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Abstract

We introduce a technique that makes every explicit Runge–Kutta (ERK) time stepping
method invariant domain preserving and mass conservative when applied to high-order dis-
cretizations of the Cauchy problem associated with systems of nonlinear conservation equa-
tions. The key idea is that at each stage of the ERK scheme one computes a low-order update,
a high-order update, both defined from the same intermediate stage, and then one applies the
nonlinear, mass conservative limiting operator. The main advantage over to the strong sta-
bility preserving (SSP) paradigm is more flexibility in the choice of the ERK scheme, thus
allowing for less stringent restrictions on the time step. The technique is agnostic to the
space discretization. It can be combined with continuous finite elements, discontinuous finite
elements, and finite volume discretizations in space. Numerical experiments are presented to
illustrate the theory.

Keywords. Time integration, Runge–Kutta, invariant domain preserving, strong stability pre-
serving, conservation equations, hyperbolic systems, high-order method.

MSC. 35L65, 65M60, 65M12, 65N30

1 Introduction
This paper is the first part of a work devoted to the construction of invariant domain preserving,
high-order time stepping schemes. In this first part, we deal with explicit Runge–Kutta (ERK)
schemes. In the forthcoming second part, we extend the proposed techniques to implicit-explicit
(IMEX) Runge–Kutta schemes. The goal of this section is to motivate the problem under consid-
eration and to discuss our objectives.

1.1 Position of the problem
Our main motivation lies in the approximation of the Cauchy problem for nonlinear conservation
equations posed over a space domain D ⊂ Rd and a time interval [0, T ] with T > 0. The dependent
variable is assumed to take values in Rm, m ≥ 1. We have m = 1 for scalar conservation equations
and m > 1 for hyperbolic systems. A fundamental property of the model problem is the existence
of some invariant domain A ⊂ Rm. This means that if the initial data takes values in A everywhere
in D (and in the absence of perturbations due to the boundary conditions), then any admissible
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Invariant domain preserving ERK methods 2

solution to the Cauchy problem also takes values in A everywhere in D at all times t ∈ [0, T ].
Another important property is conservation, meaning that (again up to perturbations due to the
boundary conditions) the integral over D of the dependent variable is constant in time.

A first important example is the class of scalar conservation equations (m = 1). In this case, the
only admissible solutions are the entropy solutions. For these solutions, the maximum principle
holds, and the invariant domains are intervals [α, β] ⊂ R. More precisely, if the initial data is
bounded from below by α and from above by β in D, then it is also the case of the entropy
solution at all times t ∈ [0, T ]. When m > 1, the invariant domain property is a generalized
version of the maximum principle. For instance, for the compressible Euler equations equipped
with the co-volume equation of state, the set A is composed of the states with positive density,
positive internal energy, density less than the maximal compressibility constant from the co-volume
equation of state, and specific entropy larger than the minimum of the specific entropy of the
initial state. For the shallow water equations, the set A is composed of the states with positive
water height. In the theory of hyperbolic systems, invariant domains are usually convex. When
approximating the said Cauchy problem, it is important to devise approximation methods that are
high-order accurate in space and time, invariant domain preserving (IDP), and conservative. The
objective of the paper is to introduce a time-stepping technique that does so.

Applying first some space discretization technique leads to a system of ordinary differential
equations (ODEs) in (Rm)I , where the natural number I ≥ 1 refers to the number of degrees
of freedom (dofs) employed in the space discretization. Applying some time-marching scheme
then leads to the sequence of vectors (Un)n∈{0:N}, where Un := (Un

1 , . . . ,U
n
I )T ∈ (Rm)I for all

n ∈ {0:N} := {0, . . . , N}, and Un
i ∈ Rm for all i ∈ V := {1, . . . , I}. Since A is an invariant domain

for the continuous system, it is then natural to require that the whole discretization process satisfies
the following invariant-domain property:

(U0 ∈ AI) =⇒ (Un ∈ AI , ∀n ∈ {1:N}). (1)

Moreover, global conservation is expressed by the additional requirement that∑
i∈V

miUn
i =

∑
i∈V

miU0
i , ∀n ∈ {1:N}, (2)

where mi denotes the mass associated with the i-th dof.
Ensuring that (1)-(2) hold true is by no means straightforward. It is possible to satisfy (1)-(2)

using the forward Euler scheme under a CFL restriction on the time step if one resorts to a low-
order space discretization based on some suitable (graph) viscosity. Achieving (1) with a higher-
order space discretization is then made possible by applying some nonlinear, conservative limiting
technique. In practice, however, one is interested in developing higher-order time discretization
techniques that are also IDP and conservative. One well-known way to achieve the IDP when the
invariant domain A is a convex set (which is the case in practice) is to resort to strong stability
preserving (SSP) ERK methods (in short, SSPRK). The key idea in the SSPRK paradigm is that
the higher-order update in time is obtained as a convex combination of limited forward Euler steps.
Since the limited forward Euler step is IDP and AI is convex, the SSP update stays in AI . We
refer the reader to Ferracina and Spijker [8], Gottlieb et al. [9], Higueras [20], Kraaijevanger [22]
for reviews on SSPRK methods.

1.2 Objectives of the paper
The objective of this work is to go beyond the SSPRK paradigm and introduce a technique that
makes every ERK method IDP and conservative. There are two main reasons that lead us to
investigate this question.
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The first reason is that the class of SSP methods is restricted in accuracy and efficiency. For
instance, these methods are restricted to fourth-order if one insists on never stepping backward
in time. Also, denoting by cos the Shu–Osher coefficient [28] and by s the number of stages of
the SSPRK method, the efficiency ratio of the method, defined as s−1cos, is often significantly
less than 1. For instance, the efficiency ratio of Heun’s method (which is a standard second-order
SSPRK method) is equal to 1

2 . The efficiency ratio for SSPRK(3,3) is equal to 1
3 , it is equal to

1
2

for SSPRK(3,4), and it is approximately equal to 0.51 for SSPRK(5,4). (Here and in what follows,
the acronym SSPRK(s, p) refers to an s-stage, p-th order SSPRK method.) The SSP paradigm
also excludes methods like the second-order midpoint rule. This is unfortunate since the efficiency
ratio of the midpoint rule is exactly 1, which is two times larger than that of the second-order
Heun’s method.

The second reason is that the SSP setting is difficult to deploy in the context of methods
combining implicit and explicit time stepping. This problem is particularly evident when solving
the compressible Navier–Stokes equations (see, e.g., Demkowicz et al. [5], Guermond et al. [17]).
It is known that the inviscid compressible Euler equations satisfy a minimum principle on the
specific entropy (which is then an invariant domain property of the explicit part of the problem),
whereas the viscous effects of the Navier–Stokes equations (which are treated implicitly) violate
this minimum principle. Also, the invariant domain properties of the compressible Euler equations
are expressed in terms of the conserved variables, whereas the invariant domain properties induced
by the viscous part of the problem are expressed in terms of the primitive variables. One then
understands that the one-size fits all strategy that underpins the SSP implicit and explicit paradigm
cannot properly handle this problem (which set of variables should be used? which invariant domain
property should be enforced?). Implicit-explicit schemes are addressed in the forthcoming Part II
of this work.

The above difficulties with the SSP paradigm come from the requirement that updates are con-
vex combinations of elementary steps that are IDP. In this paper, we address this difficulty by devel-
oping an alternative technique that actually makes every ERK method IDP without constructing
convex combinations. We call the resulting time stepping techniques “IDP-ERK methods”. Given
any ERK method, the main idea is to perform at each stage the following three operations: (i) One
introduces a low-order update based on a forward Euler step (from a previous stage that is already
IDP); (ii) One also computes a high-order update that results from an incremental rewriting of
the ERK update and which can step out of the invariant domain; (iii) One combines these two
updates by applying a nonlinear, conservative limiting operation to evaluate the final IDP update
of the stage.

We observe that the IDP-ERK methods developed herein rely on ERK methods that are not
necessarily SSP (or contractive), i.e., their radius of absolute monotonicity can be zero. The crucial
point, however, is that another concept of stability is embedded into IDP-ERK methods by means
of the nonlinear limiting operation. Indeed, this operation, which is anyway needed for high-
order space discretizations, ties the high-order approximate solution to the low-order IDP update
produced by the forward Euler substeps. Just like for SSP methods, high-order accuracy in time
is recovered if the excursions outside the invariant domain of the unlimited high-order update are
small and infrequent.

