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Abstract

The derivation of the overall behaviour of nonlinear viscoelastic (or rate-dependent elastoplastic) heterogeneous materials
requires a linearisation of the constitutive equations around uniform per phase stress (or strain) histories. The resulting Linear
Comparison Material (LCM) has to be linear thermoviscoelastic to fully retain the viscoelastic nature of phase interactions.
Instead of the exact treatment of this LCM (i.e., correspondence principle and inverse Laplace transforms) as proposed by the
“classical” affineformulation, an approximatetreatment isproposed here. First considering Maxwellian behaviour, comparisons
for a single phase as well as for two-phase materials (with “parallel” and disordered morphologies) show that the “direct
inversion method” of Laplace transforms, initially proposed by Schapery (1962), has to be adapted to fit correctly exact
responses to creep loading while a more general method is proposed for other loading paths. When applied to nonlinear
viscoelastic heterogeneous materials, this approximate inversion method gives rise to a new formulation which is consistent
with the classical affine one for the steady-state regimes. In the transient regime, it leads to a significantly more efficient
numerical resolution, the LCM associated to the step by step procedure being no more thermoviscoelastic but thermoelastic.
Various comparisons for nonlinear viscoelastic polycrystals responses to creep as well as relaxation loadings show that this
“quasi-elastic” formulation yields resultsvery close to classical affine ones, even for high contrasts.
 2002 Éditionsscientifiques et médicales Elsevier SAS. All rights reserved.

Keywords: Nonlinear viscoelasticity; Polycrystal; Homogenisation

1. Introduction

During the last decades, several attempts have been made to predict the overall response of composites or polycrystals
from that of their constituent phases when the latter obeys a nonlinear viscoelastic (or rate-dependent elastoplastic) behaviour.
After the first approximate treatments proposed in the seventies by Brown (1970) or Zaoui (1972), several developments for
small strains (Weng, 1981) or finite strains (Nemat-Nasser and Obata, 1986; Harren, 1991) were based on an extension of
Kröner’s conception of the self-consistent approach for elastoplasticity (Kröner, 1961), according to which the viscoplastic
strain is considered as a stress-free strain in the sense of Eshelby. It has been proved (Zaoui and Raphanel, 1991) that, such
as for elastoplasticity, this approach still deals with elastic interactions between the phases and leads then to too stiff overall
responses.

An important specificity with respect to elastoplasticity lies in the fact that the viscoelastic coupling is responsible for a
complex “ long range memory effect” (Suquet, 1985) which, for instance, shows itself in the non-Maxwellian overall behaviour
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of a two-phase material with Maxwellian constituents. Various propositions have been made to deal with this characteristic
feature. Generally, they are based either on ad hoc concentration equations (Weng, 1993; Turner et al., 1994; Molinari et al.,
1997) or on an internal variables procedure (Paquin et al., 1999). To extend to the nonlinear context the pioneering work of
Lawsand McLaughlin (1978) proposed for linear viscoelasticity, an alternativeapproach based on theuseof thecorrespondence
principle (Mandel, 1966) and the Laplace transform technique has been proposed by Masson and Zaoui (1999). This theory,
which extendsto rate-dependent elastoplasticity thetangent linearisation treatment of thelocal constitutiveequations introduced
by Molinari et al. (1987) for viscoplasticity, makes use of a homogenisation procedure proposed by Rougier et al. (1994). The
resulting so-called “affine” model retains the viscoelastic nature of the interactions between the constituents and the inherent
long range memory effect. For linear behaviours, it is consistent with the previous results of Laws and McLaughlin (1978).
For nonlinear behaviours, it tends in the steady-state regime to the affine procedure for viscoplasticity (Masson et al., 2000).
Nevertheless, although tractable, it has to make use of a complex and computer time-consuming numerical resolution of the
inverse Laplace transformation through a collocation method. This method has already been promoted by Schapery (1962)
(and also frequently applied in linear viscoelasticity, e.g., Turner and Tomé (1993)) who proposed at the same time a powerful
approximation referred to as the “direct method” .

The main practical aim of this paper is a systematic application of this last method to the affine modelling of the overall
behaviour of nonlinear viscoelastic polycrystals and composites. We first (Section 2) recall the essential points of the affine
procedure for this class of materials. In Section 3, we analyse different ways to make use of the “direct method” for
homogeneous and heterogeneous linear viscoelasticity and different applied strain and stresspaths. Wethen propose(Section 4)
a “quasi-elastic” approximation of the affine formulation for nonlinear heterogeneous viscoelasticity and we show in Section 5
that it provides a very satisfying tool for the prediction of the creep and relaxation behaviour of polycrystals. Further progress
are briefly discussed in the conclusion.

2. The affine procedure for nonlinear viscoelastic materials

2.1. The linearisation procedure

Homogenisation of the nonlinear behaviour of heterogeneous materials generally resorts to the linearisation of the local
constitutive equations before applying some scale change scheme. This is also the case for nonlinear viscoelasticity. For such
a behaviour, variational procedure (see Ponte Castañeda, 1991, 1996; Suquet, 1993) aiming at the construction of bounds or
estimates cannot be invoked since the constitutive equations do not derive from a single potential, neither at the local nor at
the global scale. In this context, for which only estimates can be investigated, an alternative approach allowing to describe the
coupling between conservative (elastic) and dissipative (viscous) regimes has to be adopted. Theaffine procedure (Masson and
Zaoui, 1999), developed in that goal, has been chosen for the present study.

Let us consider a multiphase nonlinear viscoelastic medium, occupying a volume Ω , whose phases obey constitutive
equations which read, for infinitesimal strains, at any time t

ε̇(x, t)= s(x) : σ̇ (x, t)+ g
(
x,σ (x, t)

)
, ∀x ∈Ω, (1)

with ε̇ and σ̇ thestrain and stressrates, s theelastic complianceand g thenonlinear viscous (or viscoplastic) strain ratederiving
from the potential u. For the sake of simplicity (but this isby no means a limitation), a sole dependence of g on the local stress
state σ (x, t) isconsidered:

g
(
x,σ (x, t)

) = ∂u

∂σ

(
x,σ (x, t)

)
. (2)

Thematerial issupposed to besubjected to aknown macroscopic mechanical loading for t ∈ [0;+∞[. For brevity, theposition
vector x is omitted afterwards.

