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A Balance-Admittance Stabilizer for Multi-Flexible-Contacts Legged
Robot

Marwan Hamze1, Mehdi Benallegue2, Rafael Cisneros2, Abdelaziz Benallegue1,2

Abstract— In this paper, we propose a stabilizer for multi-
contact legged robots that takes into account the environment
compliance. This stabilizer is able to achieve both balance
and admittance control in the same loop through the use of
an explicit contact flexibility model and simplified centroidal
dynamics that allows exploiting the redundancy of the kine-
matic and force feedback. The control problem is formulated
as an LQR based on a linearized model of the reduced non-
linear model. The performance of the stabilizer with regard to
robustness to modeling error and external perturbations have
been tested in simulations and compared to a rigid-contact-
model regulator.

I. INTRODUCTION

Legged robots are considered under-actuated because they
lack actuation to generate translations and rotations of their
body in their environment. A robot’s unactuated dynamics
and its balance in particular depend only on external forces,
mostly reduced to contact forces and gravity [1]. In particu-
lar, the bipedal walking of humanoid robots requires fine con-
trol of the contact forces to ensure stability despite the small
contact surface. It is common to exploit additional contact
points allowing the robot to achieve complex transportation
motions with increased stability [2], [3], [4], [5]. However,
this usually makes the dynamics more complex when the
contacts are non coplanar and of different nature (unilateral,
bilateral, point contact, etc.) [6], which makes it difficult to
ensure all the reference contact forces are respected, even
when the robot is equipped with force sensors. This is
particularly true when dealing with uncertain environments
in terms of geometry and compliance.

Indeed, the inaccuracy in force tracking comes from
the fact that the contacts that the robot makes with the
environment aren’t fully rigid. That is not only because the
environment is never perfectly stiff, but also because the
robot itself has a certain level of compliance. The robot
HRP-2 which has a flexible bush, placed in the ankle in
order to absorb foot impacts [7] is a good example of a
compliance by design, but it is common to see robots with a
high level of structural compliance, such as COMAN [8] or
Sarcos Primus [9]. The presence of such compliance gives
two consequences. The first one is that forces modify the
shape of the environment, and displaces the contact force
application point, which alters the robot’s dynamics. The
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Fig. 1. Diagram showing the robot, its reduced model and the control
loop. The world, CoM and contact frames are highlighted for the reduced
model.

second consequence is that, contrarily to the rigid contact
model, the robot is not able to instantly generate the desired
force since it depends on its state, which needs then to be
modified accordingly. This second consequence is the reason
why the dynamics of the Zero Moment Point (ZMP) is often
modeled with a first order system [10] as an approximation,
but this model is also inaccurate since the simplest physics-
based model has at least a second order dynamics. Some
works explicitly take into account the flexibility model [11],
[12], [13], [14], [15], but most of them consider only point
contact and mostly don’t include force feedback in the
control loop, or consider the compliance concentrated on one
support [16], [17].

Classically, to overcome these issues, a second loop of
force control is usually exploited, usually as admittance
control [9], [18], [19]. These controllers are usually set
up in series with the balance control. This means that
the kinematic-feedback-based stabilization sends force refer-
ences to force-feedback-based admittance control loop. This
is based on the assumption that the dynamics of the force
control is fast enough to converge within the time required to
maintain balance. However, not only both dynamics remain
always coupled, the admittance control becomes significantly
slower with more compliant and uncertain environments. For
this reason there is a need for a controller able to take both
dynamics into account in a single loop.

Finally, some parameters in the robot’s model or in the
environment, such as the stiffness of the contacts, can be very



hard to measure correctly. Furthermore, we usually resort to
simplified models such as viscoelastic contact pattern, which
does not correspond to the physical reality which is nonlinear
and even time-varying. Some methods intend to estimate
them online [11], [20], [21] but this estimation requires to
gather dynamic data and may take a lot of time to converge.
Therefore we need a controller that is robust to this kind of
modeling errors.

