to carry out the GMM
estimation. With this method, called sketching, we estimate models from a compressive representa-
tion (the sketch) of the training patches. The cost of estimating the prior from the sketch no longer
depends on the number of items in the original large database. To accelerate further the estimation,
we add another dimension reduction technique (low-rank modeling of the covariance matrices) to
the compressing learning framework. To demonstrate the advantages of our method, we test it on
real large-scale data. We show that we can produce denoising performances similar to performances
obtained with models estimated from the original training database using GMM priors learned from
the sketch with improved execution times.

Key words. Image denoising, Compressive learning, Sketching, Optimization,

AMS subject classifications. 68U10, 94A08, 49N30

1. Introduction. We consider the classical noisy observation model of a clean natural
image u € RY (composed of N pixels):

(1.1) v=u+w

where v is the observed degraded version of u. The acquisition noise w is usually assumed

to be an additive white Gaussian noise of variance o, i.e. w RN (0,0%Iy). In the last two
decades, non local patch-based methods have been proven successfull for denoising. Methods
such as Piecewise Linear Estimators [60, 1], BM3D [10, 29] or NL-Bayes [31, 30, 58, 28] are
examples of non-local methods [3]. In patch-based image denoising, the noisy image v is
divided into small patches {v;}}£,. Each patch v; € RY (P is the patch size) can be seen as a
vector in a high dimensional space. The denoising problem is considered on each patch:

(1‘2) V; = U; + W,

and a corresponding denoised version u; of the true values u; are estimated. To overcome
the ill-posedness of this inverse problem, various denoising methods [32, 31, 30, 22] consider
patch models within a Bayesian framework. According to the Bayes’ theorem, the objective
is to find «} which maximizes the posterior probability distribution f(u;|v;) under the prior
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2 H. SHI, Y. TRAONMILIN, AND J. -F. AUJOL

p(u;). The Maximum A Posteriori (MAP) problem is formulated as

Nl —v; 1>

(1.3) u; = argmax f(u;|v;) = argmax f(v;|u;)p(u;) x argmaxe 202 p(uy;)

u; ERP u; €RP u; €R”
where || - || denotes the ¢2-norm. This yields

2
. o ui — v
(1.4) uf = argmin ” ZQUQZH — log(p(us))-
u; €

Ideally, the choice of the prior distribution should be determined by the nature of the
image to be estimated. In practice, Gaussian Mixture Models (GMM) [60, 56, 22] have shown
their effectiveness. With the GMM prior, the solution of problem (1.4) can be approximated
by a Wiener filter solution (see subsection 2.2).

Among these various non-local denoising methods, the Expected Patch Log-Likelihood
algorithm (EPLL) [63] occupies a central position due to its efficient denoising performance.
A large number of works build on the original EPLL formulation to deal with more general
prior or go beyond the denoising problem [12, 37, 6, 33, 41, 52, 11, 44]. EPLL uses a GMM
prior learned from a very large set of patches extracted from clean images. The key to the
success of EPLL is to find a good prior distribution. Since in practice patch sizes are typically
greater than 5 x 5, estimating prior distributions in such a high-dimensional space is a difficult
task. Moreover, to estimate the best possible model, we need to maximize the redundancy
of structural information and use training databases as large as possible. As the traditional
empirical minimization approaches require access to the whole training dataset, when the
collection size is large, the learning process can be extremely costly. For instance, in the case
of the classical learning method Expectation Maximization (EM), the memory consumption
and computation time depend on the size of the database (see section 3).

Leveraging ideas from compressive sensing [15] and streaming algorithms [9], R. Gribon-
val et al. propose a sketching method [25, 19, 20, 18, 17] to compress the training database.
This scalable technique compress the whole training collection into a fixed-size representation
(a vector): a sketch of the training dataset before learning. The sketch captures the nec-
essary information for the considered learning task. For certain mixture model estimation,
it is then possible to learn their parameters directly from the sketch, without access to the
original dataset. Hence the space and time complexity of the learning algorithm no longer
depends on the original database size, but only on the size of the sketch which is linked to the
dimensionality of the model. Sketching has been already used successfully in machine learn-
ing [45, 17, 27, 7, 5, 40], generative networks [46], source localization [13, 14|, independent
component analysis [48] and depth imaging [49]. In [25], the sketching is implemented and
evaluated on synthetic data to estimate a GMM with diagonal covariances. It is shown that
on large synthetic data, for the estimation of GMM, the sketching produces precise results
while requiring fewer memory space and computations. In this work, we explore the sketching
method in the image patches context where GMM with full covariance must be estimated
from the compressed database.

Due to the curse of dimensionality, it is computationally expensive to manipulate the
GMMS’ covariance matrices. In [42], the authors show that most natural images and videos
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COMPRESSIVE LEARNING FOR PATCH-BASED IMAGE DENOISING 3

can be represented by a GMM with low-rank covariance matrices. The experiments have also
shown the efficiency of low-rank covariance matrices applied to image denoising [38], image
inpainting, high-speed video and hyperspectral imaging [59]. This motivates us to use such
low-rank covariances in the GMM modeling of patches and extend the sketching framework
accordingly to gain computational speedup and to manage the modeling of the image patches
in the most possible flexible way.

1.1. Contributions. A preliminary and short version of this work has appeared in [51]. In
this paper, we provide a more detailed version of this work with a final consolidated version
of the proposed learning algorithm, validated by extended numerical experiments.

Figure 1 summarizes the principle of our approach. We first construct a sketch by averaging
random Fourier features computed over the whole image patch database. Then the model
parameters are learned directly from the sketch by our Low-rank Continuous Orthogonal
Matching Pursuit (LR-COMP) algorithm without access to the original database. Finally,
the learned model is used with a Bayesian method (EPLL) for the denoising task. Our

Compressed database

: yeR™,
\c"(\\{\o‘; 57 £
x® @ ./ |m<<n
oy
Large database of patches P //,:j/
mmmm '-___.__..___ EM
X={z}0 ,a;eRF T
Noisy image
. uj = argmin, _pr [lwi — il
N 20?2

Figure 1. A summary of our method

contributions of this piece of work are the following:

e In this work, we propose an algorithm LR-COMP to estimate a GMM with non-
diagonal and low-rank covariance matrices. Compared to previous work in [25], our
extension to non-diagonal covariance matrices allows us to learn a GMM prior from
a compressed database of patches in the context of image denoising. Moreover, with
the low-rank approximation of the covariance matrices, we lighten the computation
burden in the denoising process while keeping good denoising performances.