The main difficulty of the linearisation step is related to the differential nature of relation (1). Indeed, unlike elastoplasticity
or viscoplasticity, it does not allow us to definedirectly instantaneous moduli or compliances since thestrain rateat each time t
depends on the whole stress history from t = 0. Consequently, associated to the linearisation of the strain rate ε̇ at a prescribed
time t = ζ , it is necessary to know its expression from t = 0 to t = ζ . This linearisation, proposed by Rougier et al. (1994),
reads

ε̇(t)= s : σ̇ (t)+ m(ζ ) : σ (t)+ ε̇0(t, ζ ), m(ζ )= ∂g
∂σ
(ζ ), (3)

with {
ε̇0(t, ζ )= g(σ (t))− m(ζ ) : σ (t) ∀t � ζ,
ε̇0(t, ζ )= g(σ (ζ ))− m(ζ ) : σ (ζ ) ∀t � ζ (4)



                                                                   

which is an approximation of a moregeneral procedure proposed by Pouya an Zaoui (1999). It can be noted that thestress-free
strain rate ε̇0(t, ζ ) does not depend on the mechanical loading after t = ζ . With use of the notion of the “ linear composite
comparison medium” (Ponte Castañeda, 1991), we can say that according to (3) and (4), this procedure refers to a linear
thermoviscoelastic heterogeneous medium. Relation (3) can be put in the more convenient form of a Stieljes convolution
product:

ε(t)=
t∫

0

qζ (t − u) : dσ (u)+ ε0(t, ζ ),

qζ (t)= s + m(ζ )t,

ε0(t, ζ )=
t∫

0

ε̇0(θ, ζ )dθ.

(5)

Thestress-freestrain ε0 isafunction of thewholestresshistory thusaccounting for theviscoelastic coupling phenomenawithin
the material. At last, we recall that the choice of a sole dependence of the potential u on the stress σ in (2) is not a restriction
of the procedure. The introduction of internal variables which are necessary to take into account microstructural evolutions
(hardening, texture evolution, etc.) within this scheme is fully manageable. For a complete derivation, the reader is referred to
Masson and Zaoui (1999).

2.2. The mean field approximation

Hereafter, the material is assumed to be composed of N phases (r), occupying volumesΩr , with a given microstructure
described by thecharacteristic functionsχr (x) equal to 1 if x ∈Ωr and 0 otherwise. In thefollowing, themicrostructure isonly
considered in a statistical way through the first-order (e.g., volume fractions) and second-order (e.g., covariances) correlation
functions.

To derive the homogenised properties, the linearisation procedure defined above would have to be applied at each point x
so as to determine the local stress fields σ (x). Obviously, such a problem cannot be addressed without some simplification,
since it would require a complete knowledge of the characteristic functions in order to obtain the stress concentration tensors
at each point x. Consequently, the usual mean field approximation has to be used. It consists, using the statistical description
of the microstructure, in the determination of the phase stress and strain averages, 〈σ 〉r and 〈ε〉r , e.g., for Hashin–Shtrikman-
type estimates, through the use of Eshelby’s solution (Eshelby, 1957) of the inclusion problem. For this step, the affine method
classically definesthelinearised behaviour (complianceand stress-freestrain) with respect to theaveragefieldsover each phase.
This choice, originally made by Hill (1965) for elastoplasticity, implies that the stress and strain phase averages are related by
the constitutive equations (1). At any linearisation time ζ , the affine behaviour (5) reduces to{

εr (t)= [qζ ∗ σ r ](t)+ ε0
r (t, ζ ),

qζ (t)= s + m(ζ )t, m(ζ )= ∂g
∂σ (σ r (ζ )),

(6)

where ∗ denotes the Stieltjes convolution product and introducing the notation .r = 〈 · 〉r . It has to be mentioned that refined
definitions of the linearised behaviour taking into account, for instance, the intraphase second moment of thefieldsasproposed
by Brenner et al. (2001) could be used in (6). Thispossibility will be explored in a future work.

To obtain thehomogenised propertiesat time t = ζ , thecorrespondence principlecan beused. It helpsto transform thelinear
thermo-viscoelastic behaviour into a symbolic thermoelastic one for which the classical homogenisation techniques apply. For
that goal, the use of the Laplace–Carson transform, namely

f̂ (p)= p
+∞∫
0

f (t)e−pt dt, (7)

wherep is the complex variable, isespecially convenient. Applied to (6), it leads to

ε̂r (p)= q̂ζ (p) : σ̂ r (p)+ ε̂0
r (p), q̂ζ (p)= s + 1

p
m(ζ ). (8)

The symbolic overall properties are then classically given by{
Q̂ζ (p)=

〈
q̂ζ (p) : B̂r (p, ζ )

〉
,

Ê 0(p, ζ )= 〈t B̂r (p, ζ ) : ε̂0
r (p, ζ )

〉
,

(9)



                                                                   

where 〈 · 〉 denotesthevolumeaverageoverΩ , B̂r is thesymbolic stressconcentration tensor over phase (r), Q̂ζ is thesymbolic
effective compliance and Ê 0 is the symbolic effective stress-free strain. The B̂r tensors depend on the homogenisation scheme
adopted, according to the structural morphology of the considered material.

Once the overall symbolic properties are obtained, it is necessary to proceed to their Laplace–Carson inversion in order to
get the homogenised behaviour in the direct time space. Except for very particular cases (see Section 3), analytical expressions
of the different symbolic quantities (Q̂(p), B̂r (p), etc.) are not available. As a consequence, their inverse transforms must
be performed numerically. To do that, Masson and Zaoui chose the collocation method (Schapery, 1962) which approximates
the transient part of any viscoelastic function by a finite Dirichlet series. From the values of the symbolic function to invert
at M collocation points p in the Laplace–Carson space, the inverse transform is computed using a least square minimisation
with respect to the M coefficients of the series. The main advantage of this method lies in the control of the accuracy of
the inversion which can be improved with an increasing number of collocation points. For the considered case, it requires
in practice about 20 relaxation times equispaced over six decades on a logarithmic time scale (Turner and Tomé, 1993). The
counterpart of the method is that it requires, at each time ζ , as many resolution operations of the homogenisation equations
(9) as collocation points. Though tractable, this implies CPU time-consuming computations. These observations motivate the
study of an alternative approximate treatment in view of faster computations. This treatment is now first defined for linear
viscoelasticity (Section 3) and then applied to the affine modelling of nonlinear heterogeneous viscoelasticity (Section 4).

3. An approximate treatment for linear viscoelasticity

3.1. The direct inversion method

The “direct inversion method” is an approximate method of Laplace–Carson (LC) transform inversion initially proposed
by Schapery (1962). It is based on a mathematical property of the LC transform (7) which, using the change of variables
w = log10(pt), reads alternatively

f̂ (p)=
+∞∫

−∞
f

(
10w

p

)
g(w)dw,

g(w)= 10we−10w loge10.

(10)

The key-point of the direct inversion method lies in the form of the function g(w) which is quasi-null everywhere except for
−2 �w � 1 (Fig. 1) and satisfies

+∞∫
−∞

g(w)dw = 1. (11)

Fig. 1. Shapeof the function g(w) defined by Eq. (10).



