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Abstract

In this paper, the method of electric analog synthesis is applied to design a piezo-electro-mechanical arch able to show

the capacity of multimodal damping. An electric-analog circuit is designed by using a finite number of lumped elements

representing the equivalent of a curved beam. Spatial and frequency coherence conditions are proven to be verified for

the modes to be damped: in fact, lumped-element circuit can damp only a finite number of vibration modes. Analogous

boundary conditions are ensured, so that natural frequencies and mode shapes of both the curved beam and the analog

circuit are equal. The instance considered here is the vibration mitigation of a piezo-electro-mechanical arch. Having a

view towards prototypical applications, all simulations consider values of physically feasible passive circuital elements. It

is believed that the present results may represent a step towards the design of multi-physics metamaterials based on

micro-structures exploiting the principle of multimodal damping.
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1. Introduction

Only starting from the 1960s, digital computing prevailed upon analog computing in engineering and scientific
applications. Actually, for at least three decades it was not clear whether digital computers were effectively more
efficient than analog computers, albeit it was clear that digital computers could, in principle, be used for every
conceivable computation by means of suitable programming. Analog computers being specialized for a precise
set of calculations seemed to have an unbridgeable advantage. However, in the late 1960s it became evident
that the reprogramming capacities of digital computers made them the best choice in almost every application.
Therefore, the use of the finite element method as a modeling tool for static or low-frequency dynamic prob-
lems quickly became the only conceived option. In fact, the rise of the finite element method coincides with the
extension of digital computer processing power. Previously every design and simulation could be made only by
means of analog computers, also in industrial applications. The research department in General Electric devel-
oped, under the influence of Gabriel Kron [1], important techniques for synthesizing analog circuits for a large
class of ordinary differential equations (ODEs) and partial differential equations (PDEs) and applied them in a
wide range of engineering and scientific problems. In particular, the pioneering work by Kron shows how the
behavior of mechanical systems can be simulated by using electrical networks: these networks were designed
to exhibit, after a suitable dimensional analysis, exactly the same static or dynamic behavior as their analog
mechanical systems. In this way, it is possible to forecast the values of the mechanical variables of interest (such
as displacements or forces) by measuring the analog electrical variables (currents or voltages) in the synthesized
electric circuit. An extensive work about the techniques for designing electrical analogs of mechanical struc-
tures, such as beams [2–4], plates [2], and shells [5], started already in the early 1950s. Most of these works were
considered obsolete once the finite element method became a global standard also for mechanical simulations.
However, the concept of designing analog structures has been revived at the beginning of the 2000s for vibration
damping purposes [6]. In [7], it is shown that, by means of piezo-electro-mechanical coupling with an analog
circuit (having the same modal properties as the mechanical system), there is an efficient energy transduction
in the whole vibrating structure. As a consequence, the principle of distributed piezoelectric circuit damping
emerged [8–24]. In fact, vibration mitigation can be achieved by optimally choosing the electrical components
so that damped electrical resonances are tuned to the targeted mechanical resonance.

One way to define electrical analogs is to specify an electromechanical analogy [25, 26]. Piezoelectric net-
work damping of beams [15–17] and plates [18, 19] were analyzed in the linear regime. These pioneer works
were mainly based on the application of the forcecurrent and velocityvoltage analogy, also called indirect anal-
ogy by Bloch [25]. Instead, in the present work, the force–voltage and velocity–current analogy, also called
direct electromechanical analogy, is applied. Indeed, this analogy allows for the representation of an electrome-
chanical transducer of piezo-electro-mechanical coupled systems with passive electrical components when this
transducer is based on electrostatic forces [25]. Direct analogy is thus the most convenient analogy to represent
piezoelectric coupling with passive electrical components. Hence, one can derive a fully passive representation
of a mechanical structure coupled to an electrical network via piezoelectric transducers. The resulting electrical
analogs have been implemented recently for vibration mitigation of rods [20], beams [21], and plates [22, 27].
However, piezoelectric network damping of complex structures has barely been covered in the scientific liter-
ature. The next objective is thus to define analog electrical networks for structures which include curvatures,
varying geometrical parameters or even anisotropic materials. A solution would be to define an electrical analog
for each considered structure. However, it might become difficult to do so for any 3D body. Therefore, rather
than defining complex analog networks, the idea is to create a library of basic elementary analogs. Different
elements could be then assembled to find the analog of more complex structures. An example of this procedure
is available in [3], where the dynamics of an air frame is replicated by an assembly of beam elements in bending
and torsion. The present paper contributes to expend this library of electrical analogs with an original solution
for the analog of a curved beam, which is then used in a problem of multimodal vibration damping by means of
piezoelectric coupling.

The paper is organized as follows. Section 2 is concerned with the technique adopted to obtain an anal-
ogous electrical network from a mechanical structure. In Section 3, this method is applied to a curved beam
composed of an arc of the circumference. In particular, we focus our attention on two formulations: one based
on constitutive relationships with the same hypotheses as Euler–Bernoulli beams; the other is a Hencky-type
formulation where the structure is discretized employing small straight elements able to describe a curved beam
when assembled together. Based on these results, Section 4 is devoted to presenting an electric circuit that,
coupled with the curved beam, can reduce its vibrations. Some conclusions are finally drawn in Section 5.
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Table 1. Direct and indirect electromechanical analogies

Mechanical quantities
Electrical quantities

Direct analogy Indirect analogy

Force −F and moment −M Voltage V Electrical current i

Linear velocity u̇ and angular velocity θ̇ Electrical current i Voltage V

Displacement u and angle θ Electrical charge q Flux linkage
∫

Vdt

Compliance Capacitance C Inductance L

Mass and rotational inertia Inductance L Capacitance C

Viscous damping Resistance R Conductance 1/R

(c)(a) (b)

Figure 1. Schematic representation of the four ideal purely passive electrical components: (a) an inductor, (b) a capacitor, and (c) a

transformer (star symbols ? inform about the winding direction).