The rest of this paper is organized as follows. We introduce the main ideas behind IDP-ERK
methods in §2. To pinpoint the key ideas while avoiding distracting technicalities, we do not
bother about conservation properties in this section. Then, in §3, we show how to modify the IDP-
ERK methods from §2 to make them conservative. Examples of implementation of the methods
(including possible choices for the space discretization and the limiters) are given in §4. Numerical
tests illustrating the proposed methods are reported in §5.
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2 Main ideas on IDP-ERK time stepping
In this section, we briefly present the discrete setting in space and in time, and we state structural
assumptions that are meant to reflect the state of the art in the literature on how to make the
forward Euler scheme IDP. Then we present the main novel idea on how to devise higher-order
IDP-ERK schemes. To avoid distracting technicalities, we forget the conservation issue in this
section. Conservation is addressed in the next section.

2.1 Discrete setting
Let tn ∈ [0, T ] be the current time for all n ∈ {0:N}, with the convention that t0 = 0 and tN = T .
Let τ be the current time step and let tn+1 := tn + τ . A priori, the time step τ depends on the
index n, but we omit this dependency to simplify the notation.

We consider two space discretization schemes. The low-order scheme is based on a low-order
invertible mass matrix ML ∈ RI×I and a low-order flux FL : AI → (Rm)I . The high-order scheme
is based on a high-order invertible mass matrixMH ∈ RI×I and a high-order flux FH : AI → (Rm)I .
Further details are given in §3.1. Examples using continuous finite elements, discontinuous finite
elements, and finite differences are presented in §4.

In what follows, for every matrix M ∈ RI×I and every vector V ∈ (Rm)I with components
Vp,i where p ∈ {1:m} and i ∈ V, the components of the vector MV ∈ (Rm)I are defined to be
(MV)p,i =

∑
j∈V mijVp,j .

2.2 Structural assumptions and first-order (Euler) IDP-ERK
We first recall the main steps that are usually invoked in the literature to make the forward Euler
scheme IDP (no originality is claimed here). Starting from the state vector Un, we consider the
following low-order and high-order updates at tn+1:

MLUL,n+1 := MLUn + τFL(Un), (3)

MHUH,n+1 := MHUn + τFH(Un). (4)

The low-order flux is constructed so that when starting from an admissible state Un ∈ AI , the
update UL,n+1 stays in the admissible domain AI under a restriction on the time step (which we
also refer to as CFL time step restriction). Unfortunately, this is not the case for the high-order
update UH,n+1 which can step out of the admissible domain AI for every τ . It is, however, possible
to devise a nonlinear limiting procedure that combines the starting state Un, the low-order flux
ΦL,n := FL(Un), and the high-order flux ΦH,n := FH(Un) into an admissible update. We formalize
this limiting process as follows:

Un+1 := `(Un,ΦL,n,ΦH,n) ∈ AI . (5)

The nonlinear limiting operator ` is always devised so that Un+1 is as close as possible to UH,n+1.
Let us now formalize the above heuristic ideas into two structural assumptions which we are

going to invoke later. More precisely, we assume the following:
(i) There exists a real number τ∗ > 0 such that the forward Euler scheme combined with the

low-order space discretization is IDP, i.e., for all τ ∈ (0, τ∗], we have

(V ∈ AI) =⇒ (V + τ(ML)−1FL(V) ∈ AI). (6)

(ii) There exists a nonlinear limiting operator ` : AI × (Rm)I × (Rm)I → (Rm)I such that for
all (V,ΦL,ΦH) ∈ AI × (Rm)I × (Rm)I ,

(V + τ(ML)−1ΦL ∈ AI) =⇒ (`(V,ΦL,ΦH) ∈ AI). (7)
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Other details on the action of the nonlinear limiting operator are given in §3 and in §4.5; the above
formalism is sufficient at this stage for our purpose.

The structural assumptions (i)-(ii) are all what is needed to make the forward Euler scheme
IDP. Indeed, if the time step is chosen so that τ ∈ (0, τ∗], then Assumption (i) implies that
UL,n+1 ∈ AI , and thus Assumption (ii) implies that Un+1 ∈ AI . We are now going to show how
these two structural assumptions allow one to make every ERK scheme IDP.

2.3 High-order IDP-ERK
Let s ≥ 2 be a natural number (s = 1 corresponds to the forward Euler scheme), and consider an
s-stage ERK method described by its Butcher tableau

c1 0
c2 a2,1 0
c3 a3,1 a3,2 0
...

...
. . . . . .

cs as,1 as,2 · · · as,s−1 0
b1 b2 · · · bs−1 bs

(8)

Examples are given in §4.1. Since we consider explicit methods, we have aj,j = 0 for all j ∈ {1:s}.
Notice that consistency requires that

∑
j∈{1:s} bj = 1. Moreover, we assume that

∑
l∈{1:j} aj,l = cj

for all j ∈ {1:s}. This is one of Butcher’s simplifying assumptions, and it implies here that c1 = 0.
Recall that the coefficient cj defines the intermediate time steps tn,j := tn + cjτ . In what follows,
we assume that cj ≥ 0 for all j ∈ {2:s}. Moreover, since it is convenient to rewrite the final
stage of the ERK scheme involving the bj ’s using the same formalism as in the previous stages, we
conventionally set as+1,k := bk for all k ∈ {1:s} and cs+1 := 1 (so that tn,s+1 = tn+1).

Let Un be the approximation at the time tn which we assume to be IDP, i.e., Un ∈ AI . Our
goal is to construct an approximation at the time tn+1 in such a way that it is also IDP, i.e.,
Un+1 ∈ AI . The technique we propose is based on two key ideas. The first one is that at each
stage l ∈ {2:s+1} of the IDP-ERK method, one computes a low-order update UL,l and a high-order
update UH,l. The low-order update is IDP (under a CFL restriction on the time step), whereas
the high-order update may not be, i.e., we have UL,l ∈ AI but UH,l ∈ (Rm)I . These two updates
are then combined by using the nonlinear limiting operator to deliver an update Un,l that is again
IDP, i.e., Un,l ∈ AI . However, the limiting process formalized in Assumption (ii) is operative only
if the two updates UL,l and UH,l are constructed from the same starting state. Thus, the second
main idea is to rewrite the l-th stage in incremental form. To do this, we use as starting value at
the stage l the invariant domain preserving state Un,l′ where the stage index l′ < l is defined to be
the closest to l in the sense that the difference cl − cl′ is nonnegative (cl ≥ cl′) and the smallest.
(This is always possible because the set {k < l | cl − ck ≥ 0} contains {1} since cj ≥ 0 for all
j ∈ {2:s}, i.e., the minimising set is nonempty.) If the sequence (cl)l∈{1:s} is nondecreasing (as
it often happens), then l′ = l − 1 for all l ∈ {2:s + 1}. The reason for looking for the smallest
difference cl−cl′ is that we want to minimize the CFL restriction on the time step (see Lemma 2.1).
Notice that l′ depends on l, so that we should write l′(l), but we simply write l′ to alleviate the
notation.

Let us now provide more details. Since c1 = 0, we start by setting Un,1 := Un. Then, for all
l ∈ {2:s + 1}, we assume that all the states Un,1, . . . ,Un,l−1 have been computed and are all in
AI (this property will be established by induction). First, we compute the provisional low-order
update

MLUL,l := MLUn,l′ + τ(cl − cl′)FL(Un,l′). (9)
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Notice that this update corresponds to a forward Euler step from tn,l
′
to tn,l. In principle, the

high-order update UH,l could be obtained by using the standard ERK expression which directly
follows from the Butcher tableau (and our above convention if l = s+ 1):

MHUH,l = MHUn + τ
∑

k∈{1:l−1}

al,kFH(Un,k). (10)

But, to be able to compare UH,l and UL,l and to perform a limiting process, we want to define UH,l

by using Un,l′ as the starting value. To this purpose, we proceed in two steps. First, we subtract
the equation for the high-order update at the l′th-stage from the equation for the high-order update
at the lth-stage. Using that the terms al′,k are zero for all k ≥ l′, this gives

MHUH,l = MHUH,l′ + τ
∑

k∈{1:l−1}

(al,k − al′,k)FH(Un,k). (11)

Then, we replace the invariant domain violating state UH,l′ by the IDP state Un,l′ in the above
equation. Thus, instead of (11), the equation we use for the evaluation of the provisional high-order
update UH,l is

MHUH,l := MHUn,l′ + τ
∑

k∈{1:l−1}

(al,k − al′,k)FH(Un,k). (12)

Notice that cl − cl′ =
∑

k∈{1:l−1}(al,k − al′,k) owing to Butcher’s simplifying assumption; hence,
both UL,l and UH,l are approximations of the solution at tn,l. Since both UL,l and UH,l use the
IDP state Un,l′ as the starting value, it makes sense to employ the limiting operator and to set

Un,l := `(Un,l′ ,ΦL,l,ΦH,l), (13)

with the low-order and high-order fluxes defined as follows:

ΦL,l := (cl − cl′)FL(Un,l′), ΦH,l :=
∑

k∈{1:l−1}

(al,k − al′,k)FH(Un,k). (14)

To sum up, the s-stage IDP-ERK method proceeds as described in Algorithm 1.

