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Abstract

We consider a system of self-propelled agents interacting through body attitude
coordination in arbitrary dimension n > 3. We derive the formal kinetic and hy-
drodynamic limits for this model. Previous literature was restricted to dimension
n = 3 only and relied on parametrizations of the rotation group that are only valid
in dimension 3. To extend the result to arbitrary dimensions n > 3, we develop a
different strategy based on Lie group representations and the Weyl integration for-
mula. These results open the way to the study of the resulting hydrodynamic model
(the “Self-Organized Hydrodynamics for Body orientation (SOHB)”) in arbitrary
dimensions.
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1 Introduction

Collective dynamics is an ubiquitous phenomenon in the living world at all scales (see e.g.
locust swarms [6], wildebeest herds [61], fish schools [53], human crowds [65], bacterial
colonies [7], embryogenic cell migration [44], semen [22] or collective motion of subcellular
structures [56]). It produces large-scale structures (flocks, herds, coordinated motion)
which extend far beyond the individual scale. A lot of effort has been put in understanding
how local interactions between individuals can produce coordination over such large scales.
Most approaches postulate some interaction rules at the individual level and assess them
against experimental observations via large-scale computer simulations.

One of the first and most widely used such models is the so-called three-zone model
proposed by I. Aoki [3], where individuals are assumed to attract each other at large
distances, repel at short distance and align in the middle range. A simplified version of
this model where individuals move at constant speed and are only subject to alignment
has then been brought forward by T. Vicsek and his collaborators [64]. Independently,
F. Cucker and S. Smale have developed a similar alignment model but with particles
with variable speeds [23]. All these models have stimulated an intense literature which
is impossible to cite exhaustively (see e.g. [I5] for the three-zone model, [19, 21| 27,
28, (38, [41], 193], 146, 52, 63, 66] for the Viesek model, and [Tl 4] [5 [16] 48] 49, 0] for the
Cucker-Smale model). Variants or combinations of these different models can be found in
[8, @, 10, 54]. Connections between the Cucker-Smale and the Vicsek models via singular
limits has been established in [5], 12, 13].

In these models, agents control their motion via the velocity or velocity director. A
question is whether new behavior could be observed if more complex control variables
are introduced. Recently, a new model in which the agents control their motion by their
body attitude has been proposed in dimension n = 3 [24] 26, 29, B0, BT, 40]. In this
model, a reference frame describing the body attitude is attached to each agent. The
agents move at constant speed in the direction of the first basis vector of the frame.
The frame is updated to adjust to the “average” body attitude of the neighbors up
to some noise. There are similarities with the Vicsek model except in the alignment
process, which operates on the full body frame rather than on the single velocity vector.
Consequently, heterogeneities in the body frame distribution affect motion and alter the
dynamics compared with the Vicsek model [26]. So far, previous works were restricted
to dimension n = 3. The present paper is the first investigation of this body attitude
coordination model in arbitrary dimensions n > 3.

Traditionally, there are three levels of modelling for systems of interacting agents.
The finer level of description is the “particle” level, by which each agent is followed in
the course of time by means of ordinary differential equations or stochastic processes
[3, 5] 19, 21], 23] 50, 53], 54, 64]. This is an appealing approach as the behavioral rules
can be directed encoded in the equations. Due to the large number of particles, these
models are not amenable to theoretical qualitative analyses. Thus, computer experiments
are needed but computational efficiency drops dramatically when the number of particles
becomes large.

Then, a coarser approach consists of looking at the system in some statistical sense.
Specifically, one monitors the evolution of the probability distribution of a representa-



tive particle. This leads to the so-called “kinetic” models, which are partial differential
equations posed on high-dimensional space consisting of all the positional and control
variables of the particles. This approach is mostly developed for theoretical purposes
[4, 8, 16, 24, 27, 38, 41, [43] although some numerical simulations have be attempted in
low dimensional cases [40].

Finally the coarsest approach consists of describing the system by average or “hydro-
dynamic” quantities, such as the mean density, mean velocity, mean orientation, etc. In
these hydrodynamic models, the agents control variables have been replaced by their local
means which only depend on position. This results in considerable information savings
and make the models amenable to both intensive numerical simulations and theoretical
qualitative analysis [9] [10, 26} [63].

By going from particle to kinetic then hydrodynamic models, microscopic information
is gradually lost. Therefore, the validity of the kinetic and hydrodyanmic models com-
pared with the particle ones is a key question. In model cases, it can be proved that
kinetic models are a valid approximation of particle models, when the number of particles
tends to infinity and a property named “propagation of chaos” is satisfied (see e.g. [11],[14]
for the Vicsek model, [48] for the Cucker-Smale model and [33] for a general framework
encompassing the body orientation model). Then, hydrodynamic models can be formally
and rigorously derived from kinetic ones when the typical interaction time between the
particles is small compared to the duration of the experiment (see [27, 28], 32] 39, 52, [66]
for the Vicsek model and [I, 5] for the Cucker-Smale model). References [17, 130, [44] [49]
give an overview of the whole process from particles to hydrodynamic equations. More
phenomenological approaches can be found in [8] 9] 63].

For the body orientation model, the passage from kinetic to hydrodynamic equations
has been realized in [24] 26, 29, 30, 31, 40] in dimension n = 3 only. Specifically, in
[29], the particle dynamics was described by a stochastic differential equation leading to
a kinetic equation of Fokker-Planck type. In [31] the representation of three-dimensional
rotations by unit quaternions was used. In [30] instead, the particle dynamics was a
jump process described by a piecewise deterministic Markov process (PDMP) resulting
in a Boltzmann-BGK type kinetic equation. In [24], 40] this kinetic equation was studied
from the viewpoint of phase transitions. Numerical comparisons of the PDMP with the
hydrodynamic models were performed in [26]. In the present paper, we aim to derive the
macroscopic equations corresponding to the same PDMP and Boltzmann-BGK kinetic
equation as in [20] but in arbitrary dimensions n > 3. The passage from dimension 3
to arbitrary dimensions is not a simple exercise. The reason is that all previous results
obtained in dimension 3 used a parametrization of the rotation group by means of either
the Rodrigues formula or (equivalently) the unit quaternions. This parametrization is
specific to dimension n = 3 and does not extend to higher dimensions. Thus, it is
necessary to use a completely different approach. In this paper, our main tools will be
representation theory [42] and the so-called Weyl integration formula [62].

The search for a model in dimension n > 3 may appear as a pointless endeavour
as collectively moving agents (birds, fish) live in a three-dimensional world. In spite
of this, there are advantages in deriving the model in arbitrary dimensions. First, the
use of concepts specific to dimension 3 (such as cross product, curl, etc.) may hide the
underlying structures of the model. By contrast, writing the model in arbitrary dimension



may help decipher such structures (see [18] for an elaboration of this argument). Finally,
these models could potentially apply to more abstract entities, such as data. Collective
dynamics models are increasingly used in optimization and data science [20, [55]. The
present body attitude coordination model or a variant of it could be used as a building
block for treating data structured in rotation matrices.

Previous models involving agents’ body attitudes have been proposed to model bird
flocks [51]. However, there, the agents’ interactions are similar to [3] and the body attitude
itself is used to incorporate elements of flight physics in an individual agent’s trajectory.
The interplay between geometry and collective dynamics has recently appeared in the
literature. In [2, 36, 37, 58, 60], collective dynamics models are considered where the par-
ticles are located on generic manifolds. Restrictions to specific manifolds are considered.
For instance, the Lie group of unitary matrices is considered in [45], more general Lie
groups in [47, [57] and the rotation group in 3 dimensions in [35, 59]. However, the target
is fairly different from ours. In these cases, the particles move in this manifold and are
subjected to generalizations of the Cucker-Smale alignment dynamics (or extensions of
the Kuramoto synchronization dynamics). In the present work, particles move in classi-
cal linear space but their control variables are changed into objects in a more complex
geometric structure.

The outline of this paper is as follows. Section [2|is devoted to the description of the
modelling context, namely, the underlying particle model, the derivation of the kinetic
model and its hydrodynamic scaling. The main result, namely, the formal convergence of
the kinetic model towards the hydrodynamic model, is stated and discussed in Section [3]
The proof of the main result occupies Section 4l A conclusion and perspectives are drawn
in Section [5] The proofs of several lemmas relying on representation theory are given in
appendices. A summary of the results coming from representation theory used in these
proofs is given at the beginning of the appendix.

2 Modelling context

2.1 The particle system

Our starting point is the following particle system, which is a generalization of the three-
dimensional model presented in [26, 30] to arbitrary dimensions n > 3. We assume the
system composed of N particles occupying spatial locations X (t) € R, k € {1,..., N} in
the course of time ¢t > 0. Each particle is endowed with a moving direct orthonormal frame
(wWh(t),...,wk(t)) which encodes its body attitude, or local body frame. Equivalently,
letting (ey,...,e,) be the canonical basis of R”, we denote by Ax(t) the unique rotation
in SO,R which maps (ej,...,e,) to (wF(t),...,wk(t)). The dynamics of the particles
is a jump process. Between two jumps, the particles move in straight line at uniform
speed ¢y (supposed identical for all the particles) in the direction of the first basis vector
wh(t) = Ag(t)e; of the local body frame (also referred to as the self-propulsion direction),
while the body frame Ag(t) remains unchanged.

Jump times are exponentially distributed: they form an increasing random sequence
T\, T?,... such that T/™" — T/ follows a Poisson law with constant parameter v > 0.

At jump times T,z, X}, is continuous but Ay experiences a jump between Ay (7] ,g —0) and
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Ak(T,g +0). To define how Ay jumps, we first need to define the neighbor’s average frame.
Omitting the time variable for simplicity, we first introduce the following average

N
1
= > K (X, — Xy) A, (2.1)

(=1

where the function K (the sensing function): R™ — [0,00) is given once for all. For
simplicity, we will assume that K is a radial function:

1~ |zl

(2.2)
(where |z| is the euclidean norm of x) for a suitable function K: [0,00) — [0, 00) and
a spatial scale parameter R > 0 referred to as the sensing radius. A typical example of
a function K is the indicator of the interval [0, 1]. Since J; is not a rotation matrix in
general, we project it onto SO, R using the formula

O 1= arg max g0, g A - Ji, (2.3)

where, for two matrices A, B in M,,(R), the space of n X n matrices with real entries,

A-B=Ti{A"B} = Y  Ay;Bj, (2.4)

i,j=1

is the standard inner product on M,,(R), Tr stands for the trace and the exponent 7" for
the matrix transpose. Eq. defines ©;, as the element A that maximizes A - J; over
SO,R. Indeed, this element is unique if and only if J; is not singular (i.e. det J, # 0
where det stands for the determinant), which we will suppose from now on. The set
of singular matrices being of zero-measure, it is indeed legitimate to expect that such a
singularity will not happen except for a negligible set of initial conditions. Moreover, if
det J, > 0, O coincides with the unique rotation provided by the polar decomposition
of Ji. The rotation O is what we define as the neighbor’s average frame. Now, we can
define how A(T! — 0) jumps to Ap(T] +0). We first define Ju(T] —0) by with X
and X, taking the values X; (7} — 0) and X,(7] — 0) (note that in general, for ¢ # k, X,
will be continuous at 7). We deduce O (T} — 0) from (2-3). Then Ax(T} +0) is sampled
according to the probability distribution Mek(Tgfo) on SO,R, where, for any © € SO, R,
the function Mg: SO,R — R is the von-Mises probability density:

Mo (A) = 1 exp(k© - A), Z= / exp (k TrA) dA. (2.5)

Z SO.R
Here, dA stands for the normalized Haar measure on SO, R (we recall that, for SO,R as
for any compact group, the Haar measure is invariant by both left and right translations,
by conjugation and by group inversion). The parameter & is the concentration parameter
of the von Mises and plays the role of the inverse of the temperature. It is supposed given
and constant. The rotation © is called the orientation parameter of the von Mises.
In summary, the particle dynamics is a Piecewise Deterministic Markov Process (PDMP)

described as follows.



e Between jump times i.e. for all t € [T,g, T,g“), we have
Xp(t) = Xp(T)) + co (t = T)) Ap(t) e, Aw(t) = Ax(T] 4 0). (2.6)

o At T,ﬁ:, X}, is continuous and Aj jumps from Ap(T! — 0) to Ax(T} + 0), where
Ai(T] +0) is drawn from a von Mises distribution, i.e.