We propose in this paper a controller with explicit multi-
contact support allowing to perform both stabilization and
force control in a single loop. The paper will start by pre-
senting the dynamics of the robot, then the selected reduced
model, before proceeding to the synthesis of the proposed
controller based on the linearized model, and finally to the
simulations and results.

II. DYNAMICS OF THE ROBOT

In this section we present the Lagrangian dynamics of
the robot in contact with a compliant surface. Let us con-
sider a multi-body humanoid robot with n + 6 degrees of
freedom (d.o.f), with a configuration described as Ψ =
(pB , R, q) ,where pB ∈ R3 and R ∈ R3×3 represent the
position and orientation matrix of the non-actuated floating
base, and q ∈ Rn being the joint angles vector. We define
α ∈ Rn+6 as the robot’s configuration velocity vector, given
by:

α =
(
ṗ⊤B ω⊤ q̇⊤

)⊤
, (1)

where ṗB and ω ∈ R3 are the linear and angular velocities of
the base. The angular velocities are such that the derivative
with respect to time of the rotation matrix is given by:
Ṙ = S(ω)R, with S(ω) being the skew-symmetric matrix
operator allowing to perform cross-product. The robot’s
acceleration vector α̇ is the time derivative of α.

The Lagrangian dynamics of the robot are written as:

M (q) α̇+ C (q, α)α+G (q)− F = τ, (2)

where M (q) ∈ R(n+6)×(n+6) is the robot’s mass matrix,
C (q, α) ∈ R(n+6)×(n+6) is a matrix accounting for the
Coriolis and centrifugal effects, G (q) ∈ Rn+6 is the vector
of gravitational effects, τ ∈ Rn+6 is the input torque vector
corresponding to both the under-actuated and actuated d.o.f,
and F ∈ Rn+6 is the vector of external forces acting through
the contacts with the environment, which is calculated using:

F =
(
J⊤
c,1 . . . J⊤

c,nc

)


fc,l,1
tc,l,1

...
fc,l,nc

tc,l,nc

 , (3)

where Jc,i ∈ R6×(n+6) is the Jacobian matrix of the contact
i, fc,l,i and tc,l,i are respectively the force and torque applied
at contact i (i = 1, 2, ..., nc, nc being the number of
contacts), expressed in the local frame of the contact body.

The classic use of this equation is to consider that the
environment is rigid. In this case these forces depend mostly

on the torque τ , in a way that any force that is feasible,
meaning within unilaterality, friction, and torque limit con-
straints, can be generated instantly. However, a perfectly rigid
contact cannot exist, and the compliance means that this
assumption is wrong. The contact forces at a given instant
depend on many factors and joint torque is virtually not
one of them. In particular, if the forces depend only on the
local deformation caused by the interaction with the contact
body, we can write the forces as a function of the robot state
F (Ψ, α). In this case we can control the forces indirectly by
modifying this deformation through the state of the robot.
This requires to explicitly consider the coupled dynamics
between the kinematics and the contact forces to ensure the
convergence to a given reference.

III. DYNAMIC MODEL FOR THE STABILIZER

To simply parameterize the contact wrenches and formu-
late how they affect the position of the Center of Mass (CoM)
of the robot, the dynamics are reduced to consider the robot
as a single rigid body with viscoelastic contacts. Hereinafter
is the description of this model

A. viscoelastic contact model

A common model for compliant contact is the viscoelastic
approximation allowing to emulate a linear passive interac-
tion. Thus, we write:

fc,l,i = Kf,p,i (pc,i − pc,i,r) +Kf,d,iṗc,i, (4)

tc,l,i = Kt,p,iΘ
(
Rc,i,rR

⊤
c,i

)
+Kt,d,iωc,i, (5)

pc,i ∈ R3, ṗc,i ∈ R3 and ωc,i ∈ R3 are respectively the
position, linear and angular velocities of the contact i written
in the contact frame and Rc,i ∈ R3×3 is the orientation
matrix of the contact i. pc,i,r ∈ R3 and Rc,i,r ∈ R3×3 are
respectively the rest position and orientation of the contact i,
i.e. when the forces and torques are zero. Kf,p,i and Kf,d,i

are the linear stiffness and damping at contact i, while Kt,p,i

and Kt,d,i are the angular stiffness and damping at contact
i. The difference in orientation represented by Rc,iR

