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Core size of a random partition for the Plancherel measure

Salim RosTAaM*

Abstract

We prove that the size of the e-core of a partition chosen under the Poissonised Plancherel
measure converges in distribution to, as the Poisson parameter goes to +oco and after a
suitable renormalisation, a sum of e — 1 mutually independent Gamma distributions with
explicit parameters. Such a result already exists for the uniform measure on the set of
partitions of n as n — 400, the parameters of the Gamma distributions being all equal. We
rely on the fact that the descent set of a partition is a determinantal point process under the
Poissonised Plancherel measure and on a central limit theorem for such processes.

1 Introduction

The conjugacy classes of the symmetric group &,, on n letters are parametrised by the set
P, of partitions of the integer n. These are the sequences A = (A1 > Ay > ...) of positive
integers with sum || := n. In particular, the irreducible complex representations S* of &,,
can be parametrised by A € P,. It turns out that one can do this parametrisation such that
the dimension of S* as a C-vector space is the number #Std()\) of standard Young tableauz
of shape A, so that one has the formula

nl= Y #Std(\)? (1.1)

AEPy,

(see, for instance, [Sa]). Quotienting by n!, the above equality exhibits a particular probability
measure Pl, on P,,, known as the Plancherel measure. The equality (1.1) can also be seen as
a consequence of the Robinson—Schensted correspondence between permutations in &,, and
pairs of standard Young tableaux of the same shape with n boxes, for which the Plancherel
measure Pl,, is then the image of the uniform measure of &,,. This correspondence has many
other additional properties, namely: if A = (A > ...) € P, corresponds to o € &,,, then the
first part A; is exactly the length of a longest increasing subsequence in o (see, for instance,
[ , Sa] for more details).

A natural question is the following: what does the probability measure Pl,, on P,, look like?
The question for an arbitrary n is quite complicated; however there is a very nice description
as n — +o0o. Namely, Logan—Shepp | ] and independently Kerov—Vershik [ ] proved
that there exists a universal limit shape €2 for the partitions chosen under P1l,,. More precisely,
the rim of a partition A € P,, converges uniformly in probability under P1l,, to the limit shape
Q as n — +o0o. We represent in Figure 1 such a large partition, drawn with the Russian
convention for the Young diagram, together with the limit shape'. Note that there exist
limit shapes for other probability measures on P, namely, the uniform measure ([Ve], with
many other examples inside), the Gelfand measure | , , ] and the family of
Schur-Weyl measures [Bi, ], the latter being a generalisation of the Plancherel measure.
These limit shape results, which are analogues of the law of large numbers, have analogues
of the central limit theorem. The first result of this kind was given by Kerov [KK¢] for the
Plancherel measure: the difference between the partition and the limit shape converges in
distribution to a generalised Gaussian process (see, for instance, | , , , ]
for further results on this direction).

*Univ Rennes, CNRS, IRMAR - UMR 6625, F-35000 Rennes, France
'Figures 1, 7 and 8 were obtained using SAGEMATH [SM].
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Figure 1: Universal limit shape for the partitions under the Plancherel measure (here with
n = 700).

We now focus on the Plancherel measure P,,. The derivative of the limit shape €2
represents the proportion of “up” and “down” steps made by the Young diagram at a given
position. The “down” steps correspond to the elements of the descent set

DA ={\s—a:a>1} CZ.

Now if we look at several positions at the same time, for a given (finite) set X C Z we are
interested in Pl, (X - D()\)). These quantities as functions of X are known as correlation
functions. It turns out that these correlation functions are well-understood for the Poissonised
Plancherel measures on P = II,,>oP,. Given ¢t > 0, the Poissonised Plancherel measure pl,
is the Plancherel measure Pl,, where n is a Poisson random variable of parameter ¢. In other
words, setting Pl,,(A) = 0 if |\| # n, for any A € P we have

+oo ,p

PLY) = exp(—1) 3~ PL().

n=0 "

(We denote by exp the exponential function, to avoid any ambiguity with an integer e > 2
that we will intensively use in the sequel.) Borodin, Okounkov and Olshanski [BOO)] proved
that for any fixed s > 1 and z1,...,zs € Z pairwise distinct, we have

pl (ml, S D()\)) = det [Jt(xa, acb)] 1 <a,b<s’ (1.2)

where J! is the discrete Bessel kernel, built with Bessel functions of the first kind. This
means that the discrete point process D()) is determinantal, with kernel J¢. Under some
conditions on x1,...,zs, they were able to de-Poissonise the result, proving that the limit of
Pl (z1,...,2zs € D(X)) as n — +oo satisfies an equality like (1.2), where the discrete Bessel
kernel J? is replaced by the discrete sine kernel.

Determinantal point processes are well-studied and appear for instance in the theory
of random matrices and in mathematical physics (see, for instance, [So00-a, §2]). Given a
determinantal point process, for each ¢t > 0 let I; C R be an interval and #; the number of
points of the determinantal point process inside I;. Then under some conditions we have the
following central limit theorem:

#e—E#y 4
v Var#; t—=+4oo

N(0,1),



Figure 2: The hook h(, ) and the rim hook 7, for (a,b) = (1,2) and A = (5,5,5,4,2).

where N(0,1) is the standard Gaussian distribution. This convergence in distribution was
first established by Costin—Lebowitz [Col.e] for the sine kernel, and was then generalised
for more general kernels by Widom and Soshnikov [So00-b, So00-a]. In the context of the
determinantal point process D(A), this central limit theorem was namely used by Bogachev
and Su [BoSu-a, BoSu-b] to prove a pointwise analogue of Kerov’s central limit theorem [IK¢].

Let A= () > --- > Ay > 0) be a partition. We will now recall a particularly nice link
between the descent set D(A) and the “(rim) hook removal operation” in the Young diagram
of A (we refer, for instance, to [Jalle, §2.7] for more details). We identify the Young diagram
V() with the corresponding part of Z2,, more precisely:

YA)={(a,b)€Z% :1<a<Nand 1 <b< A}

Given a node (a,b) € Y(A) of the Young diagram, let us define two subsets of Y(\):
o the hook h(q ) is given by:

hap) = {(a’,b') € Y(N) : (¢’ =aand b’ > b) or (a’ > a and b’ =b)},

o the rim hook (4 is the subset of the rim of Y(A) given by the nodes that are between
the southmost and eastmost nodes of h(q4 ), that is:

Tap) = {(a V) €EYA):d >a, b >band (a' +1,0' +1) ¢ Y(\)}.

An example of a hook and its associated rim hook is given in Figure 2. Note that we always
have #h(qp) = #7(ap)- Removing the hook h,p) from Y(A) and then patching the two
(possibly one) disconnect parts together gives another Young diagram, of a partition u. Note
that J(u) is also obtained from Y()) by removing the rim hook 7, ). By definition of the
hook removal operation, the following property holds:

if h == #7(4p) then there exists 3 € D(\) with 3 —h ¢ D())
such that D(p) = (D(A) \ {8}) U {8 — h}.
A rim hook with #7(4) = h is called a h-rim hook.

Now fix e € Z>5. We are ready to define the notion of e-core of a partition (again, we
refer to [Jallc, §2.7] for more details). Starting from (the Young diagram of) A we can
repeatedly remove e-rim hooks until there are no more e-rim hooks. By the above property,
the following two quantities are uniquely determined:

o the number w.(\) of e-rim hooks that we have removed,
« the final partition \.

The integer w,()\) is the e-weight of A and X is the e-core of \. We show in Figure 3 an
example of an 8-core calculation. Saying that two partitions A, u € P,, have the same e-core
is equivalent to saying that the Young diagrams of A and p have the same number ¢;(\) of
i-nodes for all i € Z/eZ. Tt is also equivalent to A and p belonging to the same block of a
certain Iwahori-Hecke algebra (see, for instance, [Ma, Chapter 5]).



Figure 3: The 8-core of A = (5,5,5,4,2) is A = (3,2).

If a limit shape exists for a given probability measure on P, for n — +oo, it is thus
natural to ask what is the behaviour of A as n — +o0o0. When P, is endowed with the uniform
measure, Lulov—Pittel [Lul’i] and later Ayyer—Sinha [AySi] proved that %|)\| converges in

distribution to the Gamma distribution I'(45%, v/6) with shape 5! and scale /6. In this
paper, we study the behaviour of |\| as ¢ — +0o when ) is chosen under the Poissonised
Plancherel measure pl,. Note that the study of |\| is a first step toward a better understanding
of A, namely, the behaviour of its parts (see Remark 5.7 for the size of the first part) or the

behaviour of its rim (as in [LuPi]). As in [LuPi, AySi] we rely on the following identity:

e—1
vl e 2 .
Al = By Z z;i(A) +Zl$i(>\),
i€L/eL i=0

where z;(\) = ¢;(A) —¢;+1(A). Now the works of [LuPi, AySi] both rely on the asymptotics of
Hardy-Ramanujan for the partition function #7P,. For our means, as in [BoSu-a, BoSu-b] we
heavily rely on the fact (1.2) that D(A) is determinantal [BOO] and we then exploit the first
order asymptotics of Bessel functions. Our first result is the following (see Proposition 4.13
and Theorem 4.53), where E;, Var, and Cov; respectively denote the expectation, variance
and covariance with respect to pl,.

Theorem A. Under the Poissonised Plancherel measure pl,, ast — 400 we have:
Eiz;(A) = O(1),
2Vt i o _
Cove (V)25 () ~ =55 [eot(j =i+ )2 —cot(j =i = })Z]

or alli,j € Z/eZ. In particular, we have Varyx;(A) ~ 4—‘/2’; cot =
J e 2e

We can already deduce the following asymptotics (Proposition 5.1):

2/t s
cot —,
2e
as t = +o00. To compare with [LuPi, AySi], when A in chosen under the uniform measure
on P, then E[A| ~ $-1/6n as n — +oo. We then show that we can apply the central limit

theorem [So00-b] with the variables x;(\) for ¢ € Z/eZ (Theorem 5.5).

E¢[A] ~

Theorem B. The random wvector

Naee
2\ ¢/ ieZ/eZ’

converges in distribution as t — 400 to the centred normal distribution with covariance

matric (cot(j -1+ %)g —cot(j —i— %)g)i,jeZ/eZ'

In particular, as ¢ — 400 the variables ¢~/4z;(\) and t~'/4x;()\) for i # j are not
independent. We show in fact that the variables Zf;é Cit=Y%2;(N) for ¢ # 1 a complex e-th
root of unity are (Gaussian and) mutually independent as t — +oco . We then deduce our
main result, Theorem 5.10.