Algorithm 1 s-stage IDP-ERK scheme.
Input: Un ∈ AI

Set Un,1 := Un

for l = 2, . . . , s+ 1 do
1. MLUL,l := MLUn,l′ + τ(cl − cl′)FL(Un,l′) (Low-order update)
2. MHUH,l := MHUn,l′ + τ

∑
k∈{1:l−1}(al,k − al′,k)FH(Un,k) (High-order update)

3. Un,l := `(Un,l′ ,ΦL,l,ΦH,l) with fluxes defined in (14) (Limiting)
end for
Set Un+1 := Un,s+1

Lemma 2.1 (IDP). Let τ∗ be the maximal time-step from Assumption (6) and assume that
τ maxl∈{2:s+1}(cl − cl′) ≤ τ∗. Assume that Un ∈ AI and that Un+1 is computed by Algorithm 1.
Then, Un+1 ∈ AI .
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Proof. We argue by induction to establish that Un,l ∈ AI for all l ∈ {1:s + 1}. The definition
Un,1 := Un implies that the assumption holds true for l = 1. The assumptions τ(cl− cl′) ≤ τ∗, the
IDP assumption (6), the property Un,l′ ∈ AI already established (since l′ < l by construction),
and the definition of the low-order update (9) imply that UL,l ∈ AI . As a result, the definition
(13) makes sense, and Un,l ∈ AI by construction of the limiting operator. Hence, the induction
assumption holds true for all l ∈ {1:s+ 1}. This implies that Un+1 := Un,s+1 ∈ AI .

Definition 2.2 (Efficiency ratio). Let ceff := maxl∈{2:s+1}(cl − cl′) (using again the convention
cs+1 = 1). The quantity c−1eff s

−1 is called efficiency ratio of the s-stage IDP-ERK method.

To motivate the above definition (inspired from Shu and Osher [28]), let us compare the algo-
rithmic complexity of an s-stage IDP-ERK scheme with that of the forward Euler method. The
maximum time step that makes the s-stage method IDP is c−1eff τ

∗. Assuming that one wants to
reach some fixed time T , the number of time steps required to do so is approximately ceffT/τ∗.
Since each time step requires estimating s fluxes and performing s limiting operations, the al-
gebraic complexity of the method scales like sceffT/τ∗. Similarly, the complexity of the forward
Euler method to reach the same time scales like T/τ∗. Hence, the ratio of the complexity of the
forward Euler method to that of the s-stage method is the above-defined efficiency ratio c−1eff s

−1.
Since the minimal value of ceff is obtained when the coefficients {cl}l∈{1:s+1} are ordered and
equi-distributed, we infer that s−1 ≤ ceff. Hence c−1eff s

−1 ≤ 1. This computation shows that the
s-stage IDP-ERK methods that are the most efficient according to this criterion are those for
which the stages are equi-distributed, i.e., cl = l−1

s , l ∈ {1:s + 1}, leading to an efficiency ratio
of one. Choosing equi-distributed coefficients is not always possible (it is definitively possible for
s ∈ {2, 3}), but in any case, it indicates the ideal situation.

Remark 2.3 (Comparison with SSP). The computational effort deployed in each stage of an IDP-
ERK method is the same as that deployed for an SSPRK method, i.e., for each method one needs
to compute a low-order update by means of a forward Euler step, compute a high-order update, and
apply the limiting operator. The flexibility of IDP-ERK methods compared to SSPRK methods is
that they do not invoke a convex combination of limited states. This flexibility is paid with a slight
loss in simplicity in the actual implementation of the IDP-ERK algorithm.

3 Conservative IDP-ERK time stepping
In the previous section, we only focused on the invariant domain property (1). In this section,
we show how to achieve the conservation property (2) as well. Being conservative is essential for
the approximation of conservation equations, since (up to appropriate boundedness assumptions)
conservation implies convergence to weak solutions with shocks moving at the right speed. The
material presented in this section is inspired from the flux corrected transport literature (see Boris
and Book [3], Kuzmin and Turek [23], Kuzmin et al. [24, 25], Zalesak [30]) and from the convex
limiting literature (see e.g., [15, 16]). Originality is only claimed for the content of §3.3.

3.1 Low-order and high-order mass matrices and fluxes
The assumptions we are going to make concerning the space discretization are independent of the
time stepping strategy. They are common to every finite volume, finite difference, or finite element
approximation technique for conservation equations.

Recall that V := {1:I} denotes the collection of the dofs resulting from the space discretization.
The components of the low-order and high-order fluxes are denoted FL

i (V) ∈ Rm and FH
i (V) ∈ Rm
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for all i ∈ V and all V ∈ AI . We assume that for every i ∈ V, there exists a subset I(i) ( V, which
we call stencil at i, so that for every V ∈ AI , we have

FL
i (V) =

∑
j∈I(i)

FL
ij(V), FH

i (V) =
∑

j∈I(i)

FH
ij(V), (15)

where FL
ij ,F

H
ij : AI → Rm are Lipschitz mappings. We assume that the stencil is symmetric, i.e.,

j ∈ I(i) if and only if i ∈ I(j). To express that the fluxes result from the space discretization of
a conservation equation, we assume that the following skew-symmetry property holds true for all
V ∈ AI , all i ∈ V, and all j ∈ I(i):

FL
ij(V) = −FL

ji(V), FH
ij(V) = −FH

ji(V). (16)

Concerning the low-order mass matrix, we assume that ML is diagonal and positive, i.e.,

ML
ij = miδij , ∀(i, j) ∈ V2 and mi > 0, ∀i ∈ V. (17)

This assumption is justified in [14], where is it is established that it is necessary that the mass matrix
be diagonal and positive for the maximum principle to hold for scalar conservation equations.
Concerning the high-order mass matrix, we assume that MH is invertible, symmetric, and sparse
with the same sparsity pattern as the fluxes. Denoting by mij the entries of MH, we thus assume
that

(MHX)i =
∑

j∈I(i)

mijXj , ∀X ∈ RI , and mij = mji, ∀i ∈ V,∀j ∈ I(i). (18)

We also assume that ML and MH are related by the following identity:

mi =
∑

j∈I(i)

mij , ∀i ∈ V. (19)

In the finite element terminology, this means that ML is the lumped version of MH. This identity
also means the ML and MH carry the same mass, i.e., we have

∑
i∈V miVi =

∑
i∈V

∑
j∈I(i)mijVj

for all V ∈ (Rm)I .

Remark 3.1 (Low-order and high-order stencil). For simplicity, we assumed in (15) that the low-
order and the high-order fluxes can be decomposed over the same stencil. An example showing that
this is indeed possible with finite differences using three-point and five-point stencils is discussed
in §4.4. We also refer the reader to Abgrall et al. [2] and Pazner [27] where the stencil mismatch
question is addressed.

Remark 3.2 (Two-point fluxes). In the literature, one often considers two-point fluxes, meaning
that Fij only depends on the pair (Vi,Vj) (see e.g., (39)-(40) and (45)). We are not making this
assumption since it is too restrictive. In particular, the two-point flux assumption cannot be used
when using high-order space discretization schemes (see §4.4 for an example).

3.2 Conservative limiting operator for forward Euler step
We present in this section and the next one a possible realization of the limiting operator introduced
in §2.2(ii) that is conservative. We first explain the method using the forward Euler method. The
method is explained in full generality in §3.3.
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We rewrite (3)-(4) in component form as follows: For all i ∈ V,

miUL,n+1
i = miUn

i + τ
∑

j∈I(i)

FL
ij(U

n),

miUH,n+1
i = miUn

i +
∑

j∈I(i)

(mij −miδij)(Un
j −UH,n+1

j ) + τ
∑

j∈I(i)

FH
ij(U

n).