⊤
c,i,r is

considered relatively small that the approximation sinθ ≈ θ
is used, thus we define the function Θ as the axis-sine
of angle representation. Note that a point contact i consist
simply in setting Kt,p,i and Kt,d,i to zero, and edge contact
by setting semi definite values for these matrices. These
values can be set independently from a contact to another.

B. State and Command Vectors

We define here a reduced state vector focusing on the
contacts with the environment, the state variables are the
positions, orientations, and velocities of these points, in
addition to those of the CoM. The contacts positions and
orientations are going to be defined with respect to the CoM
frame, which is the frame centered at the CoM and having
the same orientation as the base. The state vector is defined
by:

x =
(
xcom x1 · · · xn

)⊤
, (6)



where xcom = ( p⊤com ṗ⊤com Ω⊤ ω⊤)
⊤

and xi =

( p⊤c,i,com Ω⊤
c,i,b ṗ⊤c,i,com ω⊤

c,i,b)
⊤

. pcom ∈ R3 and
ṗcom ∈ R3 are respectively the linear position and velocity
of the CoM, Ω and ω are respectively the orientation and
the angular velocity of the floating base, all written in the
world frame. Similarly, pc,i,com ∈ R3 and ṗc,i,com ∈ R3,
Ωc,i,com ∈ SO(3) and ωc,i,com ∈ R3 are respectively the
linear position, velocity, orientation and angular velocity of
the contact i, all written in the CoM frame. It should be noted
that the orientations (Ω and Ωc,i,com) can be written by any
representation of the orientation, such as the quaternion, the
axis-angle, etc. Each Ω has an associated rotation matrix
R ∈ R3×3.

As for the control vector, and as we are aiming to control
the contact points, the control vector is defined as

u =
(
p̈⊤c,1,com ω̇⊤

c,1,com · · · p̈⊤c,nc,com ω̇⊤
c,nc,com

)⊤
,

(7)

where p̈c,i,com ∈ R3 and ω̇c,i,com ∈ R3 are respectively
the linear and angular accelerations of the contact i, written
in the CoM frame. Note that these are immediate time
derivatives of state variables. The dynamics of this state is
described hereinafter.

C. Reduced Dynamics

The reduced model is a rigid body with massless legs,
which gives a constant inertia tensor I ∈ R3×3 in the base
frame, expressed as RIR⊤ in the world frame (R here is
the orientation matrix of the robot’s base). Thus, the angular
momentum of the robot is RIR⊤ω.

Using Euler’s second law, the relation between angular
momentum and the total external torque, is expressed by

nc∑
i=1

(S (Rpc,i,com) fc,i + tc,i) = S (ω)RIR⊤ω

+RIR⊤ω̇, (8)

where fc,i and tc,i are respectively the force and torque at
the contact written in the world frame, which can be obtained
from equations (4) and (5) using

fc,i = Rc,ifc,l,i, (9)
tc,i = Rc,itc,l,i. (10)

Using Newton’s second law, and equation (8) above, the
linear and angular accelerations of the CoM and of the base
of the robot can be expressed as:

p̈com =
1

m

nc∑
i=1

fc,i + g, (11)

ω̇ = RI−1R⊤
nc∑
i=1

(S (Rpc,i,com) fc,i + tc,i)

−RI−1R⊤S (ω)RIR⊤ω, (12)

where g =
[
0 0 −g

]⊤
is the gravity field vector.

Using equations (7), (11) and (12), we can finally write
the non-linear model of the robot as ẋ = f (x) + g (x)u.