2. Method for defining an electrical analog of a mechanical structure

2.1. Finite difference scheme and electromechanical analogy

In order to find a discrete electrical analog, the first step is to define a discrete model of the continuous mechani-
cal structure. The choice of the discretization is important because it leads to different system of equations [28].
We choose to use the simplest grid so that the resulting number of components in the discrete unit cell is as
low as possible. This is done by applying a first-order finite difference pattern to the set of differential equations
describing the mechanical structure. We consider the following finite difference expressions for any physical
quantity g:

(

∂g

∂x

)

I

=
gR − gL

a
,

(

∂g

∂x

)

L

=
gI − gL

a/2
and

(

∂g

∂x

)

R

=
gR − gI

a/2
, (1)

where a is the discretization step between the left and the right sides, denoted L and R, and I corresponds to the
internal equidistant position.

An electromechanical analogy [25, 26] is then applied to the set of discrete mechanical equations. The
indirect analogy, which states that velocities are analogous to voltages and forces are analogous to electrical
currents, is considered in some works on analogues of mechanical structures [2, 16, 18]. This analogy is summed
up in Table 1. It is particularly well suited to the study of electromagnetic systems, as it allows the passive
representation of electromagnetic coupling [25]. In the present work, we consider the direct electromechanical
analogy, which states that voltages and electrical currents are respectively analogous to forces and velocities. It
is here preferred because it allows the fully passive representation of piezoelectric transducers [25]. Once the
electrical equations are written, the mechanical structure and its electrical analog can both be represented by
lumped-element electrical circuits.

As our objective is to find purely passive electrical analogs, only passive components can be part of the
resulting electrical network. The three classical passive and non-dissipative components are sketched in their
ideal versions in Figure 1. An inductor of inductance L and a capacitor of capacitance C relate the respective
electrical currents iL and iC flowing through them to the voltages VL and VC at their terminals by first order time
differential equations:

VL = L
diL

dt
, iC = C

dVC

dt
. (2)

Furthermore, the transformer is a two-port circuit which has two windings of conductive wire: a primary one
of N1 turns and a secondary one of N2 turns. With the electrical currents i1 and i2 and the voltages V1 and V2
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(a) (b)

Figure 2. Schematic representation of (a) a mechanical unit cell and (b) an electrical unit cell of the corresponding discrete models.

pointing towards the respective terminals, a transformer of ratio â = N1/N2 gives the following characteristic:

â =
N1

N2

=
i2

i1
=

V1

V2

. (3)

2.2. Spatial and frequency coherence conditions

Several electrical unit cells need to be assembled to produce the analog of a multimodal mechanical structure.
The assembled network is a multi-resonant system, whose modal properties can be modified by acting on its
boundary conditions and on its components characteristics. Therefore, conditions should be applied to ensure
that the network exhibits the desired dynamics.

First, the electrical network should exhibit the same mode shapes as the mechanical structure. To meet this
condition, the mechanical boundary conditions should be adequately reproduced in the electrical network. Fur-
thermore, the electrical analog has to be derived from a sufficiently refined discrete mechanical model which
approximates the dynamic behavior of the continuous structure. A requirement is to adapt the structure dis-
cretization to the frequency range over which the analogy should be validated. A first criterion to meet a spatial
coherence condition can be to consider at least 10 elements per wavelength:

nelm

Nmax

≥ 10, (4)

where nelm is the number of elements and Nmax is the maximum number of wavelengths among the modes of
the considered frequency range. This criterion can be part of the design process: once the frequency range is
fixed, the natural frequencies and mode shapes can be predicted. By forecasting an approximation of Nmax, the
number of electrical unit cells nelm can be deduced.

Second, if the spatial coherence condition is met, it is also required that the electrical network and the
mechanical structure share the same natural frequencies. This frequency coherence condition is equivalent to
ensure that they exhibit the same wave propagation properties.

The derivation of this condition is based on the 1D unit cells representations in Figure 2. The notation u,
F, q, and V denote displacements, mechanical loads, electrical charges, and voltages, respectively, whereas
the L and R subscripts signal the left and right positions of the unit cells. Finally, the ? superscript indicates
non-dimensionalized quantities. The mechanical and electrical transfer matrices T?

m and T?

e of the discretized
systems relate quantities on the left-hand side to quantities on the right-hand side of the unit cells:

(

u?
R

−F?
R

)

= T?

m

(

u?
L

−F?
L

)

,

(

q?
R

V ?
R

)

= T?

e

(

q?
L

V ?
L

)

. (5)

Consequently, the frequency coherence condition is met when T?

e = T?

m. Both systems would then have similar
wave propagation properties, and thus equal natural frequencies if exhibiting analogous boundary conditions.

2.3. From unit cells to a global model

To define the full electrical analog of a mechanical structure, several unit cells should be assembled. As stated
previously, the more cells used to discretize the network, the wider the frequency range over which the analogy
is valid. To model the behavior of the assembled network, we propose to assemble elementary matrices just
like in the finite element method. These matrices should relate external voltages to electrical charges, such as
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prescribed by the direct electromechanical analogy in Table 1. Using the notation of Equation (5), the electrical
transfer matrix T?

e can be separated into four square submatrices:

T?

e =

(

A B
C D

)

, (6)

so that
q?

R = Aq?
L + BV ?

L, V ?
R = Cq?

L + DV ?
L. (7)

The objective is to derive the elementary dynamic matrix D?

e , which is defined by

(

V ?
L

−V ?
R

)

= D?

e

(

q?
L

q?
R

)

. (8)

Starting from Equation (7), D?

e can be identified as

D?

e =

(

−B−1A B−1

DB−1A − C −DB−1

)

. (9)

Note that the dynamic matrix is defined only if B is invertible. This condition can be interpreted from Equa-
tion (7), in which setting q?

L = 0 for comprehension purposes does not restrain the problem: if B is invertible,
then V ?

L can be calculated once the electrical charges q?
R are set. In a more general sense, this means that impos-

ing the boundary electrical charges of the unit cell allows deriving the boundary voltages. From a mechanical
point of view, this corresponds to being able to determine the boundary mechanical loads when the displace-
ments are prescribed. If the discrete model is ill-defined, that is to say if B is singular, then some numerical
parameter must be added to enable further simulations.

