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SRB MEASURES FOR (C* SURFACE DIFFEOMORPHISMS

DAVID BURGUET

ABSTRACT. A C° surface diffeomorphism admits a SRB measure if and only if
the set {x, limsup,, % log ||dz f™|| > 0} has positive Lebesgue measure. More-
over the basins of the ergodic SRB measures are covering this set Lebesgue
almost everywhere.

1. INTRODUCTION

One fundamental problem in dynamics consists in understanding the sta-
tistical behaviour of the system. Given a topological system (X, f) we are
more precisely interesting in the asymptotic distribution of the empirical

measures (% Zz;é ) ka) for typical points x with respect to a reference

measure. In the setting of differentiable dynamical systems the natural ref-
erence measure to consider is the Lebesgue measure on the manifold.

The basin of a f-invariant measure y is the set B(u) of points whose em-
pirical measures are converging to u in the weak-* topology. By Birkhoff’s
ergodic theorem the basin of an ergodic measure p has full y-measure. An
invariant measure is said physical when its basin has positive Lebesgue mea-
sure. We may wonder when such measures exist and then study their basins.

In the works of Y. Sinai, D. Ruelle and R. Bowen [38, 11, 34] these ques-
tions have been successfully solved for uniformly hyperbolic systems. A SRB
measure of a C'T system is an invariant probability measure with at least
one positive Lyapunov exponent almost everywhere, which has absolutely
continuous conditional measures on unstable manifolds [41]. Physical mea-
sures may neither be SRB measures nor sinks (as in the famous figure-eight
attractor), however hyperbolic ergodic SRB measures are physical measures.
For uniformly hyperbolic systems, there is a finite number of such measures
and their basins cover a full Lebesgue subset of the manifold. Beyond the
uniformly hyperbolic case such a picture is also known for large classes of
partially hyperbolic systems [10, 2, 1]. Corresponding results have been es-
tablished for unimodal maps with negative Schwartzian derivative [24]. SRB
measures have been also deeply investigated for parameter families such as
the quadratic family and Henon maps [23, 5, 6, 7]. In his celebrated ICM’s
talk, M. Viana conjectured that a surface diffeomorphism admits a SRB
measure, whenever the set of points with positive Lyapunov exponent has
positive Lebesgue measure. In recent works some weaker versions of the
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2 DAVID BURGUET

conjecture (with some additional assumptions of recurrence and Lyapunov
regularity) have been proved [19, 8]. Finally we mention that in the present
context of C'° surface diffeomorphims J. Buzzi, S. Crovisier, O. Sarig have
recently shown the existence of a SRB measure once there are ergodic mea-
sures with lower bounded entropy and with unstable dimension arbitrarily
close to one [17].

In this paper we define a general entropic approach to build SRB mea-
sures by using hyperbolic times, which we apply to prove Viana’s conjecture
for C*° surface diffeomorphisms. We strongly believe the same approach
may be used to recover the existence of SRB measures for weakly mostly
expanding partially hyperbolic systems [1] and to give another proof of Ben
Ovadia’s criterion for C** diffeomorphisms in any dimension [8].

We state now the main result of our paper. Let (M, ] - ||) be a compact
Riemannian surface and let Leb be a volume form on M, called Lebesgue
measure. We consider a C'*° surface diffeomorphism f : M . The maximal
Lyapunov exponent at z € M is given by x(z) = limsup, = log||d, f"||.
When 4 is a f-invariant probability measure, we let x(u) = [ x(z) du(z).

For two Borel subsets A and B of M we write A C B (resp. A £ B) when
we have Leb(A \ B) =0 (resp. Leb(AAB) = 0).

Main Theorem. Let f : M O be a C*® surface diffeomorphism. There
are countably many ergodic SRB measures (1;)icr, such that we have with

A = {x(u), i € I} C Reg:
o {x>0} = {xeA},
o {x =)} ¢ Ui x(ui)=r Bri) for all X € A.

Corollary 1. Let f: M O be a C* surface diffeomorphism. Then

w0 U B
w SRB ergodic
Corollary 2. Let f : M O be a C* surface diffeomorphism.
If Leb(x > 0) > 0, then there exists a SRB measure.

When f is a C'T topologically transitive surface diffeomorphism, there
is at most one SRB measure, i.e. §I < 1 [22]. If moreover the system is
topologically mixing, then the SRB measure when it exists is Bernoulli [16].
By the spectral decomposition of C*° surface diffeomorphisms [16] there are
at most finitely many ergodic SRB measures with entropy and thus maxi-
mal exponent larger than a given positive constant. Therefore, in the Main
Theorem, the set A = {x(u;), @ € I} is either finite or a sequence decreasing
to zero.

Finally we emphasize the necessity of C*° smoothness. We prove in a
forthcoming paper [12] that the Main Theorem is false in finite smoothness
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by building for any finite » > 1 a C" surface diffeomorphism (f, M) with a
periodic saddle hyperbolic point p such that y(x) > 0 for all x € U for some
set U C B(up) with Leb(U) > 0, where p, denotes the periodic measure
associated to p (see [14] for such an example of interval maps). However, as
in the examples of C" surface diffeomorphisms without measure of maximal
entropy [15], the construction is local. In particular, in our example, the
exponent satisfies y(x) < B for all 2 € U. Hopefully we could have with

r

R(f) := limy, ;; logsup,e g [|daf|
Conjecture 1. Let f: M O be a C" surface diffeomorphism with r > 1.
If Leb (X > M) > 0, then there exists a SRB measure.

T

In higher dimensions we let X%y (z) := limsup,, 2||A*d, f"|| where A*df
denotes the action induced by f on the k" exterior power of TM for k =
1,---,d with d being the dimension of M. By convention we also let X%y =
0. For any C! diffeomorphism (M, f) we have Leb(X%y > 0) = 0 (see [3]).
The product of a figure-eight attractor with a surface Anosov diffeomorphism
does not admit any SRB measure whereas y is positive on a set of positive
Lebesgue measure. However we conjecture :

Conjecture 2. Let f : M O be a C™ diffeomorphism on a compact manifold
(of any dimension).

If Leb (ka > SFly > 0) > 0, then there exists an ergodic measure with
at least k positive Lyapunov exponents, such that its entropy is larger than
or equal to the sum of its k smallest positive Lyapunov exponents.

In the present two-dimensional case the semi-algebraic tools used to bound
the distorsion and the local volume growth of C°° curves are elementary.
This is a challenging problem to adapt this technology in higher dimensions.

When the empirical measures from = € M are not converging, the point
x is said to have historic behaviour [35]. A set U is contracting when the
diameter of f™U goes to zero when n € N goes to infinity. In a contracting
set the empirical measures of all points have the same limit set, however
they may not converge. P. Berger and S. Biebler have shown that C'*°
densely inside the Newhouse domains [9] there are contracting domains with
historic behaviour. As a consequence of the Main Theorem, Lebesgue almost
every point x with historic behaviour satisfies y(x) < 0 for C*° surface
diffeomorphisms. We also show the following statement.

Theorem 1. Let f be a C* diffeomorphism on a compact manifold (of
any dimension). Then Lebesgue a.e. point x in a contracting set satisfies
x(z) <0.

Question. Let f be a C*° surface diffeomorphism. Assume the set H of
points with historic behaviour has positive Lebesgue measure. Does every
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Lebesgue density point of H belongs to a almost contracting™ set with pos-
itive Lebesgue measure?

