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Abstract We derive new rigorous bounds and self-consistent estimates for the effective yield
surface of porous media with a rigid perfectly plastic matrix and a microstructure similar
to Hashin’s composite spheres assemblage. These results arise from a homogenisation
technique that combines a pattern-based modelling for linear composite materials and a
variational formulation for nonlinear media. To cite this article: N. Bilger et al., C. R.
Mecanique 330 (2002) 127–132.  2002 Académie des sciences/Éditions scientifiques et
médicales Elsevier SAS

solids and structures / porous media / bounds / perfect plasticity

Nouvelles bornes et estimations pour les milieux poreux à matrice
rigide parfaitement plastique

Résumé On présente de nouvelles bornes rigoureuses et estimations autocohérentes pour la surface
de plasticitémacroscopique de milieux poreux àmatrice rigideparfaitement plastique dont
la microstructure s’apparente à l’assemblage des sphères composites de Hashin. Elles sont
déduitesd’une technique d’homogénéisation qui combineuneapproche par motifspour les
composites linéaires et une formulation variationnelle pour les milieux non linéaires. Pour
citer cet article : N. Bilger et al., C. R. Mecanique 330 (2002) 127–132.  2002 Académie
des sciences/Éditions scientifiques et médicales Elsevier SAS
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Version française abrégée

De nouvelles bornes et estimations autocohérentespour la surface de plasticité de milieux poreux dont
la microstructure peut être décrite par un assemblage de sphères composites de Hashin sont obtenues par
l’association d’un principe variationnel pour l’homogénéisation des comportements non linéaires [5,10]
et d’une méthode d’homogénéisation linéaire reposant sur la notion de motif morphologiquereprésentatif
[11,12], qui permet unedescription amélioréedes interactionsdans l’environnement immédiat d’un pore.
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La démarche est la suivante. Les équations du problème local non linéaire sont traitées selon les
principes de la méthode sécante modifiée [10], qui rejoint l’approche variationnelle de Ponte Castañeda
[5]. Contrairement aux mises en œuvre usuelles de ces principes, on fait ici appel, comme dans [13],
à un composite linéaire de comparaison multiphasé, avec plusieurs modules sécants dans la matrice, et
non pas un seul module constant. Plus précisément, la microstructure est classiquement [2,3] supposée
s’apparenter à l’assemblage des sphères composites de Hashin [4], formées d’un pore sphérique entouré
d’unegainedematrice, detaillevariablemaisdefraction volumiqueégaleà laporositéglobaleet réparties
aléatoirement dans un volume élémentaire représentatif de façon à couvrir tout l’espace (Fig. 1a). Dans
le but de mieux représenter l’hétérogénéité radiale des champs mécaniques induite par la plasticité, les
couronnesdematricesont discrétiséesen N couchesconcentriques(Fig. 1b) et l’on affecteàchaquecouche
r un module sécant différent µr . Le milieu linéaire de comparaison ainsi obtenu admet une description
par motifs morphologiques représentatifs [11], les motifs étant les sphères composites multicouches
ainsi définies. L’homogénéisation de son comportement peut être abordée analytiquement au travers de
l’approchevariationnelleprésentée dans [11,12], qui conduit, sous l’hypothèseréaliste que les motifs sont
répartis de manière isotrope, au problème d’une d’ inclusion composite multicouche noyée dans un milieu
de référence homogène sous chargement homogène à l’ infini (Fig. 1c), dont la solution analytique est
connue [15]. Suivant le choix du milieux de référence, une borne supérieure [11,12] ou une estimation
autocohérente[13,14] despropriétésdu composite linéaire, et par suitede lasurfacedeplasticitédu milieu
poreux, sont obtenues. Les équations à traiter sont résumées par le système (3), où σ0 est la contrainte
d’écoulement de von Mises de la matrice, T le taux de triaxialité macroscopique (rapport entre contrainte
moyenne�m et équivalente�eq) et la fonction F fait référenceà l’homogénéisation du milieu linéaire de
comparaison. Les dérivéespartielles de cette dernièredonnent accès au moment d’ordredeux 〈ε2

eq〉r de la
déformation dans lescouchesselon (2) et sont calculéesnumériquement.