Note that the dynamic matrix D?

e relating non-dimensionalized voltages to non-dimensionalized electrical
charges is not the required matrix going forward. The needed matrix is denoted De, and relates dimensionalized
quantities:

(

VL

−VR

)

= De

(

qL

qR

)

. (10)

If B is invertible, then the dynamic matrix De can be expressed, and so the elementary matrices of electrical
“inertia” Melm and of electrical “stiffness” Kelm can be extracted. The suggested method is to set the angular
frequency � at zero to derive Kelm, and to calculate Melm afterwards:

Kelm = De|�=0 and Melm =
Kelm − De

�2
. (11)

According to the direct electromechanical analogy in Table 1, Melm should depend on the inductive quantities
of the unit cell, whereas Kelm should depend on the capacitive quantities.

Then, following a geometric assembly process, the vectors QN and VN which contain the values of electrical
charges and external voltages in the entire network are related to each other by

VN =
(

KN − �2MN

)

QN , (12)

with MN and KN being the assembled matrices of electrical “inertia” and electrical “stiffness,” respectively.

2.4. Analogy validation

The designed electrical analog should have the same modal properties as the mechanical structure. These modal
properties can be either extracted from experiments following an experimental modal analysis, or simulated.
Simulations are the chosen path in this paper. Modal properties of the electrical network are obtained by solving
the eigenvalue problem associated with Equation (12) in harmonic motion at angular frequency �:

(

KN − �2MN

)

QN = 0. (13)
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Meanwhile, a 3D finite element model of a given mechanical structure is considered as a reference. The modes
and natural frequencies of the structure are computed by resolving an eigenvalue problem that is analogous to
that of Equation (13):

(

Km − �2Mm

)

U = 0, (14)

where Km is the global stiffness matrix, Mm is the global mass matrix, and U is the vector of nodal displacements.
Conducting the analogy validation requires checking whether the frequency coherence condition is met. This

is done by a direct quantitative comparison of electrical and mechanical natural frequencies. In the meantime,
the analogy between the mechanical structure and the electrical network is validated if the spatial coherence
condition is met. To this end, we propose to involve the modal assurance criterion (MAC) [29]. For any two
eigenvectors 81 and 82 of same length:

MAC (81, 82) =

∣

∣81 · 8̄2

∣

∣

2

(

81 · 8̄1

) (

82 · 8̄2

) . (15)

In this expression, 8̄ is the conjugate vector of the eigenvector 8. This criterion indicates if the tested mode
shapes look alike. If the MAC matrix contains values close to 1, this means that the associated mode shapes are
similar. On the other hand, low values in the MAC matrix are attained for two nearly orthogonal mode shapes.

3. Curved beam electrical analog

3.1. Model A: from the constitutive equations

Literature is abundant on the analytic study of curved structures, such as beams, rings, and arches [30]. In
the case of an elongated structure, the simplest model applies the same hypotheses as the Euler–Bernoulli beam
theory. Hence, we study the motion of a curved beam of mass density ρ, cross-section S, and radius of curvature
R. Displacements amplitudes are denoted Uv in the direction which is parallel to the neutral axis, and Uw in the
direction which is orthogonal to the neutral axis. All quantities depend on the arc length s. One can show that the
curved beam dynamics in harmonic motion at angular frequency � is ruled by the following set of differential
equations:

−ρS�2Uv =
dN

ds
+

Q

R
and − ρS�2Uw =

dQ

ds
−

N

R
, (16)

where N and Q denote the normal and shear forces in the beam, respectively. Thus, constitutive equations are
required to completely define the structure behavior. One of them is the relation between the bending moment
M and the shear force Q when neglecting the rotational inertia, which is a classical hypothesis of the Euler–
Bernoulli beam theory. In this theory, shear deformations are neglected as well. As a consequence, the slope θ of
the beam is related to the displacements. Finally, assuming a linear elastic material, the constitutive equations of
the medium represented in Figure 3 relate the normal force N and the bending moment M to the displacements.
These hypotheses create a set of four equations which, combined with the dynamic behavior described by
Equation (16), form a set of first-order differential equations:

Q = −
dM

ds
, θ =

dUw

ds
−

Uv

R
,

M = EI
dθ

ds
, N = ES

(

dUv

ds
+

Uw

R

)

. (17)
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Figure 3. Continuous curved beam segment.

Figure 4. Unit cell for Model A of the curved beam electrical analog, which is defined by Equation (19).

Applying the finite difference scheme presented in Equation (1) to Equation (17) leads to a discrete model of
the curved beam:

−
m

2
�2UvL = NI − NL +

a

2R
QL,

a

2
θL = UwI − UwL −

a

2R
UvL,

−
m

2
�2UvR = NR − NI +

a

2R
QR,

a

2
θR = UwR − UwI −

a

2R
UvR,

−m�2UwI = QR − QL −
a

R
NI,

a

2
QL = ML − MI,

NI = Kv

(

UvR − UvL +
a

R
UwI

)

,
a

2
QR = MI − MR,

MI = Kθ (θR − θL) , (18)

with m = ρSa the mass of the beam segment, Kv = ES/a its longitudinal stiffness, and Kθ = EI/a its bending
stiffness.

