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Abstract

This paper is concerned with the application of the “second-order” nonlinear homogenisation
procedure (Ponte Castañeda, J. Mech. Phys. Solids 44 (6) (1996) 827) to generate estimates
of the self-consistent type for the e'ective behaviour of fcc and hcp viscoplastic polycrystals.
The method has the distinctive property that it leads to estimates that are exact to second-order
in the heterogeneity contrast, and which are expected to be more accurate, particularly when
compared to rigorous bounds, than those resulting from earlier homogenisation schemes such
as the Hill “incremental” method or its “total” formulation (Hutchinson) for pure power-law
viscous materials. Special attention is paid to large grain anisotropy leading to correspondingly
large heterogeneity contrast, and to highly nonlinear behaviour. Comparisons are also carried out
with estimates derived from other more recent homogenisation schemes such as the “tangent”
and “a7ne” methods. The results, illustrated for zirconium- and ice-type polycrystals, show that
the second-order procedure o'ers the potential for signi9cantly improved results, at least relative
to the Hill incremental formulation. ? 2001 Elsevier Science Ltd. All rights reserved.

Keywords: B. Inhomogeneous material; B. Polycrystalline material; B. Viscoplastic material;
Homogenisation

1. Introduction

The prediction of the e'ective properties of viscoplastic polycrystals under small
and 9nite deformation has been an area of intensive activity for almost 50 years,
due to the numerous applications, such as the prediction of microstructure and texture
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development during the thermomechanical processing of metals as well as the simu-
lation of forming processes, by means of physically based computer models. In spite
of being classical, the problem is still open largely because of its complexity. Many
approximate theories have been proposed, the 9rst of which being the popular Taylor
(1938) which assumes that the strain is uniform throughout the polycrystal. Such a
crude hypothesis entirely neglects the local strain heterogeneity, which has been fre-
quently observed in the laboratory (e.g. Allais et al., 1994), and leads to an upper
bound (Hill, 1952) for the e'ective strain rate potential, which is usually too sti'
to be used to estimate the overall stress by derivation of such a potential. The dual
Reuss-type approach, based on the similarly unrealistic but easy to handle assump-
tion of uniform local stresses, leads to a lower bound that underestimates the e'ective
dissipation.

Many other more sophisticated but still approximate models have been proposed for
the derivation of more realistic estimates for the e'ective properties and local strain
heterogeneities of nonlinear polycrystals. Most of them are based on some type of
nonlinear extension of the classical linear self-consistent model (KrFoner, 1958, 1977),
which is widely accepted as an adequate model for the prediction of the e'ective elastic
moduli of polycrystals. Omitting earlier contributions that assumed purely elastic inter-
actions at the local scale (KrFoner, 1961), the earliest contribution in the 9eld is Hill’s
(1965) pioneering work, which is based on a linearised incremental formulation of the
elastoplastic local constitutive equations, using tangent moduli. This complex formu-
lation was implemented several years later by Hutchinson (1970), who also adapted
it to viscoplasticity (Hutchinson 1976, 1977) and noticed that, for the particular case
of power-law creep, the incremental formulation could be simpli9ed into a total one,
which was based on the use of secant moduli instead of tangent ones and easier to
implement. His numerical results also seemed to suggest that Hill’s formulation leads
to predictions tending to the Taylor estimate for highly nonlinear phases, and especially
for perfect plasticity. The secant formulation was further simpli9ed by Berveiller and
Zaoui (1979) in the special case of isotropic polycrystals, by means of some isotropic
simpli9cation of the secant moduli. Such ideas have also been applied in the context of
two-phase composites (Qiu and Weng, 1991; HervLe and Zaoui, 1990). This isotropic
secant formulation leads in many cases to predictions somewhat softer than the incre-
mental one. Another total formulation, due to Molinari et al. (1987) who implemented
it in some approximate isotropic form, is based on a tangent approximation of the non-
linear stress/strain rate relation, which is expected to be more accurate than a secant
one. The full implementation of this tangent model for viscous polycrytals is due to
Lebensohn and TomLe (1993), who observed that this scheme tends to the Reuss-type
lower bound for high nonlinearities. This scheme su'ers from several limitations, pri-
mary among which is the fact that it is restricted to (a speci9c) self-consistent type of
model and to power law creep. More recently, a more general approach based on the
same tangent approximation of the nonlinear behaviour of the constitutive phases has
been proposed by Masson et al. (2000). This a;ne formulation, which can be applied
to any type of microstructure and to any form of stress/strain rate relation, leads to pre-
dictions intermediate between the secant and the tangent approaches, without recourse
to any appropriately 9tted parameter.



                                                      

In addition to these approximate schemes, variational approaches have been devel-
oped (Talbot and Willis, 1985; Ponte Castañeda, 1991; Willis, 1994; deBotton and
Ponte Castañeda, 1995; see also Ponte Castañeda and Suquet, 1998, for a general re-
view) and provide rigorous bounds for the e'ective dissipation potential, which, for
the kind of nonlinearities exhibited by viscous materials, are upper bounds. These ap-
proaches are in general more di7cult to implement but provide rigorous results. They
have been compared to the above estimates in the simpler case of viscous two-phase
materials (Gilormini, 1996) as well as for two-dimensional model polycrystals (Bornert
and Ponte Castañeda, 1998) and it has been shown that all approximate schemes may
violate the bounds, at least for some particular combination of the parameters.

Following up on the work of Bornert and Ponte Castañeda (1998) for model 2D
polycrystals, this paper is concerned with the application of the second-order procedure
(Ponte Castañeda, 1996) to estimate the e'ective behaviour of general 3D viscoplastic
polycrystals. The method is based on second-order Taylor expansions of the relevant
potentials for the constituent phases allowing the expression of the e'ective potential for
the nonlinear material in terms of that of a suitably chosen linear comparison thermoe-
lastic material. The method has the distinctive advantage that it leads to estimates that
are exact to second-order in the heterogeneity contrast (Suquet and Ponte Castañeda,
1993), but has the disadvantage that it exhibits a duality gap (Ponte Castañeda, 1996).
It has recently been given a variational interpretation (Ponte Castañeda and Willis,
1999) and has already been applied in the context of two-phase systems, including
several important special cases, where the resulting estimates appear to be more ac-
curate, particularly when compared to rigorous bounds, than earlier estimates such as
those that are based on the Hill “incremental” or the Hutchinson “total” formulations.
This work aims to investigate the case of viscoplastic polycrystals in some detail by
applying the second-order procedure to generate estimates of the self-consistent type
for the overall response of fcc as well as hcp polycrystals, with special attention being
paid to large grain anisotropy and correspondingly large heterogeneity contrast, and to
highly nonlinear behaviour.

The approach adopted is introduced in Sections 2 to 4, with detailed derivations
given in Appendix A for the required per-phase average strain rates in a thermoelastic
multiphase composite according to the Hashin–Shtrikman variational procedure and
including estimates of self-consistent type for this class of linear materials. Section
5 then reports on a number of applications for di'erent kinds of polycrystals, with
illustrations for fcc and hcp zirconium- and ice-type polycrystals. Computational details
are reported in Appendix B. The results clearly show that the second-order procedure
o'ers the potential for signi9cantly improved estimates for the e'ective response of
viscoplastic polycrystals, at least relative to the Hill incremental method.