IV. PROPOSED BALANCE-ADMITTANCE STABILIZER

The dynamics given by equations (11) and (12) can be
used to derive different types of control, in this paper we pro-
pose to stabilize the robot around a desired equilibrium state
x∗. But even in that case, the non-linear dynamics is complex
to tackle directly, therefore to simplify the control synthesis,
the local dynamics are approximated by linearization around
the desired state. To simplify the notation, we represent the
error between the state value and the corresponding desired
value using an operator noted ∆. For the positions and
velocities in the state vector, ∆ represents the euclidean
difference, for example p∆c,i,com = pc,i,com − p∗c,i,com . As
for the orientations, it is the axis-sine of angle representation
of the difference between the orientation matrices: Ω∆ =
Θ(RR∗⊤). The linearization of the dynamic equations was
mostly done by applying the formulas (34) and (35) given in
the Appendix, where we also give the matrices of the linear
model (36) at the end of the linearization process.

One important thing to note is that this linearization is
very different from the one commonly performed with the
inverted pendulum. Here, no assumption are made either
on the kinematics of the CoM, on the position nor on the
orientation of the contacts. So this linearization is not less
precise in the case of multiple non co-planar contacts with
different stiffness and damping (including point and edge
contact).

A. State Feedback Control

At the end of the linearization process of the reduced
model (11) and (12), we define the matrices A and B such
that:

ẋ∆ = Ax∆ +Bu∆. (13)

We use a linear quadratic regulator (LQR) to minimize
over the control space the following quadratic cost L such
that:

L =

∫ ∞

t0

(
x∆⊤Qx∆ + u∆⊤Pu∆

)
dt, (14)

where Q is the weight matrix for the state, and P is the
weight matrix for the control. The problem then goes down
to solving a Riccati Equation, which provides us with the
optimal gain matrix K such that u∆ = −Kx∆ induces the
minimum cost L. The calibration of the cost matrices Q and
P allows to modify the behavior of the controller.

This controller takes only the feedback on the state x
into account. Therefore, it is purely based on kinematics and
cannot track reference forces except through the viscoelastic
model. This feedback can be used for stabilization in the
case of the absence of contact force and torque sensors.

B. Output Feedback Control

One main target of the proposed stabilizer is to include
force tracking in the same control loop as CoM and kine-
matic tracking. However, the state feedback controller is
already using all the available actuation of the system. It
means that the control of the forces and kinematics are
conflicting and require to establish a trade off. It is common



to have this trade off between the tracking of force at a
contact body and the tracking of the position of the same
body. Therefore we build an “output vector” where the
contact forces and torques are combined with the positions
and orientations of the corresponding contact bodies. To
make the trade off parameterization easier, the forces are
scaled by dividing them by the stiffness of the contacts’
springs. Furthermore, the equations (4) and (5) give the
forces and torques in the contact frame, while the positions
and orientations of contacts are in the CoM and base frames,
which is why a transformation of frame is done to write the
forces and torques in the base frame. Hence, the force vector
z is defined as:

z =
(
01×12 z1 · · · zn

)⊤
, (15)

where zi =
(
kf⊤

c,i kt⊤c,i 01×3 01×3

)⊤
. kfc,i and

ktc,i ∈ R3 are respectively the scaled contact force and
torque, written in the base frame, and calculated using (16)
and (17):

kfc,i = −R⊤K−1
f,p,iRc,ifc,l,i, (16)

ktc,i = −R⊤K−1
t,p,iRc,itc,l,i. (17)

Now, we can combine both vectors in what we define as
the output vector y:

y = (I−W )x+Wz. (18)

I is an identity matrix, W is a weight matrix, used to set the
trade off between force tracking and position tracking. One
way of defining it is

W = diag (01×12, w1, · · · , wnc
) , (19)

where diag is an operator that gives a square matrix, having
on its diagonal the values given in between the parenthesis
and zeros elsewhere, and:

wi =
(
wfi wti 01×3 01×3

)
, (20)

where wfi ∈ R3 and wti ∈ R3 are vectors that respectively
multiply fc,i and tc,i in the vector z, having numbers between
0 and 1.