The electrical analog of the curved beam is derived by replacing mechanical quantities by electrical quanti-
ties according to the direct electromechanical analogy summed up in Table 1. The resulting electrical unit cell
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Table 2. Curved beam analogous boundary conditions for a boundary on the right-hand side of the unit cell

Boundary condition Mechanical equations Electrical equations Scheme

NR = 0 VvR = 0

QR = 0 VwR = 0

MR = 0 VθR = 0

UvR free q̇vR free

UwR free q̇wR free

Free

θR free q̇θR free

NR free VvR free

QR free VwR free

MR = 0 VθR = 0

UvR = 0 q̇vR = 0

UwR = 0 q̇wR = 0

Simply supported

θR free q̇θR free

NR free VvR free

QR free VwR free

MR free VθR free

UvR = 0 q̇vR = 0

UwR = 0 q̇wR = 0

Clamped

θR = 0 q̇θR = 0

shown in Figure 4 is characterized by the following equations that directly come from Equation (18):

−
L

2
�2qvL = VvL − VvI −

â

2R̂
VwL,

â

2
qθL = qwI − qwL −

â

2R̂
qvL,

−
L

2
�2qvR = VvI − VvR −

â

2R̂
VwR,

â

2
qθR = qwR − qwI −

â

2R̂
qvR,

−L�2qwI = VwL − VwR +
â

R̂
VvI,

â

2
VwL = VθL − VθI,

CvVvI = qvL − qvR −
â

R̂
qwI,

â

2
VwR = VθI − VθR.

CθVθI = qθL − qθR. (19)

3.1.1. Analogous boundary conditions In the example of a simply supported mechanical boundary, the displacements
Uv and Uw are forced at zero whereas the slope θ is left unassigned. Moreover, at the boundary, the normal
and shear forces N and Q are undefined whereas the bending moment M is equal to zero. For the unit cell
in Figure 4, this corresponds to a short-circuit electrical connection on the slope grid, and to an open-circuit
electrical connection on the two remaining displacements grids.

Electrical analogs of free and clamped boundary conditions can also be easily deduced. The associated
discrete equations and sketches are gathered in Table 2 in the case of the right-hand side of the unit cells being
a boundary.
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3.1.2. Frequency coherence conditions The expressions of non-dimensionalized displacements are given by U?
v =

Uv/a and U?
w = Uw/a, rotations by θ ? = θ , normal forces by N? = N/(aKv), shear forces by Q? = aQ/Kθ ,

and bending moments by M? = M/Kθ . To derive the frequency coherence conditions, the quantities on the
right-hand side of the mechanical unit cell in Figure 3 that has been discretized are related to the quantities on
the left-hand side:















U?
vR

U?
wR

θ ?
R

−N?
R

−Q?
R

−M?
R















=























1 − δ2+β

2
−δ −δ

2
−1 δβ

2γ
0

δ
(

1 − δ2+β

4

)

1 − δ2

2
1 − δ2

4
−δ
2

1
4

(

1 + βδ2

γ

)

−1
2

0 0 1 0 1
2

−1

β
(

1 − 3δ2+β

4

)

−δβ
−δβ

2
1 − δ2+β

2

βδ

γ

(

δ2+β

4
− 1

)

0

δγ γ
γ

2

δγ

β
1 − δ2

2
0

−δγ

2

−γ

2

−γ

4

−δγ

2β
δ2

4
− 1 1





































U?
vL

U?
wL

θ ?
L

−N?
L

−Q?
L

−M?
L















,

with δ =
a

R
, β =

m�2

Kv

and γ =
ma2�2

Kθ

. (20)

Thus, we deduce that the electrical circuit in Figure 4 would have identical bending wave propagation properties
as the discrete mechanical model if they share the same ratios δ, β, and γ . This means that the frequency
coherence conditions are

a

R
=

â

R̂
,

Kv

m
=

1

LCv

,
1

a2

Kθ

m
=

1

â2

1

LCθ

. (21)

The last two conditions are identical to those of the rod and beam electrical analogs, as proposed in [20,21].
The first condition concerns the ratio of the unit cell length a over the curvature R. It represents the coupling
between traction and bending in the curved structure, whose influence is modeled by the three transformers of

ratio â : R̂ or â :2R̂ in Figure 4.

3.1.3. Unit cells assembly From Equations (6) and (20), it is deduced that B is a singular matrix. As a consequence,
we cannot compute the electrical dynamic matrix De. The reason for this is the same as for the Euler–Bernoulli
beam and the Kirchhoff–Love plate discrete models derived previously in [21, 22]: the system of Equation (19)
is ill-defined and cannot be solved. To avoid singularity problems, we suggest adding capacitors of capacitance
C0 at both sides of the q̇θ branch in Figure 4. Integrating these components to the curved beam electrical analog
described by Equation (19) leads to a more complicated transfer matrix. Though not fully detailed here, the new
B matrix is

B =









−1 δβ

2γ
δε
4

−δ
2

1
4

(

1 + βδ2

γ

)

1
2

(

εδ2

4
− ε − 1

)

δγ ε

4β
1
2

(

1 + ε − εδ2

4

)

−
(

1 + ε + γ ε2

16

)









with ε =
C0

Cθ

. (22)

Note that setting C0 = 0, i.e., ε = 0, in this new expression of B leads to the previously identified singular
matrix. One can show that the determinant of this new matrix is

det (B) = −
ε

4

[

1 + ε

(

1 +
γ

16β

(

δ2 − γβ
)

)]

≈ −
ε

4
if ε � 1. (23)

As expected, the C0 capacitance should be different from zero to avoid numerical singularity, but should be small
enough so that it does not alter the dynamics of the system (ε = 10−6 is suitable for the following numerical
examples).

Now that B is not singular anymore, the dynamic matrix can be derived. Using the notation in Figure 4, the
values of the electrical charges and the voltages in one unit cell of the network are denoted qN and vN :

qN =
(

qvL qwL qθL qvR qwR qθR

)T
,

vN =
(

VvL VwL VθL −VvR −VwR −VθR

)T
. (24)
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Figure 5. Uncoupled discrete model of a curved beam.

Figure 6. Uncoupled unit cell for Model B of the curved beam electrical analog.

Following the derivation of the dynamic matrix De, Equation (11) is applied to find the matrices Melm and Kelm.
The resulting electrical elementary matrices are recorded in the Appendix. The elementary “inertia” matrix Melm

is a function of the inductance value L, which is the electrical analogous quantity of the mass. The elementary
“stiffness” matrix Kelm is a function of the capacitances Cv and Cθ , which are the respective analogous quantities
of the longitudinal and bending compliance. Then, following an assembly process, the vectors QN and VN which
contain the values of electrical charges and external voltages in the entire network are related to each other by

VN =
(

KN − �2MN

)

QN , (25)

with MN and KN being the global matrices of electrical “inertia” and electrical “stiffness,” respectively. After
that, the mode shapes and natural frequencies of the electrical circuit can be estimated to be compared with
those of the mechanical structure.

