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Abstract

We study a family of selection-mutation models of a sexual population structured by a
phenotypical trait. The main feature of these models is the asymmetric trait heredity or
fecundity between the parents : we assume that each individual inherits mostly its trait from
the female or that the trait acts on the female fecundity but does not affect male. Following
previous works inspired from principles of adaptive dynamics, we rescale time and assume
that mutations have limited effects on the phenotype. Our goal is to study the asymptotic
behavior of the population distribution. We derive non-extinction conditions and BV estimates
on the total population. We also obtain Lipschitz estimates on the solutions of Hamilton-
Jacobi equations that arise from the study of the population distribution concentration at
fittest traits. Concentration results are obtained in some special cases by using a Lyapunov
functional.

2010 Mathematics Subject Classification. 35F21, 35B40, 35Q92, 45K05
Keywords and phrases. Integro-differential equations; Asymptotic analysis; Adaptive dynamics;
Population biology;

1 Introduction

We study mathematically a family of models of selection-mutation for sexual populations structured
with a continuous phenotype, which we call ”trait” and denote by x € R. We assume that all
individuals compete for survival because they share the same resources. This assumption implies
the boundedness of the total population.

Although our approach is formal and mathematical, the models under study arise in various
biological problems, as cell alignment [I4] or protein exchanges [2] 27]. Our specific motivation
comes from insecticide resistance. This phenomenon has been observed among insects of interest
for human health, in particular in species of mosquitoes that are vectors for dengue (in the Aedes
genus) or malaria (in the Anopheles genus). For this specific problem of selection-mutation, the trait
variable should contain, for instance, the expression level for the kdr gene (knock-down resistance,
see [30]). The present study is part of a more general program on the analysis of models, and their
control, in the context of evolutionary epidemiology (see [29] [37] and the references therein).

Because of this motivation, our models have a sexual reproduction kernel. This is not the case
in similar selection-mutation models developed for bacteria or resistance to treatment in cancer
(see, e.g., [33] 25]), where the reproduction is clonal. The major feature of equations for sexual
reproduction is to yield nonlinear and nonlocal birth terms with a quadratic aspect, though 1-
homogeneous. All models studied in the present paper are derived from the general form

1
pe(t)

plt) = [ melta)ds, n(0.) = nl(a).

cOmlt.a) =~ [ | Kay et et )y dz = RGe.p()ne(t.0)

(1)
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The variable ¢ stands for time, n¢(¢,x) € [0, 4+00) is the population number density at time ¢ and
trait « and p.(t) is the total population. The positive function R is the saturation term, which
contains the death rate and the insecticide effect. Competition is taken into account through the
dependency of R in its second argument.

In equation (), we interpret y (the second argument for K.) as the female trait, and z (the
third argument) as the male trait. Thus z — K.(z,y, 2) is equal to the distribution of individuals
that are born from any encounter between a female of trait y and a male of trait z, per unit of time.
Of course, this model is valid only assuming that the sex ratio is constant in time and independent
of the trait. We make this simplification in order to obtain a single equation rather than a system.

It is worth highlighting that we aim here at general properties and methods for dealing with the
nonlinear and nonlocal birth term, rather than at a realistic model for the evolution of a specific
trait (see [38, B9] for more realistic models). We hope that the techniques developed here will
successfully apply to such specific contexts.

The relationships between sexual selection and speciation are not well understood. Models of
sexual reproduction have already been discussed in different contexts. Studies of individual-based
models of sexual population were performed to determine the necessary conditions to evolutionary
branching in [T6], 23] [40], with a structure in genetic types (see [4l [5] for a review of mathematical
models of population genetics). In [II] for instance, the authors investigate a stochastic birth
and death process model for sexually reproducing diploids with Lotka-Volterra type dynamics and
single locus genetics. At the small mutation steps limit, they derive a differential equation in
allele space, referred to as a form of the canonical equation of the adaptive dynamics. In [12],
another stochastic birth and death process model is studied with sexual reproduction according to
mating preferences and a space structure with patches. In this case, reproductive isolation between
patches occurs, and the authors prove that the time needed for this isolation to occur is a function
of the population size. In the framework of insecticide resistance, a deterministic system with three
genotypes (two alleles at a single locus) was studied in [36], with a focus on the “reversal time”
that is a measure of the persistence of resistance in a population after exposition to insecticide.

From a large population point of view, in [28] the authors considered sexual populations struc-
tured by a trait and a space variable in a non-homogeneous environment, and after performing an
asymptotic limit and a simplification of the model, they derived an estimate of the invasion speed
or extinction speed of the population. In [3], the authors study the same kind of models as in the
present paper, where the traits of the newborns are distributed through a gaussian kernel centered
on the mean of the parents’ traits and with a constant variance, as in [I8], which is the so-called
infinitesimal model. They prove the existence of principal eigenelements for the corresponding
eigenproblem, using the Schauder fixed point theorem. This work has been extended in [6] with
the study of the same stationary problem at the asymptotic of vanishing variance. In the same
regime, the associated Cauchy problem has then been investigated in [31], showing that solutions
can be approximated by Gaussian profiles with small variance.

The main results of this paper concern the behavior of p. and n. in the asymptotic of large
time scale and mutations with limited effect on the phenotype. We consider two particular classes
of reproduction kernels in equation which share the common property of an asymmetric struc-
ture. Indeed, back to the insecticide resistance modeling, it has been observed that good resistance
levels also result in a high fitness cost, and especially on the fecundity. We simply assume here
that either fecundity is female-trait-dependent, or that new individuals inherit mostly their trait
from the female. Since female mosquitoes have a longer lifespan than male ones, they will be
more susceptible to be affected by insecticides and to become resistant. Also, females will perform
several ovipositions during their lives, suggesting a higher impact of acquired resistance on female
fecundity.

We consider a first class of models, with asymmetric fecundity (AF in short),

1
cOum.(t5) = = [ Bloace nc(tyn )y dz — Riape o). (AP

where B is a positive function and represents the crossing fecundity, which is assumed to depend
only on female’s trait, a. (-, y, ) is the probability distribution of the offspring from a y female and



a z male. Then the reproduction kernel reads
K. (z,y,2) = B(y)ae(z,y,z), with / ae(z,y,2z)de =1 for all y,z € R. (2)
R

The second class of models features an asymmetric trait heredity (ATH in short), which
reads

edne(t,x) = / » Ko(x — 2)Ge(z — y)ne(t,y)ne(t, z)dy dz — R(z, pe(t))n.(t,z), (ATH)

pe(t)

where

Ke(x,yvz) :KO(If,Z)GE(LL'*y), (3)
with K a positive function, and G, the rescaling of a positive function G by letting

r—z

Ge(x—z):iG( . ) with /RG(z)dz:l.

We can write the ATH equation under the following form

ene(t,x) = [Ko *ne(t, ) Gex ne(t, )] (2) — R(x, pe(t))ne(t, ).

pe(t)

Our convergence proof uses two ingredients. Firstly, we identify a consistent limit object as
€ — 0, which is a constrained Hamilton-Jacobi equation. Secondly, we obtain compactness esti-
mates on the solutions at the e-level in order to be able to extract converging subsequences and to
use the stability property of viscosity solutions. The most intricate step is this second ingredient
which we conclude thanks to a new Bounded Variation (BV in short) estimate for p..