A(T] 4+ 0) ~ M,

o0 (150 (2.7)

We refer to Fig. for a graphical depiction of the particle dynamics. Ref. [26]
provides a link to numerical simulations of this model in dimension n = 3 made on
graphics processor units (GPU) using the SiSyPHE package [34].

Small ball

; k
time T, _,

. k
time T, ; .-
-
-7 ~ Y"

(a) Particle jump process (b) Detail of a jump

Figure 1: (a) Graphical representation of the particle jump process: between the jump
times T, the body frame (represented by red, green and blue arrows) remains constant
and the particle trajectory (the dashed black line) is a straight line directed by the first
basis vector of the body frame (in red). At jump times, the body frame experiences a
sudden change while the trajectory line is broken and a different straight line begins.
(b) Detail of a jump: the body frame jumps from its value A, (depicted by thin dashed
arrows) to a new value A} (depicted by thin solid arrows) sampled from a von Mises
distribution whose orientation parameter is the frame ©y (depicted by thick arrows). The
orientation parameter is obtained by averaging the body frame of the neighboring particles
(in blue), i.e. those contained in a small ball (in yellow) centered at the jump location.

Remark 2.1. The normalization constant (aka the partition function) Z in (2.5) should
be defined by

Z = / exp (/4;@ . A) dA.
SO, R

However, we can use the change of variables A’ = OT A and the left invariance of the
Haar measure to derive the expression of Z in (2.5), which incidentally shows that the
normalization constant of Me does not depend on ©.
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2.2 The kinetic equation

A kinetic equation can formally be derived in the limit N — oo. To justify this, let us
temporarily modify the particle model by changing ([2.7)) into

AT +0) ~ My 7). (2.8)

Indeed, we note from that the von Mises distribution is well-defined for any matrix
© and not just for © € SO, R. By this modification, we skip the normalization step and
we do not need to assume that J; is non-singular. In this case, it has been shown in [33]
that, under some hypotheses on the initial conditions, the particle system is well-defined
for all time and that the random measure

p (z, At Z%@ ) (@, A),

where 0(x, (1),4, (1)) (%, A) stands for the Dirac delta in RY x SO, R located at (Xj(¢), Ax(t)),
converges as N — 00 in weak sense to a deterministic absolutely continuous measure
f(z, A, t) which satisfies a kinetic equation.

Although the extension of this result to the present case is still an open (and likely
difficult) problem, we will assume that this result is still true. In this case, the equation
satisfied by f is given by the following kinetic model

atf + (00A61 . Vx)f =V (ﬁfMéf — f) (29)

We remind that Ae; is the first column vector of the matrix A. For a given distribution
function f = f(z, A), the function p;: R® — [0, 00) is the non-local density

po)= [ K-y fAdyda
R7 xS0, R
The function © o R® — SO, R is defined from ({2.3)) where Jj, is replaced by J + given by
a)= [ K-y S A)Adyda
R” xS0, R

Again, if J s has non-zero determinant, which we will suppose throughout this paper, 6 ¥
is uniquely defined and if J + has positive determinant, 6 ¢ coincides with the orthogonal
matrix involved in the polar decomposition of J ¢. Of course, if f also depends on t, py
and © ¢ also do. Note that, in Ae; - V,, the dot simply means the inner product of two
vectors of R", namely Ae; and the differential symbol V,. The same notation will be
used for inner products of vectors and matrices as the context will always be clear.

Remark 2.2. If we had used the modification , (:)f n would have been replaced
by J¢. In that case, the result of [33] would apply and we would have the rigorous conver-
gence of uY to f as N — oo. However, the resulting macroscopic model would be more
complicated. This is why we choose to work with the normalized model in spite of the
absence of rigorous justification of the kinetic model.
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2.3 Non-dimensionalization and scaling

We now define a time scale tg and the associated space scale ¢y = cotg. We introduce two
dimensionless parameters

_ R
V= l/to, R = -
Zo
and define dimensionless variables 2 = x/x¢, t' = t/to, and functions f'(z',A,t') =
ro f(x, A,t), Py = xgps(,t), Jp = xgJp(x,t). In these new variables, Eq. (2.9) is
written (dropping the primes for simplicity):

Of + (Aer Vo) f =7 (ps Mg, — f). (2.10)
with, using ([2.2))
_ L =z —yl
z) = — R(EZI g, A)dy dA,
pf( ) /]R;nxsonR Rn ( R > ( ) y
; L~z —yl
Jr(x) = / —K = fly, A) Ady dA.
s(2) o BT ) flo.4)

We now make the following hydrodynamic scaling assumptions:

—R=c<1.

NI

The parameter € > 0 is at the same time a dimensionless measure of the relaxation speed
of f towards the local equilibrium p; Mg, (analog of the Knusdsen number in rarefied
gases) and the typical scale of the interaction radius. An easy Taylor expansion and the
fact that the sensing kernel is rotationally symmetric show that

pr=pr+0E?), Jr=Jr+0(E), 6;=0;+0(?),

with
ps() = /SO S A Ty :/SO fA)AdA (2.11)

and O¢(x) deduced from Jy(x) by (2.3)) (replacing Ji by J¢(z)). From (2.10]), we get
1
3tf + (A61 . Vx)f = E (,OfM@)f — f) + 0(6),
and we drop the O(g) remainder as it has no contribution to the result we are aiming at.

Denoting the unknown by f¢(x, A,t) to highlight its dependence on &, we are finally
led to the following perturbation problem

Oufe + (Aey - V) f¢ = é(pfsM@fE - ), (2.12)

with p; and J; given by (2.11). In this paper, we address the problem of deriving the
formal limit € — 0 of model ([2.12))



3 Main result and discussion

We first introduce some notations. For two vectors X = (X;);=1
X AY and V, A X denote the antisymmetric matrices:

.....

(note that X AY is the exterior product of X and Y and, if X is identified with a 1-form
through the euclidean structure of R”, V, A X is the exterior derivative of X).

For k € Z and p € N\ {0}, we define the functions Cg;) and C’Q(I;Zrl: R? — R by

Cg;)(el, coy0y) = 2(coskb + ...+ coskb,), (3.1)
C’QU;L(Hl, coy0y) = 2(coskb; + ...+ coskb,) + 1. (3.2)
We also define ug, and ugy+1: R? — R by

2(p—1)?

ugp(by,...,0,) = H (cosb; — cos Qk)Q, (3.3)
P 1<j<k<p
op(p—1) Ld
Ugpi1(01,...,0,) = o H (cosB; — cosby) ? H (1 — cosb;) (3.4)
1<5<k<p j=1

The goal of this paper is to prove the formal theorem:

Theorem 3.1. Let n € N, n > 3. We assume that (2.12)) has a smooth solution f¢ which
converges as € — 0 as smoothly as needed towards a smooth function f. Then,

where p = p(x,t) and © = O(z,t) are functions from R"™ x (0,00) to (0,00) and SO,R

respectively which are solutions of the following system.:

atp + Vm . (CIPQI) = 0, (36)
p(@t + C2 Ql . Vx)@ = W@,
where
W = F/\Ql—c4pvm/\91, (38)
F = —c3Vup—cypr, (3.9)
ro= ) (Vo Q) (3.10)
k=1
with Q, = Oey, k=1,...,n. The constants ¢;, 1 = 1,...,4 are expressed as follows. Let



p € N such that n =2p orn =2p+ 1. We have

/ C'T(Ll) exp (KOT(LI)) Up dép
[0,27]P

1
o = - — (3.11)
" / exp (/{CfLI)) Uy, db,
[0,27]P
/ (2C®) —nC® CP + (n* — 2)CV) exp (kCV) u,, d,
0 = ol - — (312
n(n —2)(n+2) / (1- —C’,(f)) exp (HCS)) up, db,
[0,27]P n
_ (3.13)
@ T on '
2 .
/ (C'T(Lg) ~ oMW C? 4 CT(LI)) exp (KC;LI)) Uy, db,
» n
¢y = -2 - —, (3.14)
2(n —2)(n+2) / (1= =C?) exp (kC) u, db,
[0,27]P n

with the notation df, = dé; . ..d6,. Furthermore, The function ¢,: [0,00) — R, K+ ¢1(k)
is non-decreasing and satisfies ¢1(0) = 0 and lim,_,o, c1(k) = 1. Thus, it is a bijection
from [0, 00) to [0,1).

There is an alternate expression of (3.7)) which requires the introduction of additional
notations. Suppose A, B and C' are three smooth vector fields R” — R. We define

§(A,B,C) = ((A-V,)B) -C+ ((B-V,)C) - A+ ((C-V,)A) - B, (3.15)

and

It is easy to check that A, is antisymmetric by permutations of the indices (3,7, k).
Then, we define the following antisymmetric matrix field:

A= Z A O ® €y, (3.17)
k=1
where ® denotes the tensor product of two vectors. The matrix A is just the matrix with
entries Aqge in the basis (4,...,£,). We note that
AQ, = Z Ave e (- Q1) ZAW O =0, (3.18)
k=1
by the antisymmetry of A;;;. Finally, we define

W = F AQ + cypA. (3.19)

Then, we have the following proposition, whose proof can be found in Appendix [10]
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Proposition 3.2. Eq. (3.7) is equivalent to

p(@t + (C2 — C4) Ql : VI)Q = W@ (320)

Eq. (3.20) can be expanded into equations for the basis vectors €2;. We have:

(0 + (c2— ca) Qi - Vo) = —c3 Pt Vap — cap Y (Vo Q) (3.21)
k#1
P(at + (02 - 64) Q- Vx)Qj = (03(Qj ) Vm)ﬂ + c4,0(Vm ) Qj))Ql

—cap > 0, )%, J=2,....n, (3.22)
kg{1,5}

where Py = Id — Q; ® € is the orthogonal projection onto {{2; |

Below and in Appendix [10] we show that, in dimension n = 3, this system coincides
with the so-called "*Self-Organized Hydrodynamics for Body-orientation (SOHB)” derived
earlier [24, 29]. This model is a nonlinear nonconservative hyperbolic system [25] com-
posed of two equations, a mass conservation (or continuity) equation for the density
p and an evolution equation (3.20]) for the mean body orientation ©.

The continuity equation shows that the fluid velocity is ¢;€2;, i.e. the fluid flows
in the direction of the first basis vector of the mean body orientation matrix ©, at a speed
equal to ¢;. As ¢; € [0, 1], the fluid speed is slower than the particle speed. This is due
to the dispersion of the particle velocities Ae; around the mean velocity €2; and the fact
that the norm of the average is less than the average of the norms. This speed reduction
is all the greater than the noise intensity x~! is greater, as the increase of ¢; with x shows
(¢ is an order parameter [24]). This type of continuity equation is classical in collective
dynamics, and has been also found e.g. in the Vicsek model [32].

