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Limitations of Second Quantization Notation for Description of Superconductivity

A supercurrent in metals, once excited, can persist for many months and longer. If superconducting (SC) electrons are exchangeable with normal electrons, then the SC-electrons become normal (dissipative) for a while, whereas the newly created SC-electrons did not experience any electromotive force. So the total momentum (or angular momentum) of the SC-electrons and the supercurrent inevitably vanish (otherwise the momentum conservation law is violated). Hence, the SC-electrons don't hop into normal states, i.e. the SC-electrons occupy the SC-states permanently. Thus the SC-electrons and normal electrons are non-exchangeable in the momentum space and we can experimentally distinguish them in corresponding states. This point should be taken into account by using the second quantization notation for description of SC-states, since in the second quantization approach all particles are assumed to be indistinguishable. The presence of local states in crystals also provides difficulties for applications of the second quantization approach. A possible approximation avoiding the difficulties is the 2-particle method and further iterations counting the whole band of paired states.

The knowledge of root causes of superconductivity (SC) would explain many mysterious facts about all classes of superconductors. However, a unified solution remains still an open question [START_REF] Hirsch | Superconducting materials classes: Introduction and overview[END_REF]. Most theories of SC use the second quantization notation (SQN) and the related approach of occupation number states, also known as Fock states [START_REF] Fock | Konfigurationsraum und zweite Quantelung[END_REF]. However, this approach should be used very carefully for SC-states. A sample clarifies the latter point.

For clarity we consider a group of 4 electrons (which may belong to arbitrary many-body system): a non-dissipative singlet pair (e 1 ,e 2 ) and two normal (dissipative) electrons e 3 , e 4 . We investigate two cases, A and B: A. The non-dissipative pair (e 1 ,e 2 ) is permanent. Then an initial non-zero momentum p x of the pair is also permanent. Obviously, this permanent p x is a supercurrent [START_REF] Yen | Induced Currents in Closed-Ended Type-II Superconducting Coils[END_REF], [START_REF] Mukai | Persistent Supercurrent Atom Chip[END_REF]; B. The non-dissipative pair (e 1 ,e 2 ) is not permanent, i.e. a recombination is possible: e 1 , e 2 become normal, e 3 , e 4 become nondissipative and back. But at every time moment there are one non-dissipative pair and two normal electrons:

(e 1 ,e 2 ) singlet + e 3 + e 4 <=> e 1 + e 2 + (e 3 ,e 4 ) singlet [START_REF] Hirsch | Superconducting materials classes: Introduction and overview[END_REF] In the case B the initial non-zero momentum of the pair (e 1 ,e 2 ) dissipates, because the electrons e 1 ,e 2 become periodically dissipative and there is no external force to give to the newly created pair (e 3 ,e 4 ) exactly the same momentum p x , which the pair (e 1 ,e 2 ) had. If there is no electromotive force to push the pairs along the x-direction, then the momentum p x of the system dissipates and the current vanishes. Thus non-permanent pairs cannot keep a supercurrent (otherwise the momentum conservation law is violated; the atom lattice took the momentum p x of the broken pair e 1 ,e 2 , hence p x of the new pair (e 3 ,e 4 ) singlet must be zero). Notable is the fact that the Fock states in both cases A and B are identical due to the indistinguishability of particles, although the case A is superconducting and the case B is dissipative.

This sample shows that the SQN cannot be used directly for the SC-state, the indistinguishability of particles is insensitive to the supercurrent description, we should consider the normal and SC-electrons as distinguishable (i.e. non-exchangeable in the momentum space) particles. This means that the normal electrons can occupy only normal (single) states, whereas the SC-electrons can occupy only superconducting (paired) states. Correspondingly, in the SQN we should consider two Fock spaces; one contains only normal electrons/states and the other contains only SC electrons/states (within one Fock space all electrons are indistinguishable). For the Hartree-Fock formalism this means that the crystal wave function is a product of two Slater determinants; one for normal electrons/states and the other for SC electrons/states.