Theorem C. Under the Poissonised Plancherel measure pl,, as t — +oc the rescaled size
4L\/Z|)“ of the e-core of A converges in distribution to a sum of mutually independent Gamma

distributions I‘(%,sin ’”) forke{l,...,e—1}.

e
The difference between our main theorem and the result of | , | is twofold:

o our convergence is for the Poissonised Plancherel measure pl, on P as t — 400, and
the not for the uniform measure on P,, as n — 400,

e the Gamma distribution F(egl , \/6) = ;;i F(%, \/6) is for us split into e — 1 sum-
mands with different scale parameters.
Note that the order v/# of |A| corresponds to the order \/n of | , ], at it was already
the case for the expectation. As in | , Jo] it should also be possible to state Theorem C
for the Plancherel measure Pl,, for n — +o00. This process, the so-called de-Poissonisation,
will not be considered here. Note that, as it is mentioned in | , ], the convergence
in the central limit theorem holds in fact in moments, so that we deduce
- det
Varg Al ~ —,
T

as t — 4oo (Corollary 5.13).

Let us conclude with two variations on our problem. First, as we already mentioned, the
Plancherel measure on partitions is connected with other probabilistic objects such as longest
subsequences or random matrices. To the author’s knowledge, it is not known whether
the e-core of partitions under the Plancherel measure behaves well with these connections.
Second, besides the asymptotic behaviour of the e-core under the (Poissonised) Plancherel
measure, one can also study the e-quotient (see, for instance, | , §2.7]). The e-quotient of
a partition is an e-tuple of partitions, whose construction is complementary to the e-core of
the partition; namely, the data of the e-core and the e-quotient allows to recover the (unique)
underlying partition. The same questions as for the e-core can be studied (e.g. size and size
of the parts) but it should also be interesting to study the behaviour of the descent sets,
namely, whether they are determinantal.

We now give the outline of the paper. In Section 2 we recall the result from Borodin-
Okounkov-Olshanski saying that D(\) is a determinantal point process under pl,. Section 3
is devoted to the combinatorics of e-cores. In Definition 3.6 we define the variables z;(\) =
¢i(\) = cir1(A), which we relate in (3.12) to |A| by a quadratic polynomial and in Lemma 3.13
to D(A) in a view to applying the central limit theorem of Costin-Lebowitz and Soshnikov for
determinantal point process. Section 4 is devoted to expectation and covariance calculations.
In §4.1 we show how we will apply the central limit theorem to z;(A). In §4.2 we prove
that the expectation E;z;(A\) of z;(A) under the Poissonised Plancherel measure pl, is
bounded (Proposition 4.13). Subsection §4.4 is the technical heart of the paper. We compute
the first order asymptotics of the covariance Covy(z;(A), z;(A)) under pl, for i # j € Z/eZ
(Theorem 4.53). We deduce in §4.5 the first order asymptotics of the variance Var,x;(A) under
pl; (Corollary 4.55). In Section 5 we apply the preceding results to study the asymptotics
of [A| when X is chosen under the Poissonised Plancherel measure pl, as t — +o0o. We first
obtain in Proposition 5.1 the asymptotics of the expectation E¢|\|. Using the central limit
theorem of Costin—Lebowitz and Soshnikov, we obtain in Theorem 5.5 that the random
vector (xl()\))l e2/ez, CONVETgES in distribution to a certain centred normal vector. Then using

a contour integration to compute the eigenvalues of the covariance matrix, we deduce our
main result, Theorem 5.10, which says that [A|/v/t converges in distribution under pl, as
t — 400 to a sum of squares of mutually independent centred Gaussian variables, that is, a
sum of mutually independent Gamma variables of shape % Since the convergence in the
central limit theorem holds in moments, we deduce in Corollary 5.13 the asymptotics of the
variance Var;|\|. Finally, in Section 6 we apply the preceding results to compute the first
order asymptotics of ¢;(A) under the Poissonised Plancherel measure pl, (Proposition 6.1).
It turns out that we can recover this result in the (non-Poissonised) Plancherel setting

(Proposition 6.4) using the law of large numbers of Logan—Shepp and Kerov—Vershik.
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2 Setting
Let n € Zzo.

2.1 Partitions

Partitions A partition of n is a non-increasing sequence A = (A; > --- > Ap(n) > 0) of

positive integers with sum || := ZZ(:)‘l) Aa = 1, where h(A\) > 0. We denote by P, the set of
partitions of n and P := U,>oP,. The conjugate of A\, denoted by X, is the partition given
by M, =#{b>1: X >a} forallae {1,...; )\ }.

Young diagrams The Young diagram of A € P, is the subset Y(X) of Zél given by

YA)={(a,b)€Z% :1<a<h(A)and 1 <b< Ag}.

Ezample 2.1. The Young diagram associated with the partition (4, 3,2,2) is ! |

The Young diagram of )\’ is obtained by flipping Y(\) with respect to the diagonal, in
other words, we have (a,b) € Y(N) < (b,a) € Y(N).

A standard tableau of shape X is a bijection t : Y(A\) — {1,...,n} such that t increases along
the rows and down the columns, in other words for (a,b) € Y(\) we have t(a,b) < t(a + 1,b)
if (a+1,b) € Y(N\) and t(a,b) < t(a,b+ 1) if (a,b+ 1) € Y(A). We denote by Std()) the
set of standard Young tableaux of shape A. Note that Std(\) and Std()\’) are naturally in
bijection.

Russian convention Rotating the Young diagram of A’ by an angle of ?jf and applying

a linear homothety of ratio v/2 gives the Russian convention for the Young diagram of \.
Note that the node (a,b) € Y(X) corresponds to the (square) box with opposite vertices
(a—1,b—1) and (a,b). We denote by wy : R — R the upper rim of the resulting diagram,
extending wy by wy(x) := |z| outside the diagram. Then w) is a continuous piecewise linear
function such that:

o for each k € Z we have
Wi l(k k1) = £1, (2.2)
e we have wy(z) = |z| for |x| > 0 (more precisely, for < —A\] or x > A1),

« we have [;[wx(z) — |z|]dz = 2n, in particular each box in the Young diagram of A in
the Russian convention has area 2 and semi-diagonal length 1.

An illustration of the construction of wy is given in Figure 4. Note that for any x € R we
have

wy () = wr(—2x). (2.3)

Descent set Yet another way to look at a partition X is to consider its descent set, or
B-set (in the terminology of | ] and [O]], respectively), defined as

D(/\):{)\a—a:azl}gZ,



Y

Figure 5: Descent set D(\) = {3,1,—1,—-2,—5,—6,—7,...} for A = (4,3,2,2)
with A == 0if @ > h(X). The set D(\)NZx is finite, while D(A) 2 Z._j,(»). The terminology
descent set is justified by the following:

k€ D(A) <= wx(k) >wr(k+1), (2.4)
for any k € Z. If particular, using (2.3) we recover the following classical relation:
D(N)=-D(\)° —1. (2.5)

An example of descent set is given in Figure 5.

2.2 Plancherel measure

Plancherel measure Recall from the introduction the following identity:

nl= Y #Std())>. (2.6)

AEP,



Definition 2.7. The Plancherel measure on the set P,, of the partitions of n is given by

_ #8td(\)?

Pl,(A) : -

)

for all A € P,,.
Recalling that A’ denotes the conjugate partition of A, we have #Std(\) = #Std(\') thus
PlL,(\) = P1,(\). (2.8)

Definition 2.9. Let ¢t > 0. The Poissonised Plancherel measure pl, on the set P of all
partitions is given for A € P by

900)"

pL(Y) = exp(-e (£

In other words, setting P1,,(A\) := 0 if |A| # n, we have
pl, = exp(—t) Z EPI"‘
n>0

We use the notation exp for the exponential function since the notation e will be used
for an integer later (see §3). It follows from (2.8) that if A is any set of partitions and
A ={N: X € A} then

pl(A) = pl,(A). (2.10)

Correlation function
Definition 2.11. The correlation function p' is defined for any finite subset X C Z by
PH(X) = plt{A eP:XC D()\)}.

In the sequel, when we write X = {x1,...,25} C Z then it will always be understood
that z, # xp, if a # b. In particular, we write

Py, ... xs) = p'(X).
Note that (2.10) gives that we also have
PH(X)=pL,{AeP: X CDWN)}. (2.12)
Lemma 2.13. For any k € Z we have
1= pt(k) = pH(—k — 1).
Proof. By (2.5) we have

1= p(k) =1 - pl, (k € D)
= pl, (k € D(V)°)
=pl, (—k—1€-D\)°—1)
— pl, (—k —1 € D(X)),

and we conclude by (2.12). O



Discrete Bessel kernel For any = € R, we denote by J, the Bessel function of order x
(see | , §10]) and we define J* := J,(2v/%). We will also write J&2 == (J¢)°.

Definition 2.14 (] , Jo]). The discrete Bessel kernel is defined for any x,y € R by

t 7t t t
Ty = T Ty

J((E,y)I:f T—y

Note that the diagonal values J(z,x) are well-defined since J? is an entire function of .
For instance, we have

Faa) = VE[LLIL, — JELL ]

where Lt = 2 Jt (see [Jo, (3.27)]). The next result shows that, under pl,, the point process
D()) is determinantal.

Theorem 2.15 (| , Theorem 2]). For any {z1,...,zs} C Z we have
p'(z1,...,2s) = det [Jt(ma,xb)} 1<a,b<s"

Remark 2.16. Under Pl,,, the process D()\) is a priori not determinantal; however [ ]
proved namely that, under some assumptions,

Pln{)\ € Pn:z1(n),...,x5(n) € D()\)} N2 det [S(dab, y)] I <ab<s’

where S is the discrete sine kernel, where y and (dgp)qp are determined by (xa(n))a o

We now recall some properties of the kernel J¢.

Lemma 2.17. The kernel Jt is symmetric: for all x,y € Z we have J*(z,y) = J (y,z).

Lemma 2.18 (| , Proposition 2.9, [Jo, (3.31)]). For all x,y € Z we have
Jt(xv y) = Z J;-i-s‘]_;—i-s‘
s>1

In particular,

Ji(x,2) = Z Ji’is.

s>1

3 Cores
Let e € Z>o. We will identify Z/eZ and {0,...,e — 1} in the natural way. Let A € P, be a

partition of n.