To better show the technical ideas and highlight the new arguments, we first study a model
without mutations, which is a particular case of the two classes of models presented above. We
also assume for this model that the saturation function R does not depend on the trait variable
and is such that R(x, p) = vp, with v > 0. The model with no mutations reads

eatné(tvx) = (pel(t)KO * né(t’ )(1’) - Vps(t)> ne(tvx)a (HM)

This equation can be written under the form of equation (AF]) with

1
B= / Ko(z)dz, and ae(z,y,2) = EKO(x — 2)d0o(z — y),
R
and also under the form of (ATH) with
Ge = do.

We also consider a generalization of (nM)) with
1
eatnf(tv l‘) = (T(t) /KS('/Ea y)ne(t7 y)dy - (RO('T) + Rl (pe))>n€(t7 JT), (gnM)

for some symmetric kernel Kg : R?> — R, , and obtain Lyapunov convergence results for (gnM]).

The paper is organized as follows. In Section [2, we state our assumptions and results. We
also establish some non-extinction conditions and bounds on the total population. In Section [3]
we focus on the models without mutations — in order to introduce the main arguments
that will be used for the more general cases. In particular, we derive BV estimates for the total
population, and prove a Lyapunov stability result for the population distribution. In Section {4} we
address the derivation of BV estimates for the and models when R only depends on
the total population variable and we explain the difficulties encountered when R is generic. Also,
we briefly discuss the settings of the Lyapunov method applied to these mutation models. Finally
in Section[5] we deal with the Hamilton-Jacobi approach. To conclude we identify some difficulties
raised by the application of our methods to the general case of and other possible approaches.



2 Main results

2.1 Assumptions and statements

The function R stands for the death rate and the competition effects. We make the standard
assumption that it increases with the total population:

vxapv aPR(xvp) > 0. (4)
Some more specific results are obtained when R has the very simple form
R(z,p) =vp, VzeR, with v > 0. (5)

We also assume usually that the initial data satisfies

K. 0
€(pe)—(0) = </ n?(x) O/:; B (x)dx — V(pg)2> is uniformly bounded, (6)
where, for a € R, we use the notation a_ = max(—a,0).

For models with no mutations (nM]) and asymmetric trait heredity (ATH)]), we assume
Ky € Cp(R,R;) is a symmetric kernel, (7)

where C,(R, R, ) is the space of continuous and bounded functions on R with values in R

For equation (nM)]), we have the following theorem which is proved in Section

Theorem 1 (BV bound for model (uM))). Let T > 0 and let n. be the solution to (nM)) associated
with initial data n?. We assume (6) and (7).

Then, p. is uniformly bounded in BV (0,T). Namely, we obtain

T "
. . € _EmT
/0 |Pe(t)|dt§PM+2(Pe)—(0)57(1—6 <),

m

with pyr and k., defined later on. This implies that, up to extraction of subsequences, there exist
limits pe — p in LY(0,T), and n. — n € L(0,T; M4 (R)) in the sense of measures.

Moreover, we have

T

Ko * ne

/ / ne( UL up€)2d:1c dt = O(e). (8)
o JR Pe

For the model with asymmetric fecundity (AF]), we need the following assumption on B and «:

3C > 0,Ve > 0,V € ML (R),

///]R:3 ae(z,y, 2)B(z)B(y)¢(y)(2)dx dy dz — (/R B(y)¢(y)dy)2 > _Ce.

This assumption means that the fecundity variation from one generation to the next is controlled
and in fact is non-decreasing as e goes to 0. We obtain the following result whose proof is given in

Section .11

Corollary 1 (BV bound for (AF|)). Let T'> 0 and let n. be the solution to (AF) associated with
initial data n?. Assume and (9).
Then, pe is uniformly bounded in BV (0,T). Namely, we have

9)

T
[t < pas+ 206000 (1 ) 2 (14 et ),

VPm, VPm, VPm

with C, pyp and py, defined later on. This implies that, up to extraction of subsequences, there
exist limits pe — p in L*(0,T), and n. — n € L(0,T; M4 (R)) in the sense of measures.



For (ATH]), we also need to assume that, for all ¢ € W1 G, x ¢ = ¢ + O(e), in the sense
1

ellpllzip

Additionally, we assume that K belongs to W1, and

|G * ¢ — @|| 1 is uniformly bounded in e. (10)

. Ko *n{ 0 0\2 : :
€(pe)-(0) = () Ge xn(x) dx — v(p;) is uniformly bounded, (11)

p? -
which replaces assumption (@ We obtain the following result whose proof is given in Section

Corollary 2 (BV bound for (ATH])). Let n. be the solution to (ATH]) associated with initial data
n?. Assume , , and the following ("non-extinction” in this case) condition

Jng >0, Ve>0, n.:= inf /Ko*¢>-G€*¢dx2n0. (12)
peEM (R)

Then pe is uniformly bounded in BV (0,T). Namely, we have

T
C C
[ 1601 dt < o+ 200.000)- 5 (1= TV 4 2T 2O 1)y 22T
0 Ch C? C1
Then, up to extraction there exist p € Li,.(0,00) and n € L{°(0,T; My (R)) such that (pc) con-
verges towards p in L}, .(0,00), and (n.) towards n in the sense of measures, when € vanishes.

Moreover, for all T > 0, we have

T 2
/ /(G6 * M) [KO e 1/,06} dz dt = O(e).
0 JR Pe

For the generalized no mutation model (gnM)), a Lyapunov structure is identified under the
following assumptions on Kg: R? - R,, Rg: R — R, and R; : Ry — R, :

Kg € Cy(R?,R,) is symmetric: Vz,y € R, Kg(z,y) = Ks(y, ), (13)

e MAB\DL [ Ksloe@gwidsdy >0, (14)
R

supp(q°) is compact or Ry is proper, (15)

R, is increasing and proper, (16)

Iy € supp(d®), y— Ks(xar,y) — Ro(y) reaches its maximum at zp;. (17)

In this framework, a Lyapunov stability result is obtained for the state d,,,.

Theorem 2. Under assumptions (13)-(17)), 6.,, is asymptotically stable for (gnM)).

In the general case of a death rate depending on both traits and the total population, we can
perform the Hopf-Cole transform
uc(t,z) = elnn(t, x),

and apply a Hamilton-Jacobi approach. For the models under investigation, we obtain the following
result that is the topic of Section

Theorem 3 (Lipschitz estimates for u.). Under some assumptions on the initial data u?, for both
models (AF)) and (ATH), the corresponding u. are locally Lipschitz uniformly in e.
Moreover, we have a global upper bound on u.. Namely, there exists a constant C, such that

wit) < e (04 SEED).

€

The specific assumptions required for the proof of this theorem in each case (AF or ATH) are
specified in the corresponding section.



2.2 Boundedness of the total population and non-extinction

In preparation to prove these theorems, we begin with some controls of the total population, p,
which, in full generality satisfies

o n(t, )
epe(t) = / ( / [ Koy )™ ne(t y)dy dz — Rz, pe(t)ne(t,2) ) de.

To ensure that p. remains bounded along all trajectories, we complement with

IR, : Ry — R, increasing, with R,,(0) =0,

18
Rp(to0) = +o0 and Vi, R(z,p) > Ru(p),  par = Rl (Kar). 1)
We also assume that
Ky := sup sup sup / K (z,y,2)dz ¢(z)dz < +o0. (19)
0<e<1 ¢€MT(R) y R2

The following boundedness result is straightforward:

Proposition 1 (Upper bound for p.). Under assumptions , and , all trajectories of
are forward-ppr-bounded from above in pe, by which we mean that pe(t) < 0 as long as pe(t) > par-

Conversely, we can study conditions that ensure non-extinction of the population: p(t) > pp, >
0. As a first example, let

Fm (p) := Oiril ¢€J{£1£(R) 1rylf /R2 K (x,y, z)dx ¢(z)dz — R(y, p), (20)

where MY (R) is the set of probability measures on R.