2. E�ective properties for viscoplastic polycrystals

Here a polycrystal is de9ned as a random aggregate of perfectly bonded single-crystal
grains with a prescribed orientation distribution function (ODF) and set of two-point
correlation functions (see, for example, Adams and Olson, 1998). The ODF determines



                                                      

the crystallographic texture and the corresponding two-point statistics correlate with
grain shape, so that the two-point correlation functions serve to characterise in an ap-
proximate fashion the morphological texture. For simplicity, it will be assumed here
that the grain orientations take on a set of discrete values, characterised by rotation
tensors Q(r) (r = 1; : : : ; N ), and that the two-point correlation functions exhibit “ellip-
soidal” symmetry with the same shape for all crystal orientations, characterised by a
symmetric tensor Z (correspondingly, the grains are assumed to be on average ellip-
soidal in shape with identical aspect ratios and orientations for all lattice orientations).
It will also be assumed that the polycrystal occupies a region �, while all the grains
of a given orientation Q(r) occupy subregions �(r) (r = 1; : : : ; N ). The characteristic
functions �(r) describing the location of the various orientations are de9ned to be equal
to 1 if the position vector x is in �(r) and zero otherwise. Volume averages over � are
denoted by 〈:〉, so that the scalars c(r) = 〈�(r)〉 characterise the crystallographic texture
of the polycrystal.

For a given stress �, the local constitutive response is then de9ned by

” =
9u
9� ; u(x; �) =

N∑
r=1

�(r)(x) u(r)(�); u(r)(�) =
K∑

k=1

�(k)(�
(r)
(k)); (1)

where ” is the Eulerian strain rate, and u and u(r) are the stress potentials for the
polycrystal and orientation r, respectively. The convex functions �(k) (k = 1; : : : ; K)
characterise the response of the K slip systems in each crystal and depend on the
resolved shear stresses

�(r)
(k) = � · �(r)

(k); (2)

where the dot denotes the inner product of two second-order tensors (e.g. � ·�=�ij�ij)
and the set

�(r)
(k) =

1
2

(n(r)
(k) ⊗m(r)

(k) + m(r)
(k) ⊗ n(r)

(k)) (3)

are second-order tensors with n(r)
(k) and m(r)

(k) denoting the unit vectors normal to the slip
plane and along the slip direction in the kth system, respectively, for each orientation r.

It is known (e.g. Hutchinson, 1976) that the e<ective viscous response for the poly-
crystal may be written in the form

Q” =
9Ũ
9 Q�

; ˜eU ( Q�) = min
�∈S( Q�)

〈u(x; �)〉: (4)

Here Ũ is the e<ective stress potential for the polycrystal, Q� = 〈�〉 and Q” = 〈”〉 are the
average stress and strain rate, and S(S)={�; div �=0 in �; �n=Sn on 9�} denotes
the set of statically admissible stresses.

Dually, in terms of the dissipation potentials

w(r)(”) = (u(r))∗(”) = max
�

{� · ” − u(r)(�)} (5)



                                                      

such that

� =
9w
9” ; w(x; ”) =

N∑
r=1

�(r)(x) w(r)(”); (6)

the e'ective response of the polycrystal may be written in the form

Q� =
9W̃
9 Q”

; W̃ ( Q”) = min
”∈K( Q” )

〈w(x; ”)〉; (7)

where W̃ is the e<ective dissipation potential for the polycrystal, and K is the set of
kinematically admissible strain rates:

K( Q”) =
{
”
∣∣∣∣there is C with ” =

1
2

[∇C+ (∇C)T] in �; v = Q”x on 9�
}

: (8)

3. Second-order estimates

As already mentioned, the second-order procedure was developed to generate esti-
mates for the e'ective behaviour of nonlinear composites that are exact to second-order
in the heterogeneity contrast. Thus, such estimates should be quite accurate for materials
such as fcc polycrystals, which exhibit fairly small levels of heterogeneity, as a conse-
quence of their relatively low degree of grain anisotropy. However, as already shown
in the context of two-phase composites by Ponte Castañeda (1996), the second-order
procedure also delivers fairly accurate results at high contrast, including the extreme
cases of porous and rigidly reinforced composites. In this section, an abbreviated for-
mulation of the second-order procedure is given for completeness. Further details may
be obtained from Ponte Castañeda (1996), Ponte Castañeda and Suquet (1998) and
Ponte Castañeda and Willis (1999).

The procedure is based on the use of a Taylor-type approximation for the phase
potentials w(r). Introducing reference strain rates Q” (r), the Taylor formula for w(r) about
Q” (r) is given by

w(r)(”) = w(r)( Q” (r)) + �(r) · (” − Q” (r)) + 1
2 (” − Q” (r)) · L(r)(” − Q” (r)); (9)

where the symbols �(r), de9ned by

�(r) =
9w(r)

9” ( Q” (r)); (10)

are used to denote stress-like variables in each phase, and the L(r), which are as yet
undetermined, serve to denote constant viscous moduli tensors in the phases.

It follows from Eq. (7) that the e'ective potential W̃ of the nonlinear composite
may be estimated as

W̃ ( Q”) =
N∑

r=1

c(r)
[
w(r)( Q” (r)) − �(r) · Q” (r) +

1
2

Q” (r) · L(r) Q” (r)
]

+ �̃( Q”; l); (11)



                                                      

where reinterpreting ” as a strain 9eld, �̃( Q”; l) can be thought of as the free energy of
a linear thermoelastic comparison multiphase composite with moduli tensors L(r) and
thermal stresses −l (r), de9ned by

l (r) = L(r) Q” (r) − �(r): (12)

It is given by

�̃( Q”; l) = min
”∈K( Q” )

〈
1
2
” · L” − l · ”

〉
; (13)

where l(x)=
∑N

r=1 �(r)(x)l (r) and L(x)=
∑N

r=1 �(r)(x)L(r). Note that neither the moduli
tensors L(r) nor the pre-stresses l (r) are rotated versions of some reference values, so
that the linear thermoelastic comparison composite cannot be considered to be a linear
polycrystal, but must be thought of as a more general N -phase system.

The approximate expression (11) for the e'ective potential W̃ of the nonlinear poly-
crystal is easier to compute than the original, exact expression (7). This is because it
requires the solution of a linear problem (i.e., Eq. (13)) instead of a nonlinear one.
In this connection, it is noted that estimates for linear-thermoelastic heterogeneous
materials can be obtained by appropriate extension of the corresponding methods for
linear-elastic composites; further details are given in appendix A. At this stage, it is only
noted that, given an estimate for �̃( Q”; l), the expression (11) provides a corresponding
estimate for W̃ , for all choices of the Q” (r) and L(r), which are thus far unspeci9ed.
Using the notation 〈:〉(r) to denote volume averages over phase r, the optimal choice
for the variables Q” (r) follows by setting the quantity

9W̃
9 Q” (r) = c(r)

[
L(r) − 92w(r)

9”9” ( Q” (r))
]

( Q” (r) − 〈”〉(r)) (14)

identically equal to zero, which leads to the prescription that

Q” (r) = 〈”〉(r); (15)

where it is emphasised that ” is the strain in the thermoelastic comparison composite.
This prescription was originally proposed by Ponte Castañeda (1996), based on the
physical intuition that the strain ” in phase r would oscillate about its average Q” (r)

in phase r in such a way that large deviations would only be expected in regions of
relatively small measure. The more rigorous derivation given here follows from the
work of Ponte Castañeda and Suquet (1998) and Ponte Castañeda and Willis (1999).

Prescription (15) allows further simpli9cation of estimate (11) for W̃ . Thus, the Hill
condition for the thermoelastic comparison solid ensures that

〈” · L”〉 = 〈l · ”〉 + Q” · 〈L” − l〉; (16)

which, using de9nition (12) for the polarisations l (r), combined with prescription (15),
leads to

�̃( Q”; l) =
1
2

N∑
r=1

c(r)[�(r) · ( Q” + Q” (r)) − Q” (r) · L(r) Q” (r)]: (17)



                                                      

This result can then be used to rewrite estimate (11) in the simpler form (Ponte
Castañeda and Suquet, 1998)

W̃ ( Q”) =
N∑

r=1

c(r)
[
w(r)( Q” (r)) +

1
2
�(r) · ( Q” − Q” (r))

]
; (18)

where the Q” (r) are de9ned by prescription (15) and the � (r) are determined by expres-
sion (10) in terms of the Q” (r).