We explain now in few lines the main ideas to build a SRB measure
under the assumptions of the Main Theorem. The geometric approach
for uniformly hyperbolic systems consists in considering a weak limit of

<% ZZ;& fE Leb D“)n’ where D,, is a local unstable disc and Lebp, denotes

the normalized Lebesgue measure on D, induced by its inherited Riemann-
ian structure as a submanifold of M. Here we take a smooth C°° embedded
curve D such that

1
x(x,v) = limsupﬁlog llde f" (vz)]| > a >0

for (z,v,) in the tangent space T'D of D with = in a subset A of D with
positive Lebp-measure. Let F' : PT'M O be the map induced by f on
the projective tangent bundle PTM and let ¢(z,v) = log ||d, f(v)|| for any
(x,v) € PI'M. By Pliss Lemma, for any point z € A, the set E(x) of
b-hyperbolic times of the sequence (ZZZO 10) (Fk(a:,vgg)))n, with b < a has
positive asymptotic density. We build in this context a SRB measure by

considering a weak limit p of a sequence of the form (ﬁ%n > ker, Ff,un)n
such that :

e (F,), is a Folner sequence, so that the weak limit 4 will be invariant
by F,

e for all n, the measure p,, is the probability measure induced by Lebp
on A,, the Lebp-measure of A,, being not exponentially small,

e the sets (F},), are in some sense filled with the set of hyperbolic times
E(z) for z € A,,. Then the measure p on PT'M will be supported on
the unstable Oseledec’s bundle.

Finally we check that the limit empirical measure p projects to a SRB
measure on M by computing the entropy of p as in [13]. For this last step
we use the fact that for n € E(x) the following properties hold with » = r(b):

e the geometry of f*D around f"x is bounded meaning that for some
uniform € = €(b) > 0, the connected component Df,(z) of f*D with
the ball at f"x of radius € > 0 is a curve with bounded s-derivative
for s <r,

e the distorsion of df ™™ on the tangent space of D (x) is controlled.
Together with Yomdin’s estimate on local volume growth, we conclude the
projection of p on M satisfies the entropy formula, and therefore is a SRB
measure.

The paper is organized as follows. In Section 2 we recall for general
sequences of integers the notion of asymptotical density and we build for any

*See Section 7 for the definition of almost contracting set.
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sequence F with positive upper density a Folner set F' filled with E. Then
we use a Borel-Cantelli argument to define our sets (4,), and the Folner
sequence (F},),. In Section 3, we study the maximal Lyapunov exponent and
the entropy of the generalized empirical measure . We conclude the entropy
computation in Section 4, by assuming the distorsion property at hyperbolic
times which is proved in Section 5. Then we prove the covering property of
the basins in Section 6 by using the standard argument of absolute continuity
of the stable foliation. Section 7 is devoted to the proof of Theorem 1.

2. SOME ASYMPTOTIC PROPERTIES OF INTEGERS

2.1. Asymptotic density. We first introduce some notations. In the fol-
lowing we let Py and P,, be respectively the power sets of N and {1,2,--- ,n},
n € N. The boundary 0F of E € Py is the subset of N consisting in the
integers n € E withn—1¢ Forn+1¢ E. We also let E~ := {n €
E, n+1¢€ E}. For a,b € N we write [a,b] (resp. [a,b], Ja,b]) the interval
of integers k with a < k < b (resp a < k < b, a < k <b). The connected
components of ' are the maximal intervals of integers contained in £. An
interval of integers [a, b] is said E-irreducible when we have a,b € E and
[a,b[NE = {a}. For E € Py we let E(, := EN[l,n] € P, for all n € N.
For M € N, we denote by Ej; the union of the intervals [a, b] with a,b € E
and |a —b| < M.

We let 91 be the set of increasing sequences of natural integers, which
may be identified with the subset of P(N) given by infinite subsets of N. For
n € N we define the generalized power set of n as Q, := [[,,c, Pn-

We recall now the classical notion of upper and lower asymptotic densities.

For n € N* and F,, € P, we let d,(F},) be the frequency of F, in [1,n]:
8y
dn(Fy) = &=,

(Fy ="

The upper and lower asymptotic densities d(E) and d(FE) of E € P(N)
are respectively defined by

d(E) :=limsup d,(E,) and
neN

d(E) = hfznell\rllf dn(Em))-

We just write d(E) for the limit, when the frequencies d,(E(,)) are con-
verging. For any n € 0N we let similarly d' (E) := lim SUpP,en dn(E(yn)) and
d"(E) := liminf,en dn(E(,)). The concept of upper and lower asymptotic
densities of £ € P(N) may be extended to generalized power sets as follows.
For n € Mt and F = (F),)nen € Qn we let
d"(F) := limsup dy,(F,) and
nen

d"(F) = liminf d, (F},).

nen
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Again we just write d"(F) and d"(F) when the corresponding frequencies
are converging.

2.2. Folner sequence and density along subsequences. We say that
E € Py is Folner along n € 91 when its boundary OF has zero upper
asymptotic density with respect to n, i.e; En(ﬁE) = 0. More generally
F = (Fy)nen € Qn with n € 91 is Félner when we have d' (F) = 0 with
OF = (0F,)nen. In general this property seems to be weaker than the usual

Félner property lim sup,,¢, ﬁ;?b{i 2 = (). But in the following we will work with

sequences F with d"(F) > 0. In this case our definition coincides with the
standard one.

Let E,F € Py and n € 9. We say that F' is n-filled with F or F is
dense in F' along n when we have

d'(F\ Ey)

Observe that (d(Ea)) yy is converging nondecreasingly to some a > d(E)
when M goes to infinity. The limit a is in general strictly less than 1. For
example if E = |J,[2%",22"1] one easily computes d(Ey) = d(E) = 2/3
for all M. In this case, the set E/ is moreover a Folner set.

M —+o00
—— 0.

Also F = (Fp)nen € Qn is said filled with E when we have with F\ Epy :=
(Fn \ EM)nen :

d"(F\ Ey) 22520,
2.3. Folner set F filled with a given E with d(E) > 0. Given a set E
with positive upper asymptotic density we build a Folner set F' filled with
FE by using a diagonal argument. More precisely we will build F' by filling
the holes in E of larger and larger size when going to infinity.

Lemma 1. For any E with d(E) > 0 there isn € N and F € Py with
OF C E such that

o I"(F)>d (ENF)=d(E);

e F' is Félner along n;

e F is dense in F' along n.

Proof. We first consider an increasing sequence of integers n® = (ng) § satis-
fying d"'(E) = d(E). We can ensure that n? belong to E for all k. Observe
that d(E \ Eyn) < 1/M for all M € N*. Therefore for M > 2/d(E), we

—10 0 —
have d' (Ey) > d' (ExyNE) > d(E)/2 > 0. We fix such an integer M and
we extract again a subsequence n™ = (n); of n® such that " (Ey) is a

10 M
limit equal to Ay := d" (Ear). Then we put Apryq = d (Eprr+1) and we
consider a subsequence M+ of nM such that d®" (Epr+1) is a limit equal

to Apry1 > Ay and di(Eyg1) < Apyga + 1/2MF for all 1 € nM+1 We
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define by induction in this way nested sequences n* for k > M such that

k-1
d" (Ey) is a limit equal to Ay, = d*  (Eg) and dj(Ey) < Ay +1/2* for all
I €nf. Welet Ay, > d(E)/2 > 0 be the limit of the nondecreasing sequence
(Ag)r. We consider the diagonal sequence n = (ny)g>n = (n¥)r>n and we
let

F= | [me—1,m] N Ey.
k> M

Clearly we have 0F C W UFE C E.
On the one hand, F' N [1,n;] is contained in Ej N [1,n] so that

;. (F) < dyi (Ep),
< A+ 1/2%,
d'(F) < lim Ay = Ao,

On the other hand, F' N [1,n] contains E; N [n_1,ng] for all M < [ < k.
Therefore

dn’]j (El) % < dnk (F)7
k
Ay < d“(F),
Ay < d"(F

We conclude d"(F) = Ax.
Similarly we have for all | > M :

therefore d*(ENF) > d(E). Also d"(ENF) < d(E) = d(E). Consequently
we get dN(ENF) =d(E).
We check now that F is dense in F'. For [ fixed and for all k¥ > [ we have

ty (F\ E) = dyi (B \ EY),
< dyi (Ex) = dyr (EY),
< Ap+1/28 - dy (Ey).

By taking the limit in k, we get d (F \ E}) < Ag — A Lo.

Let us prove finally the Folner property of the set F. For n;, < K € OF
either [K — k, K| or |K, K + k] lies in the complement of E. Therefore
d"(OF) < 2/k. As it holds for all k, the set F is Folner along n. O
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2.4. Borel-Cantelli argument. Let (X, .4, \) be a measure space with A
being a finite measure. A map F : X — Py is said measurable, when
for all n € N the set {x, n € E(z)} belongs to A (equivalently writing
E as an increasing sequence (n;);en the integers valued functions n; are
measurable). For such measurable maps F and n, the upper asymptotic
density d"(F) defines a measurable function.