Proposition 2 (Lower bound for p. under assumption ) Under assumption and if there
exists ppy > 0 such that Ky (pm) = 0, with K, defined in , then all trajectories of are
forward-p,,-bounded from below in p., by which we mean that pe(t) > 0 as long as pe(t) < pm.

However, k,,(0) > 0 is not expected to be a necessary condition. It is an open and challenging
question to determine more general conditions for non-extinction, and study the set of extinction
trajectories in cases when these conditions are not met.

For instance, a second non-extinction result is

wnlp)i= int it [ ([[ Kela o)z = R p)otd, (21)

0<e<1 ge Ml (R)

Proposition 3 (Lower bound for p. with a condition on (21))). Under assumption and if there
exists pm > 0 such that k], (pm) = 0 then all trajectories of (1)) are forward-p,,-bounded from below
N Pe-

And likewise, let

ko= inf  inf // . K (z,y,2)0(y)¢(2) dx dy dz. (22)

0<e<1 e Ml (R)
Then, assuming also

IRy : Ry — Ry, increasing, with Ry, (0) >

0,
23
Rps(400) = 400 and Vo, R(z,p) < Ry (p), (23)

we have p > (kI — Rau(p))p.

Proposition 4 (Lower bound for p. with a condition on (22)). Assume (23) holds and k!, >
R (0) defined in (22)). Then all trajectories of are forward-p,,-bounded from below in p., with
—1/,.m



3 The model without mutations

In order to see clearly the kind of results to be expected, we first study in detail a very simple
example, which is equation . The form of the birth rate assumes that the trait is perfectly
transmitted from the females to their progeny, and the cross-fecundity between a male of trait z
and a female of trait x depends only on the distance between = and z through Kj.

Assumptions and (for R,, = vp) obviously hold in case . Assumption holds
with Kj; = max, Ko(z). However, k,,(p) = inf Ky — p so the non-extinction condition from
Proposition [2| holds if and only if inf, Ko(x) > 0.

Even though inf, Ko(z) = 0, following [21] in the context of entropy-based stability, we may
assume that K is such that

ko= inf /R (Ko * ¢)(z)¢(x) dz > 0,

peM (R)

and then, Proposition [4] holds.

3.1 Proof of Theorem [1]
We prove the BV bound stated in Theorem |1} From equation (nM]) we can compute

Ky *ne(t,-)
pe(t)

Assuming (7) yields % [ nKo*n =2 [, nKo* (9;n). Hence

€pe(t) = /Rne(t, x) (z) dx — vp?*.

. . . Pe 1 d
€Pe = —VPePe — VPePe — 2 /RneKo * Ne + 2 dt Jy

€

1
ne Ko * ne + —/ Oin Ko * ne.
Pe JR

We rewrite this as

De 1d/1
€Pe = —VUPcPe — QLPQ / neKo *ne + id—(— / neKo *ne — I/pf)
R R

€

. . _ 1 2
and since ep, = o fR neKo *ne — vpZ, we get

€ .. [-)5 1 Ko*ne 2
72 e_*72 € € - € - e) - 24
1% g/nlio*n +6/n( ) Vp) ( )

Several conclusions follow from . Firstly, p. > _:;;2 fR neKo * ne, hence if p. = 0 then
pe > 0. In particular, p. has no strict local maximum. We can conclude that pe is either decreasing,
increasing or decreasing-increasing, and since it is bounded, p¢(t) must converge to some finite value
p° as t goes to +o00.

Secondly, let be(t) := p%(t) S ne(t, z) (Ko * ne(t,-))(z)dz >k, > 0. Then from (24)),

"

L0 <~ ()

1"
Kt

< (pe)—(0). We write

Hence (pe)—(t) < e~

T T T
[t [ awa+e [ G- o

T
<o +20-0) [ e
0

) € _rmT
< pm +2(Pe)—(0)ﬁT(1 —e ).

m

Therefore, under the mild assumption (@), the family (p). is uniformly bounded in BV (Ry.).



We now establish equation . Going back to equation , and integrating this one over
[0,T] for T > 0, we obtain

K
/ /n6 O*ns—up6 dxdt—e/

Since p. is locally BV uniformly in € and using @ and , we deduce that

T
/ / ne(KO e upe)zd:v dt = O(e),
0o JR Pe

/ neko enedede + S (p(T) = pl0). (25)

which is equation .

3.2 Concentration in Dirac masses
Formally, at the limit € — 0 the previous estimate yields

/R n(t, ) (W(m) - z/p(t))Qd:c = 0. (26)

It turns out that combinations of Dirac masses are admissible solutions to (26f), n = vazl Pilz,
. N
pi >0 with .7, p; = p, and

then for all ¢ € {1,..., N}, we have

N
Z% ; — xj) = Vp. (27)

We define the matrix K, whose coefficient with indices (¢, ) is equal to Ko(z; — z;). K is
symmetric with positive coefficients and constant main diagonal equal to Ky(0). If the family
(x;)1<i<n is given, the problem amounts to finding a positive vector P such that KP = 1. Then
we obtain p; = vP;p? and p = 1/(v1T P).

One readily checks that, if

Ko(0
T%XKO(% —zj) < Noifi,
then K is invertible (in this case indeed, K is strictly diagonally dominant). It is worth noting
that if N = 2 and max Ky = K(0), with the maximum of Ky being reached only at 0, then this
is always satisfied. However, in the generic case when (z;); is such that K is invertible, it remains
unclear whether P := K11 > 0 or not.

In spite of this, an alternative viewpoint using a Lyapunov functional helps describing the

asymptotically stable solutions, as detailed below.

3.3 A Lyapunov concentration result: proof of Theorem
We consider the special form of equation (1)) given by (gnM)). Then, we define

q(t,x) := nc(et,z)/pc(et), and ¢°( //n € ./\/l
for some initial data n® € M, (R). There is a closed form equation for ¢, namely
deq(t,x) =q(t, m)(/RKs(% y)a(t,y)dy — Ro(z))

—q(t,w)/RQ(t,w’)(/RKs(any)q(ty)dy—Ro(w'))dmﬁ (28)



Therefore we simply need to study the asymptotic behavior of ¢ as t — +oo to be able to describe
that of n. as ¢ — 0.
Notice that Equation has a replicator-type structure, as it can be written under the form

dualt, z) = qt, z) {g@:,q(t, )) - / a(t, )Gz, q(t, ))dz |,

where G(z,q(t,-)) := fR Kg(z,y)q(t,y)dy is the effective growth rate, or fitness, of ¢(¢,z) and
the integral term [, q(t,)G(x,q(t,-))dx the average of this growth rate in the population. This
structure means that the frequency of the z-carrying individuals in the population evolves with
the deviation of its corresponding fitness from the mean fitness in the population.

Thanks to the structure of , we obtain the asymptotic stability of d,,, stated in Theorem
by using a Lyapunov’s method for stability. The rest of this section is devoted to the proof of this
result, which relies on a strict Lyapunov stability argument stated in [34, Theorem 4.4] and [35].
This type of convergence result has appeared in the economic literature devoted to game theory
with continuous strategy space, which we denote here by P (for “phenotype”). For instance it is
stated in [I0, Theorem 3.a] and follows from [9, Theorem 2].