The above estimates for W̃ are valid for any choice of the moduli tensors in the
linear comparison composite L(r). The question then arises as to the best choice for
these. However, it appears that stationarity of estimate (11), together with Eq. (13) or
(18) does not lead to a useful result. It has been proposed to choose the L(r) from the
prescription (Ponte Castañeda, 1996)

L(r) =
92w(r)

9”9” ( Q” (r)); (19)

which has the interesting property (Ponte Castañeda and Willis, 1999) that it implies
that

92W̃

9 Q” (r)9 Q” (r) = 0 (20)

or second-order stationarity with respect to the variables Q” (r). There are other possible
choices for L(r), but they have not yet been explored in full detail.

It is noted that a similar expression may be obtained for the e'ective stress potential
Ũ , as de9ned by Eq. (4), by proceeding analogously with a Taylor expansion of the
stress potentials u(r) about appropriate reference stresses Q�(r). The result may be written
as

Ũ ( Q�) =
N∑

r=1

c(r)
[
u(r)( Q�(r)) +

1
2
9u(r)

9� ( Q�(r)) · ( Q� − Q�(r))
]

; (21)

where the Q�(r) has been identi9ed with the average stresses in the phases of the cor-
responding linear comparison composite. Unfortunately, the estimate for Ũ is not the
Legendre dual of estimate (18) for W̃ , and is therefore not equivalent to it. A clear
explanation of this fact, as well as of the connections with the a7ne procedure (Zaoui
and Masson, 2000) has been given by Masson et al. (2000). However, as suggested in
Ponte Castañeda (1996), the expansion based on the dissipation potentials is preferred
in plasticity, as a consequence of the fact that, for the physical nonlinearity present in
plasticity and creep, the Taylor expansions on the dissipation potentials are expected
to be more accurate than the corresponding expansions on the stress potentials.

4. Estimates of the self-consistent type

Given the simpli9ed form (18) for W̃ , the implementation of the second-order pro-
cedure now only requires estimates for the phase averages Q” (r) of the strain 9eld in the



                                                      

variational thermoelastic problem (13). Formally, this can be accomplished by means
of the identity

Q” (r) = − 1
c(r)

9�̃
9l (r) ( Q”; l): (22)

Alternatively, because the problem is linear, the principle of superposition ensures that
(Laws, 1973)

Q” (r) = A(r) Q” − a(r): (23)

The fourth-order tensor A(r) is the linear localisation tensor which depends on the
phase distribution of the composite and has to be estimated by an appropriate linear
homogenisation scheme. For the class of polycrystals under consideration here, an ap-
propriate choice is the classical self-consistent (SC) model (KrFoner, 1958; Hill, 1965),
which leads to the following estimate for A(r):

A(r) ≈ A(r)
SC = [L(r) + L?

SC]−1P−1
SC ; (24)

where L?
SC =P−1

SC − L̃SC is the constraint tensor de9ned by Hill (1965) and L̃SC is the
self-consistent estimate for the e'ective modulus tensor L̃, which is obtained as the
solution of the implicit equation

[L̃SC + L?
SC]−1 =

N∑
s=1

c(s)[L(s) + L?
SC]−1 (25)

to be solved iteratively (see Appendix B). In these relations, PSC is a microstructural
tensor, depending on L̃SC and on the “shape” of the two-point correlation functions
〈�(r)(:)�(s)(: + h)〉 for the distribution of the grain orientations within the polycrystal
(see Appendix A). More generally, for a given modulus tensor L(0),

P(0) =
1

4� det Z

∫
|�|=1

H (0)(�)|Z−1�|−3 dS; (26)

where H (0)
ijkh(�)=N (0)

ik �j�h|(ij)(kh); N (0) =K (0)−1
; K (0)

ik =L(0)
ijkh�j�h, and Z is a symmetric,

second-order tensor serving to characterise the “shape” of the two-point correlation
functions, under the “ellipsoidal symmetry” hypothesis (Willis, 1977). For a polycrys-
tal in which the orientations of two adjacent grains are uncorrelated, the shape of the
two-point correlation functions is known to correlate with the “average” shape of the
grains. In particular, Z = I corresponds to the special case of statistical isotropy for
the two-point correlation functions, which is similar to the so-called “equiaxed” grain
hypothesis. More generally, the tensor Z takes account of change in the average shape
of the grains, when the polycrystal is subjected to 9nite deformation histories, such as
rolling or extrusion. It should be emphasized that the above expression for L̃ would
apply not just for the case of one-phase polycrystals, where the tensors L(r) are “ro-
tated” versions of a reference single crystal, but for more general situations where the
L(r) could be unrelated to each other.

The second-order tensors a(r) give the average strains in the phases induced by the
thermal stresses l (r). While they can be computed exactly from the tensors A(r) in the
case of two-phase materials (Levin, 1967), there is no general relation for multiphase



                                                      

composites. However, when A(r) is obtained from a Hashin and Shtrikman (1963)
type of estimate, among which the self-consistent model is a particular case, there is a
“natural” estimate for the tensors a(r), the derivation of which relies on exactly the same
assumption on the phase distribution as the one that was used to derive the estimates for
A(r). The justi9cation of this property can be found in Willis (1981). For convenience
and completeness, the derivation is given in Appendix A, in a slightly di'erent form
and with explicit relations. As a consequence, any two-phase linear model and any
Hashin–Shtrikman type of estimate can be extended to nonlinear behaviour by means
of the second-order procedure. In particular, for self-consistent estimates one gets

a(r) ≈ a(r)
SC = [L(r) + L?

SC]−1[l̃SC − l (r)] with l̃SC =
N∑

s=1

c(s)l (s)A(s)
SC: (27)

The reference strains Q” (r) required by the second-order procedure are then determined
by the set of nonlinear equations (10), (12), (19),(23)–(25) and (27), which can be
rewritten as follows:

L(r) =
92w(r)

9”9” ( Q” (r));

L̃SC solution of Eq: (25) and L?
SC = P−1

SC − L̃SC;

� (r) − Q� = −L?
SC[ Q” (r) − Q”];

�(r) =
9w(r)

9” ( Q” (r));

Q” =
∑

s

cs Q”(s);

Q� =
∑

s

cs�(s): (28)

Note that the four last equations are identical to those that determine the (uniform)
strain in a nonlinear ellipsoidal inclusion of phase (r) embedded in an in9nite linear
thermoelastic matrix with tensor of moduli L̃SC and subjected to homogeneous strain
Q” and stress Q� at in9nity. Appendix B provides some details on how to solve this non-
linear system of equations iteratively for any applied deformation Q”. The connections
between these nonlinear equations and those related to the derivation of nonlinear in-
cremental (Hutchinson, 1976), tangent (Lebensohn and TomLe, 1993) or a7ne (Masson
et al., 2000) estimates are discussed as well.

5. Applications

In the following applications, the equiaxed grain assumption (i.e. isotropic two-point
correlation functions) is adopted and the slip potentials are assumed to be of the



                                                      

power-law type

�(k)(�
(r)
(k)) =

�0�(0)
(k)

n(k) + 1

∣∣∣∣∣�
(r)
(k)

�(0)
(k)

∣∣∣∣∣
n(k)+1

; (29)

where �0 is some reference shear strain rate and both the power n(k) and the Vow stress
�(0)

(k) are allowed to be di'erent for di'erent slip-system families, so that, in general,
the macroscopic behaviour of the polycrystal will not be of the power-law type. As
mentioned earlier, the second-order procedure leads to two di'erent results depending
on the choice of the formulation (i.e. dissipation versus stress potential). The former
being more appropriate for plastic behaviour (n(k)¿ 1), all the results given hereafter
are based on the dissipation potential formulation.