La résolution de (3) par une méthode de point fixe pour plusieurs valeurs de T permet de construire
la fonction seuil point par point. Les résultats pour une porosité f de 1 % et 5 % sont donnés en Fig. 2.
Avec un nombredecouchessuffisamment grand (N � 10) et pour un chargement purement hydrostatique,
on converge vers la solution exacte (Fig. 2b), également donnée par le critère de Gurson. Avec une seule
couche, on retrouvepour tout T la bornede Hashin et Shtrikman non linéaire (NLHS+). Souschargement
purement déviatorique, la discrétisation n’a qu’un faible effet (Fig. 2a), mais elle permet d’améliorer les
borneset estimationsexistantes (Fig. 2c) dont en particulier cellesàcaractèreanalytiqueduesà Gărăjeu et
Suquet [3,8]. Le gain est plus net pour des triaxialités intermédiaires. L’estimation autocohérente est très
prochede la bornesupérieure, maiss’en écarterait pour uneporositéplusélevée.

1. Introduction

During the last 25 years, noticeableprogresshasbeen madein themodelling of nonlinear porousmedia.
Gurson, in hispioneering work on ahollow rigid plastic sphere [1], exhibited amacroscopic yield function
which involves, besides classical parameters such as the equivalent von Mises stress �eq and the yield
stressσ0, theporosity f and thehydrostatic stress�m:

(
�eq

σ0

)2

+ 2f cosh

(
3�m

2σ0

)
− 1− f 2 = 0 (1)

This criterion has the noticeable property to be an upper bound [2,3] for the particular class of
microstructures described by Hashin’s [4] composite spheres assemblage (CSA), made up of spherical
pores surrounded by concentric shells of matrix, in different sizes but with the same volume fraction, and
distributed in such away that they fill thewholespace(Fig. 1a). Moreover, for purely hydrostatic loads, it

   



                                                             

(a) (b) (c)

Figure 1. Composite spheres assemblage (a); discretisation into layers (b); multilayered inclusion (c).

Figure 1. Assemblage de sphères composites (a) ; discrétisation en couches (b) ; inclusion multicouche (c).

gives the exact solution. Another rigorousupper bound for the macroscopic plastic yield surface has been
proposed later on by PonteCastañeda[5] and Michel and Suquet [6]; it isbased on an extension to nonlinear
behaviour of the linear Hashin and Shtrikman upper bound and applies to any microstructure in which the
spatial distribution of the pores is isotropic. It will be referred to by NLHS+. When the triaxiality factor
T = �m/�eq goesto zero, thisnew bound improveson Gurson’scriterion. However, for infinitetriaxiality,
Gurson’s criterion keeps predominance. More recently, Gărăjeu [3] has derived another analytical upper
bound that applies to Hashin’s assemblage, using more refined admissible strain fields in the composite
spheres than according to Gurson’s analysis. His criterion is very similar to (1), except that the first term
has to bemultiplied by somecomplex coefficient τ (f ). Since τ (f ) < 1, his result, referred to as GSH+ in
thefollowing, improveson Gurson’scriterion for non purely hydrostatic loadsand givestheexact result for
T = ∞. However, it lies slightly aboveNLHS+ for T = 0. Several authors [7,8] havesuggested to replace
τ (f ) by 1 + 2

3f ; the obtained estimate (GS in the following) of the yield function coincides then with
NLHS+ for T = 0 and with (1) for T = ∞, but there isno proof that such arelation yieldsan upper bound.
In thepresent paper, new boundsand estimatesfor theyield function of porousmediawith amicrostructure
similar to Hashin’s CSA are derived; they are consistent with the abovementioned best bounds for T = 0
and T = +∞ and improveon them for any other triaxiality.

We consider a representative volume element � of a such a porous medium. The homogeneous and
isotropicmatrix isrigidandperfectly plastic, followsthevon Misescriterion, with yield stressσ0, andobeys
the normality rule. Under these assumptions and when � is submitted to macrohomogeneous boundary
conditions, an effective behaviour of the porous material can be defined; it is rigid perfectly plastic and
obeysthenormality rule [9] aswell. When, in addition, thespatial distribution of thepores is isotropic, the
overall yield criterion depends only on the three invariants of the overall stress �. The proposed models,
alikethosementionedabove, areneither sensitiveto thethird invariant nor to thesign of thepressure, so that
the overall yield function depends only on �eq and |�m|. To construct it, we determine, for any imposed
valueof the triaxiality T , theoverall stress that leads to somenon vanishing overall strain E, with arbitrary
magnitude. Thefull yield function in the (|�m|,�eq) plane is then obtained when T varies from 0 to +∞.

We make use of the “modified secant procedure” proposed by Suquet [10] which is equivalent to Ponte
Castañeda’s variational procedure [5]. But unlike these authors, we are dealing with a “ linear comparison
composite” (LCC), in thesenseof PonteCastañeda, with apiecewiseconstant but non uniform distribution
of shear moduli in the matrix. This enriched formulation of the comparison medium leads to a better
description of the plastic flow in the nonlinear medium and is the key of the obtained improvements.
The multiphase LCC is handled by an extension of the linear Hashin and Shtrikman procedure to
microstructuresdescribed by means of morphologically representative patterns [11,12], which leads to an
(almost) analytical solution of the linear problem. The detail of the procedure is given in the next section
and the resultsarecommented and compared to abovementioned earlier models in the third one.