First, we get a Lyapunov functional for by defining

1

1) =5 [[ | Kstaa@atdady - [ Rola)a(e)da. (29)

Indeed, along an orbit of we have, thanks to ,

G0t = [ atea)( [ Ke(egate.dy - Row)*ds

— ([ attn)( [ Kstevpate. )iy - Ro(w))ar)” 2 0.

with equality (by the Cauchy-Schwarz inequality) if and only if

/R Ks(z, y)a(t,)dy — Ro(x) = C € R on supp(a(t, )),

so that we have strict monotonicity except if ¢(¢,-) is a rest point for the dynamics of . This
Lyapunov functional can be seen as an embodiment of the “positive correlation” property from
game dynamics (see [20]), and this feature has been exploited to get a gradient flow formulation
of a non-local model with a diffusion term in [22], where the kernel acts for death induced by
competition rather than for birth as is the case here.

In order to use the Lyapunov functional properly, we need {q(¢,-), ¢ > 0} € ML (R) to be
relatively compact for a topology for which J is continuous and Fréchet-differentiable. This is the
case if either ¢° is compactly supported in R, or if K is bounded and Ry is proper (by Prokhorov’s
theorem), for the weak-x topology on ./\/l}r(R)7 hence the use of

The study of the maximizer sets for J is greatly simplified by (14)):

Lemma 1. Under , the functional J is strictly convex on the convez set M#(R)
Therefore its local mazimum points are extreme points of M}r(R), that is Dirac masses. The
Dirac mass 0 is a local mazimizer of J only if y — Kg(x,y) — Ro(y) reaches its mazimum at x.

Proof. For qi,q2 € M (R) and 6 € [0, 1] we compute
T0m+(1-00m) = [[ Ks(@aa+ (1= 0P + 2001~ Oaas) ~ [ RO +(1 - 0))
R2 R

= 0J(@) + (1= 0)7() =001 =) [ [ Ks(w.s)lan — a)@)ar — a2 ()dndy

Therefore (with £ = g1 — ¢2) implies that J is strictly convex.
If J reaches a local maximum at & € M? (R) belonging to some interval ({_,&;), that is
=05 + (1 —6)&y for some 0 € (0,1) with &4 € ML (R), then for € > 0 small enough we have

T€) < (€ + el = €)) + J(€ — eles — £)) < T(©)



where the left inequality holds by strict convexity and the right one by the local maximum condi-
tion. This is absurd, hence local maxima are only reached at extreme points.

The support of an extreme probability measure must be reduced to a singleton: otherwise, we
can construct a segment on which the measure lies by exchanging mass between any two separable
points of the support. Conversely, a Dirac mass is obviously extreme, as any segment to which it
belongs would consist of probability measures with the same support, reduced to a singleton.

Then, the first-order optimality condition for J at J, reads: for all admissible perturbation h,

[ () = Rty <o

and admissible perturbations have the general form h = —J, + hg, with hg € Mi(]R), whence the
last point.
O

Thanks to we get that {J,,, } is a local maximizer set of J for which J is a strict Lyapunov
function (and that there is no other local maximizer set of J). Then, it follows that {d,,,} is
asymptotically stable.

4 Models with mutations

With the above methodology set, we can extend it to the more elaborate cases when we include
mutations.

4.1 BV estimates on the total population

We begin with BV estimates on p. assuming that R is independent of the trait variable and features
a linear dependency on p, as it is specified in assumption . Thereafter we address the difficulties
encountered when R has a general form.

4.1.1 Linear dependency on the competition variable in the AF model

Although the asymptotic behavior of n, solution to may be difficult to obtain in general, under
some assumptions on K and R, the total population p. can be proved to have bounded variations.

Recall that, integrating equation , we have

1
€fe = — // K (x,y, 2)nc(t, y)n(t, z)dz dy dz — / R(z, pe)ne(t, x) du.
Pe R3 R

The proofs of Corollaries [1] and [2| rely on estimates obtained through the equation satisfied by pe.
In general, we start from

Ep.e = %// Ke(zvyaz)ne(tvy)ne(tvZ)dxdydz
Pe R3
1
+o / / Ko (2,9, 2) (Ome(tyy)ne(t, 2) + n (£, y)dne(t, 2)) do dy d2
3 R3
- p'e/ O0pR(z, p)ne(t, z)dx
R
1 1
— = / R(z, pe)(—/ K (x,y, 2)n(t, y)n(t, z)dy dz — R(x,pg)ng(t,x)>dx.
€ Jr Pe J Jr2
Proof of Corollary[l, We treat the case of the model with asymmetric fecundity. Then, p. satisfies

€pe = / B(z)n(t,x)dx — vp?,
R
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and reads
= [ B (t.0)ds - 20p.p,
1/2 3 Ve
= —Vpepe + /B nE t CC

T e / / / el y, 2) B(@) By)ne(t,y)ne(t, 2)da dy dz — 22 / B(z)n.(t,x)da.

We rewrite the last equation as

demographic stabilization

Bz 2
<f netxdxype>

p
+— /// ae(z,y, 2) B(z) B(y)n (t,y)n.(t, z)dx dy dz — (/B(m)ne(t,w)d$>2) - (31)

mixing-induced fecundity variation

Gape = *Vpeps

In order to apply the same technique as for the simple case (nM]) in Section we need to
assume that the mixing-induced fecundity variation term is bounded from below. Under assump-
tion @, we obtain from and Proposition

d
= pe > —vppe — C. 32
€ihe = —Vpep (32)

From Proposition [d] we deduce

d .. Vpm . C
G- < = (p) 4

dt € €
and thus o
(pe)—(t) <e™ < (pe)—(0) + f(l —e )
Pm
Then we use the same argument as in the case without mutations, which proves uniform bound-
edness of p. in BV (0,T) for all T > 0. O

We discuss here assumption @ Firstly, when B is constant, this assumption is obviously
satisfied. Secondly, by taking ¢ concentrated at a point x; where B reaches its maximum, we
obtain for some C' > 0

/ ae(z,zpr, xpr)B(x)de > B(zy) — Ce, Ve > 0.
R

Recalling that [ a.(x,y,z)dz = 1 for all y, z, this implies that as e vanishes, a.(-,za,2ar) is
concentrated at points where B is equal to its maximum B(xs), which is a restrictive necessary
condition for (9) to hold. Thirdly, we state a sufficient condition: if ae(-,y, 2) = ao(y, z) € ML(R)
with either

gz, / aoly, 2)(x) B(x)dz > B(y),

or

Yy, z, /]Rao(y,z)(x)B(x)dx > B(z),

and if convergence is sufficiently fast, then @D holds. In the first case this is a consequence of the
Cauchy-Schwarz inequality, and in the second case we simply obtain that the left-hand side in @
converges to 0 as e vanishes. In particular, we may assume a.(z,y,2) = %G(%) or fG("L z)
for some appropriate kernel G. These situations are those we have in mind, although @ in all
generality may allow for some other cases.

All in all, @D means that the trait inheritance pattern a. does not allow next generation’s
fecundity to get smaller than the one of the current generation as e goes to 0. Unsurprisingly, this
dissipative feature implies that the variations of p. can be controlled at the limit € — 0, as stated
in Corollary

11



4.1.2 Linear dependency on the competition variable in the ATH model

We now address the model with asymmetric trait heredity, i.e., the ATH model .