The following applications are concerned with isotropic or transversely isotropic
polycrystals. For the latter more general case, let (e1; e2) and e3 denote the unit base
vectors in the transverse plane and along the longitudinal direction, respectively. The
creep overall potential must have the form (Aravas et al., 1995)

W̃ ( Q”) = W̃ (I1; I2; I3; I4; s); (30)

where s denotes a set of material parameters and I1, I2, I3 and I4 are four independent
transversely isotropic invariants of the traceless symmetric second-order tensor Q”, as
de9ned by deBotton and Ponte Castañeda (1993)

I1 = Q”33; I2 =
√

Q”2
12 + ( Q”11− Q”22)2

4

I3 =
√

Q”2
13 + Q”2

23; I4 = 3
√

Q”ij Q”jk Q”ki : (31)

In the following examples, polycrystals are subjected to an overall isochoric tensile
strain rate along the symmetry axis Q” 0 = Q� 0

33[e3 ⊗ e3 − 1
2 (e1 ⊗ e1 + e2 ⊗ e2)]. For such a

load, the above invariants and their derivatives with respect to the tensor Q” are given
by

I1( Q” 0) = Q� 0
33;

9I1

9 Q”
( Q” 0) = e3 ⊗ e3;

I2( Q” 0) = 0;
9I2

9 Q”
( Q” 0) = 0;

I3( Q” 0) = 0;
9I3

9 Q”
( Q” 0) = 0;

I4( Q” 0) = 3

√
3
4

Q� 0
33;

9I4

9 Q”
( Q” 0) =

Q� 0
33

(I4( Q” 0))2

[
e3 ⊗ e3 +

1
4

(e1 ⊗ e1 + e2 ⊗ e2)
]

: (32)

so that the macroscopic stress reads as

Q� = pi +
4∑

i=1

9W̃
9Ii

9Ii
9 Q”

= pi +
9W̃
9I1

e3 ⊗ e3

+
9W̃
9I4

Q�0
33

(I4( Q”0))2

[
e3 ⊗ e3 +

1
4

(e1 ⊗ e1 + e2 ⊗ e2)
]

; (33)



                                                      

where i is the second-order identity tensor and p is the overall hydrostatic stress. If it
is such that the overall stress is a uniaxial tension along e3, the tensile stress is

Q�33 =
9W̃
9I1

+ 3

√
3
4
9W̃
9I4

: (34)

It is easy to check that it is equal to the derivative of the function W̃
0
( Q� 0

33) = W̃ ( Q” 0)

=W̃ ( Q� 0
33; 0; 0; 3

√
3
4 Q� 0

33; s) with respect to its (scalar) argument

Q�33 =
dW̃

0

d Q� 0
33

: (35)

When, in addition, the power-law exponents n(k) are uniform and equal to n for all
slip systems, the e'ective dissipation potential is a homogeneous function of degree
n + 1, and so is W̃

0
, which then reads as

W̃
0
( Q� 0

33) =
n

n + 1
�0 �̃ 0

(
Q� 0
33

�0

)1+1=n

; (36)

where �̃ 0 denotes the overall reference stress of the polycrystal for uniaxial tension; it
depends only on n, the shear reference stresses �0

(k) and the microstructural parameters
s. Finally, relations (35) and (36) ensure that Q�33 reads as

Q�33 = �̃ 0
(

Q� 0
33

�0

)1=n

(37)

for a transversely isotropic polycrystal strained along the longitudinal direction or an
isotropic polycrystal subjected to any uniaxial tensile test. Therefore, the reference
stress �̃ 0 governs both the overall strain potential and the overall stress–strain rate
response.

In the following, second-order estimates for the overall response are compared to
incremental estimates of the Hill-Hutchinson (1976) type, as well as to the tangent
(Molinari et al., 1987; Lebensohn and TomLe, 1993) and the a7ne (Zaoui and Masson,
2000) ones. While these more “classical” schemes generate stress–strain relations, the
second-order procedure produces estimates for the dissipation potential. The above
property ensures that, for uniaxial tension along the symmetry axis, it is su7cient
to compare the reference stresses �̃ 0 as predicted by all these schemes. Details on
the numerical derivation of these estimates can be found in Appendix B. All these
estimates are also compared to the more rigorous variational estimates recently derived
for similar situations by Nebozhyn et al. (2000, 2001). Although the latter are not
rigorous upper bounds, they may be considered as such for the special class of phase
distributions accurately described by the linear self-consistent scheme.

5.1. fcc polycrystals

In this section, untextured fcc polycrystals are considered for which inelastic defor-
mation is assumed to take place by power-law glide with identical exponent n and
reference shear stress �0 on all twelve octahedral slip systems.



                                                      

Fig. 1. Evolution of the normalised overall Vow stress �̃ 0=�0 of an untextured fcc polycrystal with the
strain-rate sensitivity m = 1=n. Predictions of the self-consistent type according to second-order (SOE), a7ne
(AFF), incremental (INC), tangent (TAN) and variational (VAR) procedures, as well as Hashin–Shtrikman
(HS) and Taylor (UB) upper bounds and Reuss (LB) lower bound, are plotted for uniaxial tension.

Fig. 1 shows second-order estimates of the self-consistent type for the e'ective Vow
stress �̃0 of these fcc polycrystals as a function of the strain-rate sensitivity m=1=n and
compares them against various bounds and other self-consistent estimates. It is seen
that the second-order estimates lie slightly higher than half way between the classical
Taylor upper and Reuss lower bounds. This is consistent with what would be expected
based on the corresponding results for linear polycrystals, where the SC estimate is well
established. The second-order estimates are found to satisfy also the Hashin–Shtrikman
bounds of deBotton and Ponte Castañeda (1995), which is not surprising in view of
the fact that these remain quite close to the classical Taylor upper bound, especially
with decreasing values of m. With respect to the various nonlinear SC estimates, there
is wide discrepancy, especially with increasing nonlinearity, in spite of the fact that
they all derive from the same classical linear SC estimates, with which they all agree
for m=1. Consistent with earlier observations, the classical “incremental” SC estimates
appears to be too sti' and to tend to the upper bound in the rate-insensitive limit. On
the other hand, the tangent SC estimates, which rely on a linearisation scheme that is
similar to that used for the second-order and a7ne estimates, are seen to tend to the
Reuss lower bound in this limit (Masson et al., 2000). Finally, it is seen that while the
a7ne estimates improve on the classical “incremental” estimates, they remain sti'er
than the second-order predictions; both stay below the recently proposed “variational”
estimates (Nebozhyn et al., 2001). It should be emphasised that slight di'erences for
the overall Vow stress may correspond to signi9cant di'erences for the overall strain
rates: according to (37), a 5% deviation between the a7ne and second-order predictions



                                                      

Fig. 2. Basal, prismatic and pyramidal 9rst-order 〈c + a〉 slip systems in an HCP crystal.

on the Vow stress (n = 5) corresponds to a 30% deviation on the predictions for the
strain rates.

5.2. hcp polycrystals

Following Hutchinson’s (1977) analysis of hcp and ionic fcc (Hutchinson, 1976)
polycrystals and recent results obtained with use of the variational self-consistent
method (Nebozhyn et al., 2000), in this section, the focus is on the overall response
of polycrystals with highly anisotropic hcp grains.

5.2.1. Isotropic aggregates with the same power-law exponent
Referring to Fig. 2 for an hcp single crystal, a and c are used to denote the lat-

tice vectors in the basal plane and along the hexagonal axis, respectively. Unlike fcc
crystals, hcp crystals possess several di'erent slip system families. The dominant mech-
anisms are generally prismatic or basal glide roughly depending on whether the value
of the c=a ratio is lower (as in zirconium and titanium) or higher (as in ice) than the
ideal value (=2

√
2=3). In addition, the possibility of pyramidal 9rst-order 〈c + a〉 slip

is also considered here. Following Hutchinson (1977), it will be assumed initially that
glide on all systems obeys the power-law relation (29) with the same exponent n, but
with generally di'erent values of their Vow shear stresses �0

A, �0
B and �0

C , corresponding
to the basal, prismatic and pyramidal systems, respectively.