94
95
96
97
98
99
100
101
102
10:
10
10:
106
107
108
109

110
111
112
113

115
116
117
118

119
120
121
122

4 H. SHI, Y. TRAONMILIN, AND J. -F. AUJOL

e We demonstrate the performance of our approach on real large-scale data (over 4
millions training samples of patch size of 7 x 7) for the task of patch-based image
denoising. We show that using models trained with the compressed database, we
can obtain similar denoising performances compared to the models obtained with the
classical EM algorithm. To the best of our knowledge, this is also the first time that
the sketching framework has been applied with such high dimensional GMMs.

e Computationally, we estimate the model from a compressed database which is about
1000 times smaller than the original patch database. It leads to running time approx-
imately two times faster compared to the EM method.

The paper is organized as follows. Section 2 is a reminder of the EPLL framework. Then
we review the EM algorithm in section 3. In section 4, we explain the compressive learning
method. In section 5, we focus on explaining how to adapt the sketching framework to learn
a GMM in the image patch context. We also interpret the extension to low-rank covariances
and the implementation details of the adapted learning algorithm LR-COMP. In section 6,
we provide numerical experiments that demonstrate the performance of our approach. Some
conclusions and tracks for further works follow in section 7.

2. Image denoising with EPLL. We review in this section the Expected Patch Log-
Likelihood (EPLL) framework for image denoising. EPLL is a patch-based image restoration
algorithm introduced by Zoran and Weiss [63]. The EPLL framework restores an image u by
performing the following maximum a posteriori (MAP) estimation over all N patches:

N
P
(2.1) u* = argmin — |lu —v||* = log(p(Psu))
ueRN 20'2 ; !

where P; : RV — RP is a linear operator that extracts a patch of P pixels centered at the
position 4, typically P = 7 x 7. The function p(-) is the density of the prior probability
distribution of the patches. Note that in practice, we assume that patches are distributed
independently.

2.1. Optimization. Due to the non-convexity of p(-), direct optimization of the problem
may be difficult. The authors of EPLL propose to perform the optimization with “half-
quadratic splitting” [16]. By introducing N auxiliary unknown vectors z; € R” and a denoising
parameter 5 > 0, the problem is then considered as:

ueRN
21,..,2NERP

p 6 N N
(22) w = amgmin gl = off £ 53 1Pl = 3 loa(p(a).
1= 1=

The optimization (2.2) is accomplished by alternating the minimization of u and z;.
e Solving u for fixed z; — Problem (2.2) turns into a linear inverse problem with the
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COMPRESSIVE LEARNING FOR PATCH-BASED IMAGE DENOISING 5

Tikhonov regularization. It has a closed form solution:

P gy
U= al“geglNin oyl Uy vl* + 5 z_: [P — zi?

(2.3) N

2
= ﬁpgﬂw %ZPZT%)

i=1

with ZZ]\L 1 PiT P; = PI, where P is the number of patches overlapping each pixel.
Hence we have

(2.4) = I+ 28I (v+0%8%)

where z; := (Zfil PP Zf\il Pz =3 Zfil Pl z; is the image after averaging
all overlapping patches z;.

e Solving z; for fixed u — The minimization problem (2.2) is separable with respect
to the latent variable z;. It means that for each z; we solve a patch MAP estimation
under the patch prior p(z;), i.e. for all 4,

(2.5) 5 — argmin D [Py — 2|2 — log(p(:)).
Z»;ERP 2

The solution of this problem depends on the choice of patch prior p(-).

2.2. Denoising with a GMM prior. EPLL assumes that the prior is a finite Gaussian
mixture model (GMM) with zero-mean on centered patches: the empirical mean estimated
from noisy patches are removed before the denoising process (2.5) and added back in the end.
We consider that a zero-mean patch z € R” is a random vector generated from a distribution
with density p(x) defined as

K
(2.6) p(x) = Z apNp(z;0, %)

k=1

where K is the number of Gaussian components and oy > 0 are weights of each component
such that Zkkzl ar = 1. The function Np(x;0,3x) denotes the density of a Gaussian dis-
tribution with zero-mean with covariance ¥ € RP*F. Recall that the zero-mean Gaussian
distribution density is:

1 S
(27) NP(QZ’,O, Ek) = We 2 k

Hence, under the GMM prior, Problem (2.5) turns to:

K
(2.8) 2z = argmméHP o — z]|? — log(z apNp(zi;mi, X))
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where we supposed that the mean m; are correctly estimated by the empirical mean of noisy
patches.

This problem cannot be solved in closed form as the second term is the logarithm of a sum
of exponential. In [63], the authors proposed to solve this problem by keeping only one Gauss-
ian component. For a given centered patch z; = P;i — m;, we chose the component k' that
maximizes the posterior probability p(k;|Z;). This leads to computationally efficient imple-
mentations. [54] also justified that only one component is required for good reconstructions.
The index k7 is chosen by

kf = argmax p(k;|2;) = argmax p(k;)p(Z;|ki)

1<k;<K 1<k;<K
(2.9) 1 . 1 ,
= argmin —2log ay, + log X, + =Ip|+ Z; Bk, + 51Ip)” %
1<ki<K B B

where oy, and ¥y, are the weights and the covariance matrices of the kth Gaussian component
for the given patch z;. With &} (instead of a sum of K components), the solution of (2.8) is
then a Wiener filtering solution:

1
(2.10) Zi = (Ek; + BIP)*lzlk;éieri.

2.3. Eigenspace implementation of EPLL. The matrix inversions in (2.9) and (2.10) can
be done efficiently by using the singular value decomposition over the covariance matrices.
We denote X = UkAkU,?, with U, € RPXP an unitary matrix and Ay, = diag()\gk), . Agf)) a
)

diagonal matrix. The diagonal entries )\l(-k
compute (2.9) by:

of Ay are the singular values of ¥;. Then we can

P ~(k)12
1 [Q}. ]

2.11 k} = arg min —2log oy, + logAF) 4 Zy 4 L1 2
( ) 1§gk§1< & Z;(g(] 5) pLJNEEY

= J B
where
(2.12) 7% = Uz,
Then (2.10) leads to
(2.13) 8 = Upr Sy Uf Ztmy = Uk;Skfﬁfkj)%—mi
with

A\

(2.14) S+ = diag k:*‘yi

J B j=1,...,P
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COMPRESSIVE LEARNING FOR PATCH-BASED IMAGE DENOISING 7

3. Learning a GMM with EM. The Expectation-Maximization (EM) algorithm is a clas-
sical mixture estimation approach. This algorithm starts with some initial estimates of model
parameters and then iteratively updates the estimate until the the estimates are not changing
much. See Appendix B for the details of the EM algorithm. In each iteration, it carries out
two steps: the E-Step (expectation step) and the M-Step (maximization step). In E-Step,
using the current estimate of the parameters, we evaluate the posterior probabilities. In the
M-Step we compute parameters that maximize the probabilities found on the E-Step. These
estimated parameters are then used to determine the distribution of the latent variables in
the next E-Step.