Since the forces and torques represented by the vector z
are written as functions of the variables in x, we can write,
after linearization, the vector z∆ as a matrix M (obtained in
the linearization process and given in (37)) multiplying the
vector x∆:

z∆ = Mx∆. (21)

Using equation (21) in (18), we can write the output error
as:

y∆ = Nx∆, (22)

with N = I−W +WM and W is chosen so that the matrix
N is non singular.

The dynamics of our system are as the following:{
ẋ∆ ≃ Ax∆ +Bu∆,

y∆ = Nx∆.

We can also write the dynamics of the output error as:

ẏ∆ ≃ Ayy
∆ +Byu

∆, (23)

where Ay = NAN−1 and By = NB .
With these new dynamics, a new LQR gain is calculated,

minimizing:

Ly =

∫ (
y∆⊤Qyy

∆ + u∆⊤Pu∆
)
dt. (24)

We can write Qy in terms of Q and N . Using equation
(22) in (24)

Ly =

∫ (
x∆⊤N⊤QyNx∆ + u∆⊤Pu∆

)
dt. (25)

In order to compare the performance of the state feedback
and the output feedback controllers, it is better to give them
comparable cost to minimize. Thus, doing a correspondence
between (14) and (25) we can take:

Qy = N−⊤QN−1. (26)

The new LQR gain Ky is calculated using the matrices
Ay, By, Qy, P such that u∆ = −Kyy

∆.
This is what we define as the output feedback control,

where the feedback is an output formed by a combination of
the state and force vectors. This feedback takes into account
the balance, contact kinematics, and forces in the same loop.

C. Integration within a multi-objective motion generator

The proposed control is using at most 6×nc d.o.f of actu-
ation. Many robots, especially humanoid ones, are equipped
with more d.o.f. and are able to perform other concurrent
tasks. To deal with the redundancy and with additional
objectives, we propose to use a whole body motion solver
based on a quadratic program (QP). This optimization prob-
lem minimizes the tracking error of the different weighted
objectives. It is convenient to have the acceleration α̇ as a
decision variable to take into account dynamical constraints.
The QP calculates the optimal reference acceleration α̇r, by
solving:

α̇r = argmin
ξ

∥Wtask (Aobξ − bob)∥2 ,

s.t.Aeqξ = beq, Aξ ≤ b, lb ≤ ξ ≤ ub (27)

Wtask is a positive diagonal matrix made up of diago-
nal weighting matrices for each objective. The matrices
Aob, Aeq, A and vectors bob, beq, b, lb, ub contain the cor-
responding objectives and constraints, as detailed in the
sections below. Note that our stabilizer naturally fits into this
motion solver since it provides directly the desired Cartesian
accelerations of the contact bodies and needs only simple
Jacobians.



1) Objectives: Two different objectives are considered:
• Posture objective: an acceleration objective, tracked

with a PD of scalar gains kp and kv , is used to track the
posture of the robot. The objective is calculated using
Aob =

[
0n×6 In

]
and bob = g̈ob, where in this case

g̈ob = kp (qd − q) + kv (q̇d − q̇) + q̈d.
• Contacts objectives: Acceleration objectives are defined

for the contact points, labeled as hands and feet objec-
tives. Here we define 2 different cases, according to the
control scheme used:

– Case of the addition of the stabilizer:
calculated using Aob = Jc,i,com(q) and
bob = g̈ob,i − J̇c,i,com(q, α)α, where
g̈ob,i =

(
p̈⊤c,i,com ω̇⊤

c,i,b

)⊤
are the accelerations

of the contacts given by the stabilizer, and Jc,i,com
is the Jacobian of the contact i, written in the CoM
frame, with J̇c,i,com being its time derivative.