3.2. Model B: from straight rod and beam elements

If the structure is discretized enough, then a model of a curved beam can be seen as an assembly of straight
elements with independent responses to longitudinal and bending loads, as seen in the discrete rod and beam
models in Figure 5. Therefore, the electrical analog of such an element is defined by independently combining
the rod electrical analog [20] and the beam electrical analog [21]. The resulting electrical analog is drawn in
Figure 6. This electrical unit cell assumes that the structure is straight, and so that longitudinal and bending
vibrations are not correlated. Figure 6 can thus be seen as the limit case of Figure 4 when the curvature tends
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Figure 7. Transmission of loads and displacements through a tilted clamping.

Figure 8. Electrical representation of the mechanical rotation in Equation (26).

to zero, i.e., the ratio R̂/â tends to infinity. It is remarkable that the principle, on which the discretization
just presented is based, has strong similarities to that exploited in Hencky-type discretization for beam structure
[31–34].

To take the structure curvature into account, the elementary cells should be angularly offset according to the
structure geometry. The clamped condition between the two straight segments with an angle α allows defining
the transmission of loads and motion in both normal and transverse directions. Figure 7 highlights this concept.
To electrically represent the angularly orientated link between two elements, an electrical analog of a rotation
matrix should be designed. If “1” and “2” designate the left and right side of the link, respectively, then

Uv2

Uw2

Uθ2

)

=
cos α sin α 0

− sin α cos α 0
0 0 1

)(

Uv1

Uw1

Uθ1

)

and
N2

Q2

M2

)

=
cos α sin α 0

− sin α cos α 0
0 0 1

)(

N1

Q1

M1

)

. (26)

This set of equations can be passively represented in the form of an electrical circuit, in which the transformers
ratios involve the α angle. This cell was first shown in [3], and is sketched in Figure 8. Finally, it is possible to
define our Model B for the curved beam electrical analog. It is done by considering previously derived electrical
circuits modeling longitudinal and bending wave propagation, and interconnecting them by electrical analogs
of rotation matrices. The comparison between these two analogs is conducted in the following subsection.

Looking at the number of electrical components, the unit cell in Figure 6 contains three inductors, two
capacitors, and two transformers. Moreover, Figure 8 shows that four transformers are required between two unit
cells to make the rotation. This leads the full unit cell to three inductors, two capacitors, and six transformers.
On the other hand, the unit cell in Figure 4 contains three inductors, two capacitors, and five transformers.
However, the side transformers can be merged with the similar transformer of the adjacent cell. Each unit cell
thus virtually contains three inductors, two capacitors, and three transformers. This difference in number of
transformers highlights that the method of electrical analog derivation has a significant effect on the potential
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(c)(a) (b)

Figure 9. Meshes of the arch corresponding to (a) nelm = 10 elements, (b) nelm = 20 elements, and (c) nelm = 60 elements along

the curvature.

integration of such circuits. Looking at practical issues, more electrical components leads to a greater cost, more
parasitic elements, and an increased embedded mass.

3.3. Electrical analog validation

3.3.1. Benchmark for the curved beam The considered structure is a fully clamped duraluminum semi-circular arch
of radius R = 200 mm, width b = 40 mm, and thickness hs = 5 mm, whose Poisson’s ratio ν, density ρ,

and Young’s modulus Y are set at 0.35, 2800 kg/m3, and 69 GPa, respectively. Its mode shapes and natural
frequencies are estimated via a similar finite element model as in [23]. The structure material exhibits isotropic
and homogeneous properties and remains in linear elasticity conditions. It is modeled with 20-node hexahedral
elements with one element in depth and two elements in width. Some meshes are illustrated in Figure 9.

The electrical analog of this structure is composed of identical curved beam electrical unit cells, whose
lumped-element representation is either sketched in Figure 4 for Model A, or in Figures 6 and 8 for Model B.
The structure is discretized with a number of elements nelm equal to 10, 20, 30, or 60. To tune the network
components, the parameters appearing in the frequency coherence conditions (21) have to be estimated.

• The length a depends on the considered discretization: a =
πR

nelm

.

• The discrete mass m is obtained from the mass density: m = ρabhs.

• The longitudinal stiffness is estimated from Kv = Y
bhs

a
.

• The bending stiffness can be computed from Kθ = Y
bh3

s

12a
.

• The main capacitance is given by Cθ = 150·10-9

nelm/10
.

This means that Cθ is equal to 150 nF for nelm = 10, and that it is proportional to the unit cell surface area,
which decreases along the curvature when nelm increases. Even though this numerical example does not
involve piezoelectric coupling, this capacitance evolution is inspired from the piezoelectric capacitance
dependence on the surface area of the transducers.

• The transformer ratio is arbitrary set at â = 4.
• The electrical radius, the inductance, and the longitudinal capacitance are derived thanks to the frequency

coherence conditions in Equation (21):

R̂ =
âR

a
, L =

(a

â

)2 m

KθCθ

, Cv =
m

LKv

. (27)

In this case, one can prove that L is proportional to 1/n3
elm. Thus, there is an interest in increasing the

number of unit cells to reduce potential high inductance requirements on the inductors to be produced
[21–23]. The values of all these parameters for nelm from 10 to 60 are recorded in Table 3.
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Table 3. Electrical modeling parameters for different discretizations of the curved beam analog for Model A

a m Kv Kθ Cθ R̂ L Cv

nelm Nodes (mm) (g) (GN/m) (N.m) (nF) (-) (mH) (nF)

10 11 62.8 35.2 0.22 458 150 12.7 126.5 1.3

20 21 31.4 17.6 0.44 915 75 25.5 15.8 2.5

30 31 20.9 11.7 0.66 1373 50 38.2 4.7 3.8

60 61 10.5 5.9 1.3 2745 25 76.4 0.6 7.6

nelm Meshing MAC matrix Marker

10 Figure 9(a) Figure 11(a) �

20 Figure 9(b) Figure 11(b) H

30 / Figure 11(c) �

60 Figure 9(c) Figure 11(d) •

Figure 10. (a) AutoMAC of the first 40 velocity modes of the arch, and AutoMAC of the first 20 electrical current modes of the

analogous network with (b) Model A and (c) Model B.