As for the time complexity of one iteration of this algorithm, it is linear in the number of
model components K and the number of elements in the database n. However it is cubic with
respect to the dimensions P due to the fact that we need to inverse the covariance matrix when
calculating the density in E-Step. Thus, when estimating a K-components GMM on a data-
base of n elements of dimension P, the computational complexity of one iteration of the EM
algorithm is O(nK P? + K P3). The major criticism of the EM algorithm is that when dealing
with a large dataset, it often converges slowly. To address this problem, researchers have
developed various variations of the traditional EM algorithm [36, 36]. Learning parameters
using EM technique face computational issues linked to the size of the dataset and the number
of parameters to estimate, which would make the use of (very) large image patches databases
impractical. In the next section we will see an alternative manner to learn parameters using
compressive learning.

4. Sketching. Sketching is a dimensionality reduction method. The principle is to com-
press the whole dataset massively before learning. First, the dataset x = {x;}! ; is summa-
rized into a vector y € C™ (m < n) called the sketch:

(4.1) y := Sketch(x).

Note that the computation of the sketch can be performed in a distributed manner. Then
we apply a learning procedure T that allows us to learn an estimate U* of some statistical
parameters W of the dataset directly from the sketch ¢, namely

(4.2) U* = Y(y) = YT (Sketch(x))
More specifically, learning from the sketch corresponds to a minimization problem

(4.3) U* € argmin E(y, V)
v

where the energy of the model E(-, ) quantifies the fit between the sketch g and the parameter
W. In the context of statistical learning, the energy F can be seen as a proxy of the empirical
risk. The principle of sketching is summarized in Fig. 2.

4.1. Compressive mixture estimation. In machine learning, the data z; € R? (e.g. in our
case, the patches with d = P) are often modeled as i.i.d. random samples generated from a
probability distribution parameterized by © with a density fg € D (D is the set of probability
measures over R?). The idea of sketching is to project the measure fgo on a low-dimensional
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Large collection size n

d Sketch Learn
m n
T |2 T | ~ f <

<

Figure 2. Schema of sketching

vector space while keeping all the necessary information of the dataset. Mathematically, given
a linear sketching operator S:

SD—C™
y=38f

and for some finite K € N*, we define a K-sparse model fg o € D:

(4.4)

K
(4.5) foa= Zakfek
P

where fp, € D are elementary measures parametrized by 6, o, > 0 for all components and
K
> keq ar = 1. We can express the vector z as

K
(4.6) y=Sfon=Y aSfs.
k=1

In practice we only have access to the empirical probability distribution f = %Z?:l Oz,
where §,, is a unit mass at x;. So we can define the empirical sketch as § = %S Yoy O,
The goal of the sketching framework is to recover fg . from y, hence we do the following
minimization to estimate the parameters

(4.7) (0", a") € arg min IS fo.a —g)||%
BOcRK
aGRK,akEO,Zszl ap=1

The objective of sketched learning algorithms is to minimize a datafit functional between the
compressed database and the sketch of the estimation. In other words, our aim is to find
parameters a, © such that the sketch of the probability distribution parameterized by «, © is
the closest to the empirical sketch g.

4.2. Recovery guarantees. It was shown in [18] that we can guarantee theoretically the
success of this estimation with a condition on the sketch size. These guarantees necessitate
a “Lower Restricted Isometry Property” (LRIP) of the sketching operator. This property, is
verified with high probability, for GMM with sufficiently separated mean and random Fourier
sketching as long as the sketch size m > O(K2dpolylog(K,d)), i.e. when the size of the sketch
essentially depends on the parameters K (the number of components) and d (the model
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dimension). Empirical results seem to indicate that for dio the total number of parameters, a
database size of the order of diy is sufficient: in the case of estimating a GMM with diagonal
covariance matrices [25], the authors observe that the quality of the reconstruction exhibits a
sharp phase-transition with respect to the sketch size m. This phase transition happens for
m proportional to diot. In our model, dyoy = K (Pr+1). The excess risk of the GMM learning
task is then controlled by the sum of an empirical error term and a modeling error term. This
guarantees that the estimated GMM approximates well the distribution of the data [19].

Note that EPLL uses a zero-mean GMM as the patch prior, therefore, during the learning
process, the patches are centered before sketching and we do not estimate the mean of Gaus-
sians. In our case, the sketched GMM learning problem reduces to the estimation of the sum
of k zero-mean Gaussians with covariances © = (Zk)szl, ie foa= Zle ags, where gy is
the zero-mean Gaussian measure with covariance Y. In this context, the notion of separation
used to prove guarantees in [18] does not hold. We still show empirically that the sketching
process is successful without this separation assumption.

4.3. Design of sketching operator: randomly sampling the characteristic function. In
[25], the sketch is a sampling of the characteristic function (i.e the Fourier transform of the
probability distribution f). Recall that the characteristic function 1) of a measure f is defined
as:

(4.8) Yp(w) = /Rd e_inxdf(:L‘) Yw € RY.

The sketching operator is therefore expressed as:

(4.9) Sf =), o(wm)]”

where {w1, ...,wn} is a set of well chosen frequencies. In the spirit of Random Fourier Sam-
pling, the authors of [25] propose to draw the frequencies from a probability distribution, i.e.
(W1 eeey Win) 4 A The choice of frequencies is essential to the success of sketching, and we
will discuss it in details in subsection 5.1.