Lemma 2. Assume E is a measurable sequence of integers such that d(E(x)) >
B > 0 for x in a measurable set A of a positive A\-measure. Then there ex-
ist n € N, measurable subsets (Ap)nen of X and F = (Fp)nen € Qn with
OF, C E(x) for all x € Ay, n € n such that :

o d'(F) = f;
MAp) > S5 for all n € n with 6,
F is a Folner sequence;

E is dense in F uniformly on A,, i.e.

nén n>n—-+o00

0;

limsup sup dy, (F, \ Enm(x)) M.
nen meAn

liminf inf d, (E(z)NF,) > B.

nen  gcA,

Proof. The sequences n and F built in the previous lemma define measurable
sequences on A. By taking a smaller subset A we may assume

e ny(x) is bounded on A for all k,

e dy, (o) (0F (7)) LAY uniformly in z € A,

e limsupy sup,e 4 d, () (F(z) \ Exm()) M, 0,

o do () (E(z) N F(2)) & d"@)(E(x) 0 F(x)) > 8 uniformly in € A.
By Borel-Cantelli Lemma, the subset A, := {x € A, n € n(z)} has A\
measure larger than 1/n? for infinitely many n € N. We let n be this infinite
subset of integers. By the (uniform in x) Fdlner property of F(x), the
cardinality of the boundary of (F'(2)),) = F(z) N [1,n] for z € A, and
n € n is less than na, for some sequence (ay)nen (independent of x) going
to 0. Therefore there are at most 2 ngf] (1) choices for (F(x))(,) and thus
it may be fixed by dividing the measure of A, by ZZLTff] (0) = e"n for
some 8, — 0. O

3. EMPIRICAL MEASURES ASSOCIATED TO FOLNER SEQUENCES

Let (X, T) be a topological system, i.e. X is a compact metrizable space
and T : X O is continuous. We denote by M (X)) the set of Borel probability
measures on X endowed with the weak-x topology and by M(X,T) the
compact subset of invariant measures. We will write d,, for the Dirac measure
at x € X. We let Ty be the induced (continuous) action on M(X). For
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./\/l( ) and a finite subset F' of N, we let xf” be the empirical measure

p
pF = gp Yper T

3.1. Invariant measures. The following lemma is standard, but we give a
proof for the sake of completeness. We fix n € Mt and F = (F),)nem € Qn.

Lemma 3. Assume F is a Félner sequence and d"(F) > 0. Let (tin)nen be a
family in M(X) indezed by n. Then any limit of (,uf")ne“ is a T-invariant
Borel probability measure.

Proof. Let n’ be a subsequence of n such that (uﬁ")n c 18 converging to

some /. It is enough to check that ‘fgbdyf" — [¢o Td,uff"‘ goes to zero
for when n’ 3 n — +oo for any ¢ : X — R continuous.
This follows from

Jodute = [ooTanls = = [| 3 60T = 3 60T | dp.

k+1€Fp k+1¢ Fp
‘/wunn - [ooTaut

K, keF,
408,
[odut~ [oorauts

Sigg\é(x)\ iE,
10k,

< lim inf ,
nen jj n

d"(OF)
=B

hm mf

=0.

O

3.2. Subadditive cocycles. We fix a general continuous subadditive pro-
cess ® = (¢Pp)nen with respect to (X, T), ie. ¢9 =0, ¢, : X > Ris a
continuous function for all n and ¢pipm < dpn + ¢ 0o T for all m,n. In
the proof of the main theorem we will only consider additive cocycles, but
we think it could be interesting to consider general subadditive cocycles in
other contexts.

Observe that ®T = (¢}),, with ¢ = max(¢,,0) for all n, is also
subadditive. For any u € M(X,T), we let ¢T(u) = hmnnfqﬁf{ dy =
inf, & [ ¢ du (the existence of the limit follows from the subadditivity
property). Recall also that by the subadditive ergodic theorem [25], the

limit ¢.(z) = lim, me(:v) exists for x in a set of full measure with respect
to any invariant measure . When ¢*( ) >0 for M almost every point x
with € M(X,T), then we have ¢ (u) = [ ¢s(x . If p is moreover
ergodic, then ¢, (z) = ¢* () for p almost every .

Let E: Y — Py be a measurable sequence of integers defined on a Borel
subset Y of X. For a set F,, € P, with 0F, C E(x) for some z € X,
we may write F, uniquely as the finite union of E(x)-irreducible intervals
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F = Ukeklax, bk[. Let ng = b — ay for any k € K. Then we define

Vo € X, ¢ (x) =D ¢n, (T%x)
keK
When @ is additive, i.e. &, =5, <k<n @O T* for some continuous function
¢: X — R, we always have ¢ (2) = ¢/ (2) := > oher- o(Tkz).
The set valued map F is said a-large with respect to ® for some a > 0
when we have ¢;_x(T*z) > (I — k)a for all consecutive integers | > k in

Lemma 4. Let ®, F,, and E as above. Assume FE is 0-large. Then for all
xz and n > N > M we have

P () & p dn(Fy\ Ex(2)) + Ndo(0F,) + 4M/N
?Fn Z/ZQVd(Sf - 0 (E) sgpwl(y)\

Proof. Let k € {0,---,N — 1} and [ € N. The interval of integers J;; =
[k +IN,k+ (I + 1)N[ may be written as

Ikl :IIHI2HI3HI4

where I; is the union of disjoint E-irreducible intervals of length less than
M contained in Jy;, I C N\ F,, Is C F,; \ Ey(x) and Iy is the union
of at most two subintervals of E-irreducible intervals of length less than M
containing an extremal point of J ;.

Therefore for a fixed k, by summing over all | with k 4+ [N € F,, we get
as FE is O-large and @ is subadditive:

> on(TFa)

I, k+HINEF,

< Z Gny (T x) + sup |p1(y)| (N§OF, + § (Fn \ Enm(x)) +2M([n/N] + 1))
keK, [ay,bi[N(k+NN)=0 Y

< ¢ (x) + sup|é1(y)| (NOFy + #(Fu \ Bar(x)) + 2M([n/N] + 1)) .

Then by summing over all k € {0,--- , N—1} and dividing by N, we conclude
that

+
tF [ 95 a8 < 65 )+ on ()| (NEOF, + 873\ By (o) +2M (/] + 1).
Yy

O

3.3. Positive exponent of empirical measures for additive cocycles.
We consider here an additive cocycle ® associated to a continuous function
¢ : X — R. With the notations of Lemma 2 and Lemma 3, we have :
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Lemma 5. Let (pn)nen with py(Ayp) =1 for alln € n. Assume E is a-large
with a > 0. Then for any weak-+ limit p of pt» we have

¢«(x) > a for p a.e. x.

Proof. We claim that for any 0 < o < 1 and any € > 0, there is arbitrarily
large Ny such that

(3.1) limsup pf™ (¢n, /No > aa) > 1 —e.
n

By weak-* convergence of p,, to p, it will imply, the set {¢n,/No > aa}
being closed :

(o /No > aa) = 1 - c.
Then we may consider a sequence (Ng); going to infinity such that

w(on, /N > aa) > 1 —€/2".

Therefore p (i {¢n,/Ni > aa}) > 1—2e. We conclude limsup,, d’"T(I) > aa
for p a.e. = by letting € go to zero.

Let us show now our first claim (3.1). It is enough to show the inequality
for p, = §; uniformly in x € A,. We use the same notations as in the proof
of Lemma 4. Fix x € A,,. For k,l with k+IN € F),, the interval Jj; is said
admissible, when ¢y (f*+"Nz)/N > aa. If Ji, is not admissible we have

on( ) 2 ) L olf'x) = sup|o(y)|(L U I U L),
i€l
aaN > afl; —sup |p(y)|f(I2 U I3 U 1y),
y

> aN — (a+sup |p(y))i(I2 U I3 U L),
)
(1 —a)aN

a+ sup, [6(y)|’
If we sum over all [ with &+ [N € F,, and then over k € {0,--- ,N — 1}, we
get by arguing as in the proof of Lemma 4 :
N (NtOF, + 4 (F, \ Eai(2)) + 2M([n/N] +1)) >
(1 —a)aN
a+sup, [¢(y)|’

Therefore by Lemma 2 (third and fourth items) we have forn > n > N > M
uniformly in z € A,,

{Ji; not admissible, k+IN € F,,} < efF,.