                                                                   

It can thus be advantageously replaced, as a first approximation, by a Dirac function δ(w − w0). This leads to the following
relation

f̂ (p)� f (t)t=10w0/p or, inversely, f (t)� f̂ (p)p=10w0/t . (12)

Thus, knowing thevalueof f̂ for asinglevalueof p = 10w0/t issufficient for an approximateestimation of f (t). To determine
theoptimal valueof w0, it isnecessary to consider theshapeof f . For functionspresenting aquasi-linear variation versus log(t),
Schapery obtained thevaluew0 = −C/ loge10 withC theEuler constant. Themethod becomesexact if theconsidered function
is rigorously proportional to log(t). Schapery further proposed to use an approximate value for C leading to 10w0 = 0.5.
Therefore, the initially proposed direct method provides areasonable approximation if thefunction f (t) presents aquasi-linear
behaviour over a range of 3 decades on a logarithmic time scale, due to the form of g(w). For polycrystals, according to
Turner et al. (1994), thestressand strain responses aswell ascreep compliances aresmooth functionsof timeand can therefore
be transformed in accordance with the so-defined direct method. The authors further concluded that thisapproximate treatment
is limited to responses that do not exhibit rapid variations in time, such as creep deformation tests.

In thissection, restriction ismade to linear viscoelasticity in order to reconsider, on simpler situations, the most appropriate
value for w0 for the coming applications which are mainly focussed on the creep response of nonlinear viscoelastic
heterogeneous materials. Theway other deformation paths(i.e., morecomplex than creep) may betreated will also beindicated.

3.2. Creep response

For sakeof simplicity, weconsider in thefollowing an isotropic material whoseconstituentsobey an isotropic incompressible
Maxwellian behaviour defined by

ε̇(t)= me
i σ̇ ′(t)+ mv

i σ ′(t). (13)

The scalar constants me
i and mv

i are, respectively, theelastic and viscous shear compliances of phase i, ε̇ is isochoric and σ ′ is
the stress deviator. Thus, the relaxation spectrum reduces to a single relaxation time τi = me

i /m
v
i . Theoverall behaviour of this

heterogeneous material is known to be no more Maxwellian, due to the long range memory effect. Relation (13) can be given
in the following integral form

ε(t)= [
mve
i ∗ σ ′](t) (14)

with mve
i (t)= me

i + tmv
i . Using the LC transform technique, relation (14) can be transformed into

ε̂(p)= m̂ve
i (p) σ̂ ′(p) (15)

with m̂ve
i
(p)= me

i
+ (1/p)mv

i
or equivalently:

σ̂ ′(p)= 2µ̂i (p)ε̂(p), µ̂i (p)= p

2me
i
(p+ 1/τi )

. (16)

The viscoelastic behaviour (14) is transformed into a symbolic elastic behaviour (15) in the LC space in which classical linear
homogenisation schemes apply. Theresponse isobtained in theLC spaceand it has then to be inverse transformed. For this last
step, we analyse the consequences of the approximate method evoked above.

Let us consider a creep loading under homogeneous boundary conditions at t = 0 of the form Σ ′ = S0H(t), with H(t)
the Heaviside function andΣ ′ the overall stress deviator. We start with the most simple case of a homogeneous material, i.e.,
consisting in a single phase, so that σ ′(t)=Σ ′. The strain response reads, for t > 0

ε(t)= (
me + tmv)S0

LC−→ ε̂(p)=
(

me + 1

p
mv

)
S0, (17)

where LC denotes the LC transform. So, ε is linear with respect to t and not to log(t) as considered by Schapery and Turner
et al. It followsfrom (17) that thedirect method leads in that case to theexact response only for 10w0 = 1 (i.e., p = 1/t in (12))
instead of 10w0 = 0.5 as proposed initially, which would give a twice too large creep rate. It must also be remarked that the
choice 10w0 = 1 is theone made implicitly by Turner at al. (1994) whereas they weresupposed to use 10w0 = 0.5 according to
their reference to Schapery (1962).

Theeffect of the direct inversion method applied on aheterogeneous material may be more difficult to analyse since, in that
case, not only theshape of the local strain response has to be considered, but also the evolution with timeof all other quantities
such as local stressand localisation tensors. For this reason, westill consider the relatively simplecaseof a two-phase material.
The local strain reads, according to the direct method:



                                                                   

ε(t)=
(

me
i + t

10w0
mv
i

)
σ ′(t) with ε(t)= ε̂(p)p=10w0/t , σ ′(t)= σ̂ ′(p)p=10w0/t . (18)

Important is to recognise that theapplication of thedirect method leadsto a linear (time-dependent) problem that can be treated
directly in the time space with classical homogenisation schemes, and it is therefore very efficient numerically. Note however
that some long rangememory effect isstill considered in thisso-called “quasi-elastic” approximation, asshown by the fact that
theoverall behaviour isnot Maxwellian. It can also beremarked that it isequivalent to apply thedirect method to thequantities
homogenised in the LC space with local behaviour given by (15) or to carry out homogenisation directly in the timespace with
local behaviour defined by (18).

The error introduced by the direct inversion method can be estimated by comparing the time derivative of (18)

ε̇(t)=
(

me
i + t

10w0
mv
i

)
σ̇ ′(t)+ 1

10w0
mv
i σ ′(t) (19)

with Eq. (13). The direct method introduces an extra time-dependent elastic compliance tmv
i
/10w0 and therefore the

Maxwellian character of the local behaviour is lost. Since the effect of this extra term vanishes in the steady-state creep regime
(σ̇ ′ = 0), the steady-state strain rate predicted by the direct method is the exact one for 10w0 = 1. In the transient regime, the
effect of this term can be investigated by calculating the error (F − FDM)/F , whereF(t) refers to the creep function (defined
as E(t)= F(t)Σ0H(t)) obtained by therigourous LC inversion and FDM the same quantity when applying the direct method.

This error can be expressed easily if one considers the particular microstructure (say, a “parallel” microstructure) which
would correspond to a Voigt-type estimation ε = E, with E the overall strain. In that case, the exact1 and the approximate
overall creep functions read respectively:

F(t)= me
1me

2
c2me

1 + c1me
2

{
1+ t

τ̄
+ (τ2 − τ̄ )(τ̄ − τ1)

τ̄2

[
1− e−t/τ̃ ]},

FDM (t)= me
1me

2
c2me

1 + c1me
2

{
1+ 10−w0

t

τ̄
+ (τ2 − τ̄ )(τ̄ − τ1)

τ̄2

[
1− 1

1+ 10−w0 t/τ̃

]} (20)

with τ̄ = (c1me
2τ1 + c2me

1τ2)/(c2me
1 + c1me

2) and τ̃ = τ1τ2/τ̄ . Corresponding results areplotted in Fig. 2 for 10w0 = 0.5 and
10w0 = 1, different ratios τ2/τ1 of the relaxation times of the two phases, identical volume fractions ci of both phases, and
k = me

1/m
e
2 = 1. As discussed above for the homogeneous material, taking 10w0 = 1 greatly improves the approximation as

compared to the original proposition of Schapery, and this for both transient and steady-state regimes. As shown in Fig. 2, the
error increases, for 10w0 = 1, with increasing valuesof τ2/τ1. Indeed, it isworth noting that when thetwo phaseshaveidentical
relaxation times, the ratio m̂ve

1 /m̂
ve
2 of the symbolic compliances does not depend on p and equals me

1/m
e
2 . It can then easily

Fig. 2. Normalised difference between the exact creep function and the one predicted by the quasi-elastic approximation for
10w0 = 0.5, 10w0 = 1, and several ratios τ2/τ1, in thecase of a two-phase material with “parallel” Maxwellian phases (c2 = 0.5, k = 1).