Definition 3.1. For any i € Z/eZ, we define ¢;(A\) € Z>o to be the number of nodes
(a,b) € Y(A) of the Young diagram of A such that b —a =i (mod e).

Such a node (a,b) € Y(A\) with b —a =i (mod e) is an i-node of Y(\). Note that
S ) = AL (3.2)
€L/ el
The next result is immediate from the definition of wy.

Lemma 3.3. For any i € Z/eZ we have
1 . .
ci(A) = Z wi(m) — |m| = 5Zw,\(z—i-k:e)—\z—i—ke|.

meZ kezZ
m=1¢ mod e

1
2

Proof. First note that the sum is finite. Recall that, in the Russian convention, each box
has diagonal 2. Then for any m € Z, the number 1 [wx(m) — |m|] is (an integer and is) the
number of nodes (a,b) € Y(A) such that b —a =m. O



If A\, p € P are such that ¢;(\) = ¢;(p) for all ¢ € Z/eZ then we do not necessarily have
A = pu (unless if we are in the, excluded, case e = 0). However, as we mentioned in the
introduction we know that A and p share the same e-core (see Remark 3.11 for a slight
generalisation). As a quick reminder, the e-core of A, denoted by ), is constructed from Y(\)
by successively removing as many e-rim hooks as possible, where e-rim hooks are certain
subsets of e consecutive nodes of the rim of the Young diagram. The e-weight w.(\) of A is
the number of e-rim hooks that we remove to reach the e-core X, in particular, we have the
relation:

IA| = |A| + ewe(N). (3.4)

More precisely, since any e-rim hook has exactly one i-node for any i € Z/eZ (this follows
from the hook removal operation; see also, for instance, [Ros, Remark 2.3]) we deduce that
ci(A) = ci(A) + we(N), (3:5)

recovering (3.4) by (3.2).
Definition 3.6. For any i € Z/eZ we define z;(A\) == ¢;(A\) — ¢;o1(N\) € Z.
Note that

> iy =0. (3.7)

i€ZL/el
Remark 3.8. The quantities xg()),...,7._1()\) can be read on the e-abacus of ), see, for
instance, [Ros, Lemma 2.11].
The analogue of (3.2) is the following (non-trivial) equality, where ||-|| denotes the
Euclidean norm: !
() = 3llz(V]* (3.9)
Indeed, by [Fa, Proposition 2.1] (see also [Ros, Proposition 2.14] or also | , Bijection 2])

we have co(X) = 1||z(N)||2, but z(X) = (X) by (3.5). Hence, for any i € {1,...,e — 1} we
have 1
() = Ll — 2o (A) — - — i1 (). (3.10)

Remark 3.11. Tt follows that if \,u € P satisfy z;(\) = x;(u) for all i € Z/eZ then
¢i(A) = ¢;(m) for all i € Z/eZ thus A = 7.
Note the following consequence of (3.2), (3.7), (3.9) and (3.10):

N = g||x(/\)||2 + X_:m(A). (3.12)
=0

One of the aim of this paper is to study the asymptotic behaviour of || under the
Plancherel measure. By (3.12), for any ¢ € Z/eZ we have

2;(\) = O (\/ﬂ)

We will see how to refine this asymptotics when A is chosen under the (Poissonised) Plancherel
measure, by using Theorem 2.15 (see Theorem 5.10).
Lemma 3.13. For any i € {0,...,e — 1} we have
zi(\) = #(GZZO +4)N D()\) — #(6Z<0 +4)N D()\)C
=#(eZ>o +1) ND(A\) — #(eZ>1 —i — 1) ND(N)
= #(eZxo + 1) ND(N) — #(eZ>o +i*) N D(N),

withi* =e—1—-1€{0,...,e—1}.

10



Proof. Write 0y, = wx(ke 4+ i) —wx(ke + i + 1). Recalling (2.2) and (2.4), we have:

5 {1,1 if ke +i € D(N), (314)

, otherwise.
We have, using Lemma 3.3 and the fact that ¢ € {0,...,e — 1},
2x;(N) = 2(@()\) - Ci+1(>\))
- Z(M(ke +i) — ke + i\) - (w,\(k:e Fit 1)~ lketit 1|)

kEZ

= Op—|ke+il+|ke+i+ 1+ 0 — |ke+i| + |ke+i+1]
k<0 k>0

= O+ (ke+i) — (ke +i+1)+> 6 — (ke +14) + (ke +i+1)
k<0 k>0

=Y (0 —1)+ > (e +1).
k<0 k>0

By (3.14), we have

2, if , €D
PRNIERED L i ke—i—.ze (N,
0, otherwise,

thus 5>, 50(0k + 1) = #(eZ>o + i) N D(N). Similarly, we have

6k_1:{—2, if ke +1i € D(N)°,

otherwise,

thus § >, _o(0k — 1) = =#(eZ<o + i) N D(A)°. We deduce the first equality of the lemma.
By (2.5) we have #(eZ<o + 1) N D(N)° = #(eZ>1 — i — 1) N D(N') thus we deduce the last
two announced equalities. O

4 Covariance calculations

Our aim is to evaluate x;(\) as |A\| = oo under the Poissonised Plancherel measure.

4.1 Central limit theorem

With a view to Lemma 3.13, we will use the following central limit theorem.

Theorem 4.1 (Costin—Lebowitz [ ], Soshnikov [ ). Let (D:): be a sequence
of determinantal point processes on a locally compact Polish space. Assume that each
D, is associated with a Hermitian non-negative locally trace class operator in L?. Let

{It(o), cee It(efl)}t be a sequence of measurable sets, disjoints for any fived t. We denote by
E:, Var; and Cov; the expectation, variance and covariance with respect to the probability

distribution of the random process D;. Let #g” be the random variable given by the number
of points of D, inside It(l), If Vart#tl) — 400 ast — +oo for all i and if for alli,j

Covy ( 9, #Ej))
\/Vart#gi)Vart#gj)

for some b;; € R then the vector

t—+o0 b

179

gz‘) B Et#ii)
/ (%)
Vare#, 0<i<e
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converges in distribution to the k-dimensional centred normal vector with covariance matrix
(bij)o<ij<e-

Remark 4.2. Theorem 4.1 in | ] has only been explicitly stated for some particular
determinantal processes. However, the proof is valid in the general case (see | , Remark
2] and | , §4]). See also | ]

Remark 4.3. The discrete Bessel kernel J! satisfies the assumptions of Theorem 4.1, see | ,
Corollary 2.10]. In particular, we will be able to use Theorem 4.1 in our setting.

Let i € {0,...,e — 1}. Recall from Lemma 3.13 that x;(\) = #(eZ>o + i) N D(N) —
#(eZco+ i) ND(N)°. We define

2i(\) = #(eZso + 1) N D) — #(e[-12, —1] + i) N D(N)".

We have
Zi(A) —x;(N) = #(eZe_y2 + 1) N D(N)C, (4.4)

and
#:(\) = #(eZso + i) ND(N) — [#(e[[—t27 ~1] +1i) — #(e[£2,—1] +4) N D()\)]
= #(eZ>_42 +1) ND(N) — t2. (4.5)
Lemma 4.6. For any 0 <i < ¢ andr > 1 we have
Ei|2:(A) — ()| = o(t™),

as t — +oo. In particular, the variable Z;(A\) — z;(\) converges to 0 in distribution under pl,
as t — +o00.

Proof. Recall from (2.5) that D(A\)¢ = —D(\) — 1, so that

() — zi(N) = #(eZe_2 +1) ND(N)*

where i* =e—1—1i € {0,...,e — 1}. Hence, by (2.10) it suffices to prove the result for the
random variable #(eZx2 + 1) N D(A).
We first prove that

#(eZss2 +1i*) N D(N) < max(T —t2,0), (4.7)

where T := || is (by definition) a Poisson random variable with parameter ¢. If #(eZ>2 +
i*)ND(X) = n with n > 1 then D()) contains an element of the form ek+i* for k > t*4+n—1.
Hence, we have, recalling that :* > 0, n > 1 and e > 2,

M —1=maxD\) >e(t?+n—1)+i* >t>+n—1.
Thus, we obtain that
T>x2>t+n,

and thus T — 2 > n thus n < maX(T — 12, 0) as desired. This inequality is satisfied when
n = 0 as well, proving (4.7).
We deduce from (4.7) that, using Cauchy—Schwarz inequality,

Ei|#(eZss2 +i*) ND(A)|" < Ey [max(T —¢2,0)"]
<Ei[lrse(T —12)]
< VEdlrse VE(T — 12)2r
= V/P(T > 12)\/E((T — t2)2". (4.8)

12



The second term in the right-hand side is the square root of a polynomial P,.(t) in ¢ since
E,T* is a polynomial in ¢ for any k > 0 (we have E,T% = ZZ:O t*Sk.o where Sy o are the
Stirling numbers of the second kind, see for instance [Ri]). For the first one, we use the
following Chernoff-type bound, valid for = > ¢ (see | , Theorem 5.4]):

exp(—t) exp(z)t*

P(T >x) <
(T2 2) < e

=exp(z(l+1Int) —zlnz —t).

For t > 1 and x = t? we obtain
Pe(T > ¢*) <exp (t*(1+Int) — 2t°Int — t)
< exp (7t2 Int+t? — t) .

Hence, by (4.8) we deduce that
1 oo
B |[#(eZsp +i7) NDN)|" < /Pr(t) exp (2 (—2Int + 12 — 1) —|—t1nt> Lmany()

whence the result. O

We now want to apply Theorem 4.1 with Z;(A). We thus have to compute the asymptotics
of the covariances. We will make the calculations for x;(\) and then see that it gives the
desired result.