Following the flux corrected transport strategy (see Boris and Book [3], Kuzmin and Turek [23],
Kuzmin et al. [24, 25], Zalesak [30]), we subtract the first equation from the second one and obtain

UH,n+1
i = UL,n+1

i +m−1i τ
∑

j∈I(i)

An
ij , (20)

with
An

ij := FH
ij(U

n)− FL
ij(U

n) +
mij −miδij

τ
(Un

j −UH,n+1
j −Un

i + UH,n+1
i ), (21)

where we used (19) to infer that
∑

j∈I(i)(mij − miδij)(Un
i + UH,n+1

i ) = 0. The purpose of this
manipulation is to obtain the following skew-symmetry property:

An
ij = −An

ji, ∀i ∈ V, ∀j ∈ I(i). (22)

We are now ready to formalize the conservative limiting operator.

Definition 3.3 (Conservative limiting operator). Let L be the collection of the symmetric matrices
in RI×I with the same sparsity pattern as MH and with values in [0, 1]. Let M be the collection of
the skew-symmetric matrices in (Rm)I×I with the same block-sparsity pattern as MH. We call con-
servative limiter any operator from AI×M to L, say ({Vi}i∈V , {Aij}i∈V,j∈I(i)) 7→ {`ij}i∈V,j∈I(i),
so that

Vi +m−1i τ
∑

j∈I(i)

`ijAij ∈ A, ∀i ∈ V. (23)

The limited state (Vi +m−1i τ
∑

j∈I(i) `ijAij)i∈V ∈ AI is denoted `(V,A).

Notice that the existence of conservative limiters is always guaranteed since the trivial limiter
`(V,A) = V (i.e., `ij = 0 for all i ∈ V and all j ∈ I(i)) is always admissible because V ∈ AI . Of
course, the trivial limiter is inefficient. The goal of limiters is to construct the limiting coefficients
`ij as close to 1 as possible. Examples of conservative limiting techniques based on the above
formalism are given in §4.5.

With the help of the above definition, we can now define the conservative limited update of the
forward Euler step as follows:

Un+1 := `(UL,n+1,An), (24)

with An defined in (21). The definition (24) can be recast into the following form:

Un+1
i = Un

i +m−1i τ
∑
i∈V

`ijFH
ij(U

n) + (1− `ij)FL
ij(U

n)

+
∑
i∈V

`ij(mij −miδij)(Un
j −UH,n+1

j −Un
i + UH,n+1

i ). (25)

This expression shows that Un+1 = UL,n+1 if all the limiter coefficients are equal to 0, and that
Un+1 = UH,n+1 if all the limiter coefficients are equal to 1. In what follows, we say that two
generic state vectors V,W ∈ (Rm)I carry the same mass if

∑
i∈V miVi =

∑
i∈V miWi.
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Lemma 3.4 (IDP and conservation). The following assertions hold true:

(i) Let τ∗ be the maximal time-step from Assumption (6). For all τ ∈ (0, τ∗] and all Un ∈ AI ,
we have Un+1 ∈ AI .

(ii) The states Un, UL,n+1, UH,n+1, and Un+1 all carry the same mass.

Proof. (i) Owing to the assumptions τ ≤ τ∗ and (6), we conclude that UL,n+1 ∈ AI . As a result,
the definition (24) make sense, and the construction of the limiter implies that Un+1 ∈ AI .
(ii) The definition (15), the skew-symmetry assumption (16), and the property (22) imply that∑

i∈V miUL,n+1
i =

∑
i∈V miUn

i =
∑

i∈V miUH,n+1
i . Recalling that the definition (24) is equivalent

to
Un+1

i := UL,n+1
i +m−1i τ

∑
j∈I(i)

`ijAn
ij , ∀i ∈ V,

the skew-symmetry property `ijAn
ij = −`jiAn

ij implies that Un+1 and UL,n+1 carry the same mass,
i.e.,

∑
i∈V miUn+1

i =
∑

i∈V miUL,n+1
i .

3.3 Mass conservative limiting operator for IDP-ERK
We now rewrite the s-stage IDP-ERK scheme presented in Algorithm 1 using the above conservative
setting. Recall that we assume Un ∈ AI and that we set Un,1 := Un. Then, at the stage
l ∈ {2:s + 1} of the IDP-ERK scheme, we compute the low-order and the high-order updates by
using the following definitions:

MLUL,l = MLUn,l′ + τ(cl − cl′)FL(Un,l′), (26)

MHUH,l = MHUn,l′ + τ
∑

k∈{1:l−1}

(al,k − al′,k)FH(Un,k). (27)

By proceeding as in (21), we now define the following skew-symmetric fluxes:

An,l
ij :=

∑
k∈{1:l−1}

(al,k − al′,k)FH
ij(U

n,k)− (cl − cl′)FL
ij(U

n,l′)

+ τ−1(mij −miδij)(Un,l′

j −UH,l
j −Un,l′

i + UH,l
i ). (28)

Given some conservative limiting operator ` satisfying the requirements of Definition 3.3, we then
set

Un,l := `(UL,l,An,l), ∀l ∈ {2:s+ 1}. (29)

Lemma 3.5 (IDP and conservation). Recall from Definition 2.2 that ceff := maxl∈{2:s+1}(cl−cl′).
Then the following holds true.

(i) Let τ∗ be the maximal time-step from Assumption (6). Assume that Un ∈ AI and τ ∈
(0, c−1eff τ

∗]. Let Un+1 be computed as above. Then, Un+1 ∈ AI .

(ii) The states Un, {Un,l}l∈{1:s}, and Un+1 all carry the same mass.

Proof. The proof is omitted for brevity since it combines the arguments of the proofs of Lemma 2.1
and Lemma 3.4.
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4 Examples
In this section, we illustrate the theory presented above by giving examples. We list some ERK
techniques in §4.1. We also briefly describe in §4.2–§4.5 the use of the method in the context of
the approximation of the nonlinear conservation equation ∂tu + ∇·f(u) = 0 with u : D → Rm,
D ⊂ Rd, and f ∈ C1(Rm;Rm×d). We show how the low- and high-order fluxes can be computed
with continuous and discontinuous finite elements and with finite differences.

4.1 Examples of ERK methods
We give here examples of ERK methods that are not SSP. These methods are used in the numerical
section (see §5). We use the notation RK(s, p; e) where s indicates the number of stages, p the
order, and e the efficiency ratio (see Definition 2.2 and recall that a method with optimally equi-
distributed sub-steps (i.e., with increment 1

s ) reaches the best possible value e = 1).
Three examples of ERK methods with optimally equi-distributed sub-steps are as follows:

0 0
1
2

1
2 0

1 0 1

RK(2,2;1)

0 0
1
3

1
3 0

2
3 0 2

3 0

1 1
4 0 3

4

RK(3,3;1)

0 0
1
4

1
4 0

1
2 0 1

2 0
3
4 0 1

4
1
2 0

1 0 2
3 − 1

3
2
3

RK(4,3;1)

(30)

The method in the leftmost tableau in (30) is the midpoint rule. It is second-order accurate. The
second and third methods in (30) are both third-order accurate. The second method in (30) is
often called Heun’s third-order method. The third method in (30) satisfies all the necessary and
sufficient conditions to be fourth-order on linear problems (and it is the only one with optimally
equi-distributed sub-steps to do so), but it is only third-order accurate on nonlinear problems. This
proves in passing that there does not exist a four-stage ERK method that is genuinely fourth-order
and has optimally equi-distributed sub-steps.

Two examples of fourth-order accurate ERK methods are as follows:

0 0
1
2

1
2 0

1
2 0 1

2 0

1 0 0 1 0

1 1
6

2
6

2
6

1
6

RK(4,4; 12 )

0 0
1
3

1
3 0

2
3 − 1

3 1 0

1 1 −1 1 0

1 1
8

3
8

3
8

1
8

RK(4,4; 34 )

(31)

The first method in (31) is a popular fourth-order accurate ERK method, but its efficiency ratio
is rather small (only 1

2 ). The second method in (31) is often called 3
8 rule. It has equi-distributed

sub-steps, but the distribution is slightly sub-optimal (the increment is 1
3 instead of 1

4 ).
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Two examples of fifth-order accurate ERK methods are as follows:

0 0
1
5

1
5 0

2
5 0 2

5 0
3
5

3
20 0 9

20 0
4
5

4
5 − 8

5
8
5 0 0

1 − 71
4 40 − 75

4 −10 15
2 0

1 17
144 0 25

36 − 25
72

25
48

1
72

RK(6,5; 56 )

0 0
1
4

1
4 0

1
4

1
8

1
8 0

1
2 0 − 1

2 1 0
3
4

3
16 0 0 9

16 0

1 − 3
7

2
7

12
7 − 12

7
8
7 0

1 7
90 0 32

90
12
90

32
90

7
90

RK(6,5; 23 )

(32)

The first method in (32) has equi-distributed sub-steps, but the distribution is slightly sub-optimal
(the increment is 1

5 instead of 1
6 ). Moreover, some of the coefficients in the fifth subtep are rather

large. The second method in (32) has been proposed in Butcher [4], and its efficiency ratio is a bit
smaller than the first method ( 23 vs. 5

6 ).
We are also going to test standard SSPRK techniques of second-, third-, and fourth-order with

optimal efficiency ratio. Using the present notation, we refer to these methods as SSPRK(2,2; 12 ),
SSPRK(3,3; 13 ), and SSPRK(5,4;0.51). The Butcher tableau of the first two methods is as follows:

0 0

1 1 0
1
2

1
2

SSPRK(2,2; 12 )

0 0

1 1 0
1
2

1
4

1
4 0

1
6

1
6

2
3

SSPRK(3,3; 13 )

(33)

The Butcher tableau of the third method can be found in Kraaijevanger [22, p. 522]. The first
method in (33) is known as Heun’s method, and the second method is sometimes called Fehlberg’s
method [7].