3.3.2. Validation of the spatial coherence condition First, we plot the AutoMAC matrices of the mechanical and elec-
trical systems to verify whether the meshes are sufficiently refined. The electrical AutoMAC matrices shown
in Figures 10(b) and (c) indicate that all electrical current modes of both networks can be easily distinguished
from each other, even for nelm = 10. It is thus possible to make the difference between the first 20 electrical
modes for a greater number of elements as well. However, the mechanical AutoMAC in Figure 10(a) illustrates
a problem of spatial coherence. While it is possible to distinguish most of the 40 first modes of the arch, some
are not clearly and uniquely identified. It is the case for example of modes number 2, 5, and 8, among others.
These modes are actually either torsional or out-of-plane bending modes. As written before, and as can be seen
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Figure 11. MAC between the 40 first velocity modes of the arch and the 20 first electrical current modes of the Model A network

for (a) nelm = 10, (b) nelm = 20, (c) nelm = 30, and (d) nelm = 60. The �, H, �, and • markers indicate which couple of modes are

deemed clearly identified, so that they can be plotted in Figure 12.

in Figure 9, we use only two elements in width and one element in depth. The discretization along these two
directions is not fine enough to obtain a completely diagonal AutoMAC matrix, and refining the mesh along
the curve would not improve it. Yet, as the focus of the proposed analogs only concerns the in-plane modes, we
assume that all mechanical meshes for nelm ≥ 10 allow making the difference between mechanical modes we
are interested in.

The MAC matrices between electrical current modes of Model A and velocity modes of the curved beam are
plotted for different values of nelm in Figure 11. This is equivalent to comparing arch modes estimated by a finite
difference model on one hand, and by a finite element model on the other hand. One can note that the torsional
and out-of-plane bending modes of the arch do not appear. Indeed, these kind of loads cannot be predicted by
the present network, which only represent in-plane modes. This is why there are some columns of the MAC
matrices which completely remain at zero. Note that the results for network B are not shown here but they are
very similar which shows that the two networks are equivalent when looking at their first eigenmodes. In both
cases, the finite difference models indeed converge towards the finite element model, which is assumed to be
precise enough to serve as the reference. Consequently, the spatial coherence condition is met over the first
in-plane modes of the arch.

3.3.3. Validation of the frequency coherence condition The natural frequencies of the electrical network are then com-
pared with the arch natural frequencies estimated by a finite element model. We use the mesh presented in
Figure 9(c) to ensure computing converged mechanical natural frequencies. The comparison is made in Fig-
ure 12 for several numbers of elements nelm. Only the natural frequencies of Model A are plotted. Indeed, the
two networks exhibit close natural frequencies: all the natural frequencies of the network representing Model B
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Figure 12. Comparison of mechanical natural frequencies of the arch and electrical natural frequencies of the Model A network for

(�) nelm = 10, (H) nelm = 20, (�) nelm = 30, and (•) nelm = 60.

are nearly 3.5% superior to those of Model A for nelm = 10 elements, but this gap decreases to less than 1% for
nelm ≥ 20 elements. Figure 12 shows that the proposed analog networks converge towards the arch dynamics
when the number of elements increases. This can be regarded as the convergence of finite difference models
towards a finite element model. Finally, we can say that the frequency range upon which the frequency coherence
condition is met depends on the structure discretization. For nelm = 10 elements, we can consider that the fre-
quency coherence condition is correctly approximated for the first five in-plane modes. The present numerical
example finally shows that the spatial and frequency coherence conditions are validated upon a given frequency
range. As expected, increasing the number of elements in the network makes it tend towards a continuous
structure, and therefore extends the frequency range over which the analogy is validated.

4. Piezoelectric network damping of an arch

4.1. Electromechanical structure

A set of piezoelectric patches are bonded to the arch with as much as elements to ensure a sufficient approx-
imation of a continuous electromechanical structure. This means that we consider nearly 10 piezoelectric
transducers per wavelength for the mode with the smallest wavelength in the frequency range of interest. The
main assumptions for modeling the dynamics of such a coupled system are as follows.

• The infinitesimal strain theory applies.
• The structure is made of duralumin, and behaves as an isotropic homogeneous linear elastic medium. Its

Poisson’s ratio, density, and Young’s modulus are set at 0.35, 2800 kg/m3, and 69 GPa, respectively.
• The piezoelectric transducers are thin and polarized in the electrodes orthogonal directions, and they

exhibit transverse isotropic properties. They are made of PIC 153 piezoelectric material, whose materials
properties are recorded in [23].

• The adhesive layers and the electrodes thicknesses are not modeled.
• The lower electrodes are connected to the ground.
• The electrical network behaves linearly with excitation sources.
• The mechanical damping matrix Dm is computed with a hysteretic damping model. The corresponding

damping coefficient ξ is set at 0.3%.

From those assumptions, it was shown in [23, 35] that the undamped open- and short-circuit dynamics and
the static piezoelectric capacitance distribution can be simulated using a finite element model represented by

[(

Km + KcKeKc
T KcKe

(KcKe)
T Ke

)

− �2

(

Mm 0
0 0

)](

U
Q

)

=

(

F
V

)

. (28)

The modal properties of the structure with short-circuited patches are estimated using Equation (28) with V = 0.
Meanwhile, the modal properties of the electrical network are directly calculated from the proposed model in
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Figure 13. Meshing of the semicircular arch periodically covered by n = 20 piezoelectric patches, and • location of both the

excitation and the velocity measurements for the frequency response functions plotted in Figures 19 and 20.