5. Sketching image patches. In this section, we adapt the sketching framework to the
context of image patches. As when using the classical EM algorithm, the GMM learning from
sketch is performed under the assumption that the training patches are i.i.d. Given a training
set of n centered patches y = {1, ..., z,} C RP, we define the empirical characteristic function
with

R 1 <& .
(5.1) Y(w) = — g e ™" with we RP.
n
i=1

Thus the empirical sketch g is expressed as

(5.2) Y= W(wl), ...,ﬂ(wm)]T = 1 Ze—iwf%" - Ze—z’w?nz]-
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In other words, a sample of the sketched database is a P-dimensional frequency component
calculated by averaging over patches (not to be mixed with usual 2D Fourier components of
images). Thanks to the properties of the Fourier transform of Gaussians, the sketch of a single
zero-mean Gaussian component gy, at frequency wy is

(5:3) (S = s, (w1) = & e Phs,

Thus, given the weights o = ()&, and the covariance matrices ¥ = (3;)K |, the sketch of
a zero-mean GMM fy, , = Zszl args, is

(5.4) z=[8(fea)lizr =

K

1.7
§ :Ozkeiiwl Ypwy
k=1

As a consequence, denoting PSDp the set of P x P positive symmetric definite matrices, the
problem (4.7) of estimating GMM parameters becomes

I=1,....m

(5.5) (X%, a%) € arg min 19— Sfals
S=(Zk)K |, SkePSDp
a€RK 03, >0,5°8, aj=1

i.e.
2
moly K
. T 1T
(5.6) (X*,a") € arg min E = Ze wlz; _ Zake LTS W
EkGPSDP,Vk: =1 n ]:1 —1

aERK,akZO,fozl ap=1

In practice, the positive definite constraint in the optimization problem is hard to enforce
directly on the space of P x P matrices (as previous work only considered diagonal covariances,
it was not an issue). Our method, based on the Burer-Monteiro, permits us to respect the
PSD constraint by recasting the covariance estimation problem as an optimization over R
without constraint (see subsection 5.2 for more details).

5.1. Frequency sampling. The design of the probability distribution A for sampling the
frequencies {wy,...,wn} is essential to the success of sketching. In our work, we draw fre-
quencies from the adapted radius frequency distribution proposed in [25]. The adapted radius
heuristic proposes to sample w as

(5.7) w= Ry

where R € Ry is the norm of w and ¢ € R” is the random direction. The radius R is
chosen with a radius distribution R ~ pr(R;n) = ((nR)? + %(nR)‘l)%e_%(nRP where 7 is
a scale parameter that should be adjusted to the current dataset to ensure that most of
the spectral content of the GMM is sampled. By combining this radius distribution with the
decomposition (5.7), we have a frequency distribution Ay, referred as adapted radius frequency
distribution. See Appendix C for details. With this distribution, we avoid sampling very low
frequencies. Figure 3 illustrates the curve of p(R) with different values of 7.
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0.7
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0.6 - n=5_ |1

0 I I
0 2000 4000 6000 8000 10000 12000
R

Figure 3. Curve of the radius distribution density

5.2. Extension to low-rank covariances. Bayesian MAP theory permits to use a GMM
with degenerate covariance matrices as a denoising prior. In this case, the prior is given only
in the union of subspaces spanned by the r leading eigenvectors of the K covariance matrices
of the GMM. The experiments [38, 42] have shown that we can use low-rank covariance
matrices for denoising while keeping good performance. This motivates us to approximate the
covariance matrices in the GMM prior by low-rank matrices.

Following classical Burer-Monteiro method [4, 8] in low-rank matrix estimation, we pa-
rameterize ¥ by its factors Xg: X = XkX,F{. We define fx . the density function of a
zero-mean GMM with X = (X;)X || where X}, is a factor of a covariance matrix.

Supposing that [|§ — Sfx.«||3 has a minimizer, we approximate the minimization (5.5) by

(5.8) (X,d) € arg min 19 — Sfx.al3
X=(Xk)kK:1,Xk€RPXT

aGRK,akzo,Zle ap=1

ie.
m K L 2
A . ~ _ 1T T
(5.9) (X,a) € arg min Z g — g e 29 XX e
XpeRPxr vk =1 ke1

aERK,akZO,Zle ap=1

where X = {Xl, n X K} is the collection of factorized rank reduced covariances. With the
following proposition, we show that the difference between the costs minimized in (5.5) and
(5.9) (the full rank and the low-rank cases, respectively) is associated with the smallest eigen-
values of the covariance matrices. We qualitatively validate this approximation since these
eigenvalues are typically small.

Proposition 5.1. Let ®* = {X7,...,3%,of,...,a}} be a minimizer of (5.5). Suppose
that there exists a minimizer ® = {Xl,...,XK,&l,...,dK} for the problem (5.8). Let C =
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% S lwills. Then we have:

1S f5 = illy = IS far — 9ll, < C max (or+1(X}))

where the o,41(X7) is the (r 4 1)-th singular value of ¥}, sorted by decreasing order.

The proof is detailed in Appendix D.

Ideally, we would like to obtain a similar bound for ||X} — X kf(;f” r. We conjecture that
a RIP (Restricted Isometry Property) would be needed for such a result. As the verification
of RIP remains an open theoretical question in the zero-mean GMM case, we leave this
theoretical question for further work.

5.2.1. Related work. There exist other methods to learn GMMSs by incorporating a di-
mensionality reduction technique. In the mixture models of probabilistic PCAs (MPPCA) [53],
the covariance matrix ¥j is parameterized as

(5.10) Y = Xp X, + A2

The authors use the EM algorithm to optimize the parameters v, and Xj;. In the high
dimensional data clustering (HDDC) model [2], the authors generalized the MPPCA by setting
the covariance matrix as

(5.11) Y = XpdiagOM) XE +72I, M > 0.

As for the MPPCA, the parameters are learned by the EM algorithm. In the HDMI model [22],
a model selection algorithm for the intrinsic dimension of each mixture component is proposed.
In this model, the noise variance 7 is a priori fixed and the other parameters are optimized
by the EM algorithm. Finally, in the PCA-GMM model [21], the covariance matrix ¥ is
expressed as:

-1
(5.12) Y = <712(I - Xp X+ XkS*IXkT> , SeSPD(P).

k
This model is a more general one than HDDC. The parameter -, can either be fixed a priori or
optimized simultaneously with the other parameters by the EM algorithm. Unlike the above
models, our model doesn’t estimate v, we rather set a similar user-defined parameter (called
w in our case) at the denoising step. In our model, we also assume that the intrinsic dimension
of each Gaussian component is the same and a priori fixed. Using automatically estimated
ranks for covariances is a possible future work.