In order to apply the same technique as for the model without mutations addressed in Section 3]
we need the convergence assumption on G, as € goes to 0. More precisely, we assume that
there exists C' € R} such that

Ve > 0,Yp € W with ||¢/|| 11 < 1,V2p € L™ with ||¢h]|p~ < 1,

33

| [ e@acso@ae - [ vty < e )
R R

This assumption on the convergence of G, as e vanishes holds in t}%e éyplcal case where G, is
Gaussian with variance €. Specifically, we write G(z) = meﬂ” /2¢" Then we compute

| [ #@(Cex @itz = [ w@otiia| < [ 106G 6(a) - ola)do

e
S//@ﬂ/ - 0(y) — 6(2)\dy do.

We apply the change of variables § = ¢~ !(y — z), then dj = e dy, and we obtain

| [ 0@)Ge s a)wite — [ w@otwits| < @m) 72 [[ ot + ei) - ota)dy do

/
_ 2l
- (277)1/2

IN

Proof of Corollary[3 Departing from (ATH]), the equation satisfied by p, reads

d 1
e%pe(t) = /}R (pe(t)K xne(t, )(X)Ge x ne(t, ) () — vpe(t)n(t, z)) dz.

Differentiating this equation, we obtain

Epue(t):p%(t)/ﬂg [Ko*ﬁtne(t,-)(sc)Ge*ne(t, W) + Ko xne(t, ) (2)Ge * One(t, )(w)}dm

— upe(t)pelt) — v /]R e (t, 2)pe (£)d

_pe(t)
p2(t)

By the same trick as in Section E 3l assuming induces

(1) = g | [ Kot @)t )i

/[Ko*ns( N@)Ge % ne(t, ) (2)] da.

+pg(t)/R[Ge*(KO*ne(tv'))(x)atne(t,l'” dx

—vpe(t)pe(t) *l//Ratne(t,x)pe(t)dx

_ pe(d) e (£ (). % (£ ) ()] doe
Pf(t)/R[KO c(t, ) (2)Ge * ne(t, ) (z)] da.

Then we compute

)= = v 09u(0)+ s | [ K6 G <m0 o)

1
# s | Gox (Kot )(o) [pe(t)Ko et (@) xmelt, @) — vt 2)p )] da
Upe(t)/R [ 1 )Ko kNe(t, ) (2)Ge xne(t,-)(z) — Vne(t,x)pe(t)} dx
_ pet)

p(t)

12



and get

hu(t) = — v D)pelt) + 50 UR pel()KO*ne( N@)Ge # melt, )(x)da:]
L pe(?) *n *n z)]dx
- 3o [ n @G s (e @) d
+1/(G’ * M) {G (Ko*ne)(KOpzne)QVKo*n] dx
+ V pe/G * Ne dx.
We rewrite this as
e (t) =~ vpu(070) ~ 350 [ Kot )G
L [y [Eoxng 17
+E/R(GE 6){ Pe pe} d
+ﬁ/R(KO*nE)(GG*ne)(GE*(KO*ne)_KO*ns>dx~

Now we use the convergence assumption on G.. We simply need to check that ¢(z) :=
J Ko(z — y)ne(t,y)dy is in Wt This is obvious since ¢/ = K, * n.. Hence we have

€ .. _ . 1 pe
50 == v 050) — 5o / Ko #ne(t,)Ge + net, )

+ %/R(GE 1) [“ﬁ’p’m) - Vpe] iz 4 000)

Thanks to , we deduce the inequality

(e < (o + voet) (1)) - + O(1)

Then, we conclude that p. is bounded in BVj,.(R4) uniformly in e. Indeed, we obtain that for
some constants Cy,Cy > 0,

G- < e (o + Z [ et rar),

hence 3
(pe(t))— < (pe(0)) e~ /e 62(1 Ot/
1

As in the proof of Theorem [1} we deduce that for all T > 0, (p.) is uniformly in € bounded in
BV([0,T]) with assumption (T1]) on the initial data. Going back to (34]), we derive the estimate,

for T > 0,
T 2
/ /(GE * 1) {KO flhe l/pE:| dx dt = O(e),
o Jr Pe

as in the proof of Theorem [I}

4.1.3 Extensions and open questions for the general case

Firstly, we address the case of a general saturation term for the AF model, featuring the competition
effect and the trait-dependency:

ReCYRYxR;Ry), K(x,y,2) = By)ads,y,2), Yy, 2z /ae(x,y,z)dx =1.
R

Thus in this case, p. satisfies

€fc = /R(B(x) — R(x, pe)) ne(t,x)dx

13



Then, deriving this equation, we find

4, = z) — R(x ne(t, x)dx — p T ne(t, x)dx
6%p6_~/ﬂk(3( ) R( 7pe)>at 6(t7 )d pE/RaPR( ’pe) 6(t’ )d

/8 R(z, pe)ne(t,x)dx + — /ne(t ) (B(x) — R(x,ps))2
+ 1 /R (B(z) — R(z, pc)) o //R2 ae(x,y, 2) By)ne(t, y)n(t, z)dy dz — B(m)ng(t,m))dx

€
The last term can be seen as the integral of the net fitness B — R(, p.) weighted by a fecundity
deviation A,,_ B, with [ A,, . B(z)dz = 0.

To apply the same argument as before, we need to assume

3C >0, Ve > 0, Vy, z, V¢ € L with ||¢]|: =1,

H //Rz (1 y, 2)By)o(y)d(2)dydz — B()o(-)|| ;. < Ce, (35)

and also o
Vp < pum, Cr(p) := [|B(-) = R(-, p)llsc <00, Cp= sup Cy(p). (36)

0<p<pm
Under assumptions and , this additional term is treated as in the case , replacing the
negative constant on the right-hand side of by —pMCCif, which gives
A
dt
Therefore, similarly to the proof of Corollary [1I| we obtain

Corollary 3. Assume and . Then, for all T > 0, (pe)e is uniformly in € bounded
in BV ([0,T]).

pelt) > —pe /R 0, R(z, pe)ne(t,)dz — pr CT.

Secondly, we address the case of a general death term for the ATH model:
ReC'RIxR;Ry), K (z,y,2) =Gz — 2)Ko(z —y).

In order to see clearly where the difficulty lies, we replace G¢(x — z) by d,—. (letting ¢ — 0 in this
term only). For simplicity, we define

((t,x) o= Koxneltn )@) = [ 2. pu(o)ncft.)da
P6<t) R
After computations similar to the previous ones, we find
1 d De 1 2 R+Q
seqiie =g [ et [nfe - rer (R0, (37)

and the term in % rewrites

[ =506 p.

i = [ n(c— )

When p. < 0 we would like to prove that the term in % in is non-negative. We could be
less restrictive and simply require p. > 0. This reads (with ¢.(¢,z) = n.(t, z)/pe(t)):

[t et - R po)) (ste0) - FELDELOD [0 y)cte.p)ay)ar > 0
R R

Meanwhile, one can check that

/ qe(t,2) (C(t,z) — R(z, pe(t)))dz < 0.
R
We do not treat the general case but a straightforward computation gives

Lemma 2. If R(x,p) = Ri(p) and pR(p) > Ri(p), then p. < 0 implies pe >

particular for all T > 0, (pe)e is uniformly in € bounded in BV ([0,T7]).

n(. Then in

For instance, this is the case if R;(p) = vp” for some v > 1.
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4.2 Discussion on the Lyapunov approach

We may also discuss the Lyapunov approach applied to reproduction terms including mutations.
As in Section we define gc(t,z) := nc(et,z)/pc(et). For equation (1), assuming R(z,p) =
Ro(z) + R1(p), we find

Oalt) = [ Kooy 2dadt it 2)dud = Ro@aclt.2)

—adta)( [[] Kttt pateiayds - [ Ro@haaar), @)
0(0,2) =g0(0).