The left-hand side of is a convective derivative along the vector field (cy — c4)€;.
As ¢y — ¢4 # ¢1, this convective derivative is not a material derivative, i.e. it is not the
derivative of © when a fluid element is followed in its motion. Rather, one needs to
move at speed ¢y — ¢4 different from the fluid speed ¢; along the velocity direction §2; to
follow the evolution of ©. Along this motion, © can be seen as a moving frame. So, its
(convective) derivative, by classical rigid-body dynamics, is obtained by multiplying it on
the left by an antisymmetric matrix, which is the matrix W.

This matrix has two components. The first one is F'A€)y. It describes an infinitesimal
rotation in the plane Span{F, {2} which tends to align ©; with F. In the orthogonal
supplement (Span{F,Q;})* of the frame, this component of W does not produce any
motion. By , the vector F' itself has two components. The first one —c3V,p tends
to turn the fluid velocity away from large density regions. It has the same effect as the
pressure gradient in classical fluid dynamics. The second component of F' is proportional
to the vector r. Its effect is to deviate the fluid in the presence of spatial gradients of the
mean body attitude, an effect which has no counterpart in classical fluid dynamics. Novel
effects brought by this additional term have been investigated in 3D in [26].

The second component of W is proportional to A. The important feature of A is
which says that the self-propulsion direction €2; is not modified by A. Hence A describes

11



an infinitesimal rotation of the frame about the self-propulsion direction €2;. Thus,
can be seen as the decomposition of the infinitesimal rotation W into a component that
fixes 2; and is independent of the force F' (that proportional to A) and its complement
(proportional to F' A €2;) which embodies the effect of F. Again, the frame rotation
about §2; has no counterpart in classical fluid dynamics. Note that this decomposition
has been made possible thanks to the choice of the “right” convection velocity cs — ¢4.
Expression for W does not have such a simple interpretation, which indicates that
the speed ¢y used in is not the most natural choice for the convection speed of ©.
Also, note that a single coefficient ¢4 controls the two effects of the gradients of body
attitude (that proportional to r A ©; and that proportional to A), suggesting that these
two effects have a common microscopic origin.
The effects of the two components of W are depicted in Fig.

O

(a) Action of F'A Oy (b) Action of A

Figure 2: The effects of the two components of W on the motion of the frame, represented
in dimension n = 3 by red, green and blue arrows for €; (the self-propulsion direction),
Qs and 3 respectively. The solid arrows represent the frame at a time ¢ and the dashed
arrows, at a later time ¢ + 0t with 0t < 1. (a) Action of F' A ; (assuming A = 0):
the force F' is the black arrow. The frame motion is depicted by the segment of circles
joining the ends of the solid arrows and the dashed arrows. The frame rotates in the plane
Span{F,Q;} to align Q; with F. The space (Span{F,;})* is the kernel of ' A Q; (the
dashed line) so, this space is kept fixed in the frame motion. (b) Action of A (assuming
F = 0): the frame rotates about €2; which remains fixed. Vector {3 moves in the plane
Span{{2y, Q3} with angular speed c4pAjs3 (and similarly for Q3). The displacement of the
end of the arrow representing {2, is depicted by the black arrow.

Let us now focus on the dimension n = 3 case and compare the results of the present
paper with [26]. Indeed, the two papers feature the same individual-based model as a
starting point, but for the restriction to dimension n = 3 in [26]. The notations of [26] are
slightly modified to fit with the notations used in the present paper. First, we introduce
some notations specific to the dimension n = 3. For a vector w € R3] [w], denotes the
antisymmetric matrix associated to the map R3 > x + w x 2 € R3. For two vector fields
F and G, we have F A G = —[F x G]«, where F x G stands for the vector product of F
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and G. Introducing 6 =: Aa3, we have from (3.17):
A=6Qs® Qs — Q3 00) = =[]«

Thus, (3.19) leads to

W= —[w]y, w@=FxQ+. (3.23)
Then, we can check that Eqgs. (3.6, (3.20) together with (3.23)), (3.9) and (3.10]) are

identical with Eqgs. (20)-(22) of [26] (note that in [26] the constant ¢y is what we call
¢y — ¢4). Thus, our result and that of [26] are compatible, provided we show that the
expressions — of the constants ¢; to ¢4 in dimension n = 3 are the same as
those found in [26]. This is indeed the case and the computation is given in Appendix [10]

4 Proof of Theorem [3.1]

4.1 Limit e — 0
We first need the following Lemma whose proof is given in Appendix [7] It uses the

following notation: I
f(A)g(A)dA
A _ SO,R
<f( )>g(A) fSOnR g(A) dA ’

where f and g are two functions SO,R — R, ¢ > 0 and g # 0.

Lemma 4.1. We have

TrA
/ AMo(A)dA =0, ¢ =(—
SO,R

n (4.1)

>exp(nTrA)'
c1 is a non-decreasing and satisfies ¢1(0) = 0 and lim,_,o c1(k) = 1.

Next, for f: SO,R — [0,00) we define the collision operator

Q(f) =prMe, — f,

The following lemma gives the equilibria of Q:

Lemma 4.2. For functions f: SO,R — R, we have

Q(f) =0 < F(p,0) € [0,00) x SO, R such that f = pMe.

Proof. The left-to-right implication is clear. Conversely, let f = pMg. We show that
pr = p and Of = O©. The first equality is clear since Mg is a probability density. Then,
by Lemma we have Jy = pc© and since pc; > 0, by the uniqueness of the polar
decomposition, © is the orthogonal factor in the polar decomposition of J; and thus, we
get ©7 = O, which shows that Q(f) = 0. ]
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Proposition 4.3. The functions p and © involved in (3.5) satisfy the following equations:

SOnR

/ (0, + ey - V) (pMo) (AOT — ©OAT) dA = 0, (4.3)
SO,R

Proof. We clearly have
Q(f)dA =0, for all functions f. (4.4)
SO,.R

Thus, integrating (2.12)) with respect to A we get

/ (0 + Aey - V) fdA = 0.
SO,R

Letting ¢ — 0 and using (3.5]) leads to ({4.2]).

Then, we remark that

Q(f) (A6 —©,;AT)dA =0, for all functions f.
SO, R
Indeed, by Lemma [4.1 we have
/SO Rpr@f (A@? - @fAT) dA = Clpf<@f@? - @f@?) =0.

Besides, by definition of the polar decomposition, there exists a symmetric matrix S such
that J;©F = S. So,

/ f(A@?—@fAT)dA:Jf@?_QfJT:S_ST:O.
SO.R
Thus, multiplying (2.12)) by (A07. — O A”) and integrating with respect to A we get
/ (8t + A61 . V:E)fe (A@z:s - @feAT) dA = 0.
SO.R
Taking the limit € — 0 yields (4.3)). ]

Remark 4.1. In classical kinetic theory [17], a key concept is that of “collision invariant
(CI)” which, in the present context, is a function ¥ (A) such that

QUf)ypdA=0, Vf.

SOxR
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It expresses that the quantity ¢ is conserved during collisions. The derivation of
examplifies how CI can be used to derive macroscopic equations. Indeed, Fq. (4.4)) ez-
presses that constant functions are CI. However, these are the only CI and we do not
have enough conservation relations to determine p and ©. In [32], a new “generalized
collision invariant (GCI)” concept was introduced to overcome this problem. The quantity
(AOT — ©AT) used in the derivation of is precisely a GCI. To make this concept

more precise, for any © € SO, R, we introduce a linear collision operator
Qz(f7()):: pfA4G _'f'

We note that Q(f) = Q(f,O¢). Then, for any fized © € SO, R, we say that e is a GCI
associated with © if and only if the following holds:

Q(f,0)vedA =0, Yf such that J;0 is symmetric,
SO.R

and we immediately see that (AT — ©AT) satisfies this requirement. Finally, we have

Q(f)ve, dA =0, (4.5)

SOnR

by the fact that JfG? is symmetric. So, multiplying the kinetic equation by e, and
integrating with respect to A cancels the 1/e singularity and allows to pass to the limit e —
0 like in the end of the proof of Prop. 4.5 Eq. (4.5) shows that e, satisfies a conservation
relation like a classical CI, except that it depends on [ (a classical CI is independent of
f). Because of the very simple relaxation form of the collision operator, the determination
of the GCI is explicit. In more complex cases, the GCI are not explicit. For instance, in
the Fokker-Planck case, they require the inversion of an elliptic operator [29, (3.

4.2 The fluid model

We are left to re-write Eqs. (4.2)), (4.3)) into a nice differential system for p and ©. This
is easy for (4.2)) as shown by the

Lemma 4.4. Eq. (4.2)) is equivalent to the continuity equation (3.6)) where c1 is given by
).

Proof. Since Ae; does not depend on x, we can move it inside the space derivative in
(4.2) and then, we can interchange the time and space derivatives with the integral over
A. Using that Mg is a probability density and (4.1]), we get (3.6)). ]

Before working out (4.3]), we recall the following definitions and facts: Let S,, and A,
the sub-spaces of M,, consisting of symmetric and antisymmetric matrices. These two
spaces form orthogonal complements with respect to the inner product ([2.4)):

1
A, S, =M,,.



Let now © € SO,R and define the tangent manifold Ty to SO, R at ©. We have
To ={PO | Pc A,}.

The orthogonal projection (with respect to the inner product (2.4])) of A € M,, onto Tg
is given by

AOT — AT
PryA="——F——6.

Likewise, the orthogonal complement Ty is given by
To ={S0 | S¢c€S,},
and the orthogonal projection of A onto Ty is

For a given A € SO, R, we will need the derivative of the function SO,R — R, © — Mg(A)
at ©. This is a linear map dgMg(A) from Tg to R given for any Q) € Tg by

doMe(A)(Q) =k Mo(A) A-Q =k Me(A) Pr,A - Q, (4.6)
We will finally need the following lemma:

Lemma 4.5. Let F: M? — R odd with respect to the first argument. Let g : SO,R — R
invariant by transposition (g(AT) = g(A), VA € SO,R). Then, for any © € SO,R, we
have

/ F(Pr, A, PriA) g(AGT) dA = 0.
SOnR ©

Proof. Changing variable to A’ = ©ATO in the integral changes the first argument
of F'in its opposite while the second argument is unchanged. The factor involving g is
unchanged due to the invariance of g by transposition and the Haar measure is unchanged
due to its invariance by left and right multiplication and by transposition. Since F' is odd
with respect to the first argument, the integral must be equal to zero. n

With these preliminaries, we remark that, after multiplication on the right by ©/2,
(4.3) can be rewritten:

X = / (0, + Aey - V) (pMo(A)) Pry AdA = 0. (4.7)
SO,R

Now, we have the

Lemma 4.6. We have X = X; + X5, where
X1 = / [(PTQA)el . pr + IipPT@A . 8,5@} PTQA M@(A) dA,
SO.R

X2 = /{p/ PT@A . ((PTéA)el . Vz>@ PT@A M@(A) dA.
SOnR
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Proof. Using ({4.6)), we get
(0 + Aeq - V) (pMe) = Mo [ (0, + Aey - Vu)p + kpPry A - [(8; + Aeq - V,)0]].
Now, using that A = Pr, A + PTéA, we get X = X, + X, with

X, = /S o 0w+ (PrgAyer - Vap+sip Pro A~ (ProAJer - V) O] Pro A Mo(4) dA,
X, = /SO i [(ProA)er - Vaop + kip Pro A - 0,0 + kip Pro A ((Pry Aer - V,) O] Pry A Mo (A) dA.
Now, X, = 0 thanks to Lemma 4.5 and X, = X; + Xo. "

From ©, we construct a matrix P and a rank-4 tensor T as follows:

P = —((Vap®e)O" =0 (Vop@e)') +rp8007, (4.8)

| — N -

Tijk( = 9 <®k1 @jm 6xg@im + @El @jm ka ®zm>7 (49)

where ® denotes the tensor product and tensor entries are defined with respect to the
canonical basis of R". Here and throughout the paper except in the appendices and unless
otherwise specified, the repeated index summation convention is used. We note that P is
antisymmetric while T is antisymmetric with respect to (7, j) and symmetric with respect
to (k,£). In other words,

P e A,

T ¢ A, ®S,.