5.3. An algorithm for learning patch prior from a sketch : LR-COMP (Low-Rank Con-
tinuous Orthogonal Matching Pursuit). Problem (4.7) can be solved approximately using the
greedy Compressive Learning OMP called CL-OMP and a variation of CL-OMP called CL-
OMP with Replacement (CL-OMPR) [25, 26]. These algorithms are based on the Matching
Pursuit [34], Orthogonal Matching Pursuit [39] and Orthogonal Matching Pursuit with Re-
placement [23] for classical compressive sensing, which handle sparse approximation problems.
It starts from an empty support and it expands the support by greedily adding new atoms to
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55 the current support. Each new atom 6’ is found by maximizing the correlation (S fg,, r) where
356 1 is the current residual. Then it updates the weights and reduces the cost function with a
357 descent algorithm initialized with the current parameters. For better feasible recovery, the
58 algorithm using the replacement method was proposed. The approach increases the number
359 of iterations of CL-OMP and extends the size of support more than the desired sparsity. Then
360 it deletes the extra atoms by using the hard thresholding operator. We adapt these algorithms
361 in the GMMs context with our low-rank approximation. Several modifications are detailed

362 below:

363 e No Replacement. Although the algorithms using the replacement method show

364 better results on synthetic data, our results tested on image patches show that the

365 replacement step has a negligible effect. Therefore, we run our algorithm without this

366 hard thresholding operator to decrease the computation time.

367 o Estimation of the factors of covariance instead of the covariance matrices.

368 As we approximate the covariance matrices with their factors, in each step of the

369 algorithm, we do operations directly on the factorized rank reduced covariance X

370 instead of the covariance matrix 3 to lighten the computations.

3 e Non-negativity and the normalization of the weights. In Step 1 of the algo-
rithm, we compute the real part of the correlation between the normalized atom and

the residual as done in CL-OMP(R). This avoids a negative correlation and negative
weights in practice. No matter how Step 3 was computed, using the projected gra-
dient descent or the gradient descent, or with a direct calculation, there’s negligible
difference in the result and the running time. The weights are not forced to be sum-
to-one at each iteration. However, after transforming the negative weights to zero, an
l1-normalization of the weights is performed at the end of the algorithm.

T W N =

C

-3

Dt R RN BN EN N BN BN |

W oW W W W W W
o0

Algorithm 5.1 LR-COMP: Compressive GMM estimation with low-rank covariances [50].
Input Empirical sketch g, sketching operator S, sparsity K, rank r
Py X+ 0
fort =1to K do
Step 1: Perform a descent initialized with a P x r matrix of normally distributed random
numbers:
X} < argmaxy, Re <Sf¢ f> init = rand
k & MaxXx;, 1Sfx, 12" /o
Step 2: Extend the support: X < X U {X;}
. X
Yy — Zlkz‘l O‘kaXk
Step 4: Perform a descent initialized with current parameters:
2
" X .
7 — ZLzll arS fx, X init = (X, a)

Step 5: Update residual: 7 + g — Zlk)i‘l oS fx,;
end for
Normalize the weights «y, such that >, oy =1
return Support X, weights «

2
2

Step 3: Find weights: a - argmin,, ‘

X, o 4 argminy ,

379 The proposed algorithm is summarized in Algorithm 5.1. In practice, we perform Step 4 with
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a descent algorithm (L-BFGS). We use more iteration in the ultimate Step 4 (for t = K) as a
”final adjustment”. With this ”final adjustment” step, we could reduce the running time by
using fewer iterations in Step 4 for ¢ < K. Our algorithm was implemented by extending the
MATLAB toolbox [24]. The Matlab implementation of our approach is available at [50]. The
main tool for the implementation of Algorithm 5.1 is to compute the necessary gradients for
the optimization problems in Steps 1, 3, and 4.

For the following section, denote the vector v(X) = Sfx € R™.

5.3.1. Expression of the gradient for Step 1. In step 1, we have the optimization problem

S
(5.13) Xi € argmaxRe<fX’“,f> , reC™
X, ERPXT 1Sfxll2” /o
Sf . Xi)TRe(7
Let F(Xy) = —Re <ﬁ,r>2 = —w, then problem (5.13) turns to
(5.14) X" € argmin F(Xy).
XkeRer

In practice, with W = w1, ...,wn] € RP*™ the frequency matrix, we compute the gradient of
F(X}) with the following operation:

(5.15) G= _Hq)()(lk)ugw <WTXk4< <v (Xp) * <m —Re (f)>>> :

Here the symbol * represents the multiplication element by element in MATLAB. A matrix of
size m x r multiplied using dot* with a m x 1 vector leads to a matrix of size m x r (multiplying
all columns of the left side by the same column vector of the right side). The result G is a
matrix of size P x r. We need to reshape all the elements of the matrix GG into a single column
vector, whose result is the gradient Vx, F/(X}). The detailed computation is in Appendix E.

5.3.2. The solution of Step 3. The problem is

| X

(5.16) o = argmin ||y — Z arSfx, yeC™.
acRIX| k=1 9

Denote V(X) = [v(X1),...,v(X|x))] € R™ Xl o = [a, ..., ax]t e RIXI) then the problem can
be expressed as a least-squares minimization

(5.17) o = argmin g(o) = argmin |ly — Val3.
a€cRIX] a€cRIX|

We thus have

(5.18) of = (VIV)~tvTy,
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5.3.3. Expression of the gradient for Step 4. The problem is

2
(5.19) (X", a) e arg min J— Z arSfx,
X€RIX|, X} eRP+Pxr
acRIX]| 2

Denote V = [v(X1), ..., v(X|X])], a = [a1,...ax]", we express

(5.20) WX, a)=l§—Valf3,

so we have the gradients

(5.21) Voh(X,a) =2V (Va —9)

and

(5.22) Vx, h(X,a) =20, Vx,v(Xp)T (Va —9).

In practice, as in Step 1, we compute the second gradient by calculating the matrix
(5.23) Go = =20, W(WT Xpsi0(Xp)%(Va — y)).

The gradient Vx, h(X, «) corresponds the vector after reshaping Go.

As the function minimized here is smooth; the descent will be guaranteed to converge to
a local minimum. Recent works suggest that if all the OMP steps fall close enough to the
Gaussian of the global optimum [55], this step will converge to the global optimum under a
restricted isometry condition.

5.4. Complexity of LR-OMP. When estimating a K-components GMM, the proposed
algorithm LR-OMP has a computational cost of the order of O(mP?rK?). In each iteration,
the computational cost is dominated by the matrix-vector product W (W7 X) where W is a
matrix of size P xm and W71 X is a matrix of size m xr. As m < n, the computational cost of
our algorithm is lower than that of the EM. Moreover, it is possible to exploit the advantages
of GPU computing, the matrix multiplication can be performed by using multiple GPUs in
parallel [62]. This could result in a speed-up, especially for the ”final adjustment” step.