1 In the sequel, the term “exact” supposes that the microstructure realises the adopted linear scheme.



                                                                   

be proved that in that case, the local stressesare constant during thewhole creep test, and consequently thedirect method gives
the exact LC inversion as for a single phase material. The accuracy of the direct method is therefore especially dependent on
the heterogeneity of the relaxation times of the different phases.

For the coming applications to polycrystals, a more realistic microstructure has to be considered. As an illustration, the
overall behaviour and local mechanical fields are estimated through the classical self-consistent scheme, for which the quasi-
elastic approximation can be compared to theexact solution. According to Rougier et al. (1993) or Beurthey and Zaoui (2000),
theoverall relaxation shear modulus µ̃(t) can bederived from itsLaplace–Carson transform ˆ̃µ(p)which obeysthesecond-order
equation

X̂ 2 +
[
(2− 5c)k(p+ 1/τ1)

3(p+ 1/τ2)
+ 5c− 3

3

]
X̂− 2k(p+ 1/τ1)

3(p+ 1/τ2)
= 0 (21)

with X̂= ˆ̃µ/µ̂1 and c = c2. Thesolution ˆ̃µ(p) reads
12 me

1
ˆ̃µ(p)= (5c− 3)p

p+ 1/τ1
+ (5c− 2)p

p+ 1/τ2
+K p [P(p)]1/2

(p+ 1/τ1)(p+ 1/τ2)
,

K = [
(2− 5c)2 k2 + 2k(6− 5c)(5c+ 1)+ (5c− 3)2

]1/2
,

P (p)= (p+ 1/θ1)(p+ 1/θ2),

(22)

where−1/θ1 and −1/θ2 are the real negative solutions of the second-order equation

K2p2 + 2
[
(2− 5c)2 k2/τ1 + k(6− 5c)(5c+ 1)(1/τ1 + 1/τ2)+ (5c− 3)2/τ2

]
p

+ (2− 5c)2(k/τ1)
2 + 2k(6− 5c)(5c+ 1)/τ1τ2 + (5c− 3)2/τ2

2 = 0.
(23)

From (22) and (23), theoverall response to any stressΣ ′(t) or strain E(t) history can bederived, after inversion of theLaplace–
Carson transformation, through the relation Σ̂

′
(p)= 2 ˆ̃µ(p)Ê(p) whereas the per phase average variables ε̂i(p) and σ̂ i(p) are

obtained from themacroscopic quantities through theaverage strain Âi (p) or stress B̂i(p) concentration tensors, which reduce
here, due to isotropy, to the scalar functions Âi(p) and B̂i(p), e.g.,

ε̂i (p)= Âi(p)Ê(p), σ̂ i (p)= 2µ̂i (p)ε̂i(p), Âi = 5 ˆ̃µ
3 ˆ̃µ+ 2µ̂i

. (24)

The exact inverse transforms of the symbolic creep functions F̂ (p) and f̂i (p), defined as
Σ ′(t)= S0H(t), Ê(p)= F̂ (p)S0, ε̂i(p)= f̂i(p)S0,

F̂ (p)= 1

2 ˆ̃µ(p) , f̂i(p)= Âi(p)

2 ˆ̃µ(p) = 5

2[3 ˆ̃µ(p)+ 2µ̂i (p)]
(25)

are given in Appendix A. An illustrative example of the overall and average phase responses for creep is given in Fig. 3 for
τ2 = 10τ1, by comparing the exact solutions to their approximations according to the direct inversion method. It is clear that
the initial choice of Schapery (10w0 = 0.5) does not give satisfactory results, a much better one being obtained when taking
10w0 = 1. As shown in Fig. 3(b), the direct method is not only able to predict the overall behaviour with a very good accuracy,
but also phase average responses are very well estimated. For the presented case, the strain difference between exact and
approximate solutions never exceeds 5%, neither in the transient nor in the steady-state regime. The origin of this very good
agreement lies in the almost constant local stresses for t > 0.

More generally, according to the known property of the LC transform for the initial and final values, i.e.,
lim|p|→+∞ f̂ (p)= lim

t→0+
f (t),

lim
p→0

f̂ (p)= lim
t→+∞f (t),

(26)

the direct method yields exact limits for f (t) when t → 0+ and t → +∞ whatever the choice of ω0. But for sufficiently
smooth functionsf (t), thesameproperty standsnear t = 0 for the timederivative ḟ (t) only for 10w0 = 1, since theasymptotic
behaviour of such functions obeys the relation:

if f (t)= f (0+)+ ḟ (0+)t +O
(
t2

)
, t > 0,

then f̂ (p)= f (0+)+ ḟ (0+)
p

+O
(

1

p2

)
,Re(p) > 0,

(27)



                                                                   

Fig. 3. Local (f ) and overall (F ) creep functions predicted by the quasi-elastic approximation (dashed lines) as compared to the exact results
(continuous lines) for a two-phase material according to the self-consistent scheme, for τ2/τ1 = 10, c2 = 0.5, k = 1. (a) 10w0 = 0.5 and
(b) 10w0 = 1.

whereO(x)means“of theorder of x” . A similar conclusion standsfor f (t)/t for largevaluesof t . Nevertheless, ascommented
below, the practical importance of these properties depends on the values of the involved relaxation times with respect to the
observation time interval.

3.3. Relaxation

Let us now consider the response of the same material when subjected to a relaxation strain path at t = 0, i.e., to an overall
applied strain E(t)= E0H(t).

If the material is homogeneous, the stress response reads, for t > 0

σ ′(t)= E0

me e−t/τ LC−→ σ̂ ′(p)= E0

me
τp

1+ τp . (28)

It is clear that, in that case, the direct method as defined above does not lead to the exact result whatever the choice of w0.
A different value for w0 may be proposed to minimise the gap between the exact and approximate stress responses, but this
value must depend on the relaxation time τ of the material. Furthermore, the direct method provides at large t a much slower
stress decrease as compared to the exact solution, whatever w0. Note however that, according to (27), only the value 10w0 = 1
provides the exact stress rate at t = 0.

As for creep, the error introduced by the direct method can be calculated easily for a two-phase material with a “parallel”
microstructure. It reads now (R −RDM)/R(0), withR the relaxation function defined by Σ ′(t)= R(t)E0H(t). The exact and
approximate overall relaxation functions are given by

R(t)= c1

me
1

e−t/τ1 + c2

me
2

e−t/τ2,

RDM(t)= c1

me
1

1

1+ 10−w0 t/τ1
+ c2

me
2

1

1+ 10−w0 t/τ2
.