The situation is not as exotic as it seems. A sample illustrates the distinguishable electrons. Imagine, free electrons in a real space form a Fermi band. In the same real space there are helium atoms, the system temperature is close to 0 K. It is quite obvious that the free electrons and electrons bound in helium are distinguishable, although their locations are overlapped. Indeed, we can assert that any electron of helium atoms was not free from the beginning of observations, because the system has no energy to tear out this electron from its atom. On the other hand, every free electron never was bound in helium, because all relevant states in the atoms are permanently occupied.

The situation changes dramatically at temperature above the ionization of helium; now all electrons are really indistinguishable; there are non-zero probabilities that any electron is either free or bound in helium, so every electron can be described by a common one-particle wave function Ψ com , in one shared Fock space:

Ψ com = A He •Ψ He + A fr •Ψ fr (2)
where Ψ He is the ground states of electrons in helium atom; Ψ fr is the set of free states; A He and A fr are non-zero normalization factors.

From this example it follows that at low temperature there are two one-particle wave functions, one describes free electrons (i.e. |A He | 2 =0; |A fr | 2 =1 in Eq. 2) and the other describes electrons bound in helium (i.e. |A He | 2 =1; |A fr | 2 =0 in Eq. 2). Correspondingly, there are two separate Fock spaces. The system wave function Ψ sys is a product of two manybody wave functions: one contains only helium electrons/states, the other contains only free electrons/states.

In superconductors also there are free electrons and electrons bound in singlets with a finite binding energy, so the models are identical, but in superconductors the pairing temperature (instead of the ionization temperature) is the transition temperature from the one-component-description to the two-component-description. From the point of view of quantum mechanics, permanent singlets in crystal and permanent singlets of helium are fundamentally equal and, thus, should be handled equally, i.e. separately from free states. Thus below T c the system wave function Ψ sys is a product of two many-body wave functions:

Ψ sys = Ψ SC •Ψ n ( 3 
)
where Ψ SC is the many-body wave function for SC electrons/states; Ψ n is one for normal electrons/states. The singlet pairing occurs, because singlet electrons can simultaneously and permanently occupy one spatial ground state, whereas unpaired electrons may avoid one identical ground state, because their spin alignment may be either singlet or triplet (fluctuating due to thermal pair-breaking), so the average energy of permanent singlets is lower than the energy of unpaired electrons.

Notably, singlets in crystals, like helium atoms, may form superfluidity (Bose-Einstein condensate) [START_REF] Hashimoto | Bose-Einstein condensation superconductivity induced by disappearance of the nematic state[END_REF], [START_REF] Nakagawa | Gate-controlled BCS-BEC crossover in a two-dimensional superconductor[END_REF], [START_REF] Haussmann | Crossover from BCS superconductivity to Bose-Einstein condensation: A self-consistent theory[END_REF]. Mainstream theories of superconductivity (BCS [8], Anderson's RVB [9], spin fluctuations [START_REF] Moriya | Spin fluctuations and high temperature superconductivity[END_REF], [START_REF] Moriya | Antiferromagnetic Spin Fluctuations and Superconductivity in Two-Dimensional Metals -A Possible Model for High T c Oxides[END_REF]) operate with only one common one-particle wave function, in one shared Fock space; the permanency of SC-states is not taken into account (although the SC-states permanency explains many "unexpected" experimental results). Moreover, long-lived SC-pairs are directly observed in newest experiments [START_REF] Mannila | A superconductor free of quasiparticles for seconds[END_REF], where every SC-pair hosts its electrons a long time, the superfluid contains almost permanent pairs. In most SC-experiments worldwide, the measurement time is much shorter than the average life time of the long-hosting SC-states, therefore we measure superconductors with two distinguishable (non-exchangeable during the measurement) components of electrons: (i) SC-electrons; (ii) normal electrons. Each of the distinguishable components has its own set of quantum states, its own one-particlewavefunction, its own Fock space, its own density matrix. In other words, the electronic components are separated in the momentum space, although they are overlapped in the real space.