Finally, we observe that for all the above ERK methods, we have l′(l) = l − 1 for all l ∈
{2:s+ 1}, except for SSPRK(3,3; 13 ) and SSPRK(5,4;0.51) for which the values for l′(l) are (1, 1, 2)
for l ∈ {2:4} and (1, 2, 2, 3, 5) for l ∈ {2:6}, respectively.

4.2 cG
The use of continuous finite elements to construct invariant domain approximations of nonlinear
conservation equations is well documented in the literature (see e.g., Abgrall [1], Guermond et al.
[13], [11], [16, §4.2], Ern and Guermond [6, Chap. 81], Kuzmin and Turek [23]). Given a shape-
regular sequence of unstructured matching meshes (Th)h∈H where each mesh covers D exactly,
and a reference finite element (K̂, P̂ , Σ̂), we define the following scalar-valued and vector-valued
continuous finite element spaces:

P (Th) := {v ∈ C0(D;R) | v|K ◦ TK ∈ P̂ , ∀K ∈ Th}, P (Th) := [P (Th)]m. (34)

Here, for all K ∈ Th, TK : K̂ → K is the geometric mapping. Let {ϕi}i∈V be the global shape
functions of P (Th). For every i ∈ V, the stencil I(i) at i is the collection of the indices j ∈ V such
that |supp(ϕi)∩ supp(ϕj)| > 0. The coefficients of the consistent and of the lumped mass matrices
are respectively defined to be

mH
ij :=

∫
D

ϕi(x)ϕj(x) dx, mL
ij := δij

∫
D

ϕi(x) dx, ∀i ∈ V, ∀j ∈ I(i), (35)
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and we set mi := mL
ii. To construct the fluxes, we introduce the vectors

cij :=

∫
D

ϕi(x)∇ϕj(x) dx, ∀i ∈ V, ∀j ∈ I(i). (36)

Notice that if at least one of the shape functions ϕi and ϕj vanishes at the boundary ∂D, then

cij = −cji, ∀i ∈ V, ∀j ∈ I(i). (37)

We also introduce low-order and high-order graph viscosity matrices {dLij}i∈V,j∈I(i), {dHij}i∈V,j∈I(i)
with the key assumption that

dLij = dLji ≥ 0 and dHij = dHji ≥ 0, ∀i ∈ V, ∀j ∈ I(i). (38)

We refer to [11] and [6, Chap. 81] for the construction of {dLij}i∈V,j∈I(i) (essentially dLij scales as
‖cij‖`2 multiplied by a maximum wave speed associated with a suitable local Riemann problem),
and to [13, 23], [16, §6], and [6, Chap. 82-83] for examples of constructions of {dHij}i∈V,j∈I(i). With
these definitions, we set

F L
ij(V) := −(f(Vj) + f(Vi))cij + dLij(Vj − Vi), ∀i ∈ V, ∀j ∈ I(i), (39)

FH
ij (V) := −(f(Vj) + f(Vi))cij + dHij(Vj − Vi), ∀i ∈ V, ∀j ∈ I(i). (40)

(Since f(V) is Rm×d-valued and cij is Rd-valued, the matrix-vector product f(V)cij is Rm-valued.)
Notice that the key skew-symmetry property (16) is satisfied (up to details regarding the boundary
conditions which are beyond the scope of the paper). Finally, setting I∗(i) := I(i) \ {i}, it can be
shown that the structural assumption (6) holds true for

τ ≤ τ∗ :=
1

2
min
i∈V

mi∑
j∈I∗(i) d

L
ij

. (41)

4.3 dG
The construction described above can be repeated verbatim for discontinuous finite elements. The
main difference is that the finite element spaces P (Th) and P (Th) are now defined by

P (Th) := {v ∈ L∞(D;R) | v|K ◦ TK ∈ P̂ , ∀K ∈ Th}, P (Th) := [P (Th)]m. (42)

Denoting by n the dimension of the reference space P̂ , the global shape functions can be enumerated
as follows {ϕlK}l∈{1:n},K∈Th . Assuming that the cells in Th are enumerated from 1 to M , and
denoting by m : Th → {1:M} the corresponding enumeration map, we define a global enumeration
of the shape functions by saying that i := n×(m(K) − 1) + l is the global enumeration index of
ϕlK ; hence, an alternative notation for ϕlK is ϕi. Notice that V := {1:n×M}.

The definitions of the consistent and of the lumped mass matrices are unchanged. Assuming
that i = n×(m(K)− 1) + l and j = n×(m(T )− 1) + m, the Rd-valued coefficients cij are defined
by using the centered numerical flux as follows:

cij :=


−
∫
K

ϕmT∇ϕlK dx+
1

2

∫
∂K

ϕmTϕlKnK ds if K = T .

1

2

∫
∂K

ϕmTϕlKnK ds if K 6= T , |∂K ∩ ∂T | > 0.

(43)

Here, nK is the unit outward normal on ∂K. Notice that cij = −cji. The definitions of the low-
order and high-order graph viscosity matrices {dLij}i∈V,j∈I(i), {dHij}i∈V,j∈I(i) are similar to what
can be done for continuous finite elements. Then the low-order and the high-order fluxes can be
defined as in (39)-(40), and one can again establish that the structural assumption (6) holds true
under the condition (41).
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4.4 Finite differences
We finish with a short example involving finite differences in one space dimension with periodic
boundary conditions. This setting is used in §5 to illustrate the method. Consider the domain
D := (0, L). For every N ≥ 2, we construct the uniform mesh composed of the nodes xi :=
(i − 1)h, i ∈ {1:N}, with h := L/(N − 1). To account for periodic boundary conditions, we set
V := {1:N − 1}.

We set the coefficients of the lumped mass matrix, ML, to be mi := h, and we set MH := ML.
For every i ∈ V, we set I(i) := {i− 1, i, i + 1} with the convention that 0 and N are replaced by
N − 1 and 1, respectively. For every i ∈ V, we also define the coefficients

ci,i−1 := −1

2
, ci,i := 0, ci,i+1 :=

1

2
. (44)

Here, we abuse the notation by identifying the R1-valued vectors cij with scalars. We define the
low-order flux such that

FL
ij(V) := −(f(Vj) + f(Vi))cij + dLij(Vj − Vi), ∀i ∈ V, ∀j ∈ I(i). (45)

The definition of the low-order graph viscosity matrices {dLij}i∈V,j∈I(i) is similar to what can be
done for continuous finite elements. Here again, one can establish that the structural assump-
tion (6) holds true under the condition (41).

For the high-order flux, we use the five-point finite difference formula h∂xf(xi) ≈ 1
12 (f(xi−2)−

8f(xi−1) + 8f(xi+1) − f(xi+2)), (with the additional convention that −1 and N + 1 are replaced
by N − 2 and 2, respectively). As announced in Remark 3.1 and Remark 3.2, we transform this
formula into an expression that only involves the three-point stencil by setting FH

i,i(V) := 0 and

FH
i,i−1(V) :=− 1

12
(f(Vi−2)− f(Vi−1)− f(Vi) + f(Vi+1)) (46)

+
6

12
(f(Vi−1) + f(Vi)) + dHi,i−1(Vi−1 − Vi),

FH
i,i+1(V) :=

1

12
(f(Vi−1)− f(Vi)− f(Vi+1) + f(Vi+2)) (47)

− 6

12
(f(Vi) + f(Vi+1)) + dHi,i+1(Vi+1 − Vi).