4.2 Expectation
Lemma 4.9. We have Y%, pt(m) < t.

m

Proof. Let m > 0. If m € D(A) for A € P then m = A, — a for some a > 1 thus
|A| > Ag = m +a > m. We deduce that

—+oo

+oo
> plm) < pl(m e D(N))
m=0

m=0

“+oo
< 3 Bl (A > m) =B,
m=0
since |A| € Z>o. We thus obtain the desired inequality since || is a Poisson variable with
parameter ¢ under pl,. O

Recall that J! = J,,(2V/1).
Proposition 4.10. Under pl, we have,

Eizi(N) = Zpt(ek; +1i) — Zpt(ek —i—1)= Z Jh? — zz: iJz;irs.
k>0 E>1 s>it1 s=—ik=1

Proof. By Lemma 3.13 and (2.12) we have, where 15 denotes the characteristic function of
any set F,

Eizi(A) =Y Eidpy(ek +i) = Y Edpon(ek —i—1)

k>0 E>1

= plek+ieDN)— Y plek—i—1€DWN))
k>0 k>1

= Zpt(ek +1i) — Zpt(ek —i—1).
k>0 k>1

13



Note that each sum above is finite by Lemma 4.9. By Theorem 2.15 we obtain

Eixi(A) =Y J(ek+iek+i)— Y J(ek—i—1ek—i—1).
k>0 k>1

Using Lemma 2.18 we deduce that, noticing that we have a telescopic sum,

Eizi(\) = Z Tilvivs = Z Z T i 1es

k>0s>1 E>1s>1
472{: 2 j{::i: t,2 2
- JiJrs + (Jek+i+s - Jek—i—l-i—s)
s>1 E>1s>1
7
. t,2 t,2
- E :JiJrs - E : § : Jek+s'
s>1 k>1s=—i

O

Let us now recall some facts about the Bessel functions that we will use throughout the
paper.
Lemma 4.11. For any n € Z and x € R we have:

Jo(z) €R, (4.12a)
J_p = (—1)"Jp, (4.12b)
| Jn(z)] <1, (4.12¢)
2 /2
Jn(z)? = 7/ Jan (22 cos 0)d0, (4.12d)
T Jo
2 71'/2
Jo(z)? = f/ Jo(2x sin 6) cos(2n0)do, (4.12¢)
T Jo
1
Z Im(7)2™ = exp [230 (z— 2_1)} ) z e Cr, (4.12f)
mEZ
QJ;L = Jdn—-1 — Jn+1- (412g)
Moreover, if n € Z>o then
|=["
< .
| Jn ()] < SIPIE (4.12h)
and finally
Jg+2) Ji=1, (4.12i)
s=1
—+o0
Jo+2) Jas=1. (4.12j)
s=1
Proof. In | ]: for (4.12a) see (10.2.2), for (4.12b) see (10.4.1), for (4.12c) see (10.14.1),

for (4.12d) see (10.9.26) and (4.12b), for (4.12¢) see (10.22.16) and (4.12b), for (4.12f) see
(10.10.1), for (4.12g) see (10.6.1), for (4.12h) see (10.14.4), for (4.12i) see (10.23.3), for (4.12j)
see (10.12.4). O

We will now prove the following result.
Proposition 4.13. The quantity E,x;(\) is bounded for t € R.

By (4.12c) and (4.12i), we already know that the first sum in the expression of E;z;(X)
in Proposition 4.10:
>
1+s?

s>1
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is bounded for ¢t € R. We will now prove that the second sum:

7
2 : § : t,2
Jek+~;7
k>1s=—1

is bounded, and this will conclude the proof of Proposition 4.13. To that extent, it suffices
to prove that for any s € Z the sum

E : k+s

kEZ

is bounded for x € R. By (4.12d), it suffices to prove that

JJ) - Z J2ek+2s(x)

keZ

is bounded for z € R. Note that (4.12h) ensures that we can permute the sum and the
integral signs. The next result generalises the standard equalities | , 10.12.3] expressing
cos(z cosf) (resp. sin(zcos#)) as a series involving Joi(2) and cos(2k6) (resp. Jop4+1(z) and
sin((2k 4 1)8)). To avoid confusion with our i € Z/eZ, we denote by i the complex unit.

Lemma 4.14. For any k € Z, x,t € R, and e € Z>1 we have, with §) = 2‘% : 7[%] <
t< 51}

Z JIm () exp(imt) Z expi[—kw + zsin (w + t)].
meeZ+k wEQ

Proof. Let pue C C* be the subgroup of e-th roots of unity. For any u € C* and { € e,
by (4.12f) we have

(u¢)~* exp ;x(ug‘ Z T () (u¢)™ ",

meZ

Using the identity

Zcm_k: {e, ife\m.—k;, (4.15)

0, otherwise,
CEpe

we obtain

S ) Fexp gr(u¢ — @) ) = Y ed()unt

CE e meeZ+k
and thus

S e = 1Y Fexp r(u¢ — () ).

meeZ+k CEpe
‘We deduce that

Z JIm () exp(imt) = % Z exp(—ikw) exp %.I [exp i(t +w) —exp(—i(t + w))}

meeZl-+k we,
1
=- Z exp(—ikw) exp[izsin(t + w)],
€ wWEe
which gives the announced formula. O

It follows immediately from Lemma 4.14 applied with ¢ = 0 that B, s(z) is bounded for
x € R and thus, by the preceding discussion, this concludes the proof of Proposition 4.13.
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4.3 Covariance
We give here an expression for Covy (x; (), z;())) for i # j.
Lemma 4.16. For any y # = we have
Covi (1p (2), 1p (1) = I8 (2, y)*.
Proof. Using Theorem 2.15, a direct computation gives
Covy (1pn(2), 1p()(y)) = Eidlpoy (z,y) — Elpon) (2)Eilpy (y)
=p'(z,y) = p'(2)p" (y)
= (p'(2)p'(y) — Iz, 9)?) — ' (2)'(y)

= _Jt(ma y)2
O
Proposition 4.17. Leti,j € {0,...,e — 1} with i # j. We have, under pl,,
Covi (z:(A),z;(\) == > > J(m,n)%.
meeZ+inceZl+j
Proof. Recall from Lemma 3.13 that
z(N) =Y. dpw(m)— > (1—1pp(m).
meeZ>o+i meEeZ<o+i
= > Ipmm+ Y. (Ipn(m)—1).
meeZso+i meeZ<o+i
We thus obtain the desired result by Lemma 4.16. O

4.4 Asymptotics of the covariance

Let i # j € Z/eZ. Our aim is to compute the asymptotics of Cov (z;(A),z;(A)). This will
require a considerable amount of calculations. For convenience we define
j(m, Tl)(l‘) = Jm(‘r)‘]n-‘rl(x) - Jm+1($)Jn(£L') ’ (418)

m-—-n

for x € R and m,n € Z (we will in fact only use the case m # n). Note that

1
J(m,n) = Ej(m, n)(2v/1). (4.19)
4.4.1 Differentiating
Lemma 4.20 (] , Proposition 2.7]). For any m,n € Z we have
dJ(m,n)

= JmJnJrl + Jm+1Jn-
dx

Proof. From Lemma 2.18 and (4.19) we have J(m,n) =23 < JmtsInts. By (4.12g) we
obtain that -

dJ(m,n)
T dz =2 ; (J;n+(e<]n+s + Jm+s=]7/:,+s)
= Z ([Jm-i-s—l - Jm+s+1]Jn+s + Jm+s [Jn+s—1 - Jn+s+l])
s>1
= Z Jm+s<]n+s+1 - Z Jm+s+1Jn+s + Z Jm+s+1<]n+s - Z JeranJrerl
s>0 s>1 s>0 s>1

= JmJn+1 + Jm+1Jn7
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as desired. Note that we can both differentiate inside the sum sign and split the infinite
sums thanks to (4.12h). O

In particular, combining (4.18) and Lemma 4.20 we obtain

dJ (m,n)? — o I dnin — o
dz m—n ’

(4.21)

Recalling Proposition 4.17, we are interested in computing the asymptotics of
Cij(x) = Z Z T (m,n)?(z), (4.22)
meeZ+incel+j
as x — +00. We will see that it suffices to compute the asymptotics of C ;(z).
Lemma 4.23. Let m #n € Z. For all x € R we have
2 2(|m|+|n|+1)+1
dJ(m,n) < || 1 N 1 .
dx = 22(miEnDF (Imln|)? \ (Im| +1)* * (In] + 1)
Proof. By (4.12b) and (4.21), for all z € R we have, since m # n,
‘dj(mvn)z _ 2|$| ‘ Jm(x)QJn+1(x)2 B Jm+1(x)2<]n(x)2

dr m-—n

< 20| (Jon (@) T 1.(@)2 + g ()20 (2)?)

2|m| 2(|n|+1) 2(|m|+1) 2|n|
ooy (L ] ol a o)
22lml|m |12 22(n1+1) (|n| +1)12 © 22ImI(|m] 4 1)12 22Inl|n|12
|x‘2(|m|+\n|+1)+1 1 1
< + ,
< SR G (T G 1)
as announced. O

Note that J(m,n)(0) = 0 for all m # n by (4.18), thus C; ;(0) = 0. Now for any = > 0
we have
2|m| 2(Inl+1) 2[m| 2(In|+1)
S e < 32
22lm|m|12 22(nl+ 1) (|n| 4 1)12 22|ml|m|12 22(1n+1) (|n| 4- 1)!12
m,n€Z

m#n€L
22Im| 22(In]+1)
< (Z Pl > 22D (|| + 1)12
MmEZ nez

22Iml ) ( 22(nl+1) )
<\ 22 sz ) | 22
— 2|m | 2(|n|+1 |
<mez2' Tml! ) \ 2 2200 ([l + 1)
p2m 72 x2(n+1)
<|-1+2) 22m | 7Z+2Z 22(n+1)(n 4 1)!
m>0 n>0

IN

[—1 + 2exp (%2)} [—% +2 (exp (%) - 1)} ,
thus by (4.24) we know that C; j(z) < +oo for all z € R and C; ; is differentiable with

an
=y Y ot

meeZ+incel+j

for all x € R. By (4.21) we obtain

J2J2 = J% ., J?
o=z Y 3 Blia ik
meeZ+inceZ+yj m n

— 92 Z Z JT2VL+1J72n+n - JverJTQn+n+1 )

n

meeZ+inceZ+j—1i
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Note that by (4.12h) we can distribute the double sum with the difference (we keep the
above form for the moment to avoid overloading the equalities). Using (4.12e) we obtain

Ao ™/2 . cos2(m+n)d
Ca@=— 2 2. Jnn@ /O Jo(2asing) =21 gy

n
meeZ+inceZ+j—1

/2 2 1)6
— 72 () / Jo(2sin g) S Hm A+ D)0 4y
0 n
4.4.2 Removing the infinite sums
We now define
4x /2 exp 2i(m + n)f
D(z) = = 2 2z sin ) ——————d#f
@=2 Y ¥ Ba@ [ heesnn 22
meeZ+incel+j—i
/2 2i 1)6
~ 72 (2) / Jo(2zsing) SRAMERH DO 4y 4 oy
0 n
so that
!/
Ci,j(‘r) =RD(z), (4.26)
for all z € R, recalling from (4.12a) that J,(y) € R if y € R. We now define
e exp 2inz exp inx
Efz)= Y ZPIE_o y EPIE (4.27)

ne€elZ+k ne2el+2k

is postponed until §A.1. Recall from Lemma 4.14 that Qo = {%’T i—e<t< e} C (—m, 7.
We define Wy = tr so that Qge = {u)g}_e<gge.