Figs. 3 and 4 show the evolution of the overall Vow stress �̃0 as a function of the
relevant anisotropy parameter M for isotropic zirconium (n = 5, c=a = 1:59, �0

A = �0
B,

M =�0
C=�0

A) and ice (n=3, c=a=2
√

2=3, �0
C =∞, M =�0

B=�0
A) polycrystals. As previously,

the second-order SC estimates are compared with the incremental, tangent and a7ne
SC estimates, as well as with the lower and upper bounds. As noticed by Hutchinson
(1977), the basal and prismatic families provide only four independent slip systems.



                                                      

Fig. 3. Evolution, for a zirconium-type polycrystal, of the normalised overall Vow stress �̃0=�0
A with the grain

anisotropy parameter M =�0
C =�0

A. Predictions of the self-consistent type according to the second-order (SOE),
a7ne (AFF), incremental (INC) and tangent (TAN) procedures, as well as Taylor (UB) and Reuss (LB)
bounds, are plotted for uniaxial tension (�0

B = �0
A; n = 5).

Fig. 4. Evolution, for an ice-type polycrystal, of the normalised overall Vow stress �̃0=�0
A with the anisotropy

parameter M = �0
B=�0

A. Predictions of the self-consistent type according to the second-order (SOE), a7ne
(AFF), incremental (INC) and tangent (TAN) procedures, as well as Reuss lower bound (LB), are plotted
for uniaxial tension (�0

C = ∞; n = 3).



                                                      

Consequently, the overall strain rate as predicted by the Taylor upper bound tends
to zero when the anisotropy parameter M = �0

C=�0
A tends to in9nity (see Fig. 3). On

the other hand, all the self-consistent estimates (and the lower bound), which allow
grain-to-grain heterogeneity in the strain rate, predict a non-zero overall creep strain
rate as the value of �0

C tends to in9nity. However, if, in addition to letting �0
C = ∞,

the anisotropy parameter M = �0
B=�0

A is now allowed to become large, the e'ective Vow
stress of the polycrystal is predicted to become large by all SC estimates (see Fig. 4),
although apparently at di'erent rates.

In this connection, it is mentioned that based on recent estimates of the SC type
(Nebozhyn et al., 2000, 2001) using the variational procedure of deBotton and Ponte
Castañeda (1995), the following scaling law has been conjectured for the growth of
the e'ective Vow stress with increasing values of M :

�̃ 0 ≈ M (4−i)=2; (38)

where i denotes the number of independent slip systems that are left in the limit as
M tends to in9nity. Figs. 3 and 4, which correspond to the values of i = 4 and 2,
respectively, show that classical bounds and tangent estimates do not obey this scaling
law, whereas both the a7ne and second-order estimates do exhibit the expected zero
growth (Fig. 3) and linear variation (Fig. 4) for large values of M , in agreement with
relation (38). Note that previous simulations (Nebozhyn et al., 2000) have already
shown that the incremental estimates are in disagreement with this scaling law at
su7ciently high values of n for values of i greater than 2.

Fig. 5 shows the e'ect of the strain-rate sensitivity m on the various predictions
for the overall properties of high contrast (M = �0

B=�0
A = 10; �0

C = ∞) ice-type poly-
crystals. This case was also investigated recently (Nebozhyn et al., 2000) by means
of the variational self-consistent method. In agreement with earlier observations in the
context of fcc polycrystals, it is seen that the various SC estimates give widely diverg-
ing predictions as the level of nonlinearity increases (m → 0). At opposite extremes,
the incremental 1 and tangent SC estimates are seen to become unbounded (and thus
tend to the Taylor bound) and tend to the Reuss lower bound, respectively, in the
rate-insensitive limit. On the other hand, the second-order and a7ne SC estimates re-
main distinct from either bound, with the second-order estimates again being somewhat
softer than the a7ne estimates.

Experiments on both ice single crystals and polycrystals (see, for instance, Duval
et al., 1983) show that inelastic deformation is mostly due to basal slip and, to a
smaller extent, to prismatic slip. Estimates for the relevant grain anisotropy parameter
M = �0

B=�0
A range from a value of about 10 to much higher values. It is also found

experimentally that the polycrystal steady-creep response is generally well approximated
by a power-law with an exponent equal to 3. With the assumption that the basal and
prismatic slip systems only di'er by their reference stresses, it has been found here
(see Figs. 4 and 5) that the various SC models lead to relatively large di'erences in

1 For M = 10, previous calculations of incremental estimates (Hutchinson, 1977) turn out to be too sti'.
In accordance with our simulations as well as results computed independently (Nebozhyn et al., 2000,
Fig. 2b), �̃ 0=�0

A ≈ 34 is the accurate value of the incremental estimate when M = 10; n = 3; �0
C = ∞.



                                                      

Fig. 5. Evolution, for an ice-type polycrystal (M = �0
B=�0

A = 10; �0
C = ∞), of the normalised overall Vow

stress �̃0=�0
B with the strain rate sensitivity m = 1=n. Predictions of the self-consistent type according to the

second-order (SOE), a7ne (AFF), incremental (INC), tangent (TAN) and variational (VAR) procedures, as
well as Reuss lower bound, are plotted for uniaxial tension.

their predictions for the overall response of ice polycrystals at these large values of the
grain anisotropy parameter. Based on the information that is available at the moment,
it appears that the incremental and tangent estimates are, respectively, too sti' and too
soft and must be discarded in favour of more accurate estimates. The second-order and
a7ne estimates seem to o'er the most accurate predictions to date, although the work
of Bornert and Ponte Castañeda (1998) on model 2D polycrystals, for which there is
a sharp bound, suggests that the second-order estimates should be the more accurate
of the two, since the a7ne model can violate this sharp bound for extreme values of
the grain anisotropy and nonlinearity parameters.

5.2.2. Anisotropic strain-rate sensitivity of polycrystalline ice
Inelastic glide in hcp crystals frequently derives from di'erent mechanisms on di'er-

ent slip families. Therefore, shear glide on di'erent families does not generally obey
the same Vow law. For polycrystalline ice, the basal power-law exponent is known
to be close to 2 (Duval et al., 1983) while the prismatic is about 3. Unlike the tan-
gent model and like the a7ne model, the second-order procedure is not limited to
power-law behaviour with identical exponents on the di'erent slip systems. Neverthe-
less, the second-order treatment of this situation is less straightforward than with the
a7ne model because of the fact that relation (37) breaks down and the overall stress
has to be determined numerically (see Appendix B).



                                                      

Fig. 6. Second-order predictions of the self-consistent type for the stress–strain overall response (in logarith-
mic scales) of untextured ice polycrystals with increasing values of the anisotropy parameter M (M = �0

B=�0
A,

basal and prismatic strain-rate sensitivities equal to 2 and 3, respectively).

Fig. 7. Second-order predictions of the self-consistent type for the overall instantaneous power-law exponent
n∗ with increasing values of the anisotropy parameter M (M =�0

B=�0
A basal and prismatic power-law exponents

equal to 2 and 3, respectively).

In Fig. 6, we have reported various stress–strain rate responses as predicted by
the second-order procedure (logarithmic scale) for di'erent values of the anisotropy
parameter M . As reported in Fig. 7, the overall instantaneous power-law exponent n∗

decreases slightly with increasing stresses while the mean slope ranges from 2:5 to
3 with increasing contrast. The choice of an overall power law with an exponent of
3, 9rst proposed by Hutchinson (1977), is therefore quite relevant for an anisotropy



                                                      

parameter larger than 10. But a lower exponent associated with basal slip undoubtedly
a'ects the corresponding overall reference stress: for M = 10, �̃ 0 drops from 17�0

A
(identical power-law exponents) to approximately 14�0

A (this calculation).