A natural candidate Lyapunov functional is given by

- %// s K2 (z,y,2)a(y)a(z)dzdydz — /RRO(x)q(x)dx’

KC ) b) KC ) )
K5 (2., 2) = DADED ER00:2)
Then, we can compute along an orbit of
d
dt /@q6 (t,y) / K5 (2,y,2)qe(t, 2)dzdx — Ro(y))dy

_ / /]R K5 @y ) KE g ety 2)aclt )2 dy dzdyda
~ [[ [ @) (Rofa) + Ro(w)actv)ac(t. o+ [ ault.)Ri(a)da
- (// Kf(x,yvz)qe(t,y)qe(w)dﬂ?dydz—/qe(tvy)Ro(y)dy)z-

R3 R

In the special case Ry = 0, to get a non-decreasing J¢ along orbits, we need to assume

ve e M ( / [ S0 2)KE 0y )6 () d dzdyd

> ([[[, K2 @v2eweraodyiz) . 6o

which could be interpreted as an increase of fecundity from parents to offspring, with equality only
if the dynamic is at rest, that is

/ K5(-,y,2)&(y)&(2) dydz is constant on supp(€).
R2

In other words, to obtain a Lyapunov functional requires a perfect analogue of the Cauchy-Schwarz
inequality.

When Ry # 0, this Lyapunov functional also applies for with constant B, that is under
the assumption

iB > 0, Yy, z, / K (x,y,z)dx = B.
Then, we write K. = Ba, and get J(gq fR q(y y)dy so that

%J‘(qe(tw))Z/Rqe(tyy)R%(y)dy— (/Rqe(t,y)Ro(y)dy)2

+ B(Aqg(t,y)Ro(y)dy - ///RS Ro(z)ae(2,y, 2)qe(t, y)qe (t, 2)dedydz).

To get that J€ is non-decreasing along orbits, one possible additional assumption is therefore

vE e M / Ro(y)€(y)dy > / / [ Bo@a(a.y. 2)€)e(2)dudydz (40)
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which could be interpreted as a decrease of the death rate from parents to offspring.

These two conditions could be combined for more generality. However, more realistic assump-
tions such as @, or do not imply that J€ itself is a non-decreasing Lyapunov function,
but rather that along an orbit of (38)),

d . .

2 (ae(t, ) = 7°(qe(t,-)) + €je (e (t, ),

where j! is uniformly bounded, and j°(q) > 0 with equality if and only if ¢ is a rest point of the
limit dynamics. In other words, we get Lyapunov stability asymptotically as € — 0. The possible
outcomes of this approach are still to be investigated.

5 The Hamilton-Jacobi equation

In the context of evolutionary dynamics, the Hamilton-Jacobi approach has been introduced in [I7]
and then developed in [32]26] to study the concentration effect for phenotypically structured PDEs.
This consists in determining the possible Dirac distributions through the zeros of u. defined from
the Hopf-Cole transform

ue(t, x) = elnne(t, ).

In the mentioned works, the convergence of u. as € goes to 0 is rigorously established and the
limit u satisfies a constrained Hamilton-Jacobi equation, using the theory of viscosity solutions
(see [13, [} for an introduction). The constraint on the solution u reads

maxu(t,z) =0, Vt>0,

z€R
and comes from the control in L! of the total population. Then, some properties on the concen-
tration points can be derived from the study of this constrained Hamilton-Jacobi equation and the
solution u. In some particular cases, it is proved that the population density remains monomor-
phic, that is composed of a single Dirac mass, and then a form of canonical equation is derived,
giving the dynamics of the dominant trait.

In the present work, this Hamilton-Jacobi structure arises in the different situations that were
previously studied. We show in this section different results obtained on the regularity of u.. Then,
we deal with the limiting equations as e goes to 0, and discuss the potential concentration points.

The convergence of u. to a solution of the limiting constrained Hamilton-Jacobi equation, at
least in the sense of viscosity, remains to be rigorously proved. The main obstacles to the proof we
encounter are the time-dependency of the coefficients and their lack of regularity.

5.1 Derivation of the constrained H-J equations

Asymmetric fecundity: we use the particular form

KE(SC,y,Z) = B(y)%(] <

Tr—z

,y) with /a(z’,y)dz’ =1 for all ¥,
R

and we define

n
be(t,z) := R(z, pe(t)), ¢qe(t,y) = 41
(t, ) (@,pc(t),  qe(t,y) o) (41)
In this case, the equation on u, reads

Ouc(t,r) = / B(y)qe(t,y) / a(z,y)eue(t’z;zgf“‘(w) dzdy — be(t,z), (42)

R R

and we compute the formal limiting equation

Opu(t,x) = / B(y)q(@y)/ a(z,y)e_aw“(t’z)'zdz dy — b(t, )

R R (43)

- / B)a(t, )Ll )] (@sult, 2))dy — b(t, 7).

16



with L[a(-,y)] the Laplace transform of «(-,y) for all y:

£l = [ ateaz,
R
for a a probability density function.

Asymmetric trait heredity: The interest of this problem comes from the time- and trait-
dependent coefficients of the Hamiltonian. We use the generic form

Ke(z,y,2) = Ge(x — 2) K1 (z,y).

r—z
€

After the change of variable 2/ = , the equation on u, reads

1 Ue t,w—sz/ —ue(t,x
Dyuc(t,w) = —— / K (2, y)ne(t, y)dy - / G()e™ T —h(tr). (44)
pe(t) Jr R

For clarity, we define
ac(t, r) = / Ki(2,y)qe(t, y)dy. (45)
R

At the limit € — 0, we obtain the formal limiting equation
Owu(t, z) = al(t, x)/ G(z)e %=ut2) 2y _ b(t, 1)
R (46)
= a(t, z) L|G](0u(t, z)) — b(t, z),
with a and b the formal limits of a. and b, defined in and (1)), and £[G] the Laplace transform

of G. From now on, we choose G such that its Laplace transform is well defined on R.
In the case G is the gaussian density, the equation on w, reads

1 1212 we(bw—ez)—ue(t,x)

e 2 e < dz-—b(tx). 47
NoT (t, ) (47)

Then, passing formally to the limit ¢ — 0, we arrive at

Opue(t, x) = ac(t, x)/R

1 [l
Owu(t,xz) = alt,x / e~ 2 e Bz, bt x
pult.) = aft.a) [ —— (12
w(t,z))?
:a(t,x)e(am Ea —b(t,x).

The statements of Theorem [3| concern, for both models, the convergence of u. as € vanishes,
and the existence of a uniform upper bound on u. that converges to 0. To prove the first point, we
derive a priori estimates on u., and then on its derivatives, in order to use compactness arguments.
The second point relies on these derived estimates.

The uniqueness of the solution to the limit equation has not been proved in our context (see [7]
for the most general result so far), thus we only derive convergence up to extraction of subsequences.
Moreover, the stability result is not complete, since we do not have convergence results on the
coefficients of the corresponding equations.

The complete proof of Theorem [3is deferred to Appendix [A] since it uses quite standard and
technical arguments. We mostly focus on Equation , but the methods are identical for the
generic ATH case. The proof of the theorem in the AF case is similar and we also give the formal
ideas where it is necessary.