e

for any k ¢ eZ and x € R. The value of E}e]i is given by the Lemma 4.28 below, whose proof

Lemma 4.28. For any k ¢ eZ and x € (—m,7) \ Q2. we have

E][:] (m) — é Z eXp(Qik'UJ)(UJ - em,wﬂ'%

WEN,
with €, = sgn(w —x). In particular, the function E,[:] is piecewise constant on each interval
(wg,Wg+1) for —e <l <e.
From (4.25) and (4.27) we have

/2

D(z) = 22 / Jozsin0)EL(0) S [J2 1, (x) exp(2imb) — JZ (x) exp 2i(m + 1)) db.
™ Jo meEeZ+i

(4.29)

Note that in (4.25) we can permute the integral and the sum in m by (4.12c) and (4.12h).
Now to permute the integral and the sum in n, we have to be a bit more careful. By
summation by parts, we have, assuming that k:=j — ¢ with 0 <7 < j <,

Z exp 2infd _ Z En(0) — En—c(0)

n n
neelso+k ne€eZso+k
EL(0 E(0
:—LZJFe 3 &al®) (4.30)
e+ etk n(n+e)
where
En(0) = Z exp 2imé
mEeZ<>0+k
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(with a similar treatment for the remaining elements n € eZ + k). Now writing n = eN + k
with N > 0, by a standard calculation we have, for 6 ¢ ZZ,

N
En(0) = Z exp 2i(em + k)6

m=1

N
= exp(2ik0) Z exp 2iemd
m=1
sineN6

= exp(2ik0) exp (ie(N + 1)0) med

thus since |£,(0)] < N < n we deduce that?

2 N Vi
| ( )| ! ( )’ < /Tsin e = V] sined)|

We thus have, for n € eZ~g + k,

En(0) vn 11 1
n(n+e)| = n(n+e) /sined] ~ (n+e)y/n/[sined]’

1

v/ | sinu|

thus since is integrable at 0 we deduce that

w/2
/ Z Md@ < +o0,
o n(n + e)

n€elso+k
which, together with (4.12¢) and recalling (4.30), justifies the permutation of the integral
and the sum in n between (4.25) and (4.29) (the reasoning for n € eZ<( + k being similar).

We now go back to (4.29), which we repeat here:

_4:5

/2
D(z) /0 Jo@asin0)ES(0) > [J2 4 () exp(2imb) — J2 (x) exp 2i(m + 1)6] do.

meel+i

™

By (4.12d) we have

D(g) = 2% / / Jo@rsin0)EY(0) S o) (20 cosn) exp(2imb)
w2 J Jjo.x/2p2 -

— Jam(2x cosn) exp 2i(m + 1)0d0dn, (4.31)

the permutation between the sum and the integral being justified by (4.12h). By Lemma 4.14

we have
1

Z Im () exp(imu) = % Z expi[—2kw + z sin (w + u)],
me2el+2k € WEN,

for any k € Z and u € R, thus the sum in (4.31) becomes, where y stands for 2x cosn,

Z Jo(m+1) (y) exp(2im0)
meel+i

— Jom (y) exp2i(m + 1) = Z Jom (y) exp 2i(m — 1)0 — exp 2i6 Z Jom (y) exp 2imb
meeZ+i+l meeZ+i

exp(—2i0) Z JIm (y) expimb
me2eZ+2(i+1)

— exp 2i6 Z JIm (y) exp im@
me22el+21

2The author in indebted to Arnaud Debussche for this trick.
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1
=% exp(—2i6) expi[—2(i + 1)w + ysin(w + 6)]

wEN2e
— exp(2if) exp i[—2iw + ysin(w + )]

= 2ie Z [eXp(*Zi(Q + w)) — exp(2i9)] expi[—Ziw + ysin(f + w)}
wWEQ2,

Defining, for any u,0 € R and w € (s, the quantities

9 /2 .
Flu) = ;/0 expi[u cosn]dn, (4.32)
fu(0) = Ej[e_]l(e) [exp(—Qi(Q +w)) — exp(2i9)} exp(—2iiw), (4.33)

we thus obtain, recalling (4.31),

Z / 0(2zsin ) f,(0)F (2 sin(6 + w))d6.

w€Q2

We now fix w € )5, and we study the asymptotics as x — +o0o of

92 /2
D,(z) = ; Jo(2z sin 0) f,, (0)F (2 sin(6 + w))d6, (4.34)
T Jo
so that
D= Y D,. (4.35)
WENs,
4.4.3 Negligible terms
By | , 10.9.1], for y € R we have

Joly) = / " cos(y cos(n))dn,

thus Jy(y) = %foﬂ/Q cos(y cos(n))dn = RF(y). By | , 10.17.3] we have, for z > 0,
Jof@) =) = (cos (2= )+ M(@)),  M(@)=psne O+ (4.36)
o(@) =4/ — T = z) ), ) =zs100 = .
Since M (x V5 Jo(x) — cos (ac — 7) for all x > 0, the function M is continuous on R
and thus there ex1sts a constant C > 0 such that
C
M <
M@ < T,
for all x > 0.
Now, SF(y) = 2 fo sln(y cos 77) dn is the Struve function of zero order, thus by [ ,

11.2.5, 11.6. 1 10 17. 4] and (4.36) we have, for z > 0,

o) = 2 (expi (= 1)+ V@), N@) = 0 ()

Using the equality F(—z) = F(z), we deduce that we have, for x < 0,

Fla) = | —— (expi (m+ %) +m) , N(@) =254 0 (1) :

—TTx T
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so that for all = # 0,

F(x) = % (eXpi (m - sgn(a:)%) + N(x)) , N() =|z|=400 O <;) . (4.37)

Similarly to M, we can take C large enough so that for any = € R we have

IN(2)| < (4.38)

1+ |z

Let us now recall the following version of the Riemann—Lebesgue lemma (we provide a
proof in §A.2).

Lemma 4.39 (Riemann-Lebesgue). Let f be integrable on (a,b) and ¢ be continuously
differentiable on [a,b]. If ¢ vanishes at a finite number of points then

b
[ 10eiton)i =0

Proposition 4.40. Ifw ¢ {0, 7} then

lim D, (z)=0.

T—+00

Proof. Recalling (4.34), write

1 /2
D,(z) = o /0 V2 sin 0.Jo (22 sin 0)y/2z[sin(6 + w)|F (2z sin(6 + w)) g.,(0)db,

where g¢,,(0) == %. Note that f,, is piecewise continuous, moreover by assump-
tion if sin(f) = 0 then sin(f + w) # 0 (since w £ 0 (mod 7)) thus 6 — W and
sin sin w

thus g,, is integrable on (0, 7/2).
Using (4.36) and (4.37) we obtain for D, (x) a sum of these following four integrals (with
some multiplicative coefficients that do not depend on x):

m/2 : m . : . m
/0 cos <2x sin§ — Z) expi (2x sin(f + w) — sgn(sin(f + w)) Z> 9., (0)d0,
/2 p-
/ cos (236 sinf — 7) N (22 sin(6 + w)) g.,(6)db,
0 4

/2
/ expi (2x sin(6 + w) — sgn(sin(f + w)) Z) M (2xsin)g,,(0)d0,
0

/W/z M (2z sin 0)N (2z sin(6 + w)) g.,(6)d6.
0

We can easily see that the last three integrals go to zero as z grows to infinity. For instance,
we have, using (4.38),

/2
0

/2 T
2xsinf — — ) N (22 sin(h w(0)do
/0 cos( xsin 4) (22 sin(0 + w)) g, (9) 1+ 2z[sin(0 + w)|

and since
|90 (0)]
1+ 2x’sin(9 +w

< |9.,(0)1,
)
is integrable on (0, 7/2) and

|9.,(0)! 400
1+ 2z |sin(6 + w)|

0,
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for almost all 6 € (0,7/2) (all except maybe the only 6 for which sin( + w) = 0) we obtain
the result by dominated convergence.
For the first integral, we have

/2 . m . . . T
/0 9w (0) cos (Qx sin§ — Z) expi <2x sin(6 + w) — sgn(sin(f + w)) Z) de

T T
Z / ) exp €i (Qx sinf — Z) expi <2x sin(f + w) — sgn(sin(6 + w)) 4) de
eE{:tl}
Z / heo.e(6) exp (2iz o (t))do (4.41)
ee{il}
with
¢c(t) = esinf + sin(f + w),
and

he,e(0) = gu,(0) exp {:r (e + sgn(sin(9 + w)))

The function h,, . is integrable on (0,7/2), and we will now see that ¢ vanishes at at most
one point. We have ¢.(0) = ecos 8 + cos(f + w). For ¢ = 1 we have

¢1(0) =0 < cos(f +w) = —cos b
<— f+w=r+6 (mod2m),
thus since w # 7 we obtain

$1(0)=0 < 0+w=mr—0 (mod 2m)

™ —Ww
<— 0=

(mod 27).

Similarly, for e = —1 we have

¢ 1(0) =0 < cos(d +w) = cos @
<— O0+w==0 (mod 27)

thus since w # 0 we obtain

¢ 1(0)=0 < +w=—-0 (mod 2m)

w
— O=7——.
T3
We thus conclude, applying the Riemann—Lebesgue lemma (Lemma 4.39), that the quantity
in (4.41) goes to zero as x — +oo and this finishes the proof of the proposition. O

4.4.4 Contributing terms
If w e {0, 7} then 2w =0 (mod 27) and thus, recalling (4.33),

f(6) = —2isin(20)El (9). (4.42)
We deduce from (4.34) and (4.42) that if w € {0, 7} then
iz .
/ E 6)Jo(22 sin ) sin(260)F (2z sin(6 + w))d6.

In particular, noting from (4.32) that F(—y) = F(y) we have

4
i / B (6).Jo(2 sin 0) sin (20)F (2 sin 0)do, (4.43a)

i -
W / E 0)Jo(2x sin 0) sin(20)F (22 sin 6)d6. (4.43b)
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Recall that we have assumed at the beginning of §4.4 that i # j. Recall also the notation
wp = [” for —e </ <e.