Notice that when dHi,i−1 = 0 and dHi,i+1 = 0, we obtain

FH
i (V) :=

∑
j∈I(i)

FH
i,j(V) = − 1

12
(f(Vi−2)− 8f(Vi−1) + 8f(Vi+1)− f(Vi+2)), (48)

which is the three-point stencil representation of the five-point finite difference formula approxi-
mating ∂xf(V) at xi mentioned above. Notice also that

FH
ij(V) = −FH

ji(V), ∀i ∈ I, ∀j ∈ I(i), (49)

which is the key skew-symmetry property that guarantees conservation.

4.5 Limiting
There are many ways to perform the limiting operation mentioned in (5), (13), Definition 3.3, and
(29). The so-called flux transport correction technique of Boris and Book [3] and Zalesak [30] is
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probably the most well-known limiting technique for scalar conservation equations. The reader is
also referred to Kuzmin and Turek [23] and the books Kuzmin et al. [24, 25] for other extensions on
this method. But, as observed in [15, 16], the flux transport correction technique is not appropriate
when the limiting constraints on the states are not affine, which is almost systematically the case
for systems of nonlinear conservation equations. To be more precise, in all the applications we
have in mind, the invariant set A introduced in the structural assumption (6) is of the following
form:

A =
⋂
l∈L

{V ∈ Rm | Ψl(V) ≥ 0}, (50)

where L ⊂ N is a finite index set and the functions {Ψl}l∈L are quasiconcave. The flux transport
correction technique can be applied only for those functions Ψl that are affine. In the general case,
one must resort to other techniques like the convex limiting method introduced in [15, 16]. We
refer the reader to these two references for the details on how convex limiting can be used in (29).

Remark 4.1 (Local bounds). The generic invariant domain property assumed in (6) can be
localized. More precisely, given i ∈ V and some initial states {Vj}j∈I(i), with Vj ∈ A for all
j ∈ I(i), one can often construct a subset Ai ⊂ A that is such that Vi + τm−1i FL

i (V) ∈ Ai for
all τ ≤ τ∗. Let us illustrate this point for scalar conservation equations. Given some initial data
V ∈ RI , one first defines the global invariant set A := [Vmin,Vmax] with Vmin := mini∈V Vi and
Vmax := maxi∈V Vi. Then (6) simply formalizes that the low-order method satisfies the global
maximum/minimum principle, i.e., Vi + τm−1i FL

i (V) ∈ [Vmin,Vmax] for all i ∈ V. But, very often
one can show that for every i ∈ V, setting Ai := [Vmin

i ,Vmax
i ] ⊂ A with Vmin

i := minj∈I(i) Vj

and Vmax
i := maxj∈I(i) Vj, one also has Vi + τm−1i FL

i (V) ∈ Ai for all τ ≤ τ∗. This additional
property allows the limiting invoked in (29) to be implemented with local bounds, which gives a
tighter control on the approximate solution.

Remark 4.2 (Bounds relaxation). As mentioned by many authors working on conservation equa-
tions, strictly enforcing the maximum/minimum principle degrades the converge rate to first-order
close to extrema (see e.g., Khobalatte and Perthame [21, §3.3], Zhang and Shu [32, p. 2753]). A
typical way to address this issue in the finite volume literature consists of relaxing the slope re-
constructions; see e.g., Harten [18, Eq. (5.7)], Harten and Osher [19]. Similar techniques can be
used with discontinuous Galerkin approximations as in Zhang and Shu [31, 32]. In the numerical
results reported in §5, the local bounds mentioned in Remark 4.1 are all relaxed using the process
explained in Guermond et al. [15, §4.7] and Guermond et al. [16, §7.6].

5 Numerical illustrations
We numerically illustrate the method described above on conservation equations. The tests are
performed with continuous finite elements and finite differences for the space approximation.

5.1 Numerical details
For all the tests reported here, the limiting is performed with two iterations of the convex limiting
technique introduced in [15, 16]. Since we illustrate the method only for scalar conservation
equations (for brevity and simplicity), the relaxed bounds are not allowed to exceed the minimum
and the maximum values of the initial data. Hence, the global minimum principle and the global
maximum principle are always enforced up to machine accuracy.
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In all the tests, the time step is computed once at the beginning of each simulation by using
the expression

τ := CFL×s×τ∗, (51)

where CFL > 0 is a fixed parameter, s the number of stages of the ERK method, and τ∗ the
maximum time step defined in (41). Given some final time T and given some mesh Th determining
the value of τ∗, the choice (51) of τ guarantees that all the ERK methods described in §4 perform
exactly the same number of flux evaluations to reach the final time T , i.e., the complexity of all
the algorithms is the same. Since

ceffτ = CFL×ceff×s×τ∗,

and all the methods are invariant-domain preserving if ceffτ ≤ τ∗, we conclude that all the methods
are invariant-domain preserving provided CFL ∈ (0, 1

ceffs
] (recall that ceff is the efficiency ratio

introduced in Definition 2.2 and that 1
ceffs
≤ 1).

5.2 Convergence tests with smooth solutions
We illustrate the method by solving the following linear transport equation in one and two space
dimensions:

∂tu+∇·(βu) = 0. (52)

5.2.1 Fourth-order finite differences in 1D

We consider the problem (52) in the one-dimensional domain D := (0, 1) with β := 1 and the
initial data u0(x) := (4 (x−x0)(x1−x)

x1−x0
)6 if x ∈ (x0, x1), and u0(x) := 0 otherwise, with x0 := 0.1 and

x0 := 0.4. We enforce periodic boundary conditions. The tests are realized as explained in §4.4
with fourth-order finite differences using uniform meshes. The space approximation is formally
fourth-order accurate. We test the ten ERK methods described in §4. All the errors are reported
at T := 1.

We show in Table 5.2.1 the relative error in the L∞-norm for the second-order methods
RK(2,2;1) and RK(2,2; 12 ). Both methods perform as expected at CFL = 0.2. There is a slight
difference of behavior at CFL = 0.25. Heun’s method is no longer in the asymptotic convergence
regime for CFL = 0.25, whereas the midpoint method still behaves properly.

Table 1: Linear transport, 1D finite differences, second-order methods.
CFL = 0.2 CFL = 0.25

I RK(2,2;1) rate RK(2,2; 12 ) rate RK(2,2;1) rate RK(2,2; 12 ) rate
50 4.72E-02 – 1.23E-01 – 4.91E-02 – 1.30E-01 –
100 2.81E-03 4.07 1.50E-02 3.03 4.51E-03 3.44 4.32E-02 1.60
200 1.16E-03 1.28 1.24E-03 3.60 2.01E-03 1.17 2.14E-03 4.34
400 3.38E-04 1.78 3.47E-04 1.84 5.41E-04 1.89 5.67E-04 1.91
800 8.79E-05 1.94 9.28E-05 1.90 1.38E-04 1.97 1.48E-04 1.94
1600 2.22E-05 1.98 2.33E-05 1.99 3.47E-05 1.99 3.78E-05 1.97
3200 5.58E-06 1.99 5.92E-06 1.98 8.73E-06 1.99 5.36E-05 -.50

We show in Table 5.2.1 the relative error in the L∞-norm for the third-order methods RK(3,3;1),
RK(3,3; 13 ), and RK(4,3;1). The method RK(3,3;1) delivers third-order accuracy for CFL = 0.05.
The performance of the method RK(3,3; 13 ) degrades as the mesh size is refined. The performance
of both methods degrades as the CFLnumber grows. The simulations at CFL = 0.25 show that the
performance of the SSP method RK(3,3; 13 ) degrades faster than its optimal counterpart RK(3,3;1).
Notice also that the method RK(4,3;1) behaves extremely well since it delivers fourth-order ac-
curacy for both CFLnumbers. This is coherent since, although the method is only third-order
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accurate on nonlinear problems, it satisfies all the necessary and sufficient conditions to be fourth-
order accurate on linear problems.