The permanency of SC-electrons can be explained by the SC-gap and non-zero pairing energy. At temperature below T c the thermal fluctuations cannot break the singlet pairs, since the singlet states are energetically favorable (paired states are a kind of potential well, like potential well in helium atom). At the same time, the band of normal electrons gets a SC-gap below the Fermi energy (E F ), therefore the normal electrons cannot reach the pairing level (≈E F ) and, thus, cannot form new pairs on the E F . At temperature above T c the normal electrons can cross the SC-gap due to thermal fluctuations, so new pairs emerge on the E F , the pair recombination is possible, SC disappears. In other words, the temperature gradually closes the SC-gap [START_REF] Seo | Temperature dependence of the superconducting energy gaps in Ca 9.35 La 0.65 (Pt 3 As 8 )([END_REF], [START_REF] Gasparovic | Temperature dependence of the superconducting energy gap of Pb[END_REF], [START_REF] Ren | Energy gaps in Bi 2 Sr 2 CaCu 2 O 8+δ cuprate superconductors[END_REF].

Notably: an external magnetic field can align fluctuations of non-permanent pairs, creating fluctuating supercurrents, which screen the magnetic field. Thus a weak Meissner effect is possible without zero-resistance.

A further limitation of the SQN follows from the fact, that many materials are insulators just before their SCtransition [START_REF] Goldman | Superconductor-Insulator Transitions[END_REF], [START_REF] Goldman | Superconductor-insulator transitions in the two-dimensional limit[END_REF], [START_REF] Bollinger | Superconductor-insulator transition in La 2-x Sr x CuO 4 at the pair quantum resistance[END_REF]. The insulating state may be related with local states [START_REF] Anderson | Localized Magnetic States in Metals[END_REF], [START_REF] Everson | Measurement of the local density of states on a metal surface: Scanning tunneling spectroscopic imaging of Au(111)[END_REF], which form a band gap and lock the charge transfer across the Fermi surface. The complete set of these local states is usually unknown. Moreover, the local state set depends on temperature, since different local states may be ionized by different temperatures. Thus practical calculations with SQN are extremely difficult.

A possible approximation here is a two-particle-approach. Indeed, the number and mass of normal electrons below Fermi surface (FS) are much larger than the number and mass of SC-electrons in the thin SC-gap, so every SCelectron repels from a huge mass of normal electrons, which can be assumed as quasistatic. The pairing removes normal electrons from the FS singlet by singlet, so the normal states and their symmetry below the SC-gap are not affected. The atom lattice is usually insensitive to variations within a thin electron band on FS. Thus the pairing affects only electronic states on FS and one can start calculations for 2 electrons on FS, assuming the paired states as ground states and normal states as excited states with excitation energy ∆ per one electron. The computation is mainly a minimization of the paired-state-energy (E p ) and normal-state-energy (E n ), the pairing energy is the difference (E p -E n ). Further iterations should improve the 2-particle calculation and take into account all electrons within the relevant thin band on FS, regardless of the energy of lattice and normal electrons below the SC-gap.

The spin alignment of unpaired electrons randomly fluctuates due to thermal pair-breaking, forming locally either singlets or triplets. So, there is a non-zero probability that the unpaired electrons form a triplet and, thus, cannot simultaneously occupy the lowest spatial energy state. One of unpaired electrons must take a higher state (for example, by taking a higher atom orbital), increasing the total system energy. Then the pairing energy 2∆ is the difference:

2∆ = E p -E n (4)
where E p is the energy of the permanent singlet in the spatial ground state; E n is the energy of two unpaired electrons avoiding the same spatial ground state. Note: the pairing energy (E p -E n ) is not negligible if the ground state is local. All these considerations show that the pairing is a direct consequence of the Exclusion principle [START_REF] Dolgopolov | Formation of Cooper Pairs as a Consequence of Exchange Interaction[END_REF]. The permanent singlet in the spatial ground state can be considered as a non-spin-fluctuation state, whereas unpaired electrons avoid the same spatial ground state, because their spin order is not permanent (either parallel or antiparallel). Hence the unpaired states are spin-fluctuating. The spin-fluctuations are excitations from the spatial ground states, so the spin-fluctuation energy is related to the energy difference (E p -E n ) and, thus, to the pairing energy and T c , as observed in experiments [START_REF] Pelliciari | Evolution of spin excitations from bulk to monolayer FeSe[END_REF].

In conclusion we see that a supercurrent persists only if the SC-pairs are permanent; any exchange with normal states destroys the supercurrent, so the normal and SC-electrons must be distinguishable in the momentum space. This ambiguity of (in)distinguishable electrons causes many difficulties for theoretical analysis of experiments.