Equation (25), in which the piezoelectric capacitance replaces the capacitance Cθ of the corresponding unit cell.
Note that the electrical unit cells are assembled to form an electrical network with as many cells as there are
piezoelectric transducers bonded on the host structure. If both spatial and frequency coherence conditions are
met, we consider that the modal coupling condition is met once the structure and its analog network are con-
nected. Note that this is a change of vocabulary from [20–22], where the modal coupling condition expression
was used to designate what we now call the frequency coherence condition. Once the modal coupling condition
is met, broadband vibration damping is expected if additional resistances are set in the network to adequately
add electrical damping. Using the notation of [23], we recall the finite element formulation of a structure being
coupled to a lumped electrical network:

[(

Km + KcKeKc
T KcKeP

(KcKeP)T KN

)

+ j�

(

Dm 0
0 DN

)

− �2

(

Mm 0
0 MN

)](

U
QN

)

=

(

F
VN

)

. (29)

4.2. Mechanical parameters evaluation

The semicircular arch represented in Figure 13 is periodically covered with piezoelectric patches of same width
b and thickness hp = hs/6 over 5/6 of the external surface of the arch. This means that the length lp of the
piezoelectric patches neutral axis is

lp =
5

6

π
(

R + hs

2
+

hp

2

)

n
. (30)

The radius of the arch is R = 200 mm. Since it is discretized by n elements, a = πR
n

. From the dimensions of
the structure, as well as the mass densities of the involved materials, the discrete mass m is

m = ρabhs + ρplpbhp. (31)

For the stiffness, the discrete mechanical model represented in Figure 14 is considered. A portion of the arch
covered by a piezoelectric patch is sketched in the flattened local frame, with s standing for the arc length
direction and w denoting the orthogonal direction to s and y. Each portion of the element is modeled by a
discrete spring. This means that we suggest computing the values of the longitudinal stiffness Kv and the bending
stiffness Kθ with the following equations:

1

Kv

=
1

Kv1

+
1

Kv2 + Kv3

+
1

Kv4

and
1

Kθ

=
1

Kθ1

+
1

Kθ2 + Kθ3

+
1

Kθ4

, (32)
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Figure 14. Curved beam element of constant thickness hs covered by a curved piezoelectric patch of constant thickness hp. The

stiffness of each portion of the beam and the piezoelectric patch can be modeled as a spring, such as drawn on the right hand-side.

The represented thicknesses are not to scale.

where the involved discrete stiffnesses, which are indicated in Figure 14, could even be expressed for non-
constant thickness structures through

1

Kv1

=
1

Y

∫ (a−lp)/2

0

1

bhs

ds,
1

Kv3

=
1

1/sE
11

∫ (a+lp)/2

(a−lp)/2

1

bhp

ds,

1

Kv2

=
1

Y

∫ (a+lp)/2

(a−lp)/2

1

bhs

ds,
1

Kv4

=
1

Y

∫ a

(a+lp)/2

1

bhs

ds,

1

Kθ1

=
1

Y

∫ (a−lp)/2

0

1

I(s)
ds,

1

Kθ3

=
1

1/sE
11

∫ (a+lp)/2

(a−lp)/2

1

Ip(s)
ds,

1

Kθ2

=
1

Y

∫ (a+lp)/2

(a−lp)/2

1

I(s)
ds,

1

Kθ4

=
1

Y

∫ a

(a+lp)/2

1

I(s)
ds, (33)

where Y and 1/sE
11 are the Young’s modulus of the structure and the short-circuited piezoelectric patches, respec-

tively, I and Ip denote the second moments of area of the structure and the piezoelectric patches. In this case, the
piezoelectric transducer covering 5/6 ≈ 83.3% justifies approximating I and Ip with respect to the mid-surface
of the entire structure:

I(s) =

∫ b

0

∫ (hs−hp)/2

−(hs+hp)/2

w2 dy dw, and Ip(s) =

∫ b

0

∫ (hs+hp)/2

(hs−hp)/2

w2 dy dw. (34)

4.3. Analogous network

The assembled electrical analog is slightly non-periodic because of the effect of the mechanical boundary con-
ditions on the piezoelectric capacitance. The finite element formulation of Equation (28) can be used to predict
the distribution of this static piezoelectric capacitances Cst. The distribution, which is plotted in Figure 15(a)
for n = 10, is barely non-periodic because of the mechanical boundary conditions that constrain the structural
strain at both ends. In addition, the observed distribution symmetry is consistent with the structure symmetry.

The transformer ratio is arbitrary set at â = 4. The remaining electrical parameters can then be derived by
applying the frequency coherence conditions from Equation (21):

R̂ =
â

a
R, L =

(a

â

)2 m

KθCst

, Cv =
m

KvL
. (35)
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(c)

(a)

(b)

Figure 15. Distributions of discrete variables over the unit cells for the clamped semicircular arch in the case of n = 10: (a) static

piezoelectric capacitance Cst (in nF), (b) resulting inductance L (in mH), and (c) resulting capacitance Cv (in pF).

(c)(a) (b)

(f)(d) (e)

Figure 16. Shapes of the first six modes and corresponding natural frequencies of the clamped semicircular arch covered with

n = 20 piezoelectric patches: (a) first mode shape at 125.9 Hz; (b) second mode shape at 214.9 Hz; (c) third mode shape at 276.5 Hz;

(d) fourth mode shape at 513.1 Hz; (e) fifth mode shape at 635.0 Hz; (f) sixth mode shape at 785.6 Hz.

As the static piezoelectric capacitance is the only quantity whose distribution over the arch elements is non-
uniform, these equations show that the inductance L distribution is reversed when compared the Cst distribu-
tion, whereas the capacitance Cv relative distribution is similar to the Cst distribution. Such distributions are
represented for n = 10 in Figures 15(b) and 15(c).

The semicircular arch covered with piezoelectric transducers and the assembled electrical network should
exhibit the same modal properties, so that the modal coupling condition is met when they are coupled. Their
mode shapes and natural frequencies are simulated using the formulations in Equations (28) and (25), respec-
tively. Looking at the mode shapes of the arch covered with n = 20 piezoelectric patches, Figure 16 shows
that the second and fifth modes of the arch are out-of-plane bending modes, which cannot be reproduced in the
electrical network as already shown with the previous purely mechanical arch. Therefore, if they are excited,
these modes will appear in the frequency response functions of the structure but they will not be affected by
piezoelectric coupling.
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Figure 17. Comparison of mechanical and electrical natural frequencies for (�) n = 10 and (H) n = 20.