ﬁ([g Uiz U 14) >

#{Jk,; not admissible, k + [N € F,} x

By definition of admissible intervals we conclude that

limsup 65" (¢ /N > aa) > 1 — .
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3.4. Entropy of empirical measures. Following Misiurewicz’s proof of
the variational principle, we estimate the entropy of empirical measures
from below. For a finite partition P of X and a finite subset F' of N, we
let P*" be the iterated partition PX" = \/,_p f~*P. When F = [0,n — 1],
n € N, we just let P = P". We denote by P(x) the element of P containing
reX.

For a Borel probability measure ;1 on X, the static entropy H,(P) of p
with respect to a (finite measurable) partition P is defined as follows:

H,(P) ==Y u(A)log u(A),
AeP

- / log 1 (P(2)) dyu(z).

When p is T-invariant, we recall that the measure theoretical entropy of p
with respect to P is then

1 n
hu(P) = lim -, (P")
and the entropy h(u) of p is
h(p) = sup hu(P).

We will use the two following standard properties of the static entropy[20]:
e for a fixed partition P, the map p— H,(P) is concave on M(X),
e for two partitions P and @, the joined partition P V () satisfies
(3:2) H,(PV Q) < Hy(P) + Hu(Q).

Lemma 6. Let F = (F),)nen be a Folner sequence with d*(F) > 0. For any
measurable finite partition P and m € N*, there exist a sequence (€n)nen
converging to 0 such that

1
¥nen, —H r (P") > —H (P e,

8F,
Proof. When F,, is an interval of integers we have [29] :
1 3mlog P
: —H r, (P >—H pfny - ==
(33) Hp (P") 2 e H (PP - P

Consider a general set F,, € P,,. We decompose F}, into connected compo-
nents F,, = ]_[k_l K F,’f Observe K < #0F;,. Then we get :

1 K iEE
EHME” (P™) > Z F,Ig ), by concavity of p+— H,(P™)

| Vv

, by applying (3.3) to each F¥,
4Fn

Fuy 10F,
2 H,, (P™)—3mlogiP i,

miFy,

K ke 3mKlog tP
— Z (PP - o
ik k=
L

v

=

, according to (3.2).
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This concludes the proof with €, = 3mtifTF: log P, because F is a Folner

sequence with d"(F) > 0. O

With the notations of Lemma 2 we let u, be the probability measure

A/(\?Xm)). We assume with the notations of

induced by A on A,, i.e. u, =
Lemma 4:
For any § > 0, there exists € > 0 such that
(H)  we have for any partition P with diameter less than € :
1
A (P (z)N Ap)

AN Vz € A, with N <n € n, > e_‘s"e‘bgn(x).

Proposition 2. Under the above hypothesis (H), any weak-x limit p of
(14" Jnen satisfies

h(p) > ¢ ().

Proof. Without loss of generality we may assume (p"),c, is converging to
u. Fix § > 0 and take a partition P with p(0P) = 0 and with diameter less
than e. In particular we have for all fixed m € N:

1 1 .
EHN(P ):h}}laﬂugn(P )

Then we get for n > N > M > m

1 1
—H,(P™) >limsup — H,, (P™), by Lemma 6,

m nen ﬁFn
> lim sup ﬁ; / (—log A (PF" (z) N Ap) +1og M(Ay)) dun(z),
nen n

. PR — on .
>limsup [ —=—— du,(x), by Hypothesis (H),
nen ﬁFn

> lim sup (/ @dun"
nen N

_sup, lo(y)| (supxeAn dn(Fp \ Eyp(x)) + Ndn(0F,) + 4M/N) +9
dn(Fy)
ot 1 .
> / WN dp — 77 <St;p l9(y)] <111;1€S]}1p sup d(Fn \ Em(2)) +4M/N

20" )~ 7 (sg;p 16(s) (nm sup sup dn(Fy \ Enr(2)) + 4M/N) n 5) |

nen  xcA,
Letting N, then M, then m go to infinity, we conclude that
0
h(p) > hu(P) > ¢™(u) — .

We conclude by taking § arbitrarily small. O

>, by Lemma 4,
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4. EXISTENCE OF SRB MEASURES FOR C° SURFACE DIFFEOMORPHISMS

4.1. Entropy formula. By Ruelle’s inequality [36], for any C! system, the
entropy of an invariant measure is less than or equal to the integral of the
sum of its positive Lyapunov exponents. For C'T systems, the following
entropy characterization of SRB measures was obtained by Ledrappier and
Young :

Theorem 3. [28] An invariant measure of a C'* diffeomorphism on a com-
pact manifold is a SRB measure if and only it has a positive Lyapunov ex-
ponent almost everywhere and the entropy is equal to the integral of the sum
of its positive Lyapunov exponents.

As the entropy is harmonic (i.e. preserves the ergodic decomposition),
the ergodic components of a SRB measures are also SRB measures.

4.2. Settings. We consider from now a C! diffeomorphism f : M ©. Let
|l be a Riemaninan structure on M and let d be the induced metric on M.
The (forward upper) Lyapunov exponent of (x,v) for x € M and v € T, M
is defined as follows (see [31] for an introduction to Lyapunov exponents):

X (2, v) := limsup — log 1 f™ (0)-
n—-+00
The function x(z,-) admits only finitely many values x1(z) > ... > Xp@)(7)
on T, M \ {0} and generates a flag 0 C V(7)) & -+ © Vi = T, M with
Vi(z) = {v € TuM, x(z,v) < xi(z)}. In particular, x(z,v) = xi(z) for
v € Vi(x) \ Vig1(z). The function p as well the functions x; and the vector
spaces V;(x), i = 1,...,p(x) are invariant and depend Borel measurably on
z. One can show the maximal Lyapunov exponent y introduced in the
introduction coincides with x; (see Appendix A).
A point z is said regular when there exists a decomposition

p(z)

T.M =P Hi(z)
=1

such that
. 1 n o
Vo e Hi(o)\ (0}, lim_ L 1og .0 0)] = (0
with uniform convergence in {v € H;(z), ||v|]| =1} and
thEIOO —| log Jac (dx f™) Z dim(H, Xi(x).

In particular we have V;(z) = @}:1 Hj(z) for all i. The set R of regu-
lar points is an invariant measurable set of full measure for any invariant
measure [27]. The invariant subbundles H; are called the Oseledec’s bun-
dles. We also let R* := {z € R, Vi xi(z) # 0}. For x € R* we put
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Eu(@) =D, y,(2)>0 Hi(®) and Eg(z) = B, ,(2)<0 Hi(2).

In the following we only consider surface diffeomorphisms. Therefore we
always have p(x) < 2 and when p(z) is equal to 1, we let xa(z) = x1(z).
Let Ry (resp. Rz2) be the invariant subset of regular points z of (M, f)
with x1(z) > 0 > xa(z) (resp. with xi(z) > x2(x) > 0). When v is f-
invariant we let x;(v) = [ x;dv. By Ruelle’s inequality, when an ergodic
measure v has positive entropy, then x1(v) = x¢(v) > h¢(v) > 0 and
—x2(V) = x5-1(¥) = hy-1(v) = hy(v) > 0 and therefore v(R1) = 1.

For a C! curve 0 : I — M, I being a compact interval of R, we let
o« = o(I). The length of o, for the induced Riemanian metric is denoted by
|ow|. We also let v, € PT'M be the projective vector tangent to o, at x . We
write & = (z,v,) and &, = {2, « € 0,}. Assume limsup,, 1 log ||d,f"|| > 0
on a set of positive Lebesgue measure as in the Main Theorem or Corollary
2. Then by using Fubini’s theorem as in [14] there is a C*° smooth embedded
curve o : I — M and a subset A of o, with Leb,, (A) > 0, such that we
have limsup,, 2 log ||dz f"(vz)|| > a > 0 for all € A. Here Leb,, denotes
the Lebesgue measure on o, induced by its inherited Riemannian structure
as a submanifold of M. This a finite measure with Leb,, (M) = |o.|. Fix
0<b<a.