Table 2: Linear transport, 1D finite differences, third-order methods.
CFL = 0.05 CFL = 0.25

I RK(3,3;1) rate RK(3,3; 13 ) rate RK(4,3;1) rate RK(3,3;1) rate RK(3,3; 13 ) rate RK(4,3;1) rate
50 5.15E-02 – 4.76E-02 – 5.15E-02 – 5.48E-02 – 1.55E-01 – 6.08E-02 –
100 5.41E-03 3.25 5.41E-03 3.14 5.41E-03 3.25 5.15E-03 3.41 6.12E-02 1.35 6.15E-03 3.31
200 3.79E-04 3.83 3.79E-04 3.83 3.79E-04 3.83 3.92E-04 3.72 1.07E-03 5.84 3.83E-04 4.01
400 2.27E-05 4.06 2.27E-05 4.06 2.27E-05 4.06 2.89E-05 3.76 2.18E-04 2.29 2.30E-05 4.06
800 1.58E-06 3.85 1.58E-06 3.85 1.58E-06 3.85 3.20E-06 3.18 6.41E-05 1.77 1.59E-06 3.85
1600 9.12E-08 4.12 1.22E-07 3.69 8.13E-08 4.28 8.23E-07 1.96 1.83E-05 1.81 8.25E-08 4.27
3200 1.52E-08 2.58 6.84E-08 0.84 5.31E-09 3.94 2.40E-07 1.78 5.39E-06 1.76 5.39E-09 3.94

We show in Table 5.2.1 the relative error in the L∞-norm for the fourth-order methods RK(4,4; 12 ),
RK(4,4; 34 ), and RK(5,4;0.51) (we use the notation RK(5,4;12 ) instead of RK(5,4;0.51) in the ta-
ble to save some horizontal space). We observe that the method RK(4,4; 12 ) delivers fourth-order
accuracy in the L∞-norm up to CFL = 0.1. The SSP method RK(5,4;0.51) delivers fourth-order
accuracy for the lower value CFL = 0.05. The method RK(4,4; 34 ) is not yet in its asymptotic
range for CFL = 0.05. This result shows that considerations on the efficiency coefficient are not
enough to classify the methods. This test nevertheless shows that the popular fourth-order method
RK(4,4; 12 ) vastly outperforms the SSP method RK(5,4;0.51). We recall that the definition of the
time step (51) is such that for any given CFL number, all the methods perform exactly the same
number of flux evaluations, so that the above comparison is, in our opinion, fair.

Table 3: Linear transport, 1D finite differences, fourth-order methods.
CFL = 0.05 CFL = 0.1

I RK(4,4; 12 ) rate RK(4,4; 34 ) rate RK(5,4; 12 ) rate RK(4,4; 12 ) rate RK(4,4; 34 ) rate RK(5,4; 12 ) rate
50 4.32E-02 – 4.72E-02 – 4.32E-02 – 6.35E-02 – 5.18E-02 – 6.28E-02 –
100 5.41E-03 3.00 5.40E-03 3.13 5.41E-03 3.00 5.36E-03 3.57 5.20E-03 3.31 5.66E-03 3.47
200 3.79E-04 3.84 3.79E-04 3.83 3.79E-04 3.83 3.79E-04 3.82 3.79E-04 3.78 3.79E-04 3.90
400 2.27E-05 4.06 2.27E-05 4.06 2.27E-05 4.06 2.27E-05 4.06 2.59E-05 3.87 2.27E-05 4.06
800 1.58E-06 3.85 1.58E-06 3.85 1.58E-06 3.84 1.58E-06 3.84 4.05E-06 2.68 1.58E-06 3.85
1600 8.13E-08 4.28 2.88E-07 2.46 8.58E-08 4.20 8.13E-08 4.28 9.94E-07 2.03 1.13E-07 3.80
3200 5.36E-09 3.92 6.98E-08 2.04 8.95E-09 3.26 4.97E-09 4.03 2.45E-07 2.02 2.72E-08 2.06

We show in Table 5.2.1 the relative error in the L∞-norm for the fifth-order methods RK(6,5; 56 )
and RK(6,5; 23 ). We observe that the two methods reach their asymptotic convergence range for
CFL = 0.025 (recall that here the space discretization errors should dominate on fine meshes).
We notice that, as anticipated, the method RK(6,5; 56 ) performs slightly better than RK(6,5; 23 )
although the differences are rather small.

Table 4: Linear transport, 1D finite differences, fifth-order methods.
CFL = 0.02 CFL = 0.025

I RK(6,5; 56 ) rate RK(6,5; 23 ) rate RK(6,5; 56 ) rate RK(6,5; 23 ) rate
50 5.19E-02 – 5.19E-02 – 5.20E-02 – 5.19E-02 –
100 5.41E-03 3.26 5.41E-03 3.26 5.41E-03 3.26 5.41E-03 3.26
200 3.79E-04 3.83 3.79E-04 3.83 3.79E-04 3.84 3.79E-04 3.84
400 2.27E-05 4.06 2.27E-05 4.06 2.27E-05 4.06 2.27E-05 4.06
800 1.58E-06 3.84 1.58E-06 3.85 1.58E-06 3.85 1.58E-06 3.85
1600 8.13E-08 4.28 8.48E-08 4.22 8.24E-08 4.26 8.71E-08 4.18
3200 6.24E-09 3.70 7.10E-09 3.58 6.32E-09 3.70 1.16E-08 2.91
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5.2.2 Second-order finite elements

We now solve the problem (52) in the two-dimensional domain D := (0, 1)2 with β := (0.9, 1)T and
the initial data u0(x) := (4 (x−x0)(x1−x)

x1−x0
)4×(4 (y−y0)(y1−y)

y1−y0
)4 if x ∈ (x0, x1) and y ∈ (y0, y1), and

u0(x) := 0 otherwise, with x0 := y0 := 0.1 and x1 := y1 := 0.4. The simulations are performed up
to T := 0.5 with CFL = 0.2. We use continuous P1 finite elements on uniform meshes composed
of triangles. (Notice that the advection field is on purpose chosen not to be tangential to any
mesh edge to avoid any extraneous super-convergence effects.) The Lagrange shape functions are
invariant by central symmetry in the support of every nodal basis function; this guarantees that the
method is super-convergent up to third-order at the mesh nodes (see [10, Prop. 2.1] and Thompson
[29, Prop. 4.4]).

Table 5: Linear transport, 2D P1 finite elements on uniform meshes. Relative error in the L1- and
L∞-norms for the second- and third-order ERK methods at CFL = 0.2.

L
1
-n
or
m

I RK(2,2;1) rate RK(2,2; 12 ) rate RK(3,3;1) rate RK(3,3; 13 ) rate RK(4,3;1) rate
512 2.34E-02 – 2.38E-02 – 3.09E-02 – 3.16E-02 – 3.13E-02 –
1012 2.37E-03 3.31 2.37E-03 3.33 1.91E-03 4.01 1.97E-03 4.01 1.93E-03 4.02
2012 7.85E-04 1.59 7.85E-04 1.59 1.36E-04 3.81 1.36E-04 3.85 1.35E-04 3.84
4012 2.12E-04 1.89 2.12E-04 1.89 9.94E-06 3.77 1.03E-05 3.72 9.49E-06 3.83
8012 5.40E-05 1.97 5.40E-05 1.97 7.70E-07 3.69 8.48E-07 3.60 6.62E-07 3.84

L
∞
-n
or
m

I RK(2,2;1) rate RK(2,2; 12 ) rate RK(3,3;1) rate RK(3,3; 13 ) rate RK(4,3;1) rate
512 2.58E-02 – 2.61E-02 – 3.27E-02 – 3.33E-02 – 3.29E-02 –
1012 1.32E-03 4.29 1.32E-03 4.30 7.82E-04 5.39 1.00E-03 5.05 8.02E-04 5.36
2012 4.73E-04 1.48 4.73E-04 1.49 8.28E-05 3.24 1.09E-04 3.21 8.03E-05 3.32
4012 1.26E-04 1.90 1.26E-04 1.90 9.44E-06 3.13 2.41E-05 2.17 9.33E-06 3.11
8012 3.22E-05 1.97 3.22E-05 1.97 1.03E-06 3.19 6.46E-06 1.90 1.06E-06 3.13

We show in Table 5.2.2 the relative errors measured in the L1-norm and in the L∞-norm
for the second-order methods RK(2,2;1), RK(2,2; 12 ) and for the third-order methods RK(3,3;1),
RK(3,3; 13 ), RK(4,3;1); in all cases, we set CFL = 0.2. We observe that all the methods achieve
the expected convergence order in the L1-norm for this CFL number (recall that all the methods
perform exactly the same number of flux evaluations). The observed rate is even larger than 3
for the third-order methods. The methods RK(2,2;1), RK(2,2; 12 ), RK(3,3;1), and RK(4,3;1) also
achieve the expected rate in the L∞-norm over the entire range of meshes. The rates are suboptimal
for the SSP method RK(3,3; 13 ). This is due to its efficiency coefficient 1

3 being significantly less
than 1. Of course, optimality is recovered by lowering the CFL number (tests not shown). This
test illustrates the importance of using RK methods with large efficiency coefficients.