5.5. Denoising with low-rank covariance matrices. In this section, we describe some
modifications required in EPLL to use our estimated model. The estimated parameters
are & = {Xl,.. Xp, b, ..., aK} with Xk € RP*" and a;, € Ry. A singular value decom-
pos1t10n of Xj is given by X, = UkSka Uk,Vk € RP*P are orthogonal matrices and
Sk = diag(8g,, - , Sk, 0,-- O) € RPXP is a dlagonal matrix. The r-rank covariance matrix
can be expressed with EM = XkX P = UkSkUk We approximate the covariance matrix Xy,
with ¥ ~ 3 = UkAkUk where Ay is formed as:

a2
Sk1

a2
(5.24) Ay = ks
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where p is a user parameter. Denoting U JS RP*" the matrix formed by the first » columns
of Uy, and A} the matrix formed with the first » rows and r columns of Ay, we have:

1 - T AT 1 —17mr B e iTT
(5.25) (Zk + 5IP> = U (A, + EIT) U+ m(fp - ULUiT)
and
1 - (A 1 —1Aryrr Ty

The detailed computation of (5.25) is in Appendix F. Then the Gaussian selection step of
EPLL (2.11) becomes

r ~(k)12
1 [0;"]7 Bk
5.27 ki = argmin —2log oy, + log(52. + =) + 5 — o)
(5.27) wg min —2 log oy ;(g(kj 3 o Baril
where
(5.28) o™ =773,

With the optimal component £}, the estimated patch (2.10) becomes (recall that Z; are cen-
tered patches and that m; are the estimated mean of patches

. 1 ~
Z; = (Zk;k + BIP) 1Ek;«z¢

N 1o\ 1xr AT - Bu N AT
2 =Upr (A% + =L)'ALUT 2, + -2 (1, — ULUID 3,
(5.29) ki*( ki+5 r) : izl—i—ﬁlu—i—l(p k; Z_)Zz
~ A ~(k* ~ ~ . (k*
= U A0 + Biil(% — U0 4,
with
a2
A . 1 . Spex.
(5.30) o = (A + 2 1) TAL = diag | 52
i ﬂ Sk:}_‘i‘g

Jj=1,...,r

6. Experimental Results. In this section we present several numerical experiments to
illustrate the benefits of our approach.

We randomly extract n = 4 x 10® patches of size P = 7 x 7 from the training images of the
Berkeley Segmentation Database (BSDS) [35]. Then the patches are compressed into a sketch.
Based on observations from numerical simulations, the scale parameter n must be adjusted
for each task and dataset [47]. In [25], the authors propose to estimate this parameter with a
small sketch on a small subset from the dataset. In our work, we choose the optimal parameter
n by hand. We then learn a mixture model of K = 20 Gaussian components with low-rank
covariance matrices. We compare the denoised results with the results obtained with a GMM
(full-rank) prior model learned by the EM algorithm. For the comparison, we train the prior
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from the same image patches dataset. The denoising is performed with EPLL' . To evaluate
the quality of denoised images, we use two measures: PSNR (Peak Signal to Noise Ratio) and
SSIM (Structural Similarity) [57]. For the test images, we use two datasets: Set12 [61] and
BSD68 [43] for a thorough evaluation. The code is available at [50] to reproduce the results
below.

Figure 4 shows the denoising performance on 6 images of the Set12 dataset. The noisy
images are obtained by adding zero-mean Gaussian noise with standard deviations o = 20 to
the test images. The covariance matrices of the model learned by the sketching have the rank
r = 20. We observe that for most of images, we obtain similar or better values of PSNR and
SSIM.

Another evaluation was carried out on the images from the BSD68 dataset. The test
images have been corrupted by adding white Gaussian noise with standard deviations o =
15,60. Table 1 shows the average PSNR and SSIM values on the dataset. On average,
our approach results are 0.2dB below the results with EM in terms of PSNR. However, our
approach is about 2 times faster than the EM. Moreover, a loss of 0.2dB does not affect the
visual quality in most natural images.

Table 1
The average PSNR and SSIM on the BSD68 dataset with 2 different levels of noise.

o Sketching EM
15 31.8 /.876 32.0/.879
50 24.4 /.637 24.6 / .646

We also evaluate the similarity of the models learned via EM and LR-OMP. In Figure 5 we
visualize the leading eigenvectors of the learned covariance whose weight is the largest. The
represented eigenvectors are ordered decreasingly with respect to the eigenvalues. The figure
shows that the learned components have rich and similar structures except for the smallest
eigenvalues where we observe differences. As we also observe that the eigenvalues decay much
faster with our method than with EM, it is hard to interpret further the difference with the
result of EM. We can still say that these different ”dictionaries” lead to similar denoising
results.

6.1. Influence of realization of sketching operator. Our approach performs stable per-
formances with different initialization. Table 2 shows the variability of the PSNR/SSIM over
different random sketch realizations. The evaluation is carried out on the classical images:
cameraman, house, etc. The noisy images are obtained by adding white Gaussian noise with
standard deviations o = 20 to the test images.

6.2. Influence of sketch size and the compression rate. Theoretically, we can success-
fully estimate a GMM with sufficiently separated mean and random Fourier sketching with
high probability as long as the sketch size m > O(K?2Ppolylog(K, P)). In our case, we learn
zero-mean Gaussians. From [25], empirical results indicate that a sketch size of the order of
the number of parameters is sufficient (i.e. it is conjectured that K2P could be reduced to

'Matlab implementation based on the code of [38].
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22.1/.615 |

22.1/.740 28.6/.917

32.3/.933 |

22.1/.678

32.2/.931

Figure 4. From left to right: Original images, noisy images with noise o = 20, results with EM model,
results with LR-COMP model. The denoising results are evaluated with PSNR/SSIM. Similar denoising per-
formances are obtained with LR-COMP with a 1000 times smaller compressed database. To estimate the prior
model, our method is 2 times faster than the EM algorithm.
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- . 0 5 10 15 20
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Figure 5. The first 20 eigenvectors of the covariance matrices (for the heaviest weight) learned by LR-OMP
with rank r = 20 (a), r = 49(b) and EM (c). The decay of the corresponding eigenvalues (d).

Table 2
Image denoising performance comparison of models estimated over different random sketch realization.