The antisymmetry of P follows from 0,0 € Ty. The antisymmetry of T with respect to
(1,7) is a consequence of

8mg(6]m@zm> - 836[(@@T)ij - 8125ij — O (410)

The symmetry of T with respect to (k,¢) is by construction. We introduce the following
maps:

L : A,— A, P~ L(P),
B : A, xA,— S, (PQ)— B(PQ),

given by
A— AT

L(P) = /SO (4-p) Mig(A) dA, (4.11)

A+ AT

B(P,B) = / (A-P)(A-P) Mig(A) dA. (4.12)

The maps L and B are respectively linear and bilinear symmetric. The following lemma
gives alternate expressions for X; and Xo:
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Lemma 4.7. We have:
X, =L(P)o, (4.13)

and for any matrix P € A,
(XQ@T> -P= /ipBM(T..M, P), (414)

where Ty stands for the antisymmetric matriz (T..xe)ij = Tijre and By is the (k, ) entry
of the symmetric matriz B(-,-).

Proof. For any A € M,, we have Ae; - Vyp=A-(V,p® e1). Thus, with , we have:
X, = /SO ] PryA- [Vap @ e + £pdy0] Pry A Mg(A) dA
= /so ] PryA - [Pry(Vap @ e1) + £p0,0] Pry A Mo (A) dA
= / Pr A - (PO) Pr, A Mg(A)dA,
SO.R

and by the invariance of the matrix inner product by multiplication by rotations on the
right and the change of variable A’ = AGO7T, we get expression for X.

We now turn to X,. First, using the change of variable A’ = AOT and the same
invariance of the matrix inner product, we can write

X, = %/ (A— AT).D(O, (A+ AT)Oer) (A — AT) Mia(A) dA O,
SO.R
where, for a vector w € R", we let
DO,w) = (w-V,)00T c A,.

We have the following lemma, the proof of which is deferred to the end of the present
proof.

Lemma 4.8. We have
D(@, w)ij = wéaxg@im @jm.

Thanks to this lemma and to (4.9)), we have:

D(@, (A + AT)®€1)1']‘ = ((A + AT)®€1)€ 0@_,62-,% @jm
= (A + Ake) Ok1 02,0 Ojiy = (Ake + Auk) Tije,

and thus

KR
X,0" = ngijké (/so R(Aij — Aji) (Are + Ag) (A — AT) Mig(A) dA)-

Taking the matrix inner product with P for any P € A, we get (4.14]). "
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Proof of Lemma Define the matrix ©,, by (@w)” = (w - V,)0;;. Then, we have
(w-V,)O = Pr,0, and so, with (4.10),

1 . .
DO,w)i; = (O 0" —00,);
1
which shows the lemma. "

Now, we express the mappings L and B in the following Lemma, whose proof is given
in Sections [§ and [0

Lemma 4.9. (i) We have

1 Tr A2
L(P)=CyP, VP € A,, with CQZn—<1_<r_

-1 n >exp(nTrA)> ’ <415>

(ii) We have

B(P,Q) = C3 Tr (PQ) 1d + C, (PQ;—QP _ %Tr (PQ)I), VP, Q€ A, (416)
with
1 Tr A2 TrA
03 - n — 1<( n B 1) T>exp(/~c’I‘rA)’ <417)
2n TrA3 TrA TrA?2  TrA
Co = (n—1)(n—2)(n+ 2)< no 2 n n o n >exp(nTrA)' (4.18)

Remark 4.2. The proof presented in Sections|[8§ and[9 is based on representation theory.
But this lemma can be proved using elementary algebra: FEjq. is proved in [27),
Lemma 8.4/ in dimension n > 3, n # 4; Fq. can be proved with a similar approach
as outlined in Section 9, Remark[9.1]

From this, we can prove the

Lemma 4.10. Eq. (4.3) is equivalent to (3.7)) with c3 given by (3.13) and co and cy by:

. <2TrA3 _ 2 TrA Tra? +(n2_2)Tr_A>
c = - I D fehra (4.19)
(n—2)(n+2) <1_TrA2> ’
n erTr A
n <TrnA3 _QT:L_A TrnA2 + TrTA> Tr A
_ ertra 4.20
“ T -t (- ) (4:20)
n erTr A
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Proof. We first note that (£2;), = Og. Thus
(Vap®e1)0T =0 (Vap®@er) = Vup AQy.

Thus, introducing (4.15)) into (4.13)) and using (4.8)), we get
X, =0yP0O = k(Cy [p@t@ +c3 (Vep A SY) @}. (4.21)

Now, combining (4.16)) and (4.14]), we get for any P € A,
X,07). P = Cy— Y (P + & (TP + PT 4.22
( 2 ) . = Rp [( 3 — 7) 1“( kk ) + 7 ( okl + "ke)kf}' ( . )

Using that P is antisymmetric, we have Tr(T.z,P) = —T.x - P and, using (4.9) together
with Lemma 4.8, we get

(Tkk>zj - @kl axk@zm ®jm - ((Ql . vx)@ @T)

i7"’
This yields
Tr(T.jP) = —((©4 - V)0 07) - P. (4.23)

Similarly, we compute
(T.keP + PT.1) o = LkmkePme + P Tnere-

But we have
Triere Pem = —Tomer Pem = —Trorm P,

where the first equality exploits the fact that T,j, is antisymmetric with respect to (4, j)
and symmetric with respect to (k, £), and the second one is just the circular permutation
k— m — ¢ — k. Thus:

(T-eP + PT.xe),, = (Thmie — Titkm)Poe = Vg Prg =V - P, (4.24)

with
Vmé = Tk:mké - Tkﬂkm~

Using (4.9), we have
2Vt = Ok1 Opip 01,0k + Op1 Oy Or, Okp — Ok1 Oy Oy, Orp — Ot Opp 0y, O (4.25)
The second and fourth terms of (4.25)) give

@él @mp aa:k@k:p - @ml @[p azk@kp = [(Ql)f (Qp)m — (Ql)m (Qp)ﬂ} VI . Qp
= (Qp A Ql)mf v:p : Qp = (7’ AN Ql)m@-

Using a similar computation as (4.10)), the first and third terms of (4.25)) lead to

@kl Gmp aﬁl‘z ka - ®k1 @Zp 8$m @kp = _@kl @kp (al‘g ®mp - azm ®€p)
= _<a’w (Ql)m - axm (Ql)é) = (Vx A Ql)m@-
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Collecting these two terms, this gives

Finally, collecting (4.22)), (4.23)), (4.24) and (4.26]), we get

C C.
(X,07)- P = rp [— (03——4) (Ql-VI)@@Tva(r/\Ql—l—Vz/\Ql)} P
n
Since the matrix inside the bracket is antisymmetric and this identity is valid for any

P e A,, we get

Xg = HCQ P |:02 (Ql . Vx)@ -+ Cy (7’ A Ql + Vm VAN Ql) @], (427)
where . o o
4 4
N SR _ 4 4.2
Co 02 (C n ), Cy 4C2 ( 8)

Now, collecting (4.21]) and (4.27)), we get (3.7)), (3.8)), (3.9) with c3 given by (3.13). Finally,
inserting (4.15)), (4.17)) and (4.18]) into (4.28]), we get (4.19)), (4.20]), which ends the proof.
| ]

Finally, we show that ¢;, ¢ and ¢4 are given by the expressions (3.11)), (3.12)) and
(3.14) thanks to Weyl’s integration formula (see Section [6).

Lemma 4.11. Letn € N, n > 3 and let p € N such that n =2p orn =2p+ 1. We have
c1, co and ¢y given by (3.11)), (3.12), (3.14) respectively.

Proof. We first remark that for any integer k, the function A + TrA* is a class function.
So, we can apply Weyl’s integration formula (see Section @ to all the integrals involved

in formulas (4.1f), (4.19), (4.20). We note that
(Ro,...0,)" = Ripy... 1o,, Vk €Z,

where Ry, g, is defined by (6.2)) in the case of SO2,R and by (6.3)) in the case of SOg,41R.
We have

TR ~f 2(cosby + ...+ cosb,) if n=2p,
ffe = 2(cosby 4 ... +cosb,) +1 if n=2p+1,
so that "
cF i = 2p,
Tr(Ro,..0,)" =4 ‘B . b
Coprn i n=2p+1.
Lemma follows immediately. .

Collecting Lemmas [4.4] and shows Theorem [3.1 which ends this section.
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5 Conclusion and perspectives

In this paper, we have derived the hydrodynamic limit of a kinetic model of self-propelled
agents interacting through body attitude coordination in arbitrary dimension n > 3. Pre-
vious literature was restricted to dimension n = 3. In arbitrary dimension, the derivation
uses Lie group representations and the Weyl integration formula. The obtained hydro-
dynamic model is structurally identical to that obtained in dimension 3 (and referred to
as the “Self-Organized Hydrodynamics for Body orientation (SOHB)”) but the constants
involved have expressions that depend on the dimension. Future work will be concerned
with existence of solutions for the SOHB model, rigorous convergence from the kinetic
to the SOHB model and derivation of explicit solutions. We will also investigate the
situation where the particle dynamics are described by stochastic differential equations
instead of PDMP as considered here. In this case, the resulting kinetic model involves a
Fokker-Planck operator for which the generalized collision invariants are still unknown.
As we have seen, knowing the expression of the GCI is crucial to get an explicit expression
of the coefficients of the hydrodynamic model. The numerical resolution of the SOHB
model has not been undertaken yet and will require the design of appropriate numerical
schemes. Finally, the qualitative properties of the solutions of the SOHB model, and
particularly, their topology, need to be further investigated.
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Appendices

In the forthcoming sections, we assume n > 3. The proofs contained in these ap-
pendices rely on results from representation theory. We start with recalling a few useful
results from this theory. We refer to [42] for the terminology and notations. In all sections
of this appendix, the repeated index summation convention is not used.

6 Short summary of useful results from representa-
tion theory

Let G be a Lie group. A representation of GG on the vector space V= R™ or C" is a group
morphism: G — GL(V) into the group of automorphisms of V. Likewise, if g is a Lie
algebra, a representation of g is a map of Lie algebras g — gl(V'), where gl(V) is the space
of endomorphisms of V. Here, we will be mostly concerned with the representations of
SO, R which acts on M,, by conjugation, i.e. the action of R € SO,R sends M € M,,
to RMRT. The reason is that our objects of study have remarkable transforms under
this action. There is a strong connection between representations of a Lie group and
representations of its Lie algebra. Lie algebras have a rich structure and one starts by
constructing representations of a Lie algebra before lifting them to the Lie groups that
have this Lie algebra in common. We note that the base field is a representation of G
or g. For instance, it sends all the elements of the group to the identity. This is called
the trivial representation. If G is a matrix group, i.e. a subgroup of GL(V'), then the
mapping p: G — GL(V') such that p(g) = g is also a representation called the standard
representation.