– Case of a default PD of gains kp and
kv: calculated using Aob = Jc,i,com(q)
and bob = g̈ob,i − J̇c,i,com(q, α)α,
where g̈ob,i = kp (pc,i,com,d − pc,i,com) +
kv (ṗc,i,com,d − ṗc,i,com) + p̈c,i,com,d.

2) Constraints: Two different constraints are considered:
• Joint limits constraints: The range and speed limit of

the joints can be specified as done in [22].
• Under-actuation and Torque constraint: This constraint

ensures that the torques to be calculated are within the
limitations of the actuators. An equality constraint is
used for the under-actuation, where the index B is used
to refer to the first 6 rows of the matrices, while upper
and lower bounds are used for the torques, where the
index j is used to refer to the remaining rows of the
matrices. These constraints are calculated using:

Aeq = MB , beq = −CBα−GB + FB , (28)
A = Mj , lb = τmin − Cjα−Gj + Fj ,

ub = τmax − Cjα−Gj + Fj . (29)

Figure 1 gives an overall view of the robot and the con-
trol structure. The robot’s model is reduced and used by
the stabilizer to generate the accelerations for the contact
points, whose objectives, alongside the posture objective and
constraints, are minimized using the QP, which generates the
reference accelerations for the controller. The controller uses
(2) to produce the joint torques, and adds a passivity based
term P before sending the torques to the joints, which is
calculated using:

P = (C + λM) (αr − α) , (30)

where αr is the reference velocity vector, obtained by
integrating α̇r, and λ is a constant. For more details about
the passivity-term, we suggest to check [22].

V. SIMULATIONS AND RESULTS

A. Simulation environment and details

The control is tested in simulation on a biped described in
[23], designed using Matlab Simscape Multibody. The robot

Contact Right foot Left foot Right hand Left hand

Stiffness KFP (N/m) 7500 7500 5000 2500
Damping KFD (N.s/m) 1000 1000 500 250

TABLE I
CONSTANTS FOR EACH CONTACT SPHERE

Fig. 2. Starting posture of the robot, making 4 contacts with the
environment.

has 26 d.o.f in total: 6 d.o.f for each leg and 7 for each
arm, having a total mass of 77 Kg. The Simscape Multibody
Contact Forces Library was used to generate the contact
models. Each corner of the base of a foot or hand has a
sphere attached to it, having its own stiffness and damping
constants, to generate a contact with the environment. The
contact forces are generated by the spheres, and the contact
torques are be calculated with respect to the hand or foot.
The stiffness and damping constants of the contact spheres
are shown in table I. The simulations were run while allowing
the simulator to choose automatically the max and min step
size with a variable step solver. This is considered as higher
precision simulations that are able to break down highly
dynamical effects and is computationally very costly [24].

The robot is torque-controlled, which means that the
acceleration references are tracked using inverse dynamics
and a passivity-based integral term similarly to [22].

B. Stabilization tests

Since our aim is to test a stabilization control, we start the
simulation with the robot in contact with the environment (as
shown in figure 2) slightly above the equilibrium state, to
avoid introducing too much initial energy. After the robot
reaches equilibrium, it is perturbed in order to test the
stabilization control.

We test our proposed stabilizer against a controller for
the CoM and contact bodies assuming rigid contacts, it uses
this assumption together with inverse dynamics to produce
torques to bring the robot to balance. The CoM is controlled
in three dimensions to produce a PD reference acceleration
of the CoM, i.e p̈rcom = −Kp,compcom−Kv,comṗcom and is
subject to ZMP and friction constraints. Since it is perfectly
torque controlled, this controller would be a good stabilizer
on rigid floor. The hands and feet have their objectives for
the QP defined also as PD reference accelerations for this
case. The PD gains were set as Kp = 100 and Kp = 20 for
all objectives.