Realization 1 | Realization 2 | Realization 3 | Realization 4

cameraman | 33.1 / .930 33.3 /.930 33.4 /.930 33.4 /.930
house 35.4 / .926 35.4 / .925 35.4 / .926 35.4 / .925
jetplane 32.1 / .936 32.3 / .937 32.4 ) .937 32.4 /.937
lena 32.0/ .931 32.2 /.931 32.2 /.931 32.2 / .931
pirate 29.8 / .907 30.0 / .908 30.0 / .908 30.0 / .908

K P). In our experiments, we set m = cK(P xr+1) = 10K(P xr+1) ~ 2 x 10°, i.e the com-
pressed database is approximately 1000 times smaller than the original patch database. The
gains in terms of memory is approximately .- times compared to the EM approach. Figure 6
shows the denoising performance and estimation time with models learned by using different
sketch sizes (¢ = 1,5,10,20). Our experiments show that a larger sketch size doesn’t improve
the denoising performance necessarily, and indeed it causes more learning time.
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33.4/.930 | 133.3/.933
1.94h 7.57 h

() (d)

Figure 6. Denoising performance (PSNR/SSIM) and estimation time (hours) of models learned with
different sketch size. ¢ =1 (a), 5 (b), 10 (c), 20 (d).

6.3. Influence of the rank r. Figure 7 shows the denoising performance of models esti-
mated with different ranks. Our experiments show that the model with reduced rank results
in a minor PSNR/SSIM drop compared to the full-rank model. However, the learning time is
much faster. According to the experiments, we cannot reduce the rank further (less than 20)
to keep good denoising performance.

133.5/.934
0.56h 1.94h 7.39h

Figure 7. Denoising performance (PSNR/SSIM) of models learned with different intrinsic dimensions. r
= 10 (left), 20 (middle), 49(right).

6.4. Learning time. In terms of time complexity, the running time depends on the number
of components K and the complexity of the descent algorithm. In our approach, we use the
Limited-memory BFGS algorithm to handle the optimization problems in Step 1 and 4. The
latter is the most time-consuming part of the algorithm. To get the model (¢ = 10,7 = 20)
that achieves the denoising performance of our experiments (Figure 4), it takes less than
2 hours on a computer with 2 * 32 cores AMD EPYC 7452 @ 2,35 GHz. With the same
environment, our learning algorithm is about 2 times faster than the EM algorithm (3.68h)?.

Mo  Chen  (2021). EM  Algorithm for Gaussian Mixture Model (EM GMM)
(https://www.mathworks.com/matlabcentral/fileexchange/26184-em-algorithm-for-gaussian-mixture-model-
em-gmm), MATLAB Central File Exchange. Retrieved October 11, 2021.
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7. Conclusions. In this work, we adapt the sketching framework in the context of image
patches. We propose an algorithm LR-COMP to estimate a GMM with low-rank approxi-
mation and provide an implementation of the algorithm. Experiments illustrate that a high-
dimensional GMM can be learned from a compressed database and then used for patch-based
denoising. We achieve denoising performances close to state-of-the art model based methods
while the learning procedure uses less memory and time than the classical EM algorithm.

In future works, we can generalize our approach to other models such as GGMM (General-
ized Gaussian Mixture Model) for a better denoising performance [11]. We also aim to adapt
the sketching to more inverse problems such as image super-resolution, image deblurring, etc.
Another perspective is to extend our model to the study of video denoising method as the
potential of the technique for video restoration remains unexplored. As mentioned earlier,
the scale parameter 1 must be adjusted for each task and dataset. In our work, we choose
this parameter by hand. Moreover, in our model, the intrinsic dimension of each Gaussian
component is assumed the same and a prior fixed. It could be useful to design a procedure to
estimate the hyper-parameters automatically in future work. In our work, we estimate a GMM
with zero-mean. In this context, the notion of separation used to prove the restricted isometry
property which in turn proves identifiability of the GMM in [18] and convergence of gradient
descent in [55]. Proving a RIP on zero-mean would require a new notion of separation. We
conjecture that an angular separation between Gaussian might enable us to prove such RIP.
Such separation could e.g. compare the angle between eigenvectors of covariances by decreas-
ing eigenvalue amplitude and weight the separation accordingly. The low-rank model should
add even more separation as the Gaussian are supported on different sub-spaces. We still
show empirically that the sketching process is successful without this separation assumption.
This opens interesting new theoretical questions for the study of the success of compressive
learning in patch-based image processing.

Appendix A. Definitions and theorems.

Definition A.1. Singular values For A € C™*" and i = 1,...,min(m,n), the singular
values c;(A) (that we suppose sorted by decreasing order) of the matriz A are the absolute
values of the eigenvalues of the matriz AAT :

(A1) 02(A) = \(AAT).

Definition A.2. Frobenius norm. For a matrix A € C™*"™  the Frobenius norm of A is

defined as
2 = \/trace (AT A) =

where o;(A) are the singular values of A.

(A.2) 1Al 7 =

m n
DD lais

i=1 j=1

Definition A.3. Operator norm. For a continuous linear operator A : V. — W, the
operator norm of A is defined as

|Allop = inf{c > 0: ||Av]| < ¢|v|| Vv eV}

(A.3) 4]
—sup{HUH.U;éO and UEV}.
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Theorem A.4. Eckart- Young-Mirsky theorem. Let D = UXV ' € R™*"  m >n be
the singular value decomposition of D with ¥ = diag(oy,...,0m). Let U, (resp. V;.) be the
matriz formed by the first v columns of U (resp. V') and ¥, = diag(oi,...,0,). Then the
r-rank matriz, obtained from the truncated singular value decomposition: D* = U,%, VI is
the minimizer of the low-rank approximation:

A4 D —D*||r = i D—-D|r= 2(D).
(A4) H lp= min |D—D|r j;lam

The minimizer D* is unique if and only if 0,41 < op.

Appendix B. EM algorithm. Given a data set of n clean training patches y =
{x1,...,2,} C RP*" the EM algorithm for estimating a GMM can be summarized as fol-
lows:

1. Define the number of components K. For each component k, we initialize the param-

eters O = (g, Xk, o) randomly, and we compute the log likelihood

n K
(B.1) logL(Op;x1, ...y Tp) = Z log(z apNp(zi; p, Xi))
=1 k=1

2. E-Step
Compute the posterior function I'; ;, with the current parameters ©y:

apNp(xi; s, X,

(B.2) Lik= =%
> i1 aiNp(Tis pj, Bj)
3. M-Step
Re-estimate the parameters ©7° with the I'; ; obtained in the E-Step:
1 n
B.3 new _ ___ I
( ) Ky N, ; i,kTi
1 n
(B.4) K= N, > Tiwlwi — )" (@i — pur)
i=1
N
(B.5) = e
> k=1 Nk

where Nk = Z?:l Fi,k'
4. Re-evaluate the log likelihood. Iterate E-Step and M-Step until the log likelihood or
the parameters are not changing much.
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Appendix C. Design of the adapted radius distribution. The choice of the probability
distribution A to draw the frequencies is a key ingredient in designing the sketching opera-
tor. In our work, we choose the frequency distribution called the adapted radius [27] with a
heuristic. In this appendix, we describe the design of the adapted radius distribution.