A representation is said irreducible if it has no proper subspace which is left invariant
by the representation. In good cases (which include those we will consider), any repre-
sentation can be decomposed into the direct sum of irreducible representations, making
irreducible representations the building blocks of the theory. The reason why irreducible
representations are so appealing is the so called Schur Lemma:

Lemma 6.1 (Schur Lemma). Let V' and W be two irreducible complex representations
of a group G and let T: 'V — W be a map of representations, i.e. a linear map which
commutes with the representations (one also says, a map which intertwins the represen-
tations). Then, there exists C € C such that T = C'1d. Furthermore, C = 0 if the two
representations are not isomorphic.

One should be careful that the result does not hold in these terms for real representa-
tions: if the two representations are not isomorphic 7T is still 0 but if the two representa-
tions are isomorphic, then 7" is an isomorphism, but we cannot say that T'= C'Id, except
in some special cases. Anyhow, intertwinning maps of irreducible representations have a
very simple structure and we want to exploit this structure in the results below. So, for
a given representation, we want to find its decomposition in irreducible representations.

The theory starts to construct the finite-dimensional irreducible representations of
the Lie algebra sl,,C as subspaces of tensor products V®? of the standard representation
V = C". These representations are in bijective correspondence to conjugacy classes
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of the symmetric group &4, themselves in bijective correspondence to partitions A\ =
(A, ..., A1) of dyie. such that Ay > Ao > ... > A1 >0and Ay +...+A\,_1 =d. The
irreducible representation associated with \ is called the Schur functor (or Weyl module)
Sy (V) [A2, §15.3].

Among remarkable irreducible representations of sl,,C are the symmetric and exterior
powers of V [42, Appendix B]. The symmetric power Sym?(V) is the space of symmetric
tensors. For vy,...,vq4 € V, we denote by vy o0...0v; = ZJEGd Ug(1) @ ... ® VUg(q), the
symmetric product of vy,...,vq. We have Sym®(V) = Span{v; o ... 0 wvg|vi,...,vq4 €
V} c V¥4, Likewise, the exterior power A%(V) is the space of antisymmetric tensors.
For vy,...,vq € V, we denote by vy A ... Avg = ) 5. €(0)U5(1) @ ... ® Vp(a), the ex-
terior product of vq,...,v,, where £(o) is the signature of the permutation o. We have
AN V) = Span{vy A ... Avg|vy,...,va € VY C VE Sym?(V) and A%(V) are irreducible
representations of sl,C which correspond to Sy(V') for the partitions A = (d,0,...,0)
(abbreviated by A = d) and A = (1,...,1) (d times), [42], §15.3].

It is possible to pass from s[,C to s0,C (for n > 3) by means of the Weyl construction
[42, §19.5]. Let I = (p,q) with p < ¢ be any pair of integers in {1,...,d}. The contraction
®; is the mapping

(I) v@d - V®(d—2)
I'{vl®...®vd = (U V)N QIR ... 00 ®... Qv

where the hat means that the corresponding factor is removed. V¥ denotes the inter-

section of the kernels of such contractions over all pairs I of indices. Then, S;(V) =
Sa(V) N VI when it is not {0}, is an irreducible representation of O,C. For two as-
sociated partitions in the sense of Weyl, A and p, Sp(V') and Sy,(V') are isomorphic as
irreducible representations of s0,C (see |42 §19.5] for the definition of associated parti-
tions). Furthermore, if X is associated to itself, S;j(V) is not irreducible on so,C but
decomposes into the sum of two non-isomorphic irreducible representations of the same
dimension. We will encounter this case in Section [§| with A?(C?*) and in Section |§| with
A%(CB).

The representations Sp(V) when they are irreducible on so,C, lift to irreducible
representations of SO, C |42, Proposition 23.13 (iii)]. Note that not all irreducible rep-
resentations of s0,,C are obtained this way: to complete the list one needs to introduce
the spin representations but they do not lift to representations of SO,,C [42, Proposition
23.13 (iii)] and will be ignored here. The complex irreducible representations of SO,,C
and SO,R are the same (see [42, §26.1, Section “Real groups”] for details). Finally com-
plex irreducible representations of SO, R will give rise to real ones (in other words, these
complex representations are complexifications of real representations) in mostly all cases.
The only troublesome cases are n = 2p even with either p odd and A, # 0 or p = 2mod 4
and A,_; odd [42, Prop. 26.26 and 26.27] and we will not meet them.

Let now G be a compact Lie group (such as SO, R) endowed with its Haar measure dg
and let p: V' — GL(V) be a representation of G. The character of V', denoted by xv, is
the mapping G 3 g — xv(g9) = Trp(g) € C. If V and W are irreducible, we have Schur’s
orthogonality relation [42, §26.2]:

_ 1 if V and W are isomorphic,
[t ={ | b (6.1

otherwise.
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The final result of representation theory that we will need is the Weyl integration
formula. For SO,R, its statement is given in [62], Theorems 1X.9.4 & I1X.9.5]. We first
introduce some notations. For # € R, we define the planar rotation matrix Ry by

cos) —sind
R‘g—( sin 6 0059)'
For (6:,...,0,) € R?, Ry, g, denotes the following matrix defined by blocks:
e in the case n = 2p, p > 2,

-----

Ro, 0

Rgl 0, = . c SOQPR, (62)

.....

Rgl O 0
Re, ;
R91 ..... 0p — . € SOQp+1R. (63)
0 Rgp 0
0 e 0 1

We define a maximal torus 7" of SOy,R or SO, 1R by
T = {Rglmgp | (91, ce ,Qp) S Rp}

The maximal torus 7" is an abelian subgroup of SO2,R or SO, 1R isomorphic to the
p-dimensional torus. We recall that any element of SO5,R or SO,41R is conjugate to a
(non-unique) element of T, i.e. VA € SO9,R, 3B € T, 3U € SO9,R such that A = UBU”
(and similarly with 2p + 1). We also recall that a class function f on a group G is a
function that only depends on the conjugation class, i.e. a function that takes the same
value on two conjugate elements of the group.

Proposition 6.2 (Weyl integration formula ([62], Theorems 1X.9.4 & 1X.9.5)).
Letn € N, n > 3. Let p € N such that n = 2p orn = 2p + 1. For any integrable class
function f on SO,R, we have

1
A)dA = —— e e .
Lo s ar= g [ SR i@ O a6

where u,: RP — R is defined by (3.3)) (in the case n =2p) or (3.4) (if n=2p+1).

Remark 6.1. (i) There is a typo in [62, Theorems 1X.9.4]. The normalization is not
correct as can be realized by taking f = 1 and p = 1. It would correspond to taking the
constant in (3.4]) equal to ZP(;_Q). We have carefully redone the computation and (3.4)) can
be easily checked for p=1 and p = 2.

(ii) Taking f =1 in (6.4) leads to (2w)~? f[OJ]p updby ... do, =1. A direct proof does not

seem obuvious.
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7 Proof of Lemma (4.1

Changing variable to A’ = ©T A in the integral appearing in (4.1)) yields

/ AMg(A)dA = @/ A M (A) dA.
SO,R SO,R

We will prove that for any g: SO,R — R, A +— g(A) invariant by conjugation g(UAUT) =
g(A), VA, U € SO,R (i.e. g is a class function) and by transposition g(AT) = g(A), we

have .
Ag(A)dA = Oy 1d, with Cy = — / TrA g(A) dA. (7.1)
SO,R

SO, R n
Obviously, g(A) = Mi(A) = Z ' exp(TrA) is a class function invariant by transposition
and directly implies Lemma . First, we remark that the second formula of
is a direct consequence of the first one by taking the trace. We now show ([7.1)).
Using that g and the Haar measure are invariant by transposition, is equivalent
to saying that

T
/ (AT T ) gayaa—o. (7.2)
SO,R 2 n

Let 8? be the subspace of S, consisting of trace-free matrices and define the mapping K:
S 5 R, S+ K(S) by

K(S):/SORA-SQ(A)dA.

Eq. (7.2) is equivalent to saying that K = 0. Let U € SO,R. Using the change of
variables A’ = UT AU and the invariance of g and of the Haar measure by conjugation,
we have

KUSUT) = K(S). (7.3)

The space S? is an irreducible representation of SO, R (see Lemma[7.1] below) and R is the
trivial representation, which is also irreducible. Formula ([7.3|) says that the linear map
K intertwins these two irreducible representations. Since they are not isomorphic (they
do not have the same dimension), by Schur’s Lemma (see [42, Lemma 1.7] or Section [g)),
K must be identically 0.

Specifying ¢ = Mg, we now prove the properties of ¢; stated in the second part of
Lemma [1.1] First, we show that ¢;(0) = 0. Indeed,

1
e (0) = = / TrAdA.
SO,R

n

The function SO,R 5 A +— Tr A € R is the character of the standard representation, while
the function SO,R > A +— 1 € R is the character of the trivial representations. Since
both are irreducible, by (6.1]), we get ¢;(0) = 0. Now, we show that ¢; is nondecreasing.
By differentiating (4.1)) with respect to x, we get n% = % with

D= (/SOn]R TrA e 4 dA)2 > 0,
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and

N = / A rTrd! [(Tr AP —TrA TrA/} dAdA’
(SOnR)?

1 / 2
= 3 / e TrA grTrd [TrA = TrA'} dAdA > 0.
(SOnR)?

We finally show that ¢;(k) — 1 as kK — oo. This is a classical method of concentration of
measure. Define the probability measures

B enTrA dA
- fSOn]R enTrA dA

dpi(A)

Since SO,R is compact, the family {ju.}rejo,00) is tight, so there is a sequence (kp)n>1,
Kk, — oo and a probability measure g on SO,R such that u,, converges weakly to p,
i.e. for any measurable subset S of SO,R, u,,(S) — w(S). Now, the support of p is
reduced to the singleton {Id}, so that it is the Dirac delta p = di4. Indeed, we show
that for any B € SO,R, B # Id, there exists an open set W containing B such that
u(W) = 0. First, we note that since B # Id, then, TrB < n = TrId. This is because B
is conjugate to one of the matrices Ry, g, and that Tr Ry, o, < n with equality if and
only if cos; = ... = cost, = 1, i.e. Ry, o, = Id. Let c, c be two constants such that
B < ¢ < ¢ < nand define W = Tr " ((—o0,¢)) and W’ = Tr~*((¢/,00)). Then,

fW enTrA dA - fW enTrA dA

Hs (W) AL S T o
fSOnRe TrAdA fW,e TrA dA
% — 0 as Kk = o0,

where m(W), m(W’) denote the Haar measures of W and W’. Now, since the limit of all
convergent subsequences is d1q, the whole family u,, converges weakly to dq. In particular,
since ¢1(k) = = (., TrA), this implies that

1 1
lim ¢ (k) = — (014, TrA) = —=Tr1d = 1.
n n

K— 00

This ends the proof of Lemma [4.1] "

Remark 7.1. To explore the properties of c1, one could also use (3.11)). From C’Q(;) <

2p and C’Q(;)Jrl < 2p + 1 it follows that ¢y < 1. The other properties of c¢; are easy to
prove in the case n = 2p. For instance, to prove c; > 0 it is enough to show that the
numerator of (3.11)) is nonnegative. Then, we note that C’éll)) is changed in its opposite

when (6h,...,6;,...,0,) is changed into (—bh,...,—0;,...,—0,), while uy, is unchanged.
Consequently, defining D = (Cg,))_l((O, 00)), we can write

/ C’Q(;) exp (KCQ(;)) Ugy dB, = 2 / Cézlj) sinh (KCQ(;) ) sy dé, > 0.
[0,7]P D
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The same method would permit to show that k — cop(k) is non decreasing and that
c2p(0) = 0. This is entirely different in the case n = 2p+1. For instance, that ca,41(0) =0
amounts to the identity

/ (2(cos by + ...+ cosb,) + 1) exp </<a(2(cos 0y + ...+ cosB,) + 1))
(0,7

2

X H (cosé’j —cost

1<j<k<p

p
)" T] (1 = cos;) db; ... d6, =0,
7j=1

which does not look obvious to show directly. Similarly, the positivity of copi1(k) or that
K Copi1(K) 1S increasing are not obvious as well.