(29)

Results for τ2 = 2τ1 and τ2 = 10τ1 are shown in Fig. 4. As for the single phase material, the agreement is not satisfactory for
both 10w0 = 0.5 and 10w0 = 1, especially at large reduced time t/τ1 where the stress decrease is really too slow. According to
Fig. 5, thesameconclusion can bedrawn for adisordered microstructurecorresponding to theself-consistent schemefor which
the exact inverse transforms of local and overall symbolic relaxation functions r̂i (p) and R̂(p)

E(t)= E0H(t), Σ̂
′
(p)= R̂(p)E0, σ̂ ′

i (p)= r̂i(p)E0,

R̂(p)= 2 ˆ̃µ(p), r̂i (p)= 2µ̂i (p)Âi(p)= 10 ˆ̃µ(p)µ̂i (p)
3 ˆ̃µ(p)+ 2µ̂i (p)

(30)



                                                                   

Fig. 4. Normalised difference between the exact relaxation function and the one predicted by the quasi-elastic approximation for two ratios
τ2/τ1 in thedifferent casesp= 0.5/t, p = 1/t , and p = h(t)/t . Two-phase material with “parallel” Maxwellian phases, c2 = 0.5, and k = 1.

are derived in Appendix A. In that case, taking p = 0.5/t (i.e., 10w0 = 0.5) in Eq. (12) gives better predictions than p = 1/t at
large t/τ1, but the slope at t/τ1 = 0 becomes simultaneously too steep. The direct method with a relation between p and t of
the form p = α/t , with α a constant scalar, seems therefore to be mainly limited to creep loading.

As for creep, a better way to treat relaxation loading with the quasi-elastic approximation is to choose a function p = p(t)
for which thedirect method gives the exact response for a homogeneous material. Relation (12) is thus transformed into

f (t)� f̂ (p)p=h(t)/t , (31)

where the function h(t) isadjusted with respect to the relaxation function of the single phase, Eq. (28):

h(t)= t e−t/τ
τ(1− e−t/τ ) . (32)

It must be remarked that h(t) now depends on the relaxation time τ of the considered phase. Thus, for the application to
heterogeneous materials with phases exhibiting different τi , τ in Eq. (32) could be replaced by an average quantity, say τ̄ .
Several definitions for τ̄ may be adopted. Among a few attempts, the best results were obtained here for τ̄ defined as τ̄ = 〈τ 〉.
Results arepresented in Figs. 4 and 5. Clearly, theproposed treatment greatly improves the predictions at both local and global
scales, as compared to the original proposition p = 10w0/t . The relaxation functions quickly decrease in good agreement with
the exact solutions, and the overall response is particularly close to the exact one. However, local response are not predicted
as precisely as for creep. Indeed, as shown in Fig. 5, the relaxation of phase 1 is too slow whereas that of phase 2 is too
fast. This may originate from the choice of a unique τ̄ for the two phases. Finally, it is worth noting that, as for creep, the
proposed treatment also leads to theexact solution if τ1 = τ2, whatever thevalueof k. Theerror introduced by thequasi-elastic
approximation has clearly to be related to the local relaxation time ratio τ1/τ2.

3.4. Other deformation paths

The good agreement obtained for a relaxation loading shows that the direct inversion method is not limited to creep. For
example, if the material is homogeneous and subjected to a constant strain rate loading of the form ε̇(t)= Ė0H(t), the stress
response reads, for t > 0

σ (t)= Ė0

mv

(
1− e−t/τ ) LC−→ σ̂ (p)= Ė0

mv
1

1+ τp . (33)

Thus, the same function h(t) as the one given in (32) can be used. As for relaxation, an average τ̄ must be defined for
heterogeneous materials and here again, the exact solution is attained if all phases exhibit the same relaxation time. A similar
procedure could also be used for more complex loading paths (cycling loading, for instance).



                                                                   

Fig. 5. Local (r) and overall (R) relaxation functionspredicted by thequasi-elastic approximation (dashed lines) ascompared to theexact results
(continuous lines) for atwo-phasematerial according to theself-consistent schemeand τ2/τ1 = 10, c2 = 0.5, k = 1, in thecases (a) p = 0.5/t ,
(b) p = 1/t , and (c) p = h(t)/t .

3.5. Conclusion

The application of the direct inversion method to simple isotropic materials with (linear) Maxwellian local behaviour has
allowed us to analyse its domain of validity. First of all, it has been remarked that the initial Maxwellian character of the local
behaviour is lost when the direct method is applied. In the case of creep loading, this results in an additional time-dependent
local elastic compliance. Due to the shape of the single phase creep function, an improved treatment with 10w0 = 1 has been
proposed, which leads to the exact asymptotic regime for heterogeneous materials at t = 0 and t → ∞. Similarly, we have
shown how other deformation paths can be treated by using a relation between p and t of the form p = h(t)/t , where the
function h(t) has to be adjusted on theresponse of asingle phase material. In the case of relaxation, an average relaxation time
τ̄ must however bedefined and for thisseveral choices arepossible. It hasbeen shown that thedirect method provides theexact
local and global responses if the relaxation times of the different phases are identical, and therefore its accuracy is expected
to become worst with increasing spread of local relaxation times. A very good agreement at both local and global scales has
been found in the presented numerical applications, suggesting that the direct method may be also very efficient for nonlinear
problems. Since the inversion of the LC transform becomes immediate, the direct method is very powerful numerically. The
counterpart of this is that, contrary to the collocation method, the accuracy of the method cannot be improved by means of



                                                                   

improved numerical convergence. It has been noticed that the long range memory effects arestill considered, that is the overall
response isnowhere assumed to be Maxwellian, in accordance with Suquet (1985).

4. The “quasi-elastic” approximation of the affine formulation

4.1. Consequences of the direct method

Wenow go back to the nonlinear frame and study the application of the direct method in that context. The local constitutive
equationshavetheform (1), i.e., they defineanonlinear Maxwell-typebehaviour. According to theresultsobtained in Section 3,
the overall creep responses are aproximated withw0 = 0, whereas other choices are more appropriate for other loading paths.
Whatever thischoice, the symbolic homogenisation relations (9) now read{

Qζ (t)=
〈
qζ (t) : Br (t, ζ )

〉
,

E0(t, ζ )= 〈tBr (t, ζ ) : ε0
r (t, ζ )

〉
.