Pr0p051t10n 4.44. We have

lim Dg(z) = lim D,(z)=d.

i
r—+00 r—+o00 ed=

where

9 2 e’ —1
dej = ( ) Z wexp 2ikw + 27 Z (1 — sinwy,) exp 2ikw, | ,

em
WEN,e =
fork ¢ eZ and ¢ = [&].

Proof. By (4.36) and (4.37), for ¢t > 0 we have
Lo (H)F (1) = %cos (t= ) expi (t = 5) + RO
= % [20052 (t — %) + isin (2t — 7)} + R
= % [cos (Qt - 5) +1+isin (Qt - 7)]

= % + %(sin@t) - icos(2t)) + R(t), (4.45)

where R is continuous on R and satisfies R(t) = O(%) when ¢ — +o00. In particular, there
exists C' > 0 such that |R(t)| < 1+t for all £ > 0.

Recall from Lemma 4.28 that E][_]Z is constant on each interval (wg,ng) for each
—e </ <e. From (4.43a) and (4.45) we have, forany 0 <a <b< §

4 b
= sin(20)Jy (2 sin 0)F (22 sin 6)df

er J,
4 [P
= 2x sin(6) Jo (22 sin 6)F (2 sin 6) cos(6)do
2 2sinb
= — xudo(zu)F(zu)du
€T J2sina
9 2sinb
= 1+ sin(2zu) — icos(2zu) + TR(zxu)du,  (4.46)

2sina

where we did the variable change u = 2sin . Moreover, as © — +00 we have

2sinb

/ sin(2zu) — icos(2zu)du = o(1),
2sina

by the Riemann—Lebesgue lemma, and

2sinbd
/ R(zu)du
2

sina

C sin
. [111(1 + ‘ru)]gsinz
x
= o(1),
so that (4.46) gives
o [* . . 4
— [ sin(20)Jo(27sin 0)F (22 sin 0)df = — (sina — sinb) + o(1), (4.47)

em J, em

as r — +00.
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Now define e’ := {g] so that wer > 7/2 > wer—1. Define & for £ € {0,...,€e'} by

R ) ( 7r) we, ifl<eé,
@ = min (wy, = ) =
‘ “2 T ifl=c¢.
We deduce from (4.12a), (4.43) and (4.47) that, denoting by e, the value of Ej[ell on the
interval (wg, wet1),

Dy(x) = > er (sin@eq1 —sindy) + o(1) = Dy (z), (4.48)

£=0
as x — +0o. Now we have, noting that sin ., = 1 and sin @y = 0,

/
(&

I
—

6/ 6,7
e[(sin@[+1 — sincbg) = E eo_1Sinwy — E ep sin Wy
(=1 £=0

£=0
e —1
= ¢o_1 SN W — ¢gsin g + Z(eg_l — ¢g) sindy
=1
e —1
=ee_1+ Z(eg_l — ¢¢) sinwy. (4.49)
=1

By Lemma 4.28 we have, for any = € (wg,wey1) and with k:== 5 — ¢ (mod e) (thus k ¢ eZ),

ep = é Z exp(2ikw) (w — sgn(w — z)7)

we2e
i i o _ ir & ,
= Z wexp 2ikw + " Z exp 2ikw, — - Z exp 2ikw,
WENe n=—e-+1 n=~(+1
i AT
= é Z wexp 2ikw — - Z exp 2ikw,
WEN, n=~0+1
i 27
=- Z wexp 2ikw + - Z exp 2ikw,, (4.50)
wEN2, n=1

since Y, cq,. exp2ikw =0 =37, exp 2ikw, since 2k ¢ 2¢Z, thus

-1 0
2im 2im
Cp1 —¢p = — g exp 2ikw, — — g exp 2ikw,
e e
n=1 n=1

—2im

exp(2ikwy). (4.51)
Gathering (4.48), (4.49), (4.50) and (4.51) gives the desired result. O
4.4.5 Making the limit explicit

We are now interested in a closed form for the elements Jd, , where

9\ 2 e'—1
dey = <) Z wexp 2ikw + 27 Z(l — sinwy,) exp 2ikw, |,

en
wEN2, n=1

are the elements of Proposition 4.44, where k ¢ eZ and ¢/ = [£].
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Lemma 4.52. For any k ¢ eZ we have
2 s
§Rd€7]§ = @ [Cot(k — %)* — COt(k' + )*]

In particular, we have Rd. 1, # 0.

Proof. First, we have

R Z w exp(2ikw) Z w cos 2kw

wWEN, wWEN2e

:ﬂ"

noticing that if w € Qg \ {7} then —w € Qy.. We now have to deal with the sum

e —1 e'—1
A=R|2 Z(l — sinwy,) exp 2ikw, | =2 Z(l — sinwy,) cos 2kw,,.
n=1 n=1
Recall that w, = ™. For any n € {1,...,e — 1} we thus have w,_, = 7 — wy, hence

sinwe—p, = sinw, and cos 2kw,_,, = cos(2km — 2kw,,) = cos 2kw,,. Hence, we have

- . (1 — sin we/g) cos 2kwe 2, if n is even,
A= Z(l — sinwy,) cos 2kw,, — o

— , if n is odd,

n=1

e—1

= Z(l — sinwy,) cos 2kwy,,
n=1
since sinw, /o = sin § = 1 if e is even. Since Zn 1 €08 2kw, = >0 ﬁcos(%—”n) = —1 since

2k ¢ 2eZ, we obtaln that, using the identity sin(z) cos(y) = 3 [sin(z + y) + sin(z — y)],

e—1
A=-1- Zsinwn cos 2kw,,
n=1
1 e—1
=1+ 3 Z [sin(Qk — Dwy, — sin(2k + 1)wn].

We now recall the following standard formula (see, for instance, [ , 1.342.1)):

e—1
. . er . (e—1zx x
E sin nz = sin — sin ~———— cosec —,
2 2 2

n=1
valid for any x ¢ 277. We obtain, using the identity sin (a + g) = +cosa,
e—1
Zsm2kﬂ:1 Zsm (2k £ Dm
:sm[(k:t%) ]sm [(1—6 Y (k£ 1)) cosec e (k+1)n]
=+(— n[ (k:l:%) ]cosec[_l(k:t%)w]
=+(— smK (1—e HkF < :I:%) w} cosec [671 (k‘:l:%) 7T]
—-1) ( T) 77} cosec [e 7! (k£ 1) 7]
= cos [( e kT ) ]cosec e ! (k:l:%) w]
+ ) ]cosec[ 1(1€:|:%)7T]
+

Uk

NI= N
SN—
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and thus 1
A=—-1+ 3 (cot[e™" (k—3) 7] —cot [e™" (k+ %) 7]).

Finally, we obtain

2\ 2
Rde i, = () (7T+7TA)
em

4
=—(1+A
—5(1+4),

as desired. Note that Rd. ;. # 0 since the cotangent function is bijective on (0,7) (taking
1<k<e-1). O

We conclude this part by putting (4.26), (4.35), Proposition 4.40, Proposition 4.44 and
Lemma 4.52 to find that

4
lim Cj;(z) = 2Rdej_; = —5 [cot(j —i — )T —cot(j —i+ 3)Z],

z—r 400 we?
in particular, the limit depends only on j — 4. Since Rd. j_; # 0 we find that
C;i(x) ~ 2Rd, j_;z,
as ¢ — +o00. By (4.19), (4.22) and Proposition 4.17, we have, with i # j,

Covi (2s(N), () = _Tlci,j(zﬁ),

thus Covy (2;(A), 2;(A)) ~ —Rde j—;v/t. We thus deduce from Lemma 4.52 the final result of
this part.
Theorem 4.53. Ifi # j then ast — 400 we have, under the Poissonised Plancherel measure

ply,
2Vt

Cova (1 (M), (W) ~ 28 oot (j — i+ 3) 7 —cot(j —i — 3)7].

4.5 Asymptotics of the variance

Recall from (3.7) that >, z;(A) = 0. Hence, we directly obtain that
Var;z;(A\) = Covy (wi()\),xi()\)) = — Z Covy ($i<)\),$j()\)). (4.54)
J#i
Corollary 4.55. As ¢ — 400 we have, under pl,,

4Vt ™
Varix;(A) ~ 2 cot %"
Proof. By Theorem 4.53 and (4.54), it suffices to prove that 22;11 Rde, = =23 cot .
Recalling from Lemma 4.52 that

o= 25 ool = )2 — ot + )],

2
e
we obtain, using the fact that cot(e — £)ZT = cot(m — 5=) = — cot -,
e—1
2 T s
dey = — [cot——cot e—1 f}
Z ok T re2 2e (e=3) e
k=1
™
= —cot —,
me 2e
as desired. Note that cot 5= # 0 indeed since e > 2. O

Remark 4.56. In particular, Theorem 4.53 remains valid in the case i = j, and the limit of
t=12Var,z;(\) as t — +oo does not depends on i.

With Proposition 4.13 and Remark 4.56, we thus have proved Theorem A of the intro-
duction.
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5 Size of the core of a random partition

We will now use the results of the previous sections to determine the limit law of |A| under
pl, as t = +o0.

5.1 Limit expectation

Write v, == i—‘e/j cot 5-. From (3.12) we have

< e—1

Al _ e i(A)? Ti(A)

Ut_2.z Ut +ZZ Ut .
i€Z/eZ =0

From Proposition 4.13 and Corollary 4.55, we obtain that

A 2
lim Et—l | - < ,
t—+o0 Ut 2

and thus the following result.

Proposition 5.1. Under the Poissonised Plancherel measure pl,, as t — 400 we have

— 2Vt
E¢|A| ~ \—[ cot —.

7r 2e
Remark 5.2. (See [ , ].) Under the uniform measure on partitions of n, the expectation

of |A| is %. The order of the asymptotics is the same but the constant is quite different.