Lemma 7.1. The space 8° is an irreducible representation of SO,R.

Proof. This fact is classical but we sketch it here as a warm-up for the use of the
concepts of Section [6 The space of symmetric matrices with complex entries is isomorphic
to Sym?(V) with V' = C", which is the Weyl module Sy(V) and thus, an irreducible
representation of s[,C. We use Weyl’s construction using the contractions (see Section @
or [42] §19.5]), to find its associated irreducible representations over s0,C. There is only
one contraction

[ Sym*(V) — C
¢ { V1 O Vg — 2(vq - vy). (7.4)
The kernel of this map,
Siy(V') = Span{v, o vy | v1, vo € V, such that v; - vy = 0}. (7.5)

is an irreducible representation of s0,C. In terms of matrices, Sg(V') is nothing but the
space of trace-free symmetric matrices with complex entries. Thus, S;g (V') is a complex
irreducible representation of SO,R and is of real type (see Section @ so its real part SY
is an irreducible real representation of SO, R. [

8 Proof of Lemma [4.9] (i)

Again, we show that (| - ) is true in the more general case where Mg is replaced by any
class function g (but there is no need to suppose that g is invariant by transposition).
By linearity, we extend L given by (4.11)) to a mapping L: A, — A,, where A, is the
complexification of A,, i.e. the space of antisymmetric matrices with complex entries.
Thus, L(P +iQ) = L(P) 4+ iL(Q), VP, Q € A,. The space A, is isomorphic to the
exterior square A*(V) with V = C™.

(i) Case n # 4. In this case A*(V) is an irreducible representation of s0,,C [42, Theorems
19.2 and 19.14]. It lifts into an irreducible representation of SO, C and consequently, of
SO, R. Now, L is a mapping from A2(V) to itself which intertwins the two representations
(ie. L(UPUT) = UL(P)UT, YU € SO,R, by the same method as in Section .
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Schur’s Lemma [42, Lemma 1.7], there exists Cy € C such that L(P 4 iQ) = Co(P + iQ),
VP, Q € A,. Taking Q) =0, we get

L = 02 IdAQ(V), (81)

and since L(P) has real entries, we have Cy € R.
We now show the second formula of (4.15). Taking the matrix inner product of
L(P) = Cy P with P leads to

/ (A-P)*g(A)dA = Cy,P - P,
SOnR
and taking P = e; A e; for i # j gives
/O R(Az‘j — Aji)? g(A) dA = 205(8 05 — 615 650),

where A = (A4;;)ij=1,..n. We note that the formula is still valid for ¢ = j. Summing over
1, j, expanding the square, and noting that

Z AL =Tr(ATA) =Trld=n, > AyA;=Tr A% (8.2)
.3
we arrive at the second formula of (4.15)) when g = Mq.

(ii) Case n = 4. A*(V) (with V = C?) is not an irreducible representation of s0,C. It
decomposes into the direct sum of two non-isomorphic irreducible representations of s0,C
[42, Theorem 19.2 (ii)]:

AN(V)=A, @A, (8.3)

both having dimension 3 (we remind that dim A?(V) = (3) = 6). Furthermore, A,
and A_ lift into complex irreducible representations of SO4C and thus, of SO4R [42]
Proposition 23.13 (iii)]. Let 7=: A*(V) — AL be the projections of A*(V') on these two
sub-representations. The map L can be decomposed by blocks using on both its
domain and codomain. Each block being a complex irreducible representation of SO4R,
we can apply Schur’s lemma and conclude that any map between two blocks is equal to 0
if the blocks are not isomorphic and equal to C'Id for some constant C' € C if the blocks
are isomorphic. The pairs of isomorphic blocks are (A, Ay) and (A_, A_). It follows that

there exist two constants Cy , Cy € C such that
L=CST. +C; T, (8.4)

We now compute 7. We have an automorphism of SO4R representations a: A%(V) —
A?(V) given by

(a(v1 Avg) - v3 Avy) = det(vy,va,v5,04), Y(v1,...,v4) € V2 (8.5)
We recall that the inner product on A?(V) is given by (vy A vy - v3 Avy) = 2[(v1 - v3)(vy -

vg) — (v1 - vyg)(vg - v3)]. A simple computation shows that

el/\eJ = E Eijke €k N €y,
kZ 1
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where ¢;;,0 = 0 if two or more indices among {i, j, k, ¢} are equal, and is the signature of
the permutation 1 — i, 2 — j, 3 — k, 4 — { otherwise. We note that

4
Z Eijkt Ektmn = 2(0im Ojn — Oin Ojm,).
o f—1

It follows that a?(e; A ej) = fe; Aej, hence (2a)* = Idpz2(yy. Since clearly 20 # £Idaz(y),
the eigenvalues of 2« are +1. The associated eigenspaces are sub-representations of A?(V).
Since the only sub-representations of A?(V') are A1 which are irreducible, these eigenspaces
coincide with AL. We let A, be the eigenspace associated with eigenvalue 1 and A_ with
eigenvalue —1. Additionally, we see from that « is self-adjoint. Thus, A, and A_
are orthogonal. Tt follows that 2« is the orthogonal reflection of A?(V') in the subspace
A, . The projections 7 are given by T = %IdAz(V) + a. From (8.4), we deduce that

Cl+Cy
2

Now, we additionally assume that ¢ is invariant by all automorphisms of SO,C defined
by A — UAUT when U ranges in O4C. When U € O4C \ SO4C, these automorphisms
consist of the conjugation by an element U which does not belong to SO,C although
the image UAUT still belongs to SO4C, so they are outer automorphisms. We note that
g = Mg satisfies this assumption. Since the Haar measure on SO4C is the restriction
to SO4C of the Haar measure of O4C (up to a normalization factor), it is invariant by
these outer automorphisms. It follows that L satisfies L(UPUT) = UL(P)UT, VU €
O4R, i.e., L is an intertwining map for O4C, not only SO4C. On the other hand, « is
alternating by outer-automorphisms, i.e. it satisfies a(UPUT) = det U Ua(P)UT. This
is a consequence of and of the fact that det(Uvy,...,Uvy) = det U det(vy, ..., v4).

Taking the conjugation of by U € 04C\ SO4C, we get L = Ci+Cy Idazv) — (CF —

2
C5 )a. Hence, (8.1) follows with Cy = C7 = C, and the proof can be completed like in

Case (i). ]

L Idpzy + (C5 — Cy ). (8.6)

9 Proof of Lemma 4.9 (ii)

Like in the previous section, we show (4.16|) for any class function g replacing M. By
the same method as in Section [7] the symmetric bilinear map B: A, x A, — S, satisfies

B(UPUT, URUT) =UB(P,, R)U", VYP,P, e A, VYU Ee€SO,R. (9.1)

It can be extended by linearity to the complexifications of A,, and S,,. These are respec-
tively A%2(V) and Sym?(V) for V = C". The extended symmetric bilinear map, denoted
by B: A%2(V) x A%2(V) — Sym?*(V/), is given by

v

B(P +iQ1, P, +iQ2) = B(P1, ) — B(Q1,Q2) + i((B(P1,Q2) + B(Q1, P)),

for all Py, P, Q1, Q2 € A,,. The extended map B still satisfies the invariance property
(19.1)), now with antisymmetric matrices P;, P, with complex entries. Due to the universal
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property of the symmetric product [42, Appendix B], B determines a unique linear map
B: Sym*(A%(V)) — Sym?*(V) given by

B((’Ul A ’UQ) @) (U)l A\ wg)) = .é(l)l VAN V2, W1 VAN U)Q), VUl, V2, W1, W2 S V.

Both Sym?*(A%(V)) and Sym*(V) are complex representations of SO,R. Furthermore,
Eq. implies that B intertwins the two representations. So, we are led to find the
decompositions of Sym?(A%(V)) and Sym?*(V) into irreducible representations of SO, R.
The decomposition of Sym?(V) = Sy(V) into irreducible representations of s0,C has
been initiated in the proof of Lemma [7.1, What is missing is to find the supplementary
representation(s) of Spj(V) (given by (7.5)) in Sym®(V). Using [42, p. 263], we have:

n

Sme(V) = S[g](V) eCvr, U= Zei o€, (9.2)

i=1
The projections Py and Py of Sy(V') on C¥ and Sy (V') are respectively given by

1
P()(U 9} w) = E(U : w)\I/, Pl = Idgz(v) - P(). (93)

Indeed, using that ®(¥) = 2n, we verify that ®oP; = 0 (where @ is the contraction ([7.4])),
showing that ImP; C Sy(V). In terms of matrices, ¥ = 21Id and (9.3)) corresponds to
the decomposition

1 1
S:SO+51, S():S—ETI'SId, SlzﬁTI‘SId,

of a complex symmetric matrix S into a trace-free symmetric matrix Sy and a scalar
matrix S;. Of course, Sig(V) and CW lift into complex irreducible representations of
SO,,C and thus of SO,,R

Now, we consider Sym?(A?(V')) and first decompose it into irreducible representations
of s[,C. We apply Pieri’s formula [42] Exercise 6.16] and decompose

Sym*(A*(V)) = AY(V) @ S (V), (9.4)

Being Weyl modules, both are irreducible representations of sl,C. We have the following
obvious formulas for the dimensions of Sym?(A%(V)) and A*(V):

dim Sym?(A*(V)) =

1nn—1 —1 1
dim AY(V) = ( ) (n* — 6n° + 11n* — 6n).
On the other hand, using [42 Theorem 6.3(i)], we have

) 1
dim 8(272) (V) = —

12n2(n2 —1), (9.5)

and we verify that these formulas are consistent with ((9.4)).
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The space Si22y(V) in (9.4) can be characterized as
S2.2)(V) = Span{(v1 A wz) o (v1 Aw) | vy, va, v3 €V}, (9.6)
Indeed, we have a linear map F' of sl,,C-representations

o[ S s A
| (v Awvg)o(vsAvg) = v Avg A vz Ay,

which is clearly surjective. Its kernel Ker F is not {0} (otherwise, we would have Sym?(A%(V))
~ A*(V') and this cannot be the case because the dimensions are different) and is a sub-
representation of Sym*(A?(V)). Thus, Ker F = Sp2)(V). Clearly F((vi Ave)o(vi Avs)) =
0, Vo1, va, v3 € V. So, & C S(2,2)(V), where ¥ denotes the right-hand side of (9.6). The
space ¥ is a sub-representation of Sym?(A%(V)). Finally, ¥ # {0} (take two independent
vectors v; and ve. Then, (v A vg) o (v1 A vg) belongs to 3 and is not 0). Thus, we must
have > = 8(2,2)(‘/).