From our stabilizer side, we set the weight matrices as the
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Fig. 3. The x and y components of the CoM position, when using the
Stabilizer or the PD gains

following:

Q = diag (100I6, I54) , (31)
P = diag (Plw, · · · , Plw) , Plw = diag (10I3, I3) , (32)

wfi =
[
0.5 0 0.5

]
, wti =

[
0 0.5 0

]
, (33)

We did not provide the stabilizer with a perfect model of
the environment, first the contact model in the simulation
is non linear and is approximated by linearization, then we
included also modeling errors, underestimating the environ-
ment stiffness by 25%.

Both controllers were subjected to external disturbances
by simulating pushes on the robot as following:

1) An external push of fx = 200N and fy = 200N is
applied at t=0.3s for 0.1s. Both controllers were able
to stabilize the robot, as shown from the CoM curves
in Figure 3. However, the proposed controller is able
to stabilize the robot much less oscillations compared
to the PD controller, where oscillations are still present
even after 5 seconds. Furthermore, Figure 4 show the
errors of the x and z component of the contact force
at the right hand. The proposed stabilizer is clearly
superior in force tracking, as the error of the contact
forces is lower throughout the simulation, and can even
reach 0 for the x component, even at the presence of
modeling errors. On the other hand when using the PD
gains, the robot struggles to keep the hand in contact,
which is observable via the peaks present at t = 1.8s
and t = 2.8s.

2) Another simulation has been conducted considering
an external push fx = 300N applied at t = 0.3s
for 0.1s, then another force having fx = −50N and
fy = −50N which hit the robot again at t = 1s for
0.1s. The robot when controlled with the PD gains
couldn’t maintain its equilibrium, and falls after the
second push, while the proposed stabilizer is able to
maintain the balance of the robot, as seen from the
CoM position in Figure 5. The error of the force at the
right hand shows that force tracking is still effective,
as seen in Figure 6.
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Fig. 4. The x and z components of the contact force error at the right
hand, when using the Stabilizer or the PD gains
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VI. CONCLUSION AND FUTURE WORKS

We demonstrated in this paper the performance and ro-
bustness of the proposed stabilizer when the robot is making
multiple non-rigid contacts with the environment. The sta-
bilizer was able to maintain the balance of the robot, even
against successive pushes, where the default PD fell short.
Additionally, the forces, which are included in the same
loop as the balance feedback, ensure the contact forces to
track the reference values, even when modeling errors were
considered.

We believe this work is only the first controller using this
model which can be extended to track dynamic trajectories
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hand when using the Stabilizer, in the case of multiple perturbations



and even exploit the paradigm of divergent component of
motion.

Finally, testing on a real humanoid robot is different from
testing on a model created in Simulink, where the feedback
from the real robot isn’t free from noise and error, which
wasn’t considered in our simulations, in addition to a few
other differences. Future works will start by testing the
stabilizer on an actual model of a robot like HRP-4, before
applying it on the real robot.

APPENDIX

The formula used in the linearization process is the
following:

(AB + C + S(D))
∆ ≃ A∆B∗ +A∗B∆ + C∆ + S(D∆)

(34)
where A, B and C all ∈ R3×3, and D ∈ R3. A∆ is the
error of A, A∗ is its reference value, same for the other
variables. S is the skew-symmetric operator of the vector
D. As we can notice, the operator ∆ functions similarly to
the derivative operator. As for the term Θ

(
Rc,i,rR

⊤
c,i

)
=

Ω
(
Rc,i,rR

⊤
c,i,bR

⊤
)

, the linearization was done in the limits
where the estimation sinθ ≈ θ can be used, as the following:

Ω (RM )
∆ ≃ 0.5V ec

(
RM −R⊤

M

)∆
= Cb

(
Ω∆ +R∗Ω∆

c,i,b

)
(35)

where

Cb =
1

2

3∑
i=1

S (ei)R
∗
Me⊤i

RM = Rc,i,rR
⊤
c,i,bR

⊤

V ec (S (ω)) = ω

e1 =
[
1 0 0

]
, e2 =

[
0 1 0

]
, e3 =

[
0 0 1

]
At the end of the linearization process, we can write:

ẋ∆ = Ax∆ +Bu∆, (36)

where A =


F0 F1 F2 . . . Fn

0 D1 0 . . . 0
0 0 D2 0 0
...

...
...