5.2.3. Texture e<ects
As a result of the anisotropy at the single crystal level, hexagonal materials often

display crystallographic textures. For instance, the 〈c〉 axes of ice single crystals in
low-dome and grip-ice core polycrystal specimens (Castelnau et al., 1997) are con-
centrated around the vertical direction. In this last section, the e'ect of such an initial
texture on the steady-creep response of ice is considered. To represent texture e'ects
in low-dome or grip-ice core specimens of ice, an isotropic distribution of the 〈c〉 axes
is weighted by

pw(�) =
2'w

�
exp

(
−4w

(
�
�
− 1

2

)2
)

for w¿ 0; (39)

pw(�) =
2'w

�
exp

(
4w
(

�
�

)2
)

for w6 0; (40)

where � denotes the angle between the tensile direction and the 〈c〉 axis (06�6 �=2);
w is the texture parameter and 'w is a normalisation factor such that

∫ �=2

0
pw(�) d� = 1: (41)

High values of the texture parameter correspond to the 〈c〉 axes located mainly in the
transverse plane while decreasing w leads to make more 〈c〉 axes parallel to the tensile
axis.

The second-order predictions for the overall reference stress with respect to this
texture parameter, as well as the incremental, tangent, a7ne estimates and the lower
bound, have been reported in Fig. 8 (the slight inVexion displayed by these curves
at w = 0 is due to the fact that the derivative of pw(�) with respect to w is not
continuous at w = 0). Schematic pole 9gures associated with di'erent values of the
texture parameter (w = −10; −5; 5 and 10) have been reported in this 9gure too:
dotted circles correspond to average orientations while dashed areas contain up to
80% of orientations around these averages. When the 〈c〉 axes concentrate around the
tensile axis, accommodation of the overall inelastic strain rate throughout the poly-
crystal becomes harder and the predictions of the overall reference stress increase for
decreasing values of the texture parameter. Low negative values of this parameter,
which correspond to realistic situations (e.g. low dome or grip ice core specimens),
lead to signi9cant deviations between estimates due to the high contrast between the
phases.



                                                      

Fig. 8. Evolution, for a textured ice-type polycrystal, of the normalised overall Vow stress Q�0=�0
A with the

texture parameter w (anisotropy parameter M = 10; n = 3). Predictions of the self-consistent type according
to the second-order (SOE), a7ne (AFF), incremental (INC) and tangent (TAN) procedures, as well as
Reuss lower bound (LB), are plotted for uniaxial tension along the symmetry axis. The dotted circles in
the schematic pole 9gures along the symmetry axis under each associated w value correspond to average
orientations, whereas dashed areas contain up to 80% of orientations around these averages.

6. Conclusion

The above developments show that the second-order procedure, which has already
been shown to lead to accurate estimates for the e'ective behaviour of two-phase ma-
terials, can also be easily combined with the linear Hashin–Shtrikman estimates in
order to model the overall response of a wide variety of multiphase nonlinear elastic
or viscoplastic materials, and especially with the linear self-consistent scheme which is
more appropriate for polycrystalline materials. Extensions to 9nite strains, which were
not fully detailed here, can also be easily developed. As illustrated by the above re-
sults, the corresponding estimates compare very satisfactorily with all known estimates
and bounds. The known limitation of the procedure, namely the “duality gap” between
stress and strain approaches, can be considered, from a practical point of view, as a
minor one if one is careful to choose the appropriate formulation (stress versus strain)
for the intended application. In conclusion, it can be considered, at the moment, as the
most general and accurate homogenisation method for heterogeneous materials whose
constitutive equations derive from one single potential. The need for a similar method
for more complex constitutive behaviours such as rate-dependent or rate-independent
elastoplasticity is still satis9ed by the less accurate “a7ne” formulation, where varia-
tional approaches are not available.
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Appendix A. Hashin–Shtrikman estimates for a thermoelastic multiphase composite

The full classical variational formulation of the linear thermoelastic local problem
(13) reads as

�̃( Q”; l) = min
”∈K( Q” )

〈
1
2
” · L”− l · ”

〉
=−min

�∈S

〈
1
2

(�+ l) ·M(�+ l) − � · Q”
〉

; (A.1)

where S is the set of statically admissible 9elds on � and M=L−1. Given the linearity
of this problem, its solution takes the form ”=A : Q”− a where A (resp. a) is a fourth-
(resp. second-) order tensor 9eld, so that the average strains in the phases, required to
generate second-order estimates, take the form

〈”〉(r) = A(r) Q” − a(r) (A.2)

with A(r) = 〈A〉(r) and a(r) = 〈a〉(r). The relations 〈(”− A Q”) · (L”− l)〉 = 0 and 〈LA” ·
”〉 = 〈LA〉 Q” · Q” result from two applications of Hill’s macrohomogeneity condition and
allow us to rewrite the overall potential as

�̃( Q”; l) =
1
2

Q” · L Q” − Q” · l̃ +
1
2
f̃ with




L̃ = 〈LA〉 =
∑

r

crL(r)A(r);

l̃ = 〈LA〉 =
∑

r

cr l (r)A(r);

f̃ = 〈l · a〉 =
∑

r

cr l (r) · a(r):

(A.3)

L̃ is the tensor of e'ective moduli, −l̃ is the e'ective thermal stress and − 1
2 f̃ is

the overall potential under vanishing overall deformation, related to thermal strain in-
compatibilities. The e'ective stress–strain relation is then given by Q� = L̃ Q” − l̃ and
its derivation requires only the knowledge of the linear localisation tensors A(r). The
computation of the e'ective potential or the per phase average strain requires in addi-
tion the determination of the tensors a(r), which give the strain induced by the thermal
stresses under vanishing overall strain. It is the purpose of this appendix to gener-
ate Hashin–Shtrikman and, as a particular case, self-consistent-type estimates for these
quantities. The procedure has been outlined in Willis (1981). Here it is recalled in a
slightly di'erent manner and explicit expressions are given. In particular, it is shown
that such estimates are based on exactly the same assumptions on the statistics of
the phase distribution of the considered multiphase composite as the linear classical
Hashin–Shtrikman estimates, so that such linear estimates have “natural” extensions for



                                                      

thermoelasticity, and so that any Hashin–Shtrikman type linear estimate can be used
to generate second-order estimates for nonlinear behaviours. The results obtained by
Laws (1973) in the di'erent context of Eshelby-type considerations are recovered for
the classical self-consistent scheme.

For any distribution of second-order tensors � on � and any reference tensor of
elastic moduli L0 = [M 0]−1, let ”′(�) and �′(�) be the strain and stress 9eld solution
of the following auxiliary thermoelastic problem:

�′ = L0”′ + [L− L0]�− l ; ”′ ∈K( Q”) and �′ ∈S: (A.4)

These 9elds can be used as trial 9elds in the variational formulation (A.2) for the
initial thermoelastic problem on the heterogeneous body

−)− + HS(Q”; l ; �)6 �̃( Q”; l)6HS(Q”; l ; �) + )+ (A.5)

with

{
2)+ = 〈(”′ − �) · (L− L0)(”′ − �)〉
2)− = 〈L0(”′ − �) · (M −M 0)L0(”′ − �)〉 (A.6)

and where HS( Q”; l ; �) is the Hashin–Shtrikman functional given by

2HS( Q”; l ; �) = Q” · L0 Q” + 〈( Q” + ”′ − �) · (L− L0)�〉 − 〈( Q” + ”′) · l〉
= 〈(L− L0)� · (2”′ − �) + ”′ · L0”′ − 2l · ”′〉: (A.7)

Inequalities (A.5) are derived from (A.1) by some simple algebraic manipulations using
Hill’s relation 〈(L0”′ + [L−L0]�− l) · ( Q”− ”′)〉= 0. Note that the classical expressions
of HS as a function of the so-called polarisation �= [L−L0]�− l are recovered when
l = 0. The present ones do not involve [L− L0]−1 and so do also apply to situations
with L− L0 singular.