Next, we find how an element of Sym?*(A?(V)) decomposes along (9.4). We define two
endomorphisms 7; and 75 of Sym?(A2(V)) which commute with the action of sl,C. They
are defined by their action on a generator (v; A va) o (v3 A v4) according to

1
7]((2;1 A vg) o (v3 A 1)4)) =3 [(vl Avg) o (v3 Avg) — (v1 Avg) o (Vg A vy)
—(Ul VAN ’04) o (Ug VAN UQ)} = %Ul VAL WA (%] A V4, (97)
1
75((211 Avg) o (v3 A v4)) =3 [(vl Avg) o (v3 Avy) + (vg Awvs) o (vg A v4)}
1
+§ [(vl Avg) o (v3 Avy) + (v1 Avg) o (v3 A Ug)}. (9.8)
We verify that
Ti + T2 = Idgyme(a2(vy). (9.9)
and that
Im7; = AY(V), ImT;=Spey(V). (9.10)

Indeed, this is clear for Im 7;. By expanding ((vs+v3) Avi)o((ve+vs) Avs) € Sz,2)(V), we
get that the first bracket at the right-hand side of is in S(2,9) (V). We perform similarly
for the second bracket with ((va 4 v4) A v1) o ((v2 + va) A vg), so that Im T C S0 (V).
Because of and , this inclusion is an equality. Therefore, 7; and 75 are the
projections of Sym*(A?(V)) on A*(V)) and S(2,9)(V) respectively.

Now, A*(V) is an irreducible representation of s0,,C for n > 9 [42, Theorems 19.2 and
19.14]. From now on, we assume n > 9 and defer the examination of the special cases
n € {3,...,8} to the end of the proof.

(i) Case n > 9. By contrast to A*(V), S2.2)(V) is not an irreducible representation
of s0,,C and we apply Weyl’s construction using the contractions (see Section |§| or [42]
§19.5]) to decompose it in irreducible representations. There are six pairs of indices for a
rank-4 tensor. For an element of S(p9)(V) C Sym*(A%(V)), contractions with respect to
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pairs (1,2) and (3,4) obviously lead to 0. The remaining four contractions all give rise,
up to a sign, to the same linear map G of so,,C-representations:

G - { 8(2,2)(‘/) — Sym2(V)

(zAv)o(zAw) — (z-2)vow+ (v-w)zoz—(z-w)zov—(z-v)zow.

By Weyl’s construction, Sjp9(V) = Ker G is an irreducible representation of so,C. The
map G is surjective. Indeed, we check that

G((es Nej)o(es ANer)) =ejoer+ e 06,
for all 4, j, k generate Sym?*(V'). With (9.2)), this allows us to write

We now need to identify the sub-representations Xy and i of Sip9)(V) which are
isomorphic to C and Sy (V') respectively and write how a generator of S( 9y (V') decomposes
along (9.11)). We define two linear endomorphisms W, and W, of Si9)(V') by

W((:A)o (:Aw) = (e o-w) = (o) w] (012
with
==Y (ane)olne) =33 (e ne)oleine)
and - "
Wi((2 Av) o (2 Aw)) = niQ{(z- En: (e; Aw) o (e; Aw) —%(v-w)E)

i=1

2
(e; N z)o ezAz)——(z-z)E)
n

M:

=1
n

Zel/\z ez/\w)—g(2~w)5)

(
(0w (
o)

—(z- w)(i(ei Nz)o (e ANv) — %(2 - v) E)} (9.13)

i=1

These endomorphisms commute with the action of s0,C. Indeed, it is at the heart of
Weyl’s construction to remark that the operation consisting of the insertion of ¥ (see
(9.3)) at any pair of positions inside a tensor of rank d — 2 leading to a tensor of rank d
commutes with the action of s0,,C. The tensors ) (e; Av) o (e; Aw) or ¥ are obtained in
this way.

Now, We check that G(Z) = (n — 1)¥ and

G(Z(ei/\v)o(ei/\w)) =(n—-2wow+ (v-w)¥, Vo, welV,

=1
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so that:
(GoWp)((zAv)o (2 Aw)) = %[(z 2)(v-w) = (2 v)(z-w)] T, (9.14)

and
GoWo+ W) =G. (9.15)
It follows that
i (1ds,,,, ) = Wo = Wi ) € Spa(V). (9.16)

Now, Im G'o W, and Im G o W, are sub-representations of Sym?(V) and, owing to the fact
that the bracket at the right-hand side of can be non-zero, Im G oW, = C¥. Now,
Im G oW, # {0}. Otherwise, from (9.17)), Im G = Im G o W, = C¥ which contradicts the
fact that G is surjective on Sym®(V). Let @ be the contraction (7.4). We have ®(¥) = 2n,
from which we deduce that

(CDOGOWO)((Z/\v)o(z/\w)) :4[(z-z)(v-w)—(z-v)(z-w)],

and thus
PoGoWy=PoG, boGoW, =0. (9.17)

So, Im GoW, is a sub-representation of Sg (V). But Siy(V) is irreducible and Im GoW),; #
{0}, thus Im G o Wl == S[Q](V)
We define the following sub-representations of S 9)(V):

EOIIHIWO, 21 :ImW1

From (9.12)), (9.13), we have:

¥y = CEg,
- 2
¥ = Span{ Z(ei Av)o (e Aw)—=(v-w)Z | v, we V}. (9.18)
n
i=1
From ({9.16)), we have
S(2,2)(V) = 3o + X1 + Spg (V). (9.19)

All the spaces at the right-hand side of are sub-representations of Sy 2y(V') and we
know that ¥y and Sp 9(V') are irreducible. Furthermore, according to [42, Formulas 24.29
and 24.41], we have

= %(n4 — Tn? — 6n). (9.20)
We deduce that ¥y and Sjp (V') are not isomorphic, since dim ¥y = 1 is different from
dim S (V). This implies that g N Sp g (V) = {0}. Suppose now i N Sp (V) #
{0}. Then, ¥ N Spy(V) = Spa(V), ie. Spy(V) € . But dimy, < 2H)

2
while, dim Sy 5(V') is given by (9.20). We easily check that for n > 5, we cannot have
(n+1)

dim S (V') < ©5= (the special cases of small dimension will be examined later). So,

we must have ¥ N Spp (V) = {0}. Finally, assume that A= € ;. Thanks to (9.17), we
have (® o G)(A\Z) = 0 on the one hand and (® o G)(A\Z) = 2n(n — 1)A. This implies A = 0

dim 8[2’2] (V)
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and consequently, ¥y N, = {0}. It follows that the sum (9.19) is a direct sum and that
we have

S(M)(V) =Xy D X D 5[2,2](‘/)- (9.21)

Additionally, in view of , Y1 ~ Sy (V). In view of , Wo, Wy and 1—(Wh+W,)
are the projections associated to this direct sum, respectively on the spaces Yy, 21 and
Sp,2)(V). One last remark is that the description of ¥; can be slightly simplified from
(19.18). We have

¥ = Span{ Z(ei Av)o(e;Aw) | v, weV such that v-w = 0}. (9.22)
i=1
Indeed, the right-hand side of (9.22)) is a sub-representation of 3; which is obviously

not {0} and since ¥; is irreducible, the two spaces must be equal. With (9.22)), the
isomorphism J; between Sy(V') and ¥ is simply given by

n

Ji(vow) = Z(ei Av)o(e; Aw), Vv, w € V such that v-w = 0. (9.23)

i=1
Obviously, the isomorphism 7y between C¥ and ¥ is given by
Jo(A¥) =)A=, VA eC. (9.24)

Finally, with dim X5 = 1 and dim ¥; = TL("TH) — 1, (9.20) and (9.5]), we check the consis-
tency of the dimensions with ((9.21]).
Collecting (9.4) and (9.21)), we get the decomposition of Sym?*(A%(V)):

Sym*(A*(V)) = S0 ® X @ Spg (V) & AY(V), (9.25)

and we denote by Qy ..., Qs, the projections of Sym?(A%(V)) on %y, %1, Sp,21(V) and
A*(V) respectively. In particular, we have

Qo =WyoTy, Qi1=WioT, (9.26)

where we have restricted the codomain of 75 to Si22)(V'). In the case n > 9, is the
decomposition of Sym*(A%(V)) into irreducible representations of s0,C. Since all these
representations are of the form Sp(V') for an appropriate partition A of 4, they all lift
into complex irreducible representations of SO,,C and thus, of SO, R.

Now, we express how Qg and Q; act on a generator of Sym*(A*(V)). Inserting (9.8),

(9.12) and (9.13) into (9.26), we find:

2

QO((UI Avz) o (v A 04)) = m[

(v1 - v3) (Vg - vg) — (V1 - vy) (Vg - 1)3)} =, (9.27)
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and

n

(v1 - v3) Z(ei Avg) o (e; Avy) — z(vg cvy) 2
L) .

i=1

+(Uz . U4)(i(€i A Ul) o (ei A 03) — %(Ul . U3) E)

—(vy - U4)<Z(ei Avg) o (e; Awvs) — %(vg - v3) E)

=1

1
n— 2

Ql((vl Avg) o (v3 A 1)4)) =

n

—(vg - v;;)(Z(ei Avy)o(e; ANvy) — %(vl - vy) E) } (9.28)

i=1
Then, let P, @ € A*(V) and write their decomposition in the basis {e; A €, };<; as follows:
1 n
Z Pijei/\ej:§zpijei/\ej,
1<i<j<n ij=1

where Pj; = —PF;; for i > j and P;; = 0, and similarly for (). We identify P and ) with
the matrices (P;;);;—; and (Qy;);;—;. Application of (9.27) and (9.28) lead to

1

Qy(PoQ) = CE) Tr(PQ) =, (9.29)
and
1 & & 2
Q(PoQ) = —— { N (PQ)y Y (em Aei) o (em Ney) ETlr(PQ)E}
i,7=1 m=1
1 <« /PQ+QP 1 g
- —— le (5 - -m(PQ) Id)ij mEzjl(em Ae)o (emAey), (9.30)

with P(Q is the matrix product of P and @, Tr(PQ), its trace and (PQ);;, its (i, 7)-th
entry.

Now, the map B can be decomposed by blocks using on the domain and
on the codomain. Applying the same arguments as in Section [8 Case (ii), there exist two
constants C, Cy € C such that

B=C,J; o Qo+ Cg Tt o Oy, (9.31)

Le., inserting (9.23)), (9.24), (9.29), (9.30) into (9.31)), there exist two constants C3, Cy € C
such that ( - ) holds with B replaced by B and any P,Q € A*(V). Now, if we take P
and () real, i.e. belonging to A, then, B(P Q) = B(P,Q) is real which implies that
Cs5, Cy € R and finishes the proof of -

We now show (4.17)) and (4.18)). We have
Poo B(P,Q) = / (A-P)(A- Q) TrA g(A)dATd, (9.32)
SO.R

T
1
AvAl “TrAId) g(A)dA.  (9.33)

PLoB(P.Q) = /SO”R(A-P)(A-@(
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Comparing (9.32)) with ( - we get

Oy Te(PQ) = % /SO (AP (A QTeAg(A)dA, VP QE A,

Taking
P=eNej, Q=e,Ney, Vi, g, k,0e{l,....n}, i#jandk #/, (9.34)
we get
1
203 (6Jk 5% — 5jK5ik) = E / (Al] — Aﬂ)(Akg — Agk) TrA g(A) dA
SO,R

we note that both sides are zero if ¢+ = j or £k = ¢ so the equality is valid for any
i, j, k, 0 € {1,...,n}. Taking k = j and ¢ = i, and summing over all 7, j € {1,...,n},
we get

C =53 / ; )2TrAg(A)dA. 9.35
3 e OnRZ i (4) (9.35)

i,j=1

inserting (8.2)) into and making g = Mg leads to (4.17).
Now, comparing ) with ( - we get