We will apply the results of the previous section to the projective action
F :PT'M ¢ induced by f, where we consider:

e the additive derivative cocycle ® = (¢y)r for F on PT'M given by
P(z,v) = ¢1(z,v) = log ||ds f(v)],

e the measure A\ on PT'M given by s* Leb,, with 5 : z € oy — (z,vs),

e the b-large set E(x), x € A, of b-hyperbolic times for ¢ at z, i.e.
the set of integers n > 0 with ¢y (F" (2, v,)) > kb for all 0 < k < n.

By Pliss lemma [32], we have for some constant 8 > 0 depending only on
a, b and |[|df||:

(4.1) Ve € A, d(E(z)) > 8.

Let w : PTM — M be the natural projection. The topological extension
7 : (PTM,F) — (M, f) is principal’ by a straightforward application of
Ledappier-Walters variational principle [28] and Lemma 3.3 in [37]. In fact
this holds in any dimension and more generally for any finite dimensional
vector bundle morphism instead of df : TM O.

4.3. Reduction to property (H). We prove now Corollary 2 assuming
the following Proposition 4, whose proof is given in the next section. This
is also a first step in the proof of the Main Theorem.

Proposition 4. The b-large measurable sequence E : PT M — Py satisfies
the property (H).

fi.e. hg(msp) = hp(p) for all F-invariant measure p.
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Proof of Corollary 2. Let F = (Fp,)nen and (Ap)nen be the sequences asso-
ciated to E given by Lemma 2. Any weak-# limit x4 of uf" is invariant under
F and thus supported by Oseledec’s bundles. By Lemma 5, u is supported
by the unstable bundle E, and ¢.(&) > b for p a.e. & € PT'M. By the
subadditive ergodic theorem, recall that :

6 ) = [ ond =,

Write = apuy + (1 — a)ps with p; (7~ 'R;) = 1 for i = 1,2. Observe that
the measures pu; are F-invariant. Moreover h(u2) = h(mwus) = 0. Therefore
by Proposition 2 we obtain:

MMz/mm,
(4.2) > a/d)* dpn + (1 — a)/¢>* dpiy,

> Oé/@ dpy = axa ().
But recall h(u) = h(wp) = ah(mpr) > b, so that we have o > 0 and then

h(mp1) = x1(mpa) = b.

The converse inequality h(mp;) < x1(mp1) follows from Ruelle’s inequality.
Therefore h(mpi) = x1(mu1) > 0 and by Ledrappier-Young characterization
(Theorem 3), v = mwp; is a SRB measure of (M, f). In fact from (4.2),
h(pz2) = 0 and ¢ > b p a.e. we get a = 1 and thus 7 = wp; is a SRB
measure. [l

5. PROOF OF PROPOSITION 4

In this section we use tools introduced firstly in [14] to bound the dis-
torsion of unstable manifolds. As these manifolds are one-dimensional, the
reparametrizations in Yomdin’s theory are just affine. In fact we can in this
case completely avoid the use of the classical Yomdin’s Reparametrization
Lemma by applying the Landau-Kolmogorov inequality as in [14].

5.1. Some terminology. Following [14] a C", r € N\ {0, 1}, smooth curve
o [—€,¢] — R? with € > 0 is said (¢, 7)-bounded when

(5.1) max ||d°cllc < ||do]|co-
§=2,-- 1

If moreover ||do|j < 1 we say that o is strongly (e, r)-bounded. In
particular such a map satisfies |||, := maxj<s<, ||d°c|| < 1, which is the
standard C" upper bound required for the reparametrizations in the usual
Yomdin’s theory. Our stronger condition (5.1) will allow to control the
distorsion along the curve. The angle between two lines e and f will be
denoted by Ze, f.

Lemma 7. Let o be a (¢, r)-bounded curve. Then we have for € small enough
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o Vi, s € [—€, €, ”Z:gg“ <1+ 5,

o Vr,y € oy, Lgz,vy < 10€.
Proof. We have
(5.2) Vi, s € [—e €], |0’ (t) — o (s)| < 2€||d?]|| < 2¢||do]],
llo’ ()| < 1+ 2
lo’(s)l =~ 1 —2€
Then let so with [|o’(so)|| = ||o’||cc and put zg = o(sg). Together with the
above inequality (5.2) we get :

therefore ~ 14 4e.

/
t
Vt € [—¢, €], 0/7” — Vg || < 26,
lo”(s0)l
and then with x = o(¢) :
o'(t)
[0z = | < Totsoll ~ Yoof| 1= [lo" @)1/l (s0) | < 9e/2.

O

To study the local properties of f™o, for a smooth curve ¢ in M we work
in R? by looking through charts of the manifold, but the dynamics is then
nonautonomous.

We consider a family F = (£,,)nen of C™ maps £, : B(R) — R? (with
£ being the inclusion map), where B(R) denotes the Euclidean ball in R?
of radius R centered at 0 . For all n € N we let £ be the composition
£,0--0fy defined on B, (R) := Ny<pen(f¥) ' B(R). Then a curve ¢ in R?
is said strongly (¢, n,7)-bounded with respect to F = (f,),en when o,
is contained in B, (R) and the curves f¥ oo : [—¢, €] — R? are strongly (e, 7)-
bounded for £k = 0,--- ,n — 1. Let F= (Fy)n be the projective derivative
maps of F and we put again ™ = F,, 0---0 Fj.

Let d be the distance on PTB(R) ~ B(0, R) x PR? given by the sum of
the Euclidean distance of the base points and the angles of the two lines.
We define then the F-dynamical ball at & € PTB(R) by :

n—1
B{ (2,n,€) := (| F*Ba(d,e)
k=0
and the additive cocycle (for the nonautonomous system F) by :
Vi = (z,v) € PTB,(R), ¢n(2) =log||d£"(v)].

From Lemma 7 we get by an immediate induction :

Lemma 8. Let o be a strongly (e,n,r)-bounded curve with respect to F.
Then for any 1 < k <n and for all 3,2 € o4« we have :
e G. C BY(%,n,12¢) with x = 0(0) and & = (z,v,),
69 < (14 5¢)2 < 1+ 100e.

ePr(2) —
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5.2. Large r-bounded curves at hyperbolic times. When n is a b-
hyperbolic time for the additive cocycle (¢y,), at & we will show that the
geometry of the curve fo, around f™x is nice.

5.2.1. Bounding C" norms. Let f : B(R) — R? be a C" smooth map. There
is € > 0 depending only on ||f[|, so small that for any =z € M the map
f. = f(e) satisfies ||f¢||, = ||dfe||. For any 1 > b > 0 we let 1y : [—¢€, €] O,

be the linear map = +— bx and for any € > 0 and any o : [—¢€,¢] — R?
we let 0. = e !o. Finally we write m(d,f) for the conorm of d,f, i.e.
m(d;£) := min,egz |y||=1 [|[dz£(v)]], and we let m(df) := min,cp(p) m(d:£).

Lemma 9. Let o be a (e,7)-bounded curve with o(0) = x. There exists
a constant C(r) > 1 depending only on r such that the map £ o o o1, :
[—€, €] = M is (e,1)-bounded with

a=a(r,£) = C(r)"" (lag]/m(dz)) """
Proof. We compute for some constant C’(r) with b = (C’(r)||df ||/m(df))_1/r_1
d'(foooiy)=d(foo)b",
|d" (£ oo oy)|| < C'(r)||£ellr||oel|-b", by Faa di Bruno’s formula,

< O telle Mol
< C'(r)||dfc|le Y |o||b", by the choice of ,
< C'(r)||dfc||eY|do||b", since o is (€, 7)-bounded,
< C'(r) |t | ldo b,

< (C"(r)oH|ds]]) o b,

< m(df)||dol|b, by definition of b,

< [ld(f o0 vp)].