. . .
...

0 0 0 0 Dn

 , B =


0 0 · · · 0
G1 0 0 0
0 G2 0 0
...

...
. . .

...
0 0 0 Gn

, with:

F0 =


0 I 0 0

A21 A22 A23 A24

0 0 0 I
A41 A42 A43 A44



and

A21 = − 1

m

n∑
i=1

Kf,p,i

A22 = − 1

m

n∑
i=1

Kf,d,i

A23 =
1

m

n∑
i=1

(A231 +A232)

A24 =
1

m

n∑
i=1

(
Kf,d,iS

(
R∗p∗

c,i,b

))
A231 = Kf,p,iS

(
R∗p∗

c,i,b

)
,

A232 = Kf,d,i

(
S
(
R∗ṗ∗

c,i,b

)
+ S (ω∗)S

(
R∗p∗

c,i,b

))
A41 = −RI

n∑
i=1

S
(
R∗p∗

c,i,b

)
Kf,p,i

A42 = −RI

n∑
i=1

S
(
R∗p∗

c,i,b

)
Kf,d,i

A43 = RIS (ω∗)R−1
I S (ω∗)

+RI

n∑
i=1

(A431 +A432 +A433)

A44 = RI

(
S
(
R−1

I ω∗)− S (ω∗)R−1
I −

n∑
i=1

A441

)
RI = R∗I−1R∗⊤

A431 = S
(
f∗c,i
)
S
(
R∗p∗

c,i,b

)
A432 = S

(
R∗p∗

c,i,b

)
Kf,p,iS

(
R∗p∗

c,i,b

)
+S

(
R∗p∗

c,i,b

)
Kf,d,i

(
S
(
R∗ṗ∗

c,i,b

)
+ S (ω∗)S

(
R∗p∗

c,i,b

))
A433 = Kt,p,iCb,i +Kt,d,iS

(
R∗ω∗

c,i,b

)
A441 = Kt,d,i + S

(
R∗p∗

c,i,b

)
Kf,d,iS

(
R∗p∗

c,i,b

)
The matrices Fi, Di and Gi are given by

Fi =


0 0 0 0

Fi21 0 − 1
mKf,d,iR

∗ 0
0 0 0 0

Fi41 Fi42 Fi43 Fi44

 ,

Fi21 = − 1

m
(Kf,p,i +Kf,d,iS (ω∗))R∗

Fi41 = RI

(
−S

(
f∗c,i
)
− S

(
R∗p∗

c,i,b

)
Kdp

)
R∗

Kdp = Kf,d,iS (ω∗) +Kf,p,i

Fi42 = RIKt,p,iCb,iR

Fi43 = −RIS
(
R∗p∗

c,i,b

)
Kf,d,iR

∗

Fi44 = −RIKt,d,iR
∗

Di =


0 0 I 0
0 0 0 I
0 0 0 0
0 0 0 0

 , Gi =


0 0
0 0
I 0
0 I


The matrix M in (21) is written as:



M =


0 0 . . . . . . 0
T1 V1 0 . . . 0

T2 0 V2
. . .

...
...

...
. . . . . . 0

Tn 0 . . . 0 Vn

 , (37)

with:

Ti =


R∗⊤ Ti12 Ti13 −Ti12S

(
R∗p∗

c,i

)
0 0 Ti23 R∗⊤K−1

t,p,iKt,d,i

0 0 0 0
0 0 0 0

 ,

Vi =


Vi11 0 Vi13 0
0 −R∗⊤Cb,iR 0 Vi24

0 0 0 0
0 0 0 0

 ,

Ti12 = R∗⊤K−1
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− Ti12
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∗
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