PQ+QP 1
e (% - ~Tr(PQ) Id) —

[ pa-Q
SO,R

Again, taking P and @ as in (9.34) and looking at the (p,q)-th entry of the matrix
equation ((9.36)), we get

A4 AT 1
i — ~TrAId) g(A)dA, VP, Q€ A, (936)

1
{5 (5jk (0ip Oeg =+ 0ig Orp) + Gie (0jp Okg + 0jq Okp) — Oje (Vip Org + Oig Op)

2
—0ir, (6 0eq + djq %)) - (G Oie — dje 0s5) 5pq} Cy

= [ A — Aw) (B - Lias,,) o(4) aa
SO.R 2 n

We note that both sides of this equation are equal to 0 if « = j or k = ¢, so that it is valid
for any integers i, j, k, ¢, p, ¢ € {1,...,n}. Then, making k = j, p = ¢ and ¢ = i and
summing over %, j, £, we get

(n—1)(n* —4) _/ L L A£i+Ai2_1 ‘
5 Cy = SOHRZ(A” Ai) (Aje — Ayy) ( . ~TrA 5&) g(A) dA.

i, 5,4

Then, the sum inside the integral is equal to TrA3 — TrA (%TrA2 — 1), which leads to
(.18) by making g = M.
(ii) cases n € {3,...,8}.
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(ii)-a Case n = 3. This is the situation studied in [24] 26, 29, B3I, B0]. With V =
C3, it is classical that A*(V) = {0} and we also have Sp (V) = {0} [42, Exercise
19.20]. Furthermore, we have A*(V) ~ V through the isomorphism a: A*(V) — V,
v Aw — a(v Aw) such that (a(v Aw) - 2) = det(u, v, z), Yo, w, z € V. In other words,
a(v Aw) = v X w is the vector product of v and w. Through this isomorphism, (9.26)
becomes equivalent to . Apart from simplifications to the computations, the stream
of the proof and the final result remain identical.

(ii)-b Case n = 4. With V = C*, we have A*(V) = Ce; A ey A ez A ey ~ C. Therefore, in
the decomposition (9.25)), there are now two factors which are isomorphic to C:_ AT
and Yg. So, when applying Schur’s Lemma, we have a third term in (9.31) and B is now
written:

B=CyJy 0o Qu+C T o Qi+ CLTs o,
where the projection 7i: Sym?*(A%(V)) — A*(V) is defined by (9.7) and J3: C¥ —
Cey ANea ANeg Neg, AU — dep Aeg Aeg A ey is a mapping between one-dimensional trivial

representations. Introducing the automorphism a of A%(V) defined in Section 8] Case (ii),
we note that 77 takes the form

1
71((7)1 VAN ’UQ) 9] <U3 A U4)) = g det(vl, V2, U3, U4) e N\ex A €3 N ey
1
= 3 (a(vl Avg) - (v3 A v4)) e1 Aey Aes A ey.

Thus, for two generic elements P, @ of A%(V'), we have

TiPo@) =3 (a(P)- @) er heshes A,

Using the same methodology as in the generic case, it follows that there exist constants
Cs, (4, Cs in C such that

B(PoQ)=CsTr (PQ)Id + C, (w - iTr (PQ) Id) + Cs (a(P)- Q) Id. (9.37)

Now, we use the same methodology as in Section Case (ii). We assume that ¢ is invariant
by all outer automorphisms defined by the conjugation with an element U € O,C\ SO,C.
It follows that B is invariant by these outer automorphisms. On the other hand, « is
alternating by these automorphisms. Applying such an outer automorphism to (9.37)), we
conclude that Cs = 0 and the proof can be completed like in the generic case.

(ii)-c¢ Cases n =5, 6, 7. We recall that for p < n and V = C", we have AP(V) = A" P(V)

thanks to the isomorphism

o AP(V) — A P(V),
Tl i AL AY, S a(vr AL AYy),

such that

(a(vy Ao Avp) s Upr Ao Awy) =det(V, e U, Upidy - oo, U), V(0. 0,) € VT
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The inner product at the left hand side is induced by that of ¥V onto V®? and its subspaces
(such as AP(V)) by (1 ®...®@v, w1 ®...Qwy,) = (v1-w1) ... (v, wy). This isomorphism is
an isomorphism of representations of s0,,C. Consequently, we have A*(V) ~ AY(V) =V
it n =5 AYV) =~ A*(V)if n = 6 and AY(V) ~ A3(V) if n = 7. All these spaces are
irreducible representations of so,C for n = 5, 6, 7 respectively |42, Theorem 19.2 (i) and
19.14], and none of them is isomorphic to either C or Sj. Thus the proof and conclusion
of the generic case n > 9 apply to these three cases as well and the final result is identical.

(ii)-d Case n = 8. The space A*(V) with V' = C® is not an irreducible representation
of s0gC but it decomposes into two non-isomorphic sub-representations Il of equal di-
mensions equal to 35 (with dim A*(V) = (i) = 70). The representation ¥; = Sy has
also dimension 35. However, neither II nor II_ is isomorphic to Sy (they have different
heighest weight see [42]) so, it does not alter the fact that B is given by (9.31) and the
proof can be concluded like in the generic case. This ends the proof of Lemma[£.9] (ii). =

Remark 9.1. Following Remark we sketch a proof of Lemma (i1) relying on
elementary algebra only. The proof has three steps:

1. The goal is to compute B(P,Q)-S for P,Q € A, and S € S,,. By the invariance by
conjugation (9.1) and the spectral theorem, one can take for S a diagonal matriz.

2. By linearity, it remains to compute the quantities B(cj, age) - o0, for i, 5,k £, m €
{1,...,n}, 1 <j, k <l and where a;j :==e; Nej, O, 1= €y, @ €.

3. Using the invariance by conjugation with the changes of variable described in [27),
Definition 3.1], it can be proved that, at least when n is large enough, B(ayj, age) -
om = 0if (i,5) # (k,£) and there exist \,;n € R such that B(ayj, o) - 05 =
B(wij, i) - 0j = X for alli < j and B(ayj, ayj) - 0 = p for all i < j and m # 1, j.
The result then follows by a direct computation.

The third step is quite tedious, especially for small dimensions, and does not explicitly
use the underlying algebraic structure of the problem as in the main proof presented here.
Moreover, representation theory and specifically Weyl’s integration formula give explicit
expressions for the coefficients (see Lemma . Finally, unlike the approach of [24)],
the proof presented in this article does not crucially use the fact that SO,R is a matriz
group and may therefore be more easily generalized to other Lie groups.

10 Proof of Proposition (3.2 and dimension n = 3 case
Proof of Proposition From (3.7), we deduce (3.20) with A replaced by A defined

by
AO = —((V, A)O + (- V.)0O).
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We now show that A = A with A given by . On the one hand, we have:
(AO); = - i (00 (1)1 — 0 (1)) Oy — (1 - V)05
k=1
= — i (0 (Q)k = O (0)s) () — (- V) ()
k=1
S QD (@ (- V), (- V).
k=1
On the other hand, from , we have

Aik == Z Alpq®ip®kq7

p,g=1

so that, using (3.15)) and (3.16)), we have

(AB)y = D AuOr = AuOu = Auy(Q)i
k=1 k=1 k=1

= (@20 V) - 0+ (- V)) - 1+ (- Va)) - %) (s

k=1

The last term is equal to (€2,-V;)(£1);. For the first term, since §2;,-Q; = d;; is independent
of x, we have

n n

D (- Va)u) -2 = =D ()i - Va)@y) - Q= = (21 - Vo) Q)
k=1 k=1

Similarly, for the second term, we have

D ()i (- V) ) - Q== (U)i((U% - Vo)) - Q= = (2)x0, ()
k=1 k=1 k=1
Thus, we get A© = A® and since © is invertible, A = A, which ends the proof. N
Dimension n = 3: In [20], the constants (which we will temporarily call ¢y, ..., ¢&) were
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given by

2m
] / (14 2cosf) exp (k(1 + 2cosh)) sin’ (g) db
~ 0

@a=3 2 7 ; (10.1)
/ exp (k (1 +2cos b)) sin® (5) d
0
2T » 9 , 9
1 / (2+ 3cosf) exp (I{(l + 2 cos 0)) sin (5) cos (5) do
Cog— Gy = — =2 > : (10.2)
5 g 0 0
/ exp (k(1 + 2cosf)) sin (5) cos? (5) do
0
1
=35 (10.3)
2T 9 , )
1 / (1 —cosf) exp (k(1+2cos0)) sin (5) cos (5) df
G == ; ; , (10.4)

/0 ’ exp (k(1 + 2cosf)) sin (5) cos? (5) do

where we have modified the expressions from [26] to take into account that in [26] the
matrix inner product involved a factor 1/2 inside the trace. This modification multiplies
by a factor 2 the expressions inside the exponentials compared with [26]. We now check
that ¢; = ¢; where ¢; are the constants ED- in dimension n = 3

First, by comparing (3.13)) and ([10.3)), we see that ¢3 = c3. We readily notice that Eq.
for ¢; with n = 3 is the same as Eq. for ¢, upon changing sin*(/2) into
(1 — cosf)/2 (note that the factors 1/2 in the numerator and denominator cancel each
other). So, we have ¢; = ¢;. In passing, we realize that the exponential factors in all the
integrals for the ¢’s and ¢’s are the same, so we will only focus on the prefactors. The
integrals at the denominator of Eqs. (3.12)) and (3.14]) for ¢y and ¢4 are the same and,
with n = 3, involve the factor

(1- %C:?)) us = (1 - %(1 +2c0s26)) (1 — cos) = ? sin’ (g) cos” (g) (10.5)

So, up to a numerical factor which we ignore for the time being, the denominators of
the formulas for ¢y and ¢, match those of Eqs. (10.2)) and (10.4) for ¢, and ¢;. At the
numerator of Eq. (3.14]) for ¢4 in the case n = 3, we find the factor

)

(O =205V O + V) ug =

— W

1+ 2cos36 — ;( +2cos6)(1 4+ 2cos26) + (1 +2cos)) (1 — cosb)

(1 —cosf)? (1 —cos®f) = %(1 — cos#) sin* (g) cos” (g), (10.6)

OOIOO

so that, still up to a numerical factor, it is equal to the numerator of Eq. (| - for ¢4. Let S
now check the numerical factor for c4. From (3.14) and ([10.5), there is a factor 10 x 22 at
the denominator and from , a factor 1 at the numerator which results in a factor 5)

41



at the denominator, matching that in Eq. . So, we have shown that ¢; = ¢4. Finally,
we need to compare ¢ with ¢; and we already know that up to a numerical factor, the
denominators match. The prefactor of the exponential in the numerator of the formula
for &, is (3 + 2cosf) sin*(6/2) cos?(f/2) and there is still a factor 5 at the denominator.
Now, at the numerator of Eq. for ¢, in the case n = 3, we find the factor

(208 —3cV O + 708V ) uy =
= (2(1 4 2cos360) — 3(1 + 2cos ) (1 + 2cos26) + 7(1 + 2cos b)) (1 — cos )
0 0

=4(3+2cosf) (1 —cos®0) (1 — cos ) = 32(3 + 2 cos f) sin* (5) cos? (5), (10.7)
which also coincides with the prefactor of the exponential in the numerator of the formula
for ¢, up to a numerical constant. Concerning the numerical prefactor, there is a factor
15x 22 at the denominator coming from ([3.12)) and ((10.5) and a factor 32 at the numerator
coming from ([10.7)). So, the numerical prefactor is é which corresponds to that of ¢. So,

we have finally shown that ¢; = ¢, confirming that the model of [26] and the model found
here for n = 3 coincide, as they should.
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