(34)

The unknown tensors Br (t, ζ ) are obtained by solving the homogenisation problem in the LC space (first equation of (9)) and
applying thevariableschangep = h(t)/t , withh(t)= 1 for acreep loading. Equivalently, asshown above, homogenisation can
becarried out directly in thetimespace. Asfor theprestrain field ε0

r (t, ζ ), it doesnot need thisapproximate inversion since it is
explicitly defined in the time space according to (4) and (5). Nevertheless, it is emphasised that thisfield does not identify with
the one that would be obtained with the “classical” affine formulation of Masson and Zaoui (1999) since the average stresses
per phase aregenerally different. Thisobservation isclosely linked to thenotion of linear comparison medium. Indeed, thenew
definition of the homogenised compliance and prestrain (34) corresponds to an effective behaviour that reads

E(t)= Qζ (t) : Σ(t)+ E0(t, ζ ). (35)

It thusrefersto athermoelastic (with time-dependent characteristics), instead of thermoviscoelastic, linear comparison medium.
That is why this approach is called “quasi-elastic” , the convolution products of the initial problem being replaced by algebraic
ones. Nevertheless, as explained above, it retains the essential features of the nonlinear viscoelastic behaviour. Particularly, the
elastic and viscous behaviours are not treated separately during the transition scale, e.g., the linearised overall behaviour is not
supposed to be of the Maxwell-type. Besides, the definition of the eigenstrains ε0

r is left unchanged, which keeps itshereditary
nature.

4.2. The “ quasi-elastic” affine procedure

4.2.1. Formulation
Using the above results, the “quasi-elastic” affine procedure can be derived as follows. Let us consider, e.g., a macroscopic

stress loading path Σ(t) on the time interval [0, ζ ]. We aim at the determination of the effective response E(ζ ). Due to the
hereditary character of the behavior, we must assume that the problem was solved until t = ζ − δt . The phase stress averages
are thus known on [0, ζ − δt] and the unknowns are σ r (ζ ). For a given linearisation time ζ , the linearised behavior reads, at
any time t � ζ ,

εr (t)= qζ (t) : σ r (t)+ ε0
r (t, ζ ),

qζ (t)= s + m(ζ )t,

ε0
r (t, ζ )=

t∫
0

ε̇0
r (θ, ζ )dθ,

ε̇0
r (θ, ζ )= g

(
σ r (θ)

) − m(ζ ) : σ r (θ).

(36)

Due to the quasi-elastic approximation, it is only required to apply relation (36) for t = ζ . The Hashin–Shtrikman-type
homogenisation procedure leads to the following interaction equationεr (ζ )− E(ζ )= −Q̃ζ (ζ ) :

(
σ r (ζ )− Σ(ζ )

)
,

Q̃ζ (ζ )=
(
SE

−1 − I
)−1 : Q∗

ζ (ζ )
(37)

with Q̃ζ the interaction tensor, SE the Eshelby tensor and Q∗
ζ the compliance of the reference medium which depends on

the chosen homogenisation scheme. The quasi-elastic affine formulation is entirely defined by (34), (36) and (37). Thus, its



                                                                   

implementation only requires the resolution of a set of nonlinear equations which readsF(σ r (ζ ))= 0. Roughly, it reduces the
CPU timeby afactor 10 with respect to theresolution with useof thecollocation method. Theproblem issolved with aclassical
fixed-point iterative algorithm. Note that an additional inner iterative resolution is required to solve (34) for the particular case
of the self-consistent scheme.

4.2.2. Comparison with former works
A previous application of the quasi-elastic approximation (hereafter denoted TTW) was made by Turner et al. (1994)

to derive the overall properties of nonlinear viscoelastic polycrystals. The differences between their formulation and our
proposition are significant enough to be emphasised. Starting from the good agreement obtained with the quasi-elastic
method in the linear case, for the particular case of a creep loading, as already mentioned by Laws and McLaughlin (1978),
Yurner et al. (1994) proposed an empirical extension to the nonlinear case. Their proposed interaction equation, namely

ε̇r (t)− Ė(t)= −Q̃TG(t) : (σ̇ r (t)− Σ̇(t)
) − n ˙̃QTG(t) : (σ r (t)− Σ(t)

)
, (38)

where ˙̃QTG identifies in the viscoplastic regime with the accommodation tensor of the tangent model of Molinari et al. (1987),
uses the assumption of a power-law viscous flow with a unique stress sensitivity coefficient n. It can be checked that such a
law leads to a tangent description of thesteady-state regime. Thisproperty is thesole justification of theproposition (38) which
is, roughly speaking, an empirical interpolation between a purely elastic and a tangent viscoplastic regime. On the contrary,
according to our approach, the local compliance in the steady-state limit is expressed as q(t)= s + mt with m independent on
t since limt→+∞ σ̇ r (t)= 0. The behaviour becomes purely viscoplastic (or nonlinear viscous) and the formulation obtained,
still referring to a thermoelastic linear medium, identifies with the affine procedure for viscoplastic material which differs
significantly from the tangent model (Masson et al., 2000). Especially, for highly nonlinear behaviours, the tangent model
tends to the Reuss bound (Lebensohn and Tomé, 1993), which is not the case of the affine procedure. However, according to
Molinari (2002), the tangent model may be seen as one particular procedure within a more general approach.

Apart from this remark which only concerns thepurely nonlinear viscous regime, aspecific differenceexists in the transient
regime where the viscoelastic coupling takes place. Indeed, the TTW approach does not take into account the influence of the
whole stresshistory, since the behaviour is linearised as follows

εr (ζ )=
(
s + msec(ζ )ζ

) : σ r (ζ ) (39)

with msec the viscous linearised secant compliance. For a power-law viscous flow with stress sensitivity n, Eq. (39) gives
(Hutchinson, 1976){

εr (ζ )=
(
s + m(ζ )ζ

) : σ r (ζ )+ ε0
r (ζ ),

ε0
r (ζ )= (1− n)msec(ζ )ζ : σ r (ζ )

(40)

with the tangent compliance m = nmsec. It is to bestressed that theTTW formulation (40) differs from theaffineonepresented
in thispaper, sinceit relieson an instantaneousdefinition of thestress-freestrainε0

r (ζ )whereasthequasi-elastic affineapproach
accounts for the hereditary nature of the behaviour. Consequently, the TTW approach neglects the cumulated influence of the
whole stresshistory on the current linearised behaviour.

5. Application to polycrystals

Wenow consider theelastoviscoplastic behaviour of various polycrystals. Weassume that the material ismadeof randomly
distributed grainswith an equiaxed shape. Consequently, all thegrainswith thesamecrystallographic orientation defineaphase
with a given volumic fraction and an isotropic distribution. In the following, we compare the elastoviscoplastic response of
this material aspredicted by the self-consistent “classical” affine formulation (Masson and Zaoui, 1999) and the self-consistent
quasi-elastic affine treatment proposed here.

5.1. Constitutive behaviour

We assume that the viscoplastic deformation is only due to dislocation glide on crystallographic slip systems. According to
the kinematics of plasticity, it follows:

g =
∑
s

γ̇sRs . (41)



                                                                   

The Schmid tensor Rs , characterizing the orientation of the slip system (s), is given by

Rs = 1

2
(ns ⊗ ms + ms ⊗ ns), (42)

with ns and ms the unit vectors normal to the slip plane and along the slip direction. In the sequel, we consider a classical
power-law type behaviour of the form

γ̇s = γ̇ 0
s

(
τs

τ0
s

)n
, (43)

with γ̇ 0
s the reference slip rateand τ0

s the reference shear stressof system (s) and n the material stresssensitivity. Theresolved
shear stress isdefined as τs = Rs : σ . For simplicity, the reference shear stressesand Schmid tensors will bekept constant here.
In other words, we shall not consider hardening effects and texture evolution.