Assumptions for Theorem (3} We assume on the function R

3Co > 0, Vo < p < pum, YV €R, R(z,p) < Co(l+|z|), (48)

3Ly > 0,Ypm < p < par, Vo € R, |0.R(, )| < L. (49)

We choose the positive function K7 bounded

JK > 0,Vz,y € R, Ki(z,y) <K, (50)
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and such that,

[0z ae(t,®)]|

A >0,3Cy > 0,Ve > 0,t >0,z € R, e o) Aac(t, ) < Ch. (51)

This assumption is satisfied for example when K7 is bounded and there exists a constant Ly such
that
|8IK1(m7y)| gI’I(|]:{1(1'7y)|7 V(E,yGR,

or, when K induces a gaussian type distribution for a., that is,

—(z—m)?

ac(t,x) ~ Ce™ o2
We also assume on the initial condition
ug(x) < —Alz|+ C, ||8Iu8|| < Lyg. (52)

For the model with asymmetric fecundity, we assume that B and « are positive and bounded.

5.2 Limiting equations and polymorphism

In the context of viscosity solutions, cf. [I3][I], we may establish the formal limit of the constrained
Hamilton-Jacobi equations to study the potential concentration points.

5.2.1 Limiting Hamilton-Jacobi equations

By Lipschitz regularity, as it is classically proved with the Hamilton-Jacobi approach to adaptive
dynamics, the limit function u satisfies the constraint

maxu(t,z) =0, Vt>0.
z€R

Then, when u is differentiable at maximum points, we deduce that d;u equals 0 and, going back
to and ([46)), we obtain, for @i the formal limit of n,

supp 1 C {(t,z) € (0,00) x R|B(x) — b(t,x) =0}, in case (AF),

supp 71 C {(¢,z) € (0,00) x Rla(t,z) — b(t,z) =0}, in case (ATH).

It would be then interesting to determine the conditions required to have these null sets reduced
to an isolated point. If, for all ¢ > 0, we identify a unique point Z(t) satisfying

B(a(t)) - b{t, #(t)) = B(z(t)) - R((t), p(t) = 0, in case (&),
alt,#(t)) — R(z(t), p(t)) = 0, in case (ATH),

then the population is monomorphic, that composed of a single Dirac mass located on Z(t).
Provided some regularity properties on u., we could derive a canonical equation for both (AF))

and (ATH]J).
5.2.2 An example where the population has to be monomorphic
Going back to (nM)), we define @ € M, (R) as an Evolutionary Stable Distribution (ESD) in the
sense of [15], 21] by
Ko *7 = vp? on supp(7), (53)
Ky x7 < vp? on R, (54)
where p = [ 7. The interest of the ESD concept is huge: it is readily established that a stationary
solution to (nM]) is asymptotically stable if and only if it satisfies and .

If we assume that K is radial-decreasing, then we prove that extreme points in supp(m) (if
it is bounded) cannot support a positive Dirac mass, by using . In particular, among all
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combinations of Dirac masses, only the single-point measure fiz(x) = Ky(0)/vdy—z is an ESD.
Indeed, assume that 7 is composed of k& > 2 Dirac masses located on (z;)1<;<k, then defining

k
K(z):= Ko*n(z) = ZpiKo(x —T),

we deduce from and that K is maximal on the support of @, that is the points z;.
With no loss oigenerality, we assume that the sequence (z;) is ordered and z; = min; ;. Then,
differentiating K, we obtain
—
K (.Tl) = Zle{)(l‘l — iZ?z> > 07
i>1

which contradicts the optimality of K on the support of 7. Hence the population, at the asymptotic
limit, cannot be polymorphic.

6 Conclusion and perspectives

We investigated adaptive dynamics for population dynamics model including sexual reproduction,
when the trait is mainly inherited from the mother. We determined non-extinction conditions and
a control on the total population. In the particular case of a saturation term R depending only
on the competition, we derived BV estimates on the total population. In general, estimating the
variations of p. when R depends on both trait variable and competition seems difficult, and a
Lyapunov functional approach yields complementary results under some structure conditions. An
open problem is to find another method allowing for more appropriate assumptions in order to get
stability results.

Concerning the sequences u. = elnn. associated to each model, we obtained local Lipschitz
estimates uniform in e. To deduce the convergence of u. to the solution of the limiting Hamilton-
Jacobi equation with constraint, we still need time compactness on the coefficients of and .
As a special case of both, for the Hamilton-Jacobi equation associated to the model without
mutations (gnM)), if we provide some convergence result on [ K(z,y) * n(t,y)/pc(t) and on p,
then, up to extraction of a subsequence, the limit function u has an explicit formulation and its
maximum points can be described. In general, Hamilton-Jacobi equations with time- and space-
dependent coefficients are difficult to deal with when there is a lack of regularity. The authors
in [24] developed a theory of stochastic viscosity solutions to tackle nonlinear stochastic PDEs. In
particular, they prove existence, regularity and uniqueness results for the viscosity solution when
the time-dependent coefficient of the Hamiltonian can be written as the derivative of a trajectory.
This theory does not apply to our models since the coefficients in front of the gradient-dependent
term are not under the form of a time derivative.

Another question is the determination of a convenient framework to observe Dirac concentra-
tions. The convergence of the population distribution to a sum of Dirac masses illustrates the
selection of well-adapted or dominant phenotypical traits. In [26, [§], the Hamilton-Jacobi ap-
proach enables to characterize the dynamics of the dominant traits under specific assumptions of
regularity. In our framework, the required hypotheses to prove Dirac concentrations are to be
clarified.

Using the Wasserstein distance has been recently developed in [27, [T4] [19] to derive asymptotics
of population distributions for similar equations. It is proved that specific cases of the sexual
reproduction operator, possibly in an infinitesimal model, induce a control, possibly a contraction,
for the Wasserstein distance on the phenotypical trait space. It could be interesting to further
explore this method in full generality.
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A Proof of Theorem 3l

A.1 A priori bounds

We begin with the estimates for the ATH case, and especially with a gaussian trait female heredity
distribution.

Lemma 3. Let ue be solution to equation or . Then, there exist constants C7 > 0 and
C5 > 0, such that for allt > 0,z € R and € > 0 we have

—Ci(1+t)(1+ |z]) <u(t,z) < —Alz|+ Ca(1 4+ ¢).

We prove this lemma in the case of a gaussian trait female heredity distribution, but the
argument exactly applies to equation in the generic ATH case.

Proof. We first prove the lower bound
uc(t,z) > —Cr (1 +t)(1 + |z]).
Indeed, because a. > 0 and L(G) > 0, we deduce from that
Opue > —b(t,x) > —Co(1 + |x]).

From we obtain
uc(t, ) > inful(0) — inf ||0,ul|| — Cot(1 + |z|).

Hence the lower bound.
We also derive the inequality

ue(t,x) < —Alx| + Ca(1+ 1),
where Cy = f(\/% [ e 12*/2¢A17 1z Indeed, defining v(t, z) := —A|z| 4+ Ca(1 +t), we compute
ov(t,x) — ac(t, ) / L67‘2‘2/26v(t'x_e?_“(t‘m)d,z > Cy — f(i /67‘Z|2/2€A|Z|dz > 0.
’ €\ \/% = m -

Thus, v is a super-solution of , and since u’(z) < v(0,z) we deduce that u.(t,z) < v(t,z) by
a comparison principle argument. O

We obtain the same kind of bounds for the asymmetric fecundity case, with the constant

Cy :=sup, B(y) [ a(z,y)el*dz..

A.2 Regularity in space
We prove the following

Lemma 4. Let u. be the solution to the equation . For A > 0 given by and for all
t>0,z € R, we have

Oty )] < 1000l + (Ca + Lu)t + A (sup ]l e + €1 (14 (1 + |x|>) .