5.2 Limit law for z;()\)
Recall from (4.5) that for ¢ € {0,...,e — 1} we have

2:00) = # - 82, (5.3)

where #fj’ = #(eZ>_p2+i)ND(A). In particular, we have Covy (2;()), (X)) = Covy ( Ei), #ﬁ”).
Now define

T ifi=j

2¢’ ’ (5.4)
cot(j—i+2)T —cot(j—i—3)Z, ifi#j,

e e’

2 cot

o
<
|

for 0 < 4,j < e (the formula for ¢ # j being in fact valid for i = j), set ¢;; = %bij and

let N be an e-dimensional centred normal random vector with covariance matrix B = (b;;).
By Theorem 4.53 and Remark 4.56, we know that Covy (z;(\),z;(A)) ~ c;jv/t as t — +oo
(recalling that ¢;; > 0). We have

712 Cov, (#, #9)) = 712 Cov, (2:(N), #5(\))
=t~ 12Cov, (zi(N), (X)) + t=120(1).
Indeed, by Lemma 4.6 and Cauchy-Schwarz inequality we have that, as t — 400,
COVt (JAZZ(A) — JUZ(/\), JAIJ(A) — JUJ()\)) = O(tit)
and L,
Covy(zi(A),2;(N) —z;(N)) = o(t1™2),

(and the same quantity with ¢ and j permuted) thus both are o(1). We deduce that
Covy ( El), Ej)) ~¢ ¢;jv/t and thus

COVt (#y)v#y)) t—+o0 bﬂ

i : bii-
\/Vart#g ) \/Vart#gj)
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We can thus apply Theorem 4.1 to find that the vector

/4 /o ’
t Cii i€Z/eZ

converges in distribution to the e-dimensional centred normal vector with covariance matrix

(b"'j ), thus the vector
T (#) - E#
2 t1/4 ’
i1€ZL/el

bii
converges in distribution to N. Now by (5.3) we have E;Z;(\) = Et#gi) — t? and thus

T (2i(A) — Eidi(A)
2 £/ icz/er

converges in distribution to N as well. By Lemma 4.6 and Proposition 4.13, we know that
E;#;(A) is bounded as t — +oo thus the vector

™ ﬁi(A)
@\ )
t i€Z/eZ

again converges in distribution to N. Finally, by Slutsky’s theorem and Lemma 4.6, we
obtain the following final result (which is Theorem B of the introduction).

Theorem 5.5. Under the Poissonised Plancherel measure pl,, ast — +oo the random vector

[T Ii(A)
e\l 5 )
2 t1/4 1€EL/el

converges in distribution to the e-dimensional centred normal vector with covariance ma-
s I\«

triz B = (bij); jez/ez given by by = cot(j -1+ %)f — cot(j —1— 5)7.

€ €

Remark 5.6. In many cases of determinantal point processes (as in | , , Ds
the variable with which we use the central limit theorem has a variance logarithmic in
the expectation. In our case this does not hold, recalling Proposition 4.13 (the first order
asymptotics of the expectation vanishes by the formulas in Lemma 3.13).

Remark 5.7. By Remark 3.8 and, for instance, [Ros, top of p.81], it follows from the e-abacus
construction that

2= (A) — i
1= e guax i(A) — o,

for some 0 < ig < e (depending on the partition A). Hence, we obtain from Theorem 5.5
that, under the Poissonised Plancherel measure pl,, the rescaled size of the first part of the

e-core t~1/4)\; converges in distribution as t — 400 to \/gmax N, where N is a centred

normal distribution with the covariance matrix B of Theorem 5.5. We are thus reduced to
study the maximum of a (correlated) Gaussian distribution, which is a well-known problem.

5.3 Limit law for |)|

Note that the covariance matrix B = (b;;) of Theorem 5.5 is (symmetric, positive semi-definite
and) circulant. Recall from (3.12) that

e—1 e—1
— _}e - 2 -
=3 ;xz(x) + ;le(x).

Hence, by Theorem 5.5 and Slutsky’s theorem we know that ¢~/ 2|\| has asymptotically the
same law as t’l/zg Zf;& x;(\)2. To explicit this law, it suffices to compute the eigenvalues
of B. Note that since each line of B sums to 0 (by (3.7)), we already know that 0 is an
eigenvalue of B.
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Lemma 5.8. The eigenvalues of B are
k
Ar = 2esin —W,
e

for k €{0,...,e—1}. In particular, the only zero eigenvalue is Ag.

Proof. For any 0 < j < e, we write b; := by; the entries of the first row of B. Note that since
cot(m + x) = cot(x), we deduce that b; is defined for j € Z/eZ. Since B is circulant, with
the permutation matrix

we have .
B=>) bP.
=0

Now P has each element of u.(C) for eigenvalue, an eigenvector associated with ¢ €
te(C) being (Cj)0<j<e. We deduce that the eigenvalues of B are the elements, with ( =

exp(2ikn/e) for k € Z/eZ,

e—1 e—1 .
. 2
Ao = bl =S b cos kT (5.9)
j=0 j=0

e

recalling that the eigenvalues of B are real since B is real symmetric. Recalling that
b; = cot(j + 3)T — cot(j — )=, we thus have to compute the sum

€

I
-

(&) .
2k

—cot(j — l)I cos ‘W,
e e

. i
{cot(y + %)g

<.
I
=3

for 0 < k < e. First, if k = 0 then \g = 0 since cot is m-periodic. We thus now assume k # 0.
We mimic the calculation in | , §4] of the following trigonometric sum (the case n = 1
having been first studied by Eisenstein):

e—1 . .
2k

E sin UL cot™ (M) .

A e e

Jj=1

Let us consider the following meromorphic function over C:

exp 2imkz exp(—2irkz)

tz e - .
gz exp(2imez) — 1  exp(—2imez) — 1

The function g; has simple poles at each z = % for j € Z, with residue

exp 2i7;kj exp —2ie7'rkj exp 2i7';kj exp —2ie7'rkj
2ireexp(2imj) —2imeexp(—2imj)  2ime —2irme
1 27kj
= — CO0S
1Te (&

Now the following meromorphic function over C:

1 1
g:z—cotm|z+ — ) —cotm|z2—— |,
2e 2e
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iR 1+iR

/M

M\

—iR 1—-iR

Figure 6: Contour Cgr

has simple poles at each i - + Z. Note that since e > 2 then each pole is simple indeed.
Recalling that zcot z ~ 1 as z — 0, we find that the residue at i c+Zis £ L We thus find
that, with g = g19o,

Res; g = Res; (91)g2 (‘i)

1 27kj J 1 J 1
= —cos—— |cotm|=+ — | —cotmm [ = — —
ime e e 2e e 2e
bj 27Tk]
—— COS ,

ire e

for all j € Z, and
+1
Resi1g_gl(2 >Resi1g2
1 :|:17rk eXp Fink
“x —2

i | +t7k
= F—sin——
T e

i 7k
= ——sin —.
0 e
We now consider the integral of g :== g1 g2 on the contour C'g given by the direct rectangle
with vertices £iR and 1 + iR, with the points 0 and 1 avoided from the left by a small
semi-circle of radius < 5 (bee Figure 6). Note that the only poles of g inside Cr are the J
for 0 < j < e, together w1th 2 and 1 — ==. Recalling that cot(r + z) = cot(z), we obtain
that g is 1-periodic thus the integral of g on the two vertical sides of C'r vanishes. Now for
z,y € R we have
exp £2ink(x + iy) exp(+2irkz) exp(F2rky)

exp(+2ime(x +iy)) — 1  exp(+2imer) exp(F2mey) — 1

lyl—

that goes to 0 as |y| — +oo (since 1 < k < e) uniformly in z, thus g;(z + iy) izt g
uniformly in € R. Moreover, recalling from [ , 4.21.40] that cot(a+1ib) = %
we have: 1
1 sin 27 (x £ =) — isinh(27
cot 7 x+1y:|: _ ( 262 ( y)
2e — cos 27 (z + 5-) + cosh(2my)
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that goes to +i as |y| — +oo, uniformly in z € R. We deduce that gs(x + iy) Ilztee,

uniformly in z € [0, 1] and thus so does g(x + iy). Since the only poles of g are on the real
axis, we deduce that | Cr g(z)dz =0 for any R > 0. Now from the residue theorem we obtain
that

e—1
OzResylcg+Res1,Tlcg+ZRes£g
j=0
2i . 7k 1 & 27rkj
=——si f—Fbe cos

™ 1me

thus, recalling (5.9),
A, = 2esin ﬁ
e
O

Let N = (N;)o<i<e be a centred normal (column) vector with covariance matrix B and
let @ be an orthogonal matrix such that QBQ" = D with D = diag(A;j)o<j<e. The random
vector (N/)o<i<e given by N’ = QN is a centred normal vector with covariance matrix D
and we have Y2070 N2 = 297 N/2. Now N/ =~ N(0,);) is a centred normal distribution
with variance \;, moreover if ¢ # j then N/ and N. J’ are independent. By Lemma 5.8 we have
Ao =0 < ); for all 1 <i < e, in particular Ny = 0 almost surely and each N/? for i > 1 has
a Gamma distribution 1"(%7 2);) with shape % and scale 2)\;. We deduce the main result of
the paper (Theorem C of the introduction).

Theorem 5.10. The rescaled size 4L\/{|X| of the e-core of X\ has, under the Poissonised

Plancherel measure pl;, asymptotically as t = +oo the distribution of a sum of e — 1 mutually
independent I'(3,sin &%) for k € {1,...,e —1}.

Proof. We saw at the beginning of §5.3 that t~/2|\| has asymptotically the same law
as t~1/2¢ 507 " 2;(A\)2. By Theorem 5.5 and the preceding discussion, since the vector
t’1/4e\/;(acl ), converges in distribution to N, we deduce that t~*/2e?Z 377" x;(A)?

converges in distribution to a random variable G that is a sum of 1ndependent 1"(272)\2)
for 1 <i < e. We deduce that t~'/2[X| converges in distribution to L G. Recalling from
Lemma 5.8 that \; = 2esin =* m , we have that 1 -G is a sum of independent F(%, sin %) This
concludes the proof since 7~ \)\| converges in dlbtrlbutlon to £G. O

Remark 5.11. If the Plancherel measure is replaced by the uniform one, then by [ , ]
the random variable %|)\| converges in distribution to I'($5%, v/6), which is a sum of e — 1
independent F(%, \/6) This situation thus “corresponds” to % =+v6foralll<k<e (of
course this is not clear at all whether t='/%z()\) converges in distribution to a normal vector
in the uniform case).

Remark 5.12. Noting that Ay = A_j for k € Z/eZ, we obtain that the sum of e — 1
mutually independent Gamma distributions in Theorem 5.10 is in fact a sum of ng mutually
independent Gamma distributions.