We consider polycrystals with two types of crystalline structures: face-centered cubic (FCC) and hexagonal close-packed
(HCP). For FCC polycrystals, glide occurs on the twelve octahedral slip systems {111}〈110〉 with the same reference slip rate
γ̇ 0
s and shear stresses τ0

s . Such polycrystals consequently obey a weakly anisotropic plastic behaviour. For HCP polycrystals,
we assume three different slip modes to be active: prismatic {11̄00}〈112̄0〉, basal {0001}〈112̄0〉 and first-order pyramidal
〈c + a〉 {11̄01}〈12̄13̄〉. All systems present the same reference slip rate but we consider a ratio of 6 on the reference shear
stresses between the prismatic system and the other ones. The prismatic system is taken as the easy-glide system. Contrarily
to the FCC case, these polycrystals present a highly anisotropic plastic behaviour. They can be thought as zirconium-type
polycrystals. For both kinds of polycrystals, we assume a uniform power-law exponent n= 5, which is representative of high-
temperaturedeformation mechanisms. Besides, theelasticity is isotropic with aPoisson ratio of 1/3. For theFCC case, wehave
τ0/Ey = 10−3 and for theHCPcase, wehave 2τ0

pr/Ey = 10−3 (where the index pr stands for “prismatic” ) withEy theYoung
modulus. Finally, the polycrystals under consideration here areuntextured.

5.2. Creep responses

We performed computations for tensile creep tests with instantaneous loading at t = 0. Fig. 6 shows the evolution of the
overall equivalent creep strain Eeq, normalised by the equivalent elastic strain Ee

eq, for FCC and HCP polycrystals. It can be
observed that the affine effective response predicted with the use of the direct method with p = 1/t lies very close to the one
obtained with the collocation method in the transient and steady-state regimes. Thus, our approach is shown to be relevant
even in the case of a highly anisotropic viscoplastic behaviour (i.e., with a high contrast on the relaxation times). To help
understanding the accuracy of the “quasi-elastic” approximation, the results of a decoupled model identifying separately the
elastic strains and the viscous strains are also reported in Fig. 6. This approach assumes that the overall behaviour is of the
Maxwell-type. Consequently, in the case of a creep test with an instantaneous elastic loading at t = 0, it is unable to describe
the transient regime and leads directly for t > 0 to the steady-state viscous response. Comparing the FCC and HCP cases, it

Fig. 6. Normalised overall equivalent strain for atensilecreep test for (a) FCC (Σ33 = 4τ0) and (b) HCP(Σ33 = 2τ0
pr) polycrystals aspredicted

by theaffinemodel (continuous line), itsquasi-elastic approximation (dashed lines) withp = 1/t and adecoupled (Maxwell-type) model (dotted
lines).



                                                                   

Fig. 7. Intraphase average stress and strain responses for four different orientations during a tensile creep test (Σ33 = 2τ0
pr) for an HCP

polycrystal as predicted by the affine model (continuous line) and its quasi-elastic approximation (dashed lines) with p = 1/t .

is observed that the discrepancy between the “ full” affine scheme and this crude approximation increases with the viscoplastic
anisotropy whereas the “quasi-elastic” formulation remains valid in both cases.

For theHCPpolycrystal, it isparticularly interesting to study thepredictionsof thephasefield averages, sincethe interphase
fields heterogeneity is very pronounced. Due to the transverse isotropy of the phase responses around the loading direction,
computations can be restricted to one spherical standard triangle. The stress and strain responses are reported in Fig. 7 for
four orientations in the standard triangle. The evolution of the stresses shows that the transient response of the “soft” and
“hard” orientations is correctly captured by our approach and that the relaxation times are very similar in the two approaches.
It can be stressed that the decoupled model would predict, as for the effective behaviour, a constant strain rate (versus time)
in each phase for t > 0 and therefore also a constant stress. Apart from this remark, it is seen that the large interphase strain
heterogeneity, which isphysically relevant with respect to thegrain-to-grain incompatibility, issatisfactorily restituted with the
present proposition. It is recalled that, in the viscoplastic regime, this formulation coincides with the affine formulation. From
that point of view, our approximate treatment is expected to be more accurate than former approximate approaches which are
known to lead in thesteady-state regimeeither to theTaylor bound (Weng, 1981, 1993), asshown by Masson and Zaoui (1999),
or the Reuss bound (Turner et al., 1994) for a highly nonlinear viscoplastic potential. The good agreement of our treatment
with the affine formulation has important practical implications. Indeed, since the computation time is divided by a factor of
about 10, it allows an identification of the model on a wide experimental database and makes it a powerful tool for thestudy of
polycrystal plasticity (see Brenner, 2001; Letouzé et al., 2002; Brenner et al., 2002).

5.3. Relaxation responses

Asshown previously, thequasi-elastic approach hasnot to be limited to creep. Asafirst illustration, theresponseof theFCC
polycrystal to auniaxial relaxation loading has been studied. According to theresultsobtained in Section 3, weapply thedirect
method with p = h(t)/t and h(t) defined by (32). For that goal, it is necessary to determine a reference relaxation time for the
polycrystal. This step is not straightforward due to the local anisotropy of the material. Among other possibilities, we defined
at each linearisation time ζ the “relaxation time” of each phase τr and the reference relaxation time τ by

τr =
srij ij

mrij ij
, τ = 〈τr 〉. (44)

Fig. 8 shows the overall stress responses according to the direct method with p = h(t)/t and p = t and to the classical affine
formulation. It can be seen, as expected, that the choice of p = h(t)/t leads to a better agreement in the transient regime,
especially at short reduced times, than thechoicep = 1/t . Though our definition of the referencerelaxation timeisvery simple



                                                                   

Fig. 8. Normalised overall equivalent stress during a tensile relaxation test (E33 = 4τ0/Ey ) for a FCC polycrystal as predicted by the affine
model (continuous line) and its quasi-elastic approximation (dashed lines) with p = 1/t et p= h(t)/t .

and certainly not optimal, this result shows a simple but efficient way to manage with another type of loading than creep with
an appropriate definition of the function h(t). Extension to constant strain rate behaviour, for instance, is straightforward (see
Section 3.4). To the best of our knowledge, the proposed approach is the first to extend the quasi-elastic treatment to other
loadings than creep.

In view of these results, it can be appreciated that our approach reconciles an affine formulation which is known to be one
of the most accurate at the time for rate-dependent plasticity (Masson and Zaoui, 1999) with an efficient numerical resolution
which renders the computation as simple as for any other nonlinear homogenisation scheme since it uses a thermoelastic
linear comparison medium. Additionally, it is recalled that this formulation does not imply any restriction on the chosen linear
homogenisation scheme(and so on theform of theinteraction equation) or on theform of thenonlinear Maxwell-typebehaviour
of the constituents: it can be used with more refined forms of the local viscoplastic potential than the one used in this section.