   



                                           

2. Nonlinear variational procedure based on multilayered composite spheres

2.1. Modified secant approach. – If we assume for simplicity that the local deviatoric stress evolves in
aproportional and monotonic way, thedeformation theory of plasticity applies. Thematrix being isotropic
and incompressible, its local behaviour may be described by a secant constitutive law involving a local
secant shear modulusµ(εeq) which dependsat each point x of � on thelocal equivalent strain εeq(x). The
nonlinear problem can be simplified by replacing this distribution of local moduli by a piecewise uniform
one, the secant moduli being equal to µr in the sub-domain �r of the matrix. This defines the so-called
LCC, which is an N + 1 phase composite made up of the pores and the N sub-phases �r , r ∈ [1,N], in
the matrix, with volumefractions cr . According to the modified secant approach, the moduli µr should be
related, through thelocal secant constitutivelaw of thematrix, to somereferencestrain equal to thesecond-

order moment of the local strain field in the LCC over the domain �r : εr
eq =

√
〈ε2

eq〉r where 〈a〉r is the
volumeaverageof a over phase r. With such a choice, theeffectivepropertiesof theLCC lead to an upper
bound for the nonlinear composite [5], in termsof overall potentials. In the present case, one gets an outer
bound for theyield surface. When theoverall propertiesof theLCC are isotropic, with µhom and khom the
effectiveshear und bulk moduli, when an overall triaxiality T is prescribed and when an overall equivalent
strain Eeq is imposed, the general relation for thesecond order momentsgiven in [10] specialises into:

〈
ε2

eq
〉
r
= E2

eq

cr

[
∂µhom

∂µr

+ 3

(
T

µhom

khom

)2
∂khom

∂µr

]
(2)

Thenonlinear set of equations to determinetheoverall plastic limit is then given by (3), whereF provides
the linear isotropic effective properties of the multiphase LCC. This system has to be solved in the µr by,
for instance, an iterativeproceduresuch as theclassical fixed point method,




∀r ∈ [1,N], µr = σ0

3
√

〈ε2
eq〉r

,
〈
ε2

eq
〉
r

given by (2)

{
khom,µhom} = F

(
cs ,µs, s ∈ [1,N])

�eq = 3µhomEeq and �m = T �eq

(3)

2.2. Multilayered composite spheres assemblage. – The full implementation of this algorithm requires
the computation of the function F , which depends on the phase distribution. Alike other approaches
mentionedabove,weassumethat themicrostructureof theporousmediumbelongsto theclassof composite
spheres assemblages (Fig. 1a), made up of hollow spheres with a pore volume fraction equal to the
macroscopic porosity, but different radii so that thewholedomain � can befilled with such spheres. When
this microstructure is submitted to plastic deformation, strong deformation gradients may appear near the
pores. Under hydrostatic pressure, these gradients are mostly along the radii of the composite spheres.
Thisobservation suggests that, in order to describemoreaccurately the local plastic flow around thepores,
it makes sense to discretise the matrix into concentric shells, as suggested in (Fig. 1b). As in [13], the
multiphase LCC the present approach relies on is made of multilayered composite spheres, consisting of
a pore surrounded by N concentric layers. For simplicity, we assume that the geometry of the composite
spheres of different sizes are homothetic. Thus the rth phase, r ∈ [1,N], of our multiphase LCC, with
uniform shear modulus µr , will be the union of all rth layers of the composite spheres. Such a phase
distribution can be described by means of “morphologically representative patterns” [11], a pattern being,
in thepresent case, amultilayered sphereof agiven size. Thederivationspresented in [11,12], based on the
Hashin and Shtrikman variational formulation, allow usto construct boundsand generalised self-consistent
estimates [13,14] for the effective properties of such composites. It is shown that, under the assumption
of an isotropic distribution of the centres of the patterns, the effective properties can be deduced from the

   



                                                               

local fields that arise in such a multilayered inclusion embedded in an infinite linear isotropic reference
medium (Fig. 1c), when it is submitted to homogeneousstrain or stress conditionsat infinity. Estimates of
the effective shear (resp. bulk) modulus are obtained from the ratio between the average deviatoric (resp.
hydrostatic) stress and the averagedeviatoric strain (resp. dilatation) in the composite inclusion. When the
infinite medium has the properties of the stiffest layer, these estimates are indeed upper bounds for µhom

(resp. khom), whereas when it has the estimated effective properties, so-called generalised self-consistent
estimatesare generated.