Then by the Landau-Kolmogorov inequality (see [14]), we have for some
other constant C”(r) > 1 :

I£ 0001l < C(r)]|d(£ 0 o0 9hp)]].

By taking a = b/C"(r) we get the desired result. O

5.2.2. Non autonomous system associated to (M, f). We let exp and R =
R;n; be respectively the exponential map and the radius of injectivity of the
Riemanian manifold (M, || -||). For z € M we let F* = F*(f) = (£%), be
the non autonomous systems defined for all n by

£ = exppn, of o exppu1, : B(0, R) C TuM ~R* = T, M ~ R?.
For a C" map g : U — R? with U an open subset of R? we write again
lgll» = maxi<s<,[|d®g||. Observe that sup, , [|£5]l, < +oo. A curve o :

[—€,¢] = M with z = o(0) is said strongly (e, n,r)-bounded when exp; ! oo
is strongly (e, n,r)-bounded with respect to F<.
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Let 0 : I — M be a C" embedded smooth curve. For z € g, and n € N
we let I7 = I¥(e,0,7) be the largest subinterval of I such that o o ¢¥ is
strongly (e, n,r)-bounded, where ¢ denotes the affine reparametrization
Yy =y 1 [—€ €] = I with 0 0o 93(0) = z. For y € o, we let Dy(y)(=

Dy (y) = (ffooovy), and Ey(y) :== (0 o¢}),. Finally we let a(r, f) =
inffGUxE]\J Fulf) a(r,£) > 0.

5.2.3. The length of Dy(y) at hyperbolic times k. In standard Yomdin’s the-
ory one reparametrizes the intersection of a disc ¢ with a dynamical ball by
maps v satisfying || f™ o o o 9|, < 1. However the method does not allow
to control neither the distorsion on o, nor the length of (f™ oo o),. For
curves, by the simple modified approach developed in the previous subsec-
tions, we can always control the distorsion. Moreover the length of D, (y)
is bounded away from zero at hyperbolic times n.

A (e, 7)-bounded curve o with o(0) = z is said ample when ||d (exp; ! oo) || >
1/2. By the distorsion property of Lemma 7, the length of o is then larger
5. Without loss of generality the starting curve o in Subsection 4.2 may be
chosen to be an ample (€, 7)-bounded curve.

Lemma 10. Let b > 0. There ise >0, 1 > a > 0 and r € N depending
on b such that for any ample (e,7)-bounded curve o the length of Dy's(x) is
larger than ae for any b-hyperbolic time n at x.

Proof. Assume n is a b-hyperbolic time for x. We may choose r then p with
— P . .

% < b/2. Finally take e with ||£7]|, = ||df?|| for any £7 € |, F. (/7).
We may also ensure that for all z € M and y € T, M with ||y|| < € we have

(5.3) m(d, exp.) > e > |d, exp, .

m

Let m be the largest integer less than or equal to n such that exp},}tm ofMo

oo Yr is ample, i.e. Hd(eprwlwx ofocott)| > 1/2. For L € N we let
Ap :=minj.p a(r, f!). We take K € N with A, > 2¢2KPb/2,

e If m > n—Kp then exp, ' oo o9% (Ak,-) is strongly (e, n, r)-bounded
with respect to F, by Lemma 9. Indeed observe that for j = m +
1,-++,n we have Hd(exp;jlx ofl oo o (Akp))| < 1/2, otherwise
this would contradict the definition of m. Using again Lemma 7, the
length of D, (x) is larger than ae with

o= Ag, krgi}g}m(dfk).

e Consider now the remaining case k :=n —m > Kp. Write n —m =
qp +r with 0 < r < p. By Lemma 9 we have then

A
7]

(5.4) > a(r, fP)14, > 26>
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It follows that

Hd(exp;nlz offogoh®)|| > e do(f" o o 0 h¥)|, by the choice of € in (5.3),

> ML do(f™ o o 0 9?)]|, as n is a b-hyperbolic time,
|¢n]
[l
>el|ld(f™ooody)|, by (5.4) and Lemma 7,
> ||d(expjm, of ™ 0 0 09|, again by (5.3),
> 1/2, by definition of m.

vV

M Hldo(f™ 0 o0yl x

as 1, and 1) are affine,

Therefore the (e, n,r)-bounded curve exp;nlx of™

contradicting the definition of m.

oo oYF is ample,
Consequently, only the first case occurs and this completes the proof. ([

5.3. Proof of (H). Fix the error term 6 > 0. We take ¢ and « as in
Lemma 10. Without loss of generality we may also assume that (recall
o(z) =log||dsf(v)|| for & = (x,v) € PTM)

(5.5) Vi,§ € PTM with d(,9) < e, |6(2) — ¢(9)] < 8/3.

By Yomdin’s theorem on local volume growth [40] we may also guaran-
tee by taking r larger and e smaller that v*(f,2¢,0,n) 1= sup,ex |f"(0x N
B(zx,€,n)| < De/3 for some D > 0, for any curve ¢ with ||o|,, < 1 and any
n € N. We shall prove with the notations of Sections 3 and 4 that for any
partition P of PT'M with diameter less than ae/4 < € there exists N such
that

L S O (@)

An *9 9 Nv A -
YV € C o, YR EN, N> N(PF () N7 1A,

For G C N we let A® be the set of points 2 such that the integers in G
are b-hyperbolic times for ¢ at x. When G = {k} or {k,l} with k,l € N, we
just let AG = A* or A%!. In the next triplets lemmas we consider a strongly
(e,7)-bounded curve o of length larger than ae with €, a and 7 as in Lemma

10.

Lemma 11. For any subset E of M, any k € N and any ball By of radius
less than oe/4, there exists a finite family (y;)jes of ox N AFN kB, NE
such that :

e BN fk(O'* N Ak N E) C UjGJ Dk(yj),

e BN Dy(y;), j € J, are pairwise disjoint.
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Proof. Let y € 0, N A* N E with f¥y € B = B;,. Let 2B be the
ball of same center as B with twice radius. By Lemma 7 and
Lemma 10, the curve Dg(y) lies in a small cone and its length
is larger than ae. Therefore Dy (y) N 2B is a curve crossing 25,
i.e. its two endpoints lies in the boundary of 2B. Two such
subcurves of f* o o if not disjoint are necessarily equal. g

To simplify the notations, when z belongs to o, we just let ¢(z) =
log ||d. f(vg)|| and we write (¢g)r for the associated cocycle. As the dis-
torsion is bounded on Dy (y;) (by 2 for € small enough by Lemma 8) and the
length of Dy (y;) is larger than ae (because y; belongs to A* by Lemma 10),
we have

1 _ ) _
> 3D < | Duw)| < o,
il el
Zaeefm(yi) < 2,
el
(5.6) Ze_d)k(y") <2/a.
i€l

Lemma 12. For any subset E of M and any f-dynamical ball By of
size ae/4, i.e. By = ﬂﬁm:(} f~™ By, where By, is a ball of radius ce/4 for
m=0,---,k, there exists a finite family (z;)icr of 0. N AFN Blog NE such
that

o [P (o AM N By N E) € Uses Dil),

e By N Dy(z), i € I, are pairwise disjoint,

o #1 < Ce*/3 for some constant C' depending only on b and f.

Proof. We argue as in the previous lemma by considering Dy(z) for z €
o, N AN Bpoxy N E. Each of this curve is contained in a f-dynamical
ball of size 2¢, and therefore in the same dynamical ball of size 2¢. Then
v*(f, 2€,0,k) < De*/3 implies the upper bound on #I because the length of
each Dg(z) is at least ce by Lemma 10. O

Remark 5. So far one could work with o C" diffeomorphisms 1 < r < 400

@. Then one shows as in Lemma 10 that

the geometry of Dy,(x) at b-hyperbolic times n with b > @ is bounded.
However we use in the proof of Lemma 12 in a crucial way that the local
volume growth for C'°° maps is zero and this is false in finite smoothness

[40].

and points x with x(x,vy) >
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Lemma 13. For any f-dynamical ball By of size ae/d, i.e. By =
ﬂin:k f~™ By, where By, is a ball of radius ae/4 for m = k,--- |1, there
exists a finite family (y;)icr of 0. N ARIN B,y and a partition I = HjeJ I;
of I with j € I for all j € J C I such that

o floNAM N By ) € Uier Diwi),

® By N Di(yi), i € I, are pairwise disjoint,

° V] eJ Vi,i/ S Ij, Dk(yl) N By = Dk(yj) N By,

o Vje J, 4l < DeSU=R)/3 for some constant D depending only on b

and f.