Table 6: Linear transport, 2D P1 finite elements on uniform meshes. Relative error in the L1- and
L∞-norms for the fourth- and fifth-order RK methods at CFL = 0.2.

L
1
-n
or
m

I RK(4,4; 12 ) rate RK(4,4; 34 ) rate RK(5,4;0.51) rate RK(6,5; 56 ) rate RK(6,5; 23 ) rate
502 3.14E-02 – 3.22E-02 – 3.15E-02 – 3.17E-02 – 3.12E-02 –
1002 1.94E-03 4.02 2.03E-03 3.99 1.94E-03 4.02 1.91E-03 4.05 1.92E-03 4.02
2002 1.34E-04 3.85 1.38E-04 3.88 1.35E-04 3.84 1.50E-04 3.67 1.34E-04 3.84
4002 9.53E-06 3.82 9.71E-06 3.83 9.48E-06 3.83 1.30E-05 3.53 9.45E-06 3.83
8002 6.82E-07 3.80 7.13E-07 3.77 6.62E-07 3.84 1.24E-06 3.39 6.63E-07 3.83

L
∞
-n
or
m

I RK(4,4; 12 ) rate RK(4,4; 34 ) rate RK(5,4;0.51) rate RK(6,5; 56 ) rate RK(6,5; 23 ) rate
502 3.31E-02 – 3.28E-02 – 3.32E-02 – 4.03E-02 – 3.30E-02 –
1002 8.75E-04 5.24 9.47E-04 5.11 8.69E-04 5.26 2.13E-03 4.24 8.04E-04 5.36
2002 8.00E-05 3.45 8.95E-05 3.40 8.03E-05 3.44 3.87E-04 2.46 8.03E-05 3.32
4002 9.32E-06 3.10 1.55E-05 2.53 9.34E-06 3.10 8.97E-05 2.11 9.33E-06 3.11
8002 2.15E-06 2.12 4.07E-06 1.93 1.03E-06 3.18 2.71E-05 1.73 1.04E-06 3.17

We show in Table 5.2.2 the relative errors measured in the L1-norm and in the L∞-norm for
the fourth-order methods RK(4,4;12 ), RK(4,4; 34 ), RK(5,4;0.51) and for the fifth-order methods
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RK(6,5; 56 ), RK(6,5; 23 ); as above, we set CFL = 0.2. We observe that all the methods achieve
the same convergence order (about 3.8) in the L1-norm, which is above the expected convergence
order 3. The convergence rate in the L∞-norm of the methods RK(5,4;0.51) and RK(6,5; 23 ) is
3, as expected for this CFL number. The convergence rate is suboptimal for the other meth-
ods. Here again, optimality is recovered by lowering the CFL number (tests not shown). The
slight suboptimality of the method RK(6,5; 56 ) is probably due to the presence of very large coef-
ficients in the 6th row of its Butcher tableau, which likely induce a large truncation error. Notice
that the method RK(4,3;1) performs significantly better than the other two fourth-order methods
RK(4,4; 12 ), RK(4,4; 34 ) in the present case.

5.3 Linear transport with non-smooth solutions
Here, we solve a standard linear transport problem with non-smooth initial data: ∂tu+∇·(βu) = 0
in D := {x ∈ R2 | ‖x‖`2 < 1} with β(x) := 2π(−x2, x1)T. The initial data is

u0(x) :=


1 if ‖x− xd‖`2 ≤ r0 and (|x1| ≥ 0.05 or x2 ≥ 0.7),
1− ‖x−xc‖`2

r0
if ‖x− xc‖`2 ≤ r0,

g(‖x− xh‖`2) if ‖x− xh‖`2 ≤ r0,
0 otherwise,

(53)

where r0 := 0.3, g(r) := 1
4

[
1 + cos

(
π r

r0

)]
, xd := (0, 0.5), xc := (0,−0.5), xh := (−0.5, 0). This

test has been proposed in Leveque [26], Zalesak [30]. The graph of u0 consists of three solids: a
slotted cylinder of height 1, a smooth hump of height 1

2 , and a cone of height 1.
The simulations are performed up to T := 1 using continuous P1 finite elements on unstructured

non-nested Delaunay triangulations. For brevity, we only show the performance of the RK(2,2;1)
method (i.e., the midpoint rule) to demonstrate that this method, which is often shun in the
literature for “its lack of stability”, performs actually very well when used with the IDP technique
proposed in this paper. We show in Figure 1 the graph of the solutions computed on four different
grids composed of I = 6561, I = 24917, I = 98648, and I = 389860 P1 Lagrange nodes. The
computations are done at CFL = 0.25. We observe that the method behaves as expected and that
the results are visually of the same quality as what is usually reported in the literature.

Figure 1: Three-solids problem at T = 1, using RK(2,2;1) at CFL = 0.25. 2D P1 finite elements
on unstructured meshes. From left to right: I = 6561; I = 24917; I = 98648; I = 389860.

We show in Table 5.3 the relative error at T = 1 measured in the L1-norm using the two
methods RK(2,2;1) and RK(4,3;1). The convergence rates are similar to those reported in [12,
§6.3].
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Table 7: Three-solids problem at T = 1 and CFL = 0.25. 2D P1 finite elements on unstructured
meshes. Relative error in the L1-norm for methods RK(2,2;1) and RK(4,3;1).

I RK(2,2;1) rate RK(4,3;1) rate
1605 2.45E-01 – 2.49E-01 –
6561 1.28E-01 0.93 1.31E-01 0.92
24917 7.34E-02 0.81 7.49E-02 0.84
98648 4.26E-02 0.78 4.44E-02 0.76
389860 2.44E-02 0.81 2.56E-02 0.80

5.4 Burgers’ equation
In this section, we consider Burgers’ equation in the two-dimensional domain D := (−.25, 1.75)2:

∂tu+∇·(f(u)) = 0, f(u) := 1
2 (u2, u2)T, u(x, 0) = u0(x) a.e. x ∈ D, (54)

with the initial data

u0(x) :=

{
1 if |x1 − 1

2 | ≤ 1 and |x2 − 1
2 | ≤ 1

−a otherwise.
(55)

This problem is considered in [12, §6.1]. The exact solution is given in Eq. (52)-(53) therein. This
problem is interesting since it exhibits many sonic points, which makes methods that are too greedy
to fail.

We approximate the solution to this problem with continuous P1 finite elements on uniform
triangular meshes. We test the ten RK methods considered above. The computations are done up
to T := 0.65 with CFL = 0.25. We compute the relative error in the L1-norm on five consecutively
refined meshes. The results are reported in Table 5.4. We observe that all the convergence rates
are close to 0.9. The rates are similar to those is reported in [12] where the time stepping is done
with SSPRK(3,3; 13 ) (the CFL used therein is CFL = 0.25

3 ).

Table 8: Burgers’ equation. 2D P1 finite elements on uniform meshes. T = 0.65 at CFL = 0.25.
Relative error in the L1-norm for all the methods.

I RK(2,2;1) rate RK(2,2; 12 ) rate RK(3,3;1) rate RK(3,3; 13 ) rate RK(4,3;1) rate
512 7.71E-02 – 7.79E-02 – 7.71E-02 – 8.03E-02 – 7.71E-02 –
1012 3.69E-02 1.06 3.73E-02 1.06 3.69E-02 1.06 3.85E-02 1.06 3.69E-02 1.06
2012 2.30E-02 0.68 2.32E-02 0.68 2.30E-02 0.68 2.38E-02 0.70 2.30E-02 0.68
4012 1.24E-02 0.90 1.24E-02 0.90 1.24E-02 0.90 1.27E-02 0.90 1.24E-02 0.90
8012 6.47E-03 0.93 6.52E-03 0.93 6.48E-03 0.93 6.65E-03 0.93 6.47E-03 0.93
I RK(4,4; 12 ) rate RK(4,4; 34 ) rate RK(5,4;0.51) rate RK(6,5; 56 ) rate RK(6,5; 23 ) rate

512 7.94E-02 – 8.15E-02 – 7.79E-02 – 1.81E-01 – 9.29E-02 –
1012 3.80E-02 1.06 3.89E-02 1.07 3.89E-02 1.00 8.56E-02 1.08 4.39E-02 1.08
2012 2.36E-02 0.69 2.40E-02 0.70 2.47E-02 0.66 4.78E-02 0.84 2.72E-02 0.69
4012 1.26E-02 0.90 1.28E-02 0.90 1.36E-02 0.86 2.38E-02 1.00 1.41E-02 0.95
8012 6.61E-03 0.93 6.72E-03 0.94 7.11E-03 0.93 1.22E-02 0.97 7.24E-03 0.96
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