Figure 18. Unit cell of the dissipative arch electrical analog.

Finally, the natural frequencies of the assembled network are compared to the natural frequencies of the arch
in Figure 17. The discussion is quite similar to the previous numerical example without piezoelectric patches:
the analogy between the structure and its analog network is ensured over a given frequency range, which extends
when increasing the number of elements n discretizing the network. In the present case, one can consider that
the analogy is sufficient up to 1 kHz for the first four modes when n = 10, and up to 3 kHz for the first nine
modes when n = 20.

4.4. Broadband damping

Vibration mitigation of the clamped arch covered by piezoelectric patches is achieved by coupling the structure
to its analog network. As sketched in Figure 18, dissipative components are included as series resistances for the
inductors and transformers of each unit cell. The subscript T stands for the resistance related to transformers,
whereas the subscript L stands for the series resistance of inductors. Meanwhile, the superscripts v, w, and θ
indicate in which transmission line the components they are associated with are located.

The resistance values are set to Rw
L = 15 � and Rv

L = 5 � for n = 10 elements, and Rw
L = 3 � and Rv

L = 1 �
for n = 20 elements, which is a realistic estimate considering practical manufacturing considerations [23]. For
the transformers, we suggest setting all series resistance Rv

T , Rw
T , and Rθ

T at 10 � for n = 10. It is also a realistic
order of magnitude when compared to the transformers produced in [23]. Then, for n = 20 the value of the
inductance L has been divided by around eight, which means that it is reasonable to expect Rv

T , Rw
T , and Rθ

T to be
divided by eight as well if they are produced in a similar fashion.
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Figure 19. Comparison of simulated velocity frequency response functions for n = 10: with short-circuited piezoelectric

patches, and when the arch is connected to an ideal network, and to a dissipative network.

Figure 20. Comparison of simulated velocity frequency response functions for n = 20: with short-circuited piezoelectric

patches, and when the arch is connected to an ideal network and to a dissipative network.

Both the excitation and the measurement are made on the location which is highlighted in Figure 13. This
point has been selected in order to excite all modes of the frequency range. In Figures 19 and 20 are plotted the
driving-point mobilities obtained from the model of Equation (29). Multimodal damping is achieved over a fre-
quency range that increases when the discretization scheme is refined. The out-of-plane bending modes, which
are the second, fifth, and eight modes, are however not affected by the network. This was predictable, based on
the fact that these mechanical modes are not represented by electrical modes. Also note that a similar multi-
modal damping would be achieved by connecting the arch to the analogous network obtained from Model B.
Finally, this numerical example is the first demonstration of broadband vibration mitigation of a curved structure
coupled to its electrical analog through piezoelectric elements. The proposed electrical components have real-
istic values, which means that they represent a fully passive broadband damping solution for the semicircular
arch.= 10:circuited piezoelectric patches, and when the arch is connectedto an ideal network, and = 10:circuited piezoelectric patches, and when the arch is connectedto an ideal network, and

5. Conclusions

In this work a method, similar to those presented in [2, 15, 21], has been adapted to derive an electrical analog
of initially curved beams. The method is based on the application of the direct electromechanical analogy to
their Hencky-type discretization as given by Figure 5 [31]. The developed discrete-analog-electrical circuit can
replace suitably the continuum model curved beam if two conditions are verified. The first condition is the
spatial coherence, which consists of the request that modal shapes reconstructed by using the analog circuit
approximate correctly the curved beam mode shapes. The circuit should thus be composed of enough unit cells
so that the smaller wavelength of the frequency range of interest is sufficiently discretized. This condition is
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numerically verified by comparing the velocity mode shapes of the curved beam with the electrical current mode 
shapes of the analog circuit. The second condition is the frequency coherence, which requires that the wave 
propagation properties calculated for curved beams and their analogs are sufficiently close. Once analogous 
boundary conditions are obtained for the electrical circuit, it has to be verified that each eigenmode of the curved 
beam, which belongs to the set of modes to be damped, and its analog electrical eigenmode are sufficiently close.

More specifically, this work has investigated the damping of linear vibrations of curved beams by using 
the method of multimodal piezoelectric coupling [24]. Here, the first application of this method to a curved 
beam, and in particular to a semicircular arch, has been presented. The electrical components of the analog 
circuit are designed in order to ensure the frequency coherence condition. Connecting the curved beam to its 
analog circuit with dissipative components allows multimodal damping of a fixed set constituted by chosen 
targeted modes. In order to consider possible prototypal applications, all simulations are conducted with non-
optimized but experimentally feasible components. This means that, also in the considered case, the method of 
multimodal piezoelectric coupling can produce multimodal damping by using fully passive electric components. 
It is believed that such a result represents a further step towards the design of more complex piezo-electro-
mechanical structures, eventually aiming to the conception of multi-physics metamaterials [36–40]. To this 
aim, future works may consider assembling different simple piezo-electro-mechanical microsubstructures in 
order to synthesize [41–45] novel metamaterials showing an optimized dynamic behavior.
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Appendix: Elementary matrices for the curved beam electrical analog

The derivation of the curved beam electrical analog elementary matrices is explained in Section 3.1. The matrix
B is invertible as long as C0 6= 0, in which case the dynamic matrix De can be computed. Equation (11) is then
applied. We recall the non-dimensionalized parameters which appear in the following expressions:

δ =
â

R̂
, β = LCv�

2, γ = â2LCθ�
2, ε =

C0

Cθ

. (A.1)

As a consequence, the elementary matrices corresponding to the unit cell of the curved beam electrical analog
in Figure 4 are
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1

â2C0

1

εγ δ2 + 16β (ε + 1)
K0, (A.2)

where K0 is a 6 × 6 symmetric matrix, whose terms above the diagonal are

K0
(1) =

(

16 ε γ + 16 β δ2 + 16 ε2 γ − 8 δ2 ε2 γ + δ4 ε2 γ + 16 β δ2 ε − 8 δ2 ε γ + 2 δ4 ε γ
∗

)
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K0
(2) =





2 δ
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K0
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