Proof. We first apply Lemma 11 to o and E = Akl N By, to get the
collection of strongly (e, r)-bounded (Dy (yj))j ¢ Whose length is larger than

ae. Then we apply Lemma 12 to each a = Dy(y;) for j € J and E =
f* (Br,gNAgNoy) to get a family (2;)ier, of( ) NA- kﬂfk(B[[k qNALNo)
satisfying:

o ik ((O’f)* NA=F0 (B N Ax N U*)) C Ujes Di(2),

e BN D_i(2), i € I, are pairwise disjoint,

o il; < Ce%/3 for some constant C' depending only on b and f.
Forall j e J we can take j € I; and z; = fk(yj) We conclude the proof by

letting y; = f %2 € 0, N AF lﬂBuM]] foralli el := HjeJIj'
% D(v3) D, (vi), i€

O<t<k

Figure 1: For 0 <t < k the image of f* oo in black may be large and the
disks D¢(y;) are scattered through the surface. For t = k, the sets Dy(y;)
for j € J are covering (f* o). N Bx. Fort =1, we drew in blue the sets
Di(ys) C f*~*Di(y;) fori € I;.

O

We prove now (H). Recall that A = A, is the push-forward on PTM of
the Lebesgue measure on o,. As §0F,, = o(n) it is enough to show there is
a constant C' such that for any strongly (e, r)-bounded curve o with length
larger than ae we have

(5.7) A (PFn @) N AaFn) < CHOFn (260/3,—0"(2),

To prove (5.7) we argue by induction on the number of connected compo-
nents of F,. Let [k,l], 0 < k <, be the first connected component of F,
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and write G,,—; = N* N (F,, —[). Then with the notations of Lemma 13 we
get

icl

H F_k H F—(l—k) (W—lAaanl N Panl(Flj;) N Dl(yz)>
jeJ i€l

For j € J we let aé-“ be the (€, 7)-bounded curve ¢ with length larger than
ae given by Dy (y;). By the bounded distorsion property of Lemma 8 we get

Ao (PF”( )k 1A8F") < 22 e~ Pk Wi) \ Ak H F=h) (TrflA‘aG"*l NP1 (F'z) N Dl(yi)>
jeJ " \ie,

By using again the bounded distorsion property (now between the times k

and 1) we get with o! being the curve associated to Dj(y;) :

Ao (PFn( )N W_lAaFn) <4Ze k(Y3) Ze_@—k(fkyi))\o_% (ﬂ-_lAaGn—l N PGn—l(Flia>> '
= i€l
We may assume that any (yi,vy,), i € I, lies in P (#) not only that

y; lies in the f-dynamical ball at z. In particular we have |¢_x(f*y;) —
é1—k(f*2)| < (1 - k)§/3 by (5.5). Then

Ao (PF”( )ﬂﬁflAaF") <4 Ze uj) | BU=k)/3=d1-k(f*a) sup #1;
jeJ J
X sup A <7T_1A8G”*l N PG"*Z(FZ:%)> .
el '
By (5.6) and the last item of Lemma 13 we obtain

20(1—-k)/3
< SDPEIR st gup g (47001 0 PO ().

Ar (PP (2) N l9AT) < —— up Ao
i€l

By induction hypothesis (5.7) applied to G,,_; for each o, we have
A (W—1A8Gn,l n PGn,l(FZ@> < CﬁaGn,z625(n—l)/3€_¢Gn—l(x)'

9

Note that §0F, = §0G,,_; + 2. We conclude by taking C' = % that

20m/3
Ao <PF” () ﬂw‘lAaF"> < 8D CHOCn-1=¢" (@),
o

< Cﬁ@Fnezan/:se—qun(I)_

This completes the proof of (H), thus also of Corollary 2.
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6. THE COVERING PROPERTY OF THE BASINS AND THE VALUES OF THE
MAXIMAL EXPONENT

For £ € M the stable/unstable manifold W*/*(z) at z are defined as
follows :

1
We(z) :={y € M, limsup —logd(f"x, f"y) < 0},

n—+oo M

W (z) :={y € M, limsup llog d(f "z, f"y) < 0}.
n—+oo T
For a subset A of M we let W*(A) = U, cp W?(z). According to Pesin’s
theory, there are a nondecreasing sequence of compact, a priori non-invariant,
sets (Kp)n (called the Pesin blocks) with R* = |J,, K, and two families of
embedded C* discs (W} .(x))zex and (W}, (v))zer (called the local stable
and unstable manifolds) such that :

. Ws/u(:c) are tangent to F/, at w,

loc
e the splitting Fy,(x) ® Es(x) and the discs VV;{: “(x) are continuous on
z € K, for each n.

For v > 0 and = € K we let W,f/ “(x) be the connected component of
B(z,v)N T/Vls/u(x) containing x.

oc

Proposition 6. The set {x > 0} is covered by the basins of ergodic SRB
measures l;, 1 € I, up to a set of zero Lebesgue measure.

In fact we prove a stronger statement by showing that {y > 0} is con-
tained Lebesgue a.e. in W*(A) where A is any f-invariant subset of (J;c; B(pi)icr
with p;(A) =1 for all i.

So far we only have used the characterization of SRB measure in terms
of entropy (Theorem 3). In the proof of Proposition 6 we will use the
absolutely continuity property of SRB measures. Let u be a Borel measure
on M. We recall a measurable partition ¢ in the sense of Rokhlin [33] is
said p-subordinate to W when £(x) C W*(x) and &(z) contains an open
neighborhood of x in the topology of W*(x) for p-almost every z. The
measure 4 is said to have absolutely continuous conditional measures
on unstable manifolds if for every measurable partition £ u-subordinate
to W*, the conditional measures ;é of u with respect to & satisfy Mg <
Lebyyu(y for p-almost every .

Proof. We argue by contradiction. Take A as above. Assume there is a Borel
set B with positive Lebesgue measure contained in the complement of W*(A)
such that we have x(x) > 0 for all x € B. Then we may consider a real
number a > 0 and a smooth disc o with x(z,v;) > a > 0 forx € B’ C B
with Leb,, (B") > 0. Let B” be the subset of B’ given by density points
of B’ with respect to Leb,,. In particular, we have with the notations of
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Subsection 5.2.2
Leb,, (Ex(x) N B) k—+oo
Lebcr* (Ek (.’IJ))

We choose a subset A of B” with Leb,,(A) > 0 such that the above con-
vergence is uniform. Then from this set A we may build F,, and pf» as
in the previous sections. Any limit measure p of uf" is supported on the
unstable bundle and projects to a SRB measure v with x(x) > a for v a.e. x
according to Lemma 5. In particular v is a barycenter of the (finitely many)
ergodic SRB measures with such an exponent. Let 8 > 0 be the frequency
of b-hyperbolic times for 0 < b < a as in (4.1). Take P = Ky a Pesin block
with v(P) ~1 > 1— 3. We let § and [ be respectively the minimal angle
between F,, and E and the minimal length of the local stable and unstable
manifolds on P. Wetaker € N, 1 > a > 0 and € > 0 as in Lemma 10. Then
ae is the minimal size of Dy (y) = Dy’ (y) when k is a b-hyperbolic time for

Vo € B”, 1.

¢ at y. Without loss of generality we may assume € < min(6,7)/100. Then
we let 7 < «e such that for all y,z € P with d(y,z) < v the local stable
manifold W3 (z) lies in a cone around Fjs(y) of width less than 1%0.

Let £ be a measurable partition subordinate to W* with diameter less
then v. We have v(ANP) = fyg(A N P)dv(z) ~ 1 and 1 < Lebyu(yy for
v a.e. x. Therefore we get for some ¢ > 0

v (. Lebwy@(ANP) > c) ~ 1.