The multilayered composite inclusion problem can be solved analytically. The relations given in [15]
provideexact and easy to implement expressionsfor the local and averagestressesand strains in thelayers,
which can be extended to incompressible phases or to voids, as required for the present application. The
combinationof thissolution and thesystem (3) finally leadsto an outer bound and aself-consistent estimate
for the effective yield surface of the nonlinear porous material. Note first that the derivatives in (2) are
computed numerically because the analytical relations available from [15] are too complex. Second, the
initial assumption of proportional loading does not restrict the generality of the results, since the obtained
local and overall stresses do not depend on the magnitude of the arbitrarily small overall strain. This
property could also be justified more rigorously within a formalism using dissipation potentials [9], not
to beaddressed here.

3. Results

Thenew bound (Nφ+) obtained for 1% porosity with N = 1, 2, 5 and 20 layersof samethicknessaswell
as thenew self-consistent estimateobtained with 20 layers(20φsc) arecompared on Fig. 2 (aand b) to the
Gurson model and theHashin and Shtrikman upper bound NLHS+. Thefact that 1φ+ and NLHS+ coincide
clearly results from the fact that the linear upper bound involved by both approaches are identical. With
more layers, the new bound always improveson NLHS+. For a purely hydrostatic load, (Nφ+) converges
to the Gurson model when N is increased. With 10 layers the discrepancy is for instance lower than 1%.
This result can easily be predicted from theoretical argumentssince the local fields in the CSA are known
exactly for a purely hydrostatic load: within any composite sphere, the displacement fluctuation is radial
so that the stressand strain components in a local spherical coordinatesystem depend only on thedistance
r to the centre of the corresponding pore. For an incompressible matrix, the displacement fluctuation in
the matrix varies like 1/r2, the local equivalent strain like 1/r3 and the local secant modulus like σ0r

3.
Such a distribution can be approached exactly by the LCC when the discretisation is refined, so that the
fields in the nonlinear composite can be described exactly within the secant approach. One can check that

Figure 2. (b) Yield surfaces for f = 1%. (a) zoom for small T . (c) Deviation of yield surfaces with respect to
Gurson’s criterion for f = 5% in (ρ, θ) polar coordinates of the (�m,�eq) plane.

Figure 2. (b) Surfaces seuils pour f = 1 %. (a) zoom pour T petit. (c) Écarts entre surfaces seuils et critère de
Gurson pour f = 5 % en coordonnées polaires (ρ, θ) du plan (�m,�eq).

   



                                           

the numerical solution of (3) does indeed converge to this distribution of secant moduli. For intermediate
triaxialities, the new bound derived with 20 layers is always somewhat lower than Gurson’s criterion. For
a purely deviatoric load, the latter is definitively too stiff; the new bound is very close to NLHS+ and
seems to be independent of the discretisation. In fact, it is not: one can plot in this case the evolution of
µs with respect to r and observea non constant evolution which becomesmoreand moresignificant when
the porosity is increased. Thus the new bound is always softer than NLHS+ even if the difference can be
neglected in practicefor small porosity. Asexpected, theself-consistent estimateisalwayswithin thebound
for a similar discretisation, but very close to it for small porosity.

The plot on Fig. 2c provides, for a porosity of 5%, a comparison between the new bound (20φ+) and
estimate (20φsc) calculated for 20 layers, and the best up to now available rigorous bound (GSH+)
and estimate (GS) mentioned in the introduction. In order to emphasise the improvements, it gives, as
a function of the polar angle θ = arctan(T ) in the (|�m|,�eq) plane, the difference between the ‘ radii’

ρ =
√

�2
m + �2

eq predicted by these models and that given by Gurson’s criterion. Except in a small zone

at a very large triaxiality where the number of layers is too small, we observe that 20φ+ improves on
GSH+ and 20φsc improves on GS. Moreover, it is worth noting that the 20φ+ bound is tighter than
the GS estimate. When the triaxiality tends to infinity, we observe that the new bound and estimate tend
to the Gurson bound but are less accurate than the other models. This discrepancy can be reduced with
an increased discretisation, but at asignificant numerical cost. The GSH+ remains thebest fully analytical
boundvalid for any CSA. When thecompositespheresareisotropically distributed, Nφ+ ismorerestrictive.
However, in this case, the less accurate but fully analytical and very simple GS criterion seems to be a
reasonablemodel for morepractical applications.
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