They show that HS( Q”; l ; �) is an upper or lower bound for �̃( Q”) when the reference
medium L0 is chosen such that L − L06 0 or M − M 06 0, respectively. Optimal
bounds are obtained when HS( Q”; �) is minimised or maximised with respect to �. The
variation of HS( Q”; l ; �) is computed as

9HS
9� ( Q”; l ; �) · *� = 〈(L− L0)(”′ − �) · *�〉 +

〈
(L0”′ + (L− L0)�− l) · 9”

′

9� *�
〉

:

The second term of the last expression is identically zero since (9”′=9�)*� is an admis-
sible strain 9eld compatible with zero displacement on 9� and �′=L0”′+(L−L0)�0−l
is equilibrated. The optimal 9eld �0 is thus characterised by

∀*� 〈(L− L0)(”′ − �0) · *�〉 = 0: (A.8)

Assuming that � varies in a vectorial space, it can be substituted for *� in this relation
and the following expression of the optimal value of HS is obtained:

2HS( Q”; l ; �0) = Q” · L0 Q” + Q” · 〈(L− L0)�0 − l〉 − 〈”′(�0) · l〉: (A.9)

When � is searched for in the whole space of symmetric second-order tensor 9elds
on �, and when L−L0 is regular, Eq. (A.8) leads simply to ”′ = �0, so that the 9elds
generated in the auxiliary thermoelastic problem (A.4) coincide with the exact solution
of the initial problem and HS( Q”; l ; �0) is equal to �̃( Q”; l). The same property holds



                                                      

when L− L0 is singular, except that � is not de9ned uniquely: since only (L− L0)�
is relevant for problem (A.4) one may choose to enforce the condition ”′ = �0 among
all possible optimal choices of � which lead to the same 9elds ”′ and values of HS.
As a consequence, one has the general stationarity property

�̃( Q”; l) = Stat
�

HS(Q”; l ; �); (A.10)

which, as already mentioned, specialises into a minimum or a maximum condition
when L− L0 is positive or negative (not necessarily de9nite).

In practice, the optimisation of � in the whole set of symmetric second-order ten-
sor 9elds on � is not possible and one performs it on a subset which is suited to
the microstructure and the information that is available on it. In a classical descrip-
tion of multiphase materials, piecewise 9elds uniform over each constitutive phase
make an appropriate choice (Willis, 1981). Optimality condition (A.9) then reads as
∀r 〈”′〉(r) = �(r), where the tensors �(r) are the values � take on each phase. Note that
this is the unique optimal choice for � when L− L0 is regular and that, when not, it
is one choice between several possible but all equivalent ones: all of them lead to the
same value of the polarisation � = [L − L0]� − l , and thus of the local 9elds �′ and
”′ in the auxiliary thermoelastic problem, which are used as Hashin–Shtrikman-type
estimates of the local 9elds � and ” in the heterogeneous thermoelastic material. This
optimality condition, together with the equations of the auxiliary thermoelastic prob-
lem (A.4), determine completely the per-phase average strains that are sought in the
context of the second-order procedure. At this stage it should be noted that the mi-
crostructural information that is involved to determine them is the one that is required to
address problem (A.4), which is identical to the corresponding problem that would have
been addressed in the purely linear elastic case: this is the fundamental reason which
allows one to naturally extend any linear Hashin–Shtrikman-type bound or estimate
to thermoelasticity and consecutively to generate second-order estimates for nonlinear
behaviour.

Within the limit that the scale of the Vuctuations of the phase distribution is small
with respect to the overall dimensions of �, problem (A.4) is classically solved by
means of the modi9ed strain Green’s operator �0 associated with an in9nite medium
by

”′(x) = Q” −
∫

V (x)
�0(x− x′)[�(x′) − 〈�〉] dV ′; (A.11)

where V (x) is a su7ciently large neighbourhood of point x. This general relation leads
to the following expression of the per-phase average strains 〈”〉(r):

〈”〉(r) = Q” − 1
cr

∑
s

Prs�(r) (A.12)

with �(r) = (L(r) − L0)�(r) − l (r) and

Prs =
∫

V (0)
�0(h)(Crs(h) − crcs) dVh; (A.13)

where Crs(h)=〈�(r)(:)�(s)(:+h)〉 is the two-point correlation function relative to phases
r and s equal to cr*rs for h = 0 and tending to crcs for large h, assuming there is no



                                                      

long range order in the phase distribution. These tensors Prs are the only quantities
that involve microstructural information and are involved identically in both Hashin–
Shtrikman-type formulations, relative to linear elasticity or to linear thermoelasticity.
The average strain 9elds in the second case are thus completely determined by the
following coupled system of tensorial equations:

∀r 〈”〉(r) +
1
cr

∑
s

Prs[(L(s) − L0)〈”〉(s) − l (s)] = Q”: (A.14)

Assuming the operators Prs as known, this system could be solved numerically for
any phase distribution. In practice, one assumes classically isotropic or more generally
ellipsoidal (Willis, 1977) symmetry of the microstructure, such that Crs(h) = �(|| h||),
where the symmetric second-order tensor  characterises the anisotropy of such a par-
ticular phase distribution. In this case, as a consequence of the particular properties of
�0, the operators Prs can be computed exactly and only depend on  , not on �. One
gets

Prs = cr(*rs − cs)P0; (A.15)

where P0 is Hill’s tensor (Hill, 1965) associated with an ellipsoidal inclusion whose
shape and orientation are determined by the tensor  . The system of equations is then
much less coupled and can be rewritten as

∀r 〈”〉(r) + P0[(L(r) − L0)〈”〉(r) − l (r)] = ”1; (A.16)

”1 = Q” + P0〈(L− L0)” − l〉:
Note that the auxiliary strain ”1 can also be conveniently determined by the condition∑

r cr〈”〉(r)= Q”. The explicit computation of 〈”〉(r) is then easy and leads to the estimates
A(r)

HS and a(r)
HS of A(r) and a(r):

A(r)
HS = [L(r) + L?

0 ]−1

{∑
s

cs[L(s) + L?
0 ]−1

}−1

; (A.17)

a(r)
HS = [L(r) + L?

0 ]−1[l̃HS − l (r)] (A.18)

with

l̃HS =
∑

s

csl (s)A(r)
HS (A.19)

and where L?
0 = [P0]−1 − L0 is Hill’s constraint tensor, relative to C 0 and to the

ellipsoid de9ned by  .
These relations hold for any choice of reference medium L0. Self-consistent-type

estimates are generated when, in addition, the self-consistency condition

L0 = L̃HS(L0) =
∑

s

csL(s)A(r)
HS (A.20)

is enforced. Such a choice is governed by the fact that the di'erence between �̃( Q”; l)
and HS( Q”; l ; �0), which is bounded by Sup(|)+|; |)−|) given by Eq. (A.6), might be



                                                      

close to a minimum, since positive contributions might be counterbalanced by negative
ones in the averages that de9ne )+ and )−, so that HS( Q”; l ; �0) provides an accurate
estimate of �̃( Q”; l) for this choice of reference medium. Note that this consideration
holds both for linear and thermoelastic composites. Condition (A.20) is equivalent to∑

s cs[L(s) +L?
0 ]−1 =P0 which induces expression (24) for the tensors A(r)

HS, now noted
as A(r)

SC, the self-consistent estimate L̃SC for the e'ective tensor of moduli being the
solution of the implicit Eq. (25). The tensors a(r)

SC are still given by Eq. (A.18), with
A(r)

SC substituted for A(r)
HS and L?

SC for L?
0 , which leads to relation (27).