6. Conclusion

Several major difficulties have to be overcome for the application of homogenisation techniques to nonlinear viscoelastic
heterogeneous materials. First of all, a linearisation procedure must be defined. In thepresent study, the proposition of Rougier
et al. (1994) has been adopted. Next, per phase uniform linear viscoelastic compliances have to be calculated, and for this a
reference stress must be defined. The classical (and most simple) choice defining the linearised compliances with respect to
the stress phase average has been chosen here. Finally, the mechanical fields obtained in the Laplace–Carson space at each
linearisation timehaveto be transformed back into thephysical timespace. This last point ismore “ technical” , but it hasagreat
practical importance because it renders the homogeneisation scheme quite CPU time-consuming.

Although an accurate inversion can becarried out numerically, theapplication to anisotropic polycrystals, with anecessarily
associated step of coefficients identification, ishardly workable. For this, wehavereconsidered theapproximatedirect inversion
method initially proposed by Schapery (1962) which leads to a reduction of CPU timeby one order of magnitude. Its accuracy
hasbeen first investigated on alinear heterogeneousmaterial with maxwellian phases. It hasbeen shown that themethod isexact
if the phases exhibit identical relaxation times, and the improved treatment proposed here renders the direct method applicable
to any loading path. Applied to nonlinear polycrystals in the framework of the “classical affine” linearisation procedure, the
direct method is shown to describe the exact asymptotic behaviour at t = 0 and t → ∞. The initial thermoviscoelastic linear
comparison material is transformed into a thermoelastic one, so that homogenisation can be completely carried out in the
physical timespace. Moreover, thelong rangememory effectsassociated to theviscoelastic coupling arestill taken into account.
Illustrativeexamples for FCC and HCPnonlinear polycrystalsshow that thedirect method predictsalmost thesamemechanical
responses in creep and relaxation as the collocation treatment at both local and global scales, and therefore reconciles the
accuracy of the affine formulation with a very efficient numerical resolution.

It is emphasized that the “direct method” can also be used in the context of the generalised affine linearisation proposed
by Pouya and Zaoui (1999) and/or when the reference stress accounts for intraphase heterogeneity. These aspects are currently
under development.
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Appendix. Analytical derivation of the creep and relaxation behaviour of the two-phase material of Section 3

The derivation of the original time functions of the Laplace–Carson tranformed functions F̂ (p), f̂i(p), R̂(p) and r̂i(p)
defined in (25) and (30), where µ̂i (p) and ˆ̃µ(p) are given by (16) and (22) respectively (with the convention τ1 < τ2), can
make use of the Mellin–Bromwich inversion formula

f (t)= 1

2iπ

∫
2

f̂ (p)

p
ept dp, (A.1)

where the straight line2, parallel to the y-axis, must leave all the poles and critical points of f̂ (p)/p at left. This line2 may
be complemented on its left by a half-circle centered on it at y = 0 with a radius growing to infinity; the contribution of this
half-circle to the integral in (A.1) vanishes according to Jordan’s lemma. Due to the term [P(p)]1/2 in (22), which needs to be
uniformly defined, acut must bedefined on thereal negativeaxisbetween −1/θ1 and −1/θ2, with −1/τ1<−1/θ1<−1/θ2<
−1/τ2 < 0. The computation then reduces to that of some residues on the x-axis outside the cut [−1/θ1,−1/θ2] and of an
integral on this interval.

The searched functions read as follows (when k �= 1 and k �= τ1/τ2):
• Creep

f1(t)=
me

1τ1τ2

4(1− c)(kτ2 − τ1)
{
k(2− 5c)

τ1
+ 5c− 7

τ2
− 5k(τ2 − τ1)
(kτ2 − τ1)τ1 + K

τ1(θ1θ2)
1/2

[
θ1 + θ2

2
+ τ1(τ2 − τ1)

kτ2 − τ1
]

+
[
k(2− 5c)

τ1
+ 5c− 7

τ2
+ K

(θ1θ2)
1/2

]
t

τ1
− K

π

[
J1

τ1
+ (τ2 − τ1)(J2 − J3)

kτ2 − τ1

]}
,

b= kτ2 − τ1
(k− 1)τ1τ2

, J1 =
−1/θ2∫

−1/θ1

[−P(x)]1/2
x2

etx dx,

J2 =
−1/θ2∫

−1/θ1

[−P(x)]1/2
x

etx dx, J3 =
−1/θ2∫

−1/θ1

[−P(x)]1/2
x + b etx dx, (A.2)

f2(t)=
me

1τ1τ2

4ck(τ1 − kτ2)
{
−k(2+ 5c)

τ1
+ 5c− 3

τ2
− 5k(τ2 − τ1)
(kτ2 − τ1)τ2 + K

τ2(θ1θ2)
1/2

[
θ1 + θ2

2
+ kτ2(τ2 − τ1)

kτ2 − τ1
]

+
[
−k(2+ 5c)

τ1
+ 5c− 3

τ2
+ K

(θ1θ2)
1/2

]
t

τ2
− K

π

[
J1

τ2
+ k(τ2 − τ1)(J2 − J3)

kτ2 − τ1

]}
, (A.3)

F(t)= (1− c)f1(t)+ cf2(t)=
me

1
4k

{
k(2− 5c)+ 5c− 3

+
[
k(2− 5c)

τ1
+ 5c− 3

τ2

]
t + K

(θ1θ2)
1/2

(
θ1 + θ2

2
+ t

)
− KJ1

π

}
. (A.4)

• Relaxation

r1(t)= 1

3me
1(1− c)

{
〈3− 5c〉e−t/τ1 + K(J4 − J3)τ1τ2

2π(τ2 − τ1)
}
,

〈x〉 = |x| + x
2

, J4 =
−1/θ2∫

−1/θ1

[−P(x)]1/2
x + 1/τ1

etx dx, (A.5)

r2(t)= 1

3me
1c

{
〈5c− 2〉k e−t/τ2 − K(J5 − J3)τ1τ2

2π(τ2 − τ1)
}
, J5 =

−1/θ2∫
−1/θ1

[−P(x)]1/2
x + 1/τ2

etx dx, (A.6)



                                                                   

R(t)= (1− c)r1(t)+ cr2(t)= 1

3me
1

{
〈3− 5c〉e−t/τ1 + 〈5c− 2〉k e−t/τ2 + K(J4 − J5)τ1τ2

2π(τ2 − τ1)
}
. (A.7)

Note that the integrals J1 to J5 may be expressed as functions of Φ1, degenerate hypergeometric series in two variables
(Gradshteyn and Ryzhik, 1965). They have been evaluated numerically for the illustrations reported in Section 3.

When k = 1, Eqs. (A.2) to (A.7) can still be used withK = 5 and J3 = 0.
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