Assuming that we want to estimate a P-dimensional Gaussian ¢ = N(0,Ip), we can
compute the characteristic function 4(w) associated with g:

LUT(.U

N|=

(C.1) Pg(w) =€

The adapted radius heuristic proposes not to sample w directly but rather to sample the radius
of the P-dimensional Gaussian R = VwTw. Thus, we draw the frequency w € R? as

(C.2) w= Ry

where the radius R € Ry is chosen with a radius distribution R ~ pr(R;n), and the direction
¢ € RP is uniformly generated on the lo unit sphere Sp_1, i.e. ¢ ~ U(Sp_1). Then, the
characteristic function 1)4(w) reduces to

2

(C.3) Yy(w) = Yy(Ryp) = e 27 = y(R).

We obtain a one-dimensional Gaussian function for R. To design the radius distribution, we
consider the estimation of a Gaussian g = AV(0,1). We aim at sampling the radius R leading
to large variations of the characteristic function when the parameters are closed to the true
parameters. In other words, when parameters (i, 02) are closed to (0,1), we want have a large
|¢(u,02)(R) — 7/1(0,1)(3)“ This can be accomplished by promoting the radius R which makes
the norm of the gradient ||V, ,2)(R)|, large. Recall that vy, ,2)(R) = e #Fe 37" and
the norm of the gradient is:

2

1 1
S | g B (R)| = (B + RYe

2 :
(C4) Ve (B, = [=iR (02 (B)]
Therefore, |V 1) (R)||l2 = (R* + %R‘l)%e_%m. It yields the density of a radius distribution :

1
(C5) pr(Bin) = (0R)” +  (nR)!)7e~ 21",
Here the scale parameter 7 should be chosen to probe the spectral content of the true GMM
model.

Appendix D. Proof of Proposition 5.1.

Proof. Let ®; = (X}, aj) be the minimizer of the problem (5.5), i.e.

m | K 2
. 1,7 X
(D.1) ¢, €  argmin g E e 29 R
SReRPXE o k=1

akZO,Zle ap=1
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and suppose that there exists a minimizer ®;, = (X, &) for the problem (5.8):

m | K ) 2
. ] i . A
(D.2) d) € arg min E E ape” 2% XeXpwr _ i
XpERPXT k=1

ax 0,575 ap=1
Let 3% be the best rank-r approximation of Y7 with the rank 7 i.e.

(D.3) Y€ argmin ||Xf — X%
3,rank(X)=r

Define & = (ik, aj). According to the definition (D.2) and the triangle inequality, we have

1555 = ull, < [I5f5 —9

2
(D.4) = |Sfs — Sfo- + Sfo — 1,
< ||Sf3 — Sfa|ly + S fo — ylly
The first term 1is
, K 2 m K ) 2
1815 = Sfa; = D aiS(fs, — fo)|| =D D (6‘5“” PR e E’v“”)
(D.5) k=1 9 =1 |k=1 )
m K
_ w —L2wTS W =2
= ape 271 1 —e 2% (&g
> ( )

Using the convexity inequality |1 — e™*| < |z| and Cauchy—Schwarz inequality, we have

e 2% Bhwi (] — =3 (=S| < ‘1 _ o seF S-Sk

(D.6)

IN

1 . < 1 . <
. M(zk . Zk)wl‘ =3 ‘(wl, (=t — S|

By the Eckart-Young-Mirsky theorem, we have that the largest singular value of X7 — ¥y is
or+1(25) and

(D.7) [, (% = S| < Nl (S = Ee)lop = lerlior+1(S3).

Therefore, using Zle ar = ||a|li = 1 and Hoélder’s inequality, and upper bound on (D.5)
reads

9 1
2§4§

- (‘11 Z leH%) i (Jr+1(22))2 :

=1

2

[8f5 — Sfer el imasx ([Jerl[3011.(37))

(D.8)
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Denoting C' = 1, /3" | ||wi|3, we have from (D.4) that:
(D.9) 1815 —all, < Cmax(or11(X;)) + (IS for —ll, -
[ |
Appendix E. Calculation of the gradient. Denote F(X}) = —%, where r € R™ is
the real part of 7. We compute the gradient of F' as follows:

Vi FON) =~ ((vxkv<xk>>Truv<Xk>||z v
_ (V)" 0(X5)Tro(Xk)
(E1) (X2 < MERTTATE )
_ (Vx o))" (F(Xk)U(Xk) _T)
PEl TRk )

(Xk)TT’(VXkU(Xk))TU(Xk)>
[v(Xk) 2

1T T
For each component v;(X}) = e~ 2% X#%Xk" @ we have

Oy (X)
(E.2) X, = —u(Xp) X Twwf .
Then for a given vector z € R™
m
(E.3) <VXkU(Xk),Z> = —Zzwl(Xk)XkTwlwlT.
=1

In practice, we compute the scalar product with
(E.4) (Vx,0(Xp),2) = —W (W Xpi(v(Xy)k2))

where W = [w1, ...,wm] € Mpm,(R) the frequency matrix and * the multiplication element by
element in MATLAB. We compute the matrix G as

1

(E.5) G= —mw <WTXk>i< <U(X,€)sk <m — 7«))) :

As a consequence, we reshape the matrix G to a vector which corresponds the gradient
Vx, F(Xg).

Appendix F. The expression of (5.25). Denoting U} € RF*" (resp. U € RPX(P=7) )the
matrix formed by the first 7 (resp. the last P —r) columns of U, and A}, the matrix formed
with the first » rows and r columns of Aj,. We use the bloc matrix multiplication:

-1
<Ek+1fp> :Uk(Ak—FlI)*lUgﬂ
(F.1) B s

~

R B 1 o
= Uk (A + 3 1) 1U£T+(M+BIP—7~) URUET.
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We have UcUT = (I, — UFUET), thus

(F.2)

1N 1 . 3 -
N _'_7[ — [IT(AT _'_7[ —lUT‘T_i_i I _UT‘UT‘T )
(54 5tp) = ORRE+ 107 + 52 1, - RO

B B
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