This implies that u. is Lipschitz in space, uniformly in € and locally in time.

Proof. We use the notations
Pe(t, ) = Ozuc(t,x), p(t,x) = yu(t,z).

Differentiating (47)), p. satisfies
1 —2? we(t,x—ez)—ue(t,x)
Ope(t, x) = Ogac(t, ) - ﬁe e c dz

1 ue(t,x—ez)—ue(t,x e t’ — — De t7
+a€(t,x)/ﬁ6_|zlze% (p (t,2 = €z) = pe( I)> dz — 9:bc(t, ).

€
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Let A > 0. We define

€ t; - - We t,
w;\(t,x) = pe(t, ) + Auc(t,x), Dc(t,z,2z)= ue(t, x — €2) — ue( x)
€

Then, w) satisfies

A A
atw)\ =aq, - / Le—\z\QeDF(t,m,z) <we (t,l‘ — GZ) — We (t’x)> dz

€ T €

1 2
- [ae . / e I#l eDE(t’w’z)(DE(t,x7z) —1)|dy
N
1 2
+ Oza. - / e lET Dt 2) gy (Ozbe + Abe).
LS
Then, using (49), we have

A A
ow) — Ly — a - / %e’l‘z'ZeD( (ws (to - ez) - we (t’x)) dz
™

€

1
< /ﬁeﬂleeDe [Ozac + Aae — AacD.] dz.

Defining f(D) := eP(d,a. + Aac — Aa.D), the maximum of f on R is reached at D* := nde g

Aae
equals
Ogae
e?ae Aa. < O,
from (51)). Then we have the upper bound
w (t,z) < mﬂiaxwi‘((),x) +Ct, C=0C\+ Ly,
which implies the upper bound on p,
plt.) < 1008l + Ct-4 A (sup o8l + Co(1 + 01+ Ja) ).
We have the same estimate for —p.. O

For the AF model, we have the following estimate on the derivative in space of wu.:

Lemma 5. Let uc be the solution of equation . Then, for allt > 0,z € R and € > 0, we have
|0z ue(t, z)| < ||az“(e)||L°° + Lyt.
This implies that u. is Lipschitz in space, uniformly in € and locally in time.

We address the limit equation

dup(t, x) = (—up(t, ) / By)a(t.y) / 2oz y)e P = dzdy — O,b(t, ), (55)

and give formal arguments, since the proof for the e-level problem is similar to the one of the ATH
case. We compute that w(t) := ||0,ul|| e + Lyt is a super-solution of (55). Since p(0,z) < w(0)
for all z € R, we deduce that, from the comparison principle, u, is Lipschitz in space, uniformly
in € and locally in time.

A.3 Regularity in time

In the ATH case, since we proved that u. is uniformly Lipschitz in space locally in time, we can
deduce that 0;u. is locally uniformly bounded.

Lemma 6. Let u. be the solution to equation and let T > 0 and r > 0 be fized. Assume
and . Then, there exists C(T,r) > 0 such that, for all t € [0,T],z € B(0,r), we have

|8tu€| < C(Ta T) + sup ||R('7p)HL°°(B(O,r))-

0<p<pm

This implies that u. is Lipschitz in time, uniformly in €.
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Proof. Let T'> 0 and R > r > 0 be fixed with R large enough. We choose some constants L; and
Lo such that
ue(t,x) < —L1, V(t,z) € [0,T] x R\B(0, R),

|pe] < L2, V¥(t,x) € [0,T] x B(0, R).
Then, we obtain for ¢ € [0,T],z € B(0,r),

|Orue] < sup  ||R(-, p)llLo(B(0,r)
0<p<pm

1 we(tw—cy)—ue(t.w
+—/K(x,z)ne(t,z)dz~ / eflyﬁeLzyder/ P )dy .
pf(t) |lz—ey|<R |lz—ey|>R

Thus, for € small enough, and assuming that
ue(t,x) > —L1, Vte[0,T],Vz e B(0,r),

uc(t,z) < —Ly, Vte€[0,T],Vx € R\B(0,R),

we have

— 2 _ 2 —Lji—ue(t,z)
|Opue| < K (/ e~ 1Yl eLzyder/ e e dy) + sup |[|R(-, p)ll L= (B(0,r)
lo—ey|<R |z—ey|>R 0<p<pm

2 2
(/6“‘" eLdey+/ e~ vl dy) + sup ||R(,p)|l L= (B0
|z—ey|>R 0<p<pm

_ 2
</€ vl €L2ydy+ﬁ> + sup ||R(-, p)ll Lo (B(0,r)-

0<p<pm

IA
=

IA
=

Hence the local uniform bound on 0;u.. O
The proof is similar for the AF case.

Lemma 7. Let u. be the solution to equation and let T > 0 and r > 0 be fived. Then, there
exists C(T,r) > 0 such that, for allt € [0,T],z € B(0,r), we have

|Oyuc| < C(T,r)+ sup  ||R(-, p)lle(B(0,r))-

0<p<pm

This implies that u. is Lipschitz in time, uniformly in €.

A.4 A more precise upper bound

The following argument concerns both cases and gives a sharper upper bound on ..
Lemma 8. Let u, be the solution to equation or . Then, for all x,y € R, we have
uc(t,z) < eln (pme C(1+t))7

; . . 1+ max(|z|,|y|)
where my 4 > 0 is the minimum on R of gz 4 1y — A= aaaraas=rmn -

In addition, if A > 0 we have A < mgy 4 < A+ 3/2. Thus, we obtain the global upper bound

e—0

uc(t,z) < eln (par(3/24+ C(1+1t)/e)) —= 0.

Proof. For all z € (z,y), by the mean value theorem there exists 0.(t, z, z) between x and y such
that
ue(t, z) = ue(t,x) + (2 — ) 0puc(t, 0. (¢, z, 2)).

In addition, by the previous point there exists C' (independent of ¢,z and €) such that for all ¢, z,
|0zue(t,z)| < C(1+1t)(1+ |z|). Hence

ue(t, 2) > uc(t, ) — (z — 2)C(1 + t) (1 + max(|zl, [y])).
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Since we have, for z < y,

L)
e < dz < pum,
xr

we deduce that

C(14t) (1+max(|z|,|z
ey 1 — e—w—2) (1+0) (1 +max(lz]. [y)

C(1+t)(1 + max(|z[, [y]))

€e <pm, Vy.

Then, we compute

ue(t,x) < eln (

prC(1+t) (1 + max(|z], [y|)) )
)

C 14 max(|z|,
6(1 _ ei(yix) a+t)( -*—5 d=l,ly]))

and this holds for all y > . We can also choose y < x and get in more generality

puC(+ ) (1 + max(ja] [y]) \ _ |
6(1 o ly—o| SOEO0E Rl LD )) =ecln (ngx,M(y))-

uc(t,z) < eln (

Observe that g, 4 is positive and goes to +00 at y = £oo and at y = z. Minimizing in y, we find
that

ue(t,a:) S eln (pMmI C(1+t)).

To conclude we first remark that if A > 0 and z,y € R, then we have

tmax(al )
1 — e~ ly—=lA(1+max(|=|,|y) ’

80 gz,4(y) > A for all y € R and thus m, 4 > A. Then, with A > 0 we also have

A+1
gr/a.a(—=1/A) = T omsa7d < A+3/2,

which implies my; 4 < A + 3/2. Thus, we obtain the global upper bound

e—0

uc(t,z) < eln (par(3/24 C(1+1t)/e)) == 0.

The proof of Theorem [3]is achieved.
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