We illustrate with Figures 7 and 8 the pointwise convergence of the cumulative distribution
functions in Theorem 5.10 for the (non-Poissonised) Plancherel measures Pl,, for n =
100, 500, 3000 respectively. Each (renormalised) histogram is constructed from 7000 trials,
the range [0, 5] being divided into 200 bins. These simulations indicate that Theorem 5.10
should still hold in this non-Poissonised setting.

5.4 Limit variance

The proof of Theorem 4.1 in | | shows that the convergence in Theorem 4.1 holds in
fact in moments. In particular, the convergence of Theorem 5.10 holds in moments and
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Figure 7: Case e = 4. Convergence to I'(1, \/Li) +I(3,1).
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Figure 8: Case e = 7. Convergence to >.5_; T'(1,sin &7).

km
e

_ T
= cot 5o (see, for

we recover Proposition 5.1, recalling that EL(k,6) = k8 and 3 ¢_} sin
instance, [GrRy, 1.344.1]). We also obtain the following result.

Corollary 5.13. Under the Poissonised Plancherel measure pl,, as t — +o00 we have

~  Adet
Var|A| ~ 71_—62.

Proof. Recall that Var'(k,6) = k62, so that by Theorem 5.10 and the preceding discussion
we have .
2 e—
im T Var [N = £ S sin2 BT
1o VaredAl = 3 27T

Now recalling the formula

)

—1 .
— . 5 e—1 cosexsin(e —1)x
g sin“ kx = — -
2 2sinx
k=1

for x ¢ 77 (see, for instance, [GrRy, 1.351.1]), we obtain

e—1

.o km  e—1 cosmsin(e—1)T
ST el cosTem
2 2sin T

k=1 e
_e— 1 n 1
2 2
e
=5

and thus the desired result. O

6 Number of i-nodes

For i € Z/eZ, we now study the number ¢;(\) of i-nodes of A.
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6.1 Poissonised version

Recall from (3.4) that the e-weight of X is the integer w,(A) such that
A=A+ ewe(N),
more precisely by (3.5) we have
ci(A) = ai(A) +we(N),

for all i € Z/eZ. If X is chosen under pl, and ¢ — 400, we know that |A| follows a Poisson

distribution with parameter ¢ thus by the law of large numbers we have that % converges
in distribution to 1 (recalling that |A| is then a sum of ¢ independent Poisson variables of

parameter 1). By Theorem 5.10, we know that %‘ converges in distribution to 0, thus by
Slutsky’s theorem we deduce that W%()‘) converges in distribution to %
By (3.2) and Theorem 5.10, we know that @ converges to 0 in distribution. We have

we ()
t

just seen that converges to % in distribution, thus we have proven the following result.

Proposition 6.1. Let i € Z/eZ. Under the Poissonised Plancherel measure pl,, the random

C; ()\)
t

variable converges in distribution (and thus in probability) to % as t — +oo0.

We will now prove the de-Poissonised version of the above result, not by using a de-
Poissonisation technique but instead by using the fact that w) converges to a limit shape.

6.2 Law of large numbers

Let n > 1, A € P, and i € Z/eZ. Recall from §2.1 the definition of the function wy. We
denote by wy : R — R the function defined by Wy (s) = %w,\ (sy/n). Note that the area
between the graphs of @y and |- | is 2. It follows from Lemma 3.3 that

() = @ S 6, (Z J\f/ge) _

keZ

i+ ke
vn

Theorem 6.3 ([ I 1 N , Theorem 1.26]). Let Q: R — R be defined by

s) = {2 (sarcsin($) + V4 —s?), if|s| <2,

(6.2)

s

s], otherwise.

Then, under the Plancherel measure Pl,,, the function Wy converges uniformly in probability
to Q as n — +o0o. In other words, for any 6 > 0 we have

Pl, (sup‘@,\ — Q’ > 5) noEe .
R

Moreover, we also have convergence of the supports, that is:
inf{s € R:@x(s) # |s|} — -2,

and
sup{s € R: wx(s) # |s|} — 2,
in probability under Pl, as n — +o0.

We can now directly deduce the de-Poissonised version of Proposition 6.1.

Proposition 6.4. For any i € Z/eZ, the random variable % converges in probability to %
under the Plancherel measure Pl,, as n — +oo.
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Proof. Take i € {0,...,e — 1} and write % = S! + R;()\), where
i+ ke

vzfg;C”?wa
=5z a () 2 ()

(note that both sums are in fact finite). We have

i

1+ ke
si=g ()
v (v
where g := ) — | - | is continuous on R. Since g has compact support, we deduce that S¢ is a

mere Riemann sum thus (S},),, converges as n — 400 and

» 1 1 1
lim S = — t)ydt = —2=—
nﬁlrﬁ{loo " 2 Rg() 2e e
(to obtain that fR t)dt = 2 we can just make the explicit calculation, or note from

Theorem 6.3 that ¢ is a uniform limit of continuous functions of integral 2).
Thus, it now suffices to prove that R;(\) converges to 0 in probability. Let 6 > 0. By
Theorem 6.3, the probability for A € P,, to satisfy

[Wx = Q| <6, (6.5a)
supp(wx — []) € [-2—6,2 4], (6.5b)

goes to 1 as n — oco. Now if |k| > M—&—l then

i+ ke
k
i \/ﬁ +
_J<M>
>2+ 6,
thus for such a k € Z> we have (@ — |- |) (lyie) = 0. We deduce that for \ satisfying (6.5)
we have
i+ ke i+ ke
< (25) o (5)
Q\F keZ v
- i+ke> <i+ke>’
Z\f e N NG
L (22+0va L),
~ 2yn e
(24480 36
< —.
- e 2y/n
< (2+06)0 N 375
- e 2
We thus have proved that Pl,, (| R;(@y)| > 2(2+6)5 +30) 272, 0 and this concludes the proof
since 2(2?)5 + 3—25 90 0. O
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A Intermediate proofs

We provide here the proofs of Lemma 4.28 and Lemma 4.39.

A.1 A conditionally convergent series

We prove here Lemma 4.28. Let k € Z with k ¢ eZ. With El[:] () = > hcerth exp2inz

n

2) hcoezion ot , we want to prove that

E][:] (x) — é Z eXp(2ikOJ)(w - ez,wﬂ-)a

wEN2e

for any = € (—m, ) \ Qae, where €, , = sgn(w — ) and Qg = {%’“ i—e< /i< e} C (—m, 7.

In particular, with w, = & we have Qs = {we}_e<e<e and the above equality shows that

e
E,[:] is piecewise constant on each interval (wg,wﬁ_l) for —e </l <e.

We denote by In : C\R_ — {z € C: —7 < argz < w} the principal value of the
logarithm. Recall that for any z € C with |z| <1 and z # 1 we have

+oo

—ln(l—z)zz%.

n=1

As in the proof of Lemma 4.14, we deduce that if moreover z ¢ ug. then, recalling (4.15),

_ X e
=D W= )

CEp2e n=1 CEpM2e
+oo n
z
=2 —
DD
n=1
ne2eZ+2k
We deduce that
400 —1
Z" Z" 2"
DI M S
ne2el+2k n=1 n n=-—oo n
ne2eZ+2k ne2eZ+2k
o n n
n=1 n=1
ne2eZ+2k ne2eZ—2k
1 2k 1 2k -1
:—%Zg 1n(1—gz)+%24 In(1-¢z7Y)
CEpP2e CEH2e
1 2k —1 —1
:2?2:4 [In(1—¢2™) —In(1-¢12)].
(EH2e

Now if |z| = 1, we have arg(1 — (z7'),arg(1 — (7'z) € (—7/2,7/2) thus
- < arg(l — Cz_l) — arg(l — §_1z) <.

We deduce that

1— —1
ln(l - Czil) — ln(l - (712) =1In 1_72::2,
We have }:gz_:; = —(z~! thus we obtain
z" 1 2k -1
Y. =5 >l (¢,
ne2eZ+2k CEp2e
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for |[z2| =1 and z ¢ pge. With z = expiz with z € (—m,7) \ Q2., we obtain that, with
€r,w = Sgn(w - JJ),

e expinz
Bl@)=2

ne2eZ+2k
= % Z exp(2ikw) In (— expi(w — z))
wEN2,
1 . .
== Z exp(2ikw) In [exp (w—a— emﬁww)} .
wEN2e

We have z € (—m,7) and w € (—m, 7] thus w — z — €, 7 € (—7, 7) thus
In [expi(w —x— emww)] =i(w— & — €g,T).

We deduce that

E () =

| -

Z exp(2ikw)(w — & — €4,,T)
wEN2,

.

| -

Z exp(2ikw)(w — €,,m) — ad Z exp(2ikw),
wEN2, ¢

UJEQQe
which gives the desired result since
Z exp(2ikw) = Z k=0,
w€ENae CEp2e

since e 1 k.

Remark A.1. If k € €Z, then the sum El°l(z) := D neez)\ {0} % is not piecewise constant.
Indeed, we have

e—1
2i in 2
Ell(z) + Z El[:] (z) = Z W =9 Z smnnx =25(2x),
k=1 n#0 n>1

where S(y) = >_,5, simny - By a standard equality we have S(y) = 2 for all y € (0, 2m)

n
(see, for instance, | , 1.441.1]), thus by Lemma 4.28 we know that El¢ is not piecewise
constant (but piecewise affine). We can also directly compute E!°l since

1 sin2enx 2
[e] B ooemr _
Bl (@) = — > —— = ~5(2ex).
n#0
A.2 Riemann—Lebesgue lemma

We prove here Lemma 4.39. Let f be integrable on (a,b) and ¢ be continuously differentiable
on [a,b]. We want to prove that if ¢ vanishes at a finite number of points then

b
/ F(8) expi(ao()dt 222 0.

If ¢’ does not vanish in [a, b] the result reduces to the classical Riemann-Lebesgue lemma
after the variable change u = ¢(¢). Thus, by additivity it suffices to consider the case where
¢ vanishes only at a. Let 0 < ¢ < 1 and write

/abf(t) expi(z¢(t))dt = /

a

a-+te€

b
f(t)expi(zp(t))dt + /+ f(t)expi(zp(t))dt.
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The first integral is bounded in module by the integral of |f| over (a,a + €), and the second
one goes to zero as © — +oo by the first case since ¢’ does not vanish in [a + €,b]. We
conclude that for any € > 0 we have

lim sup
r—+00

b ate
/ () expi(zd(t))dt| < / £,

and now the quantity in the right-hand side goes to zero as e — 0 since f is integrable.
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