The above relations can be found in Laws (1973), where they had been obtained in
a di'erent context: it was postulated that, in extension of the classical interpretation of
the self-consistent scheme in elasticity, the average strain in phase (r) was identical to
the uniform strain that is generated in a thermoelastic ellipsoidal inclusion, with uni-
form moduli L(r) and thermal stress l (r), embedded in an in9nite medium with moduli
L̃ and thermal stress l̃ , and submitted at in9nity to the macroscopic strain Q”. Here this
property appears as a consequence of the simpli9cation of the local interactions in
the heterogeneous thermoelastic composite by means of the Hashin–Shtrikman analy-
sis, and of the particular assumption on the phase distribution. It is shown that the
Eshelby-type inclusion to be considered is related to the overall ellipsoidal symmetry
of the phase distribution, and should not be seen as a particular individual inclusion
in the microstructure. However, in the case of a polycrystal in which the lattice orien-
tation in each grain is uncorrelated with the orientation in the other grains, the shape
of the inclusion can be understood as the average shape of the grains and may serve
to characterise the morphological texture of the polycrystal.

Appendix B. Computational aspects

B.1. Derivation of the reference strains

The computation of the second-order estimate for the overall potential W̃ ( Q”) requires
the computation of the reference strains Q” (r) as the solutions of the system of equations
(28), for any applied macroscopic strain Q”. Since w(r) is only known as the Legendre
transform of u(r) for the type of nonlinear behaviours under consideration here, no
explicit relation is available for the computation of the quantities �(r) as a function
of the Q” (r). That is why it is more convenient to consider the stresses �(r) as main
unknowns and to rewrite system (28) as follows:

M (r) =
92u(r)

9�9� (�(r));

M̃SC = L̃
−1
SC =

∑
csM (s) :B(s)

SC ;

B(r)
SC = (M (r) + M?

SC)−1(MSC + M?
SC);

M?
SC = [L?

SC]−1 = [P−1
SC − L̃SC]−1;



                                                      

Q” (r) − Q” = −M?
SC[�(r) − Q�];

Q” (r) =
9u(r)

9� (�(r));

Q” =
∑

s

cs Q” (s);

Q� =
∑

s

cs�(s): (B.1)

A7ne estimates (Zaoui and Masson, 2000) rely on exactly the same system of equa-
tions. Incremental (or total) estimates for power-law type polycrystals (Hutchinson,
1976) as well as tangent ones (Molinari et al., 1987; Lebensohn and TomLe, 1993) re-
quire the resolution of a similar set of equations, with M (s) replaced by the anisotropic
secant compliances mM (r) (m = 1=n), or with #(r)

SC = (mM (r) + M?
SC)−1(mMSC + M?

SC)
substituted for B(r)

SC , respectively (see Masson et al., 2000 for details). For all these es-
timates, the overall stress is given by Q�= Q�, which is not the case for the second-order
estimate (see below).

To solve this nonlinear system of equations for a prescribed overall strain Q”, we make
use of the following iterative procedure adapted from the one proposed by Molinari
et al. (1987) for the tangent approach: step (k) starts with the given initial values
�(r)

(k) from which we derive the corresponding creep compliance M (r)
(k) . Once the overall

creep compliance M̃SC(k) has been found as the solution of Eq. (B.1) by means of a
classical 9xed point algorithm (see below), the �(r)

(k+1) are obtained by solving the N
uncoupled nonlinear equations

9u(r)

9� (�(r)
(k+1)) − Q” = −M?

SC(k)[�
(r)
(k+1) − 〈�(r)

(k)〉] (B.2)

through a classical Newton–Raphson procedure. Final convergence is achieved when
(�(r)

(k+1) − �(r)
(k))

eq=(�(r)
(k+1))

eq is less than a prescribed small value (typically, 0.01%).
For the derivation of second-order estimates based on the expansion of the stress

potentials u(r), a similar set of equations has to be solved but with a prescribed overall
stress Q� and with the reference stresses Q�(r) substituted for the unknowns �(r). The
same treatment can be applied except that the set of nonlinear uncoupled equations at
iteration (k + 1) is now

9u(r)

9� ( Q�(r)
(k+1)) −

〈
9u(s)

9� ( Q�(s)
(k))
〉

= −M?
SC(k)[ Q�(r)

(k+1) − Q�]: (B.3)

The initial values of the reference stresses �(r)
(k) have to be carefully chosen to achieve

satisfactory convergence. Calculations for fcc polycrystals were carried out with in-
creasing values of the power-law exponent (for the 9rst step, e.g., n = 1, we use the
linear solution and for n + *n, we adopt as initial unknown quantities the 9nal values
obtained for n). For hcp polycrystals, the same procedure was used for the power-law
exponents. The anisotropy parameter M (or w) was then increased in a similar way.

For the speci9c microstructures reported in Section 5, this general procedure was
adapted as follows:



                                                      

• Integration over the whole set of crystalline orientations was reduced to integration
over one spherical triangle. Consequently, averaging operations obey the rules

Q�33 = 〈�33〉; (B.4)

Q�11 = Q�22 =
〈

�11 + �22

2

〉
;

where 〈:〉 now denotes an integration over one spherical triangle.
• The resolution of Eq. (B.1) requires the computation of the “accommodation tensor”
M?

SC. For the applications considered in Section 5, M̃SC exhibits transverse isotropy
with respect to the tensile axis. The accommodation tensor can then be evaluated by
means of ordinary integrals (see Hutchinson, 1976). However, Hutchinson’s formulae
do not strictly apply for a traceless overall creep compliance. It is necessary to
include a very small isotropic compressibility to the overall creep compliance tensor.
While Hutchinson (1976) introduced this small compressibility only for the purpose
of calculating M?

SC, the penalty method applied throughout this paper consists in
adding this compressibility uniformly throughout the polycrystal. Numerical tests
yield the same results with these two penalty methods, but the second one leads to
a better convergence for ice polycrystal calculations.

• At each step (k), the self-consistent estimate of the overall creep compliance M̃SC

was calculated by solving the equation

M̃SC = 〈(M (s) + M?
SC)−1〉−1 −M?

SC; (B.5)

which is equivalent to (B:1)(2;3;4). The reduced integration required to solve this
equation for transversely isotropic invariants. Due to the penalty method, the follow-
ing 9ve invariants of M̃SC were needed (Voigt notations, with 3 along the tensile
axis):

M̃SC1 = M̃SC33;

M̃SC2 = 2M̃SC44 + 2M̃SC55;

M̃SC3 = 1
2 (M̃SC11 + M̃SC22 − 2M̃SC12) + 2M̃SC66;

M̃SC4 = 1
2 (M̃SC11 + M̃SC22 + 2M̃SC12);

M̃SC5 = 1√
2
(2M̃SC13 + 2M̃SC23): (B.6)

The corresponding set of equations was solved with the use of a 9xed-point iterative
procedure.

B.2. Computation of second-order estimates

Once the reference strains Q” (r) are found, the second-order estimate for the e'ective
viscoplastic potential W̃ ( Q”) can be computed from (18). But, as already mentioned,
for the type of local potentials under consideration in this paper, there is no explicit



                                                      

relation for w(r): it is only known as the Legendre transform of the stress potentials
u(r), which is not easy to compute. A more convenient relation for W̃ ( Q”), is then

W̃ ( Q”) = −
∑

r

c(r)u(r)( Q�(r)) +
1
2

∑
r

c(r) Q�(r) : ( Q” + Q” (r)) (B.7)

which results from the duality relation u(r)( Q�(r)) + w(r)( Q” (r)) = Q�(r) · Q” (r).
The overall stress response of a polycrystal subjected to the overall strain rate Q” is

obtained by derivation of the strain rate potential according to

Q�ij =
9W̃
9�ij

( Q”): (B.8)

Generally, this derivation has to be performed numerically for each component of the
stress. For a polycrystal displaying a transversely isotropic texture strained along its
longitudinal direction, these relations reduce to (35). Results reported in Fig. 6 were
computed using the following approximate expression with h = 0:05:

Q�33 ≈ 1

10h Q� 0
33

2∑
p=1

p[W̃
0
((1 + hp) Q� 0

33) − W̃
0
((1 − hp) Q� 0

33)]: (B.9)
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Ponte Castañeda, P., Suquet, P., 1998. Nonlinear composites. Adv. Appl. Mech. 34, 171–302.
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