We let F' = {z € AN P, Lebyu(,)(ANP) > c}. Observe that we have
again v(F) ~ 1. For x € o, and y € P we use the following notations :

Ty = (x,v:) €EPTM gy = (u,v,) € PTM,

where vy is the element of PT'M representing the line E, (y). Let F be the

open 7y /8-neighborhood of F, := {,, y € F} in PTM. Recall E(x) denotes
the set of b-hyperbolic times for ¢ at x. We let for n € n:

G = / LS s, diim(Ee).

4Fn k€EE(x)NFp
Observe that (,(PTM) > inf,ca, d,(E(x)NE,). By the last item in Lemma
2, we have liminf,c, inf e 4, dn(E(z) N F,) > B. Therefore there is a weak
limit ¢ = limy (p, with ¢ < p and ((PTM) > . From wEN) ~1>1-8
we get 0 < C(FY) < limy ¢, (FY). Note also A, := {§,, y € A} has full -
measure for all n. In particular, for infinitely many n € N there is (2", vyn) =
it € A, with F"? € F and n € E(z") N F,. Let 7 = (y",vi) € F,
which is «y/8-close to F"z]. Then it follows from the choices of v and e
that the curve Dy (2") is transverse to W*(P N AN W3 (y")). Moreover as
such a curve D, (z™) is tangent to a cone of width 10e < 0/10, it may be
written as the graph of a C° smooth function ¢ : E C E,(y") — Es(y"™)
with ||dy|| < L for a universal constant L.
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—:’_ PAW(y)
-~ ‘—-I__- =~ - -
-~ - X ~ - - .
WS fAND, (y)

Figure 2: Holonomy of the local stable foliation between the
transversals D, (x) and W (y).

By Theorem 8.6.1 in [31] the associated holonomy map h : WX(y) —
D,,(z™) is absolutely continuous and its Jacobian is bounded from below
by a positive constant depending only on the Pesin block P = Ky (not on
2" and y"). In particular Lebp, gny (W*(A N P)) > ¢’ for some constant ¢/
independent of n. The distorsion of df™ on E,(z™) being bounded by 2, we
get (recall f"E, (z") = Dy(2™) and z" € A):

Leb (D, (z™) \ f"B) < 4Leb (En(2™)\ B) L

Leb (D,(z™)  — = Leb(E,(z")) '
Therefore for n large enough, there exists z € f"B N WA N P), in

particular BN f~"W?*(A) = BNW?#(A) # (). This contradicts the definition
of B.

(ae) ' Leb (Dy(a™) \ f"B) <

O

Recall Ry denotes the invariant subset of Lyapunov regular points x of
(M, f) with x1(z) > 0 > x2(z). Such point admits so called regular neigh-
borhoods (or e-Pesin charts):

Lemma 14. [30] For a fized € > 0 there exists a measurable function q =
¢e : R1 — (0,1] with e ¢ < q(fz)/q(x) < e and a collection of embeddings
W, : B(0,q(z)) C TyM = E,(x) ® Es(x) ~ R? — M with V,(0) = z such
that f, = \I/;; o f oW, satisfies the following properties :

dofe = <aié$) &))

with e=<eX:(®) < gl (z) < eeX®) fori=1,2,

o the C' distance between f, and dof, is less than e,

e there exists a constant K and a measurable function A = A¢ : R1 —
R such that for all y,z € B(0,q(zx))

Kd(Va(y), Va(2)) < |y — 2| < A(z)d(Va(y), Va(2)),
with e “A(fz)/A(x) < e°.
For any i € I we let
Ei = {x, x(x) = x(pi)}-



SRB MEASURES FOR C* SURFACE DIFFEOMORPHISMS 27

The set E; has full y;-measure by the subadditive ergodic theorem. Put
A = B(pi) N E;NRy and A = |J; As. Clearly A is f-invariant. We finally
check that x(z) = x(u;) for z € W#(A;).

For uniformly hyperbolic systems, we have ¥y (x) = lim,, % log Jac(d: f%,) =
lim,, [log Jac(dy fE,) d6?. As the geometric potential y — log Jacd, fg, is
continuous in this case, any point in the basin of a SRB measure u satisfies

Sx() = [ Sx() du(y).
Lemma 15. If y € W¥(z) with x € R, then x(y) = x(z).

Proof. Fix € Ry and § > 0. We apply Lemma 14 with ¢ < xi(x). For
a > 0 we let C, be the cone C, = {(u,v) € R% allul| > ||v]|}. We may
choose o > 0 and € > 0 so small that for all k € N we have d fr,(Ca) C Ca
and ||d.fr,(v)]] > X170 for all v € Cy and all z € B(0, ¢c(f*x)).

Let y € W#(x). There is C' > 0 and A such that d(f™z, f"y) < CA™ holds
for all n € N. We can choose ¢ < \. In particular there is N > 0 such that
f™y belongs to W n, B(0, g(f"x)) for n > N since we have A(f"x) < e A(x)
and q(f"z) > e"q(z). Let z € B(0,q(fVz)) With Vn,(2) = y. Then for

all v € C, and for all n > N we have ||d, ( pang o fT No\I/fo) ()| >
e(m=N)(x1(2)=0) ~ Ag the conorm of d -y, is bounded from above by
A(frx)~! for all n we get

. 1 e
x(y) = limsup —log |dy f M,

1
= lim sup - log ||d., (f”_N oWyn,) |,
n

1
> lim sup — log ( (fra)~t ’ d, <\II;T}:E ofo \I/fN$>

n—-+o0o
Z Xl( ) — (5 — €.
On the other hand we have

)

(W oo wp,)

]<H sup - ldufpusl

NtGB z))
n—N
< (exl(z)+e +6> 7
< =Nl (@)+2e)

Then it follows from ||dgn-n, el < K:

z (\I];r}x of"o ‘IIfN:L‘)

1
x(y) < limsup — log (

n—+oo T

).
< x1(x) + 2e.

As it holds for arbitrarily small € and 6 we get x(y) = x1(x) = x(z).
O
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We conclude with A = {x(u;), @ € I} that for Lebesgue a.e. point z, we

have x(x) € R~ U A and that {x = A} ¢ Uier B(pi) for all X € A. The
proof of the Main Theorem is now complete. It follows also from Lemma
15, that the converse statement of Corollary 2 holds : if (f, M) admits a
SRB measure then Leb(x > 0) > 0.

In the proof of Lemma 15 we can choose the cone C, to be contracting, so
that any vector in a small cone at y will converge to the unstable direction
E,(z). In other terms if we endow the smooth manifold P7T'M with a smooth
Riemanian structure, then the lift x4 to the unstable bundle of an ergodic
SRB measure v is a physical measure of (PT'M, F'). Conversely if u is a
physical measure of (PT'M, F') supported on the unstable bundle above R,
we can reproduce the scheme of the proof of the Main Theorem to show
1 projects to a SRB measure v. Indeed we may consider a C'* smooth
curve ¢ such that £ = (z,v,) lies in the basin of p for Z in a positive
Lebesgue measure set A of 6,. Then by following the above construction
of SRB measures, we obtain that pu = lim, % ZZ;& FFELeby project to a
SRB measure (or one can directly use the approach of [13]). This converse
statement is very similar to a result of Tsujii (Theorem A in [39]) which
states in dimension two that for C'* surface diffeomorphism an ergodic
hyperbolic measure v, such that the set of regular points z € B(v) with
x(z) = [ xdv has positive Lebesgue measure, is a SRB measure. Indeed
if 1 is a physical measure of (PT'M, F') supported on the unstable bundle
above R, its projection v satisfies x(v) = x(x) for any = € n(B(r)). In
the present paper we are working with the stronger C*° assumption, but,
in return, points in the basin are not supposed to be regular contrarily to
Tsujii’s theorem.

From the above discussion, we may restate the Main Theorem as follows:

Theorem 7. Let f: M O be a C* surface diffeomorphism and F : PT M
be the induced map on the projective tangent bundle. Then the basins of the
physical measures of (PT'M, F') are covering Lebesgue almost everywhere the
set {(z,v) € PTM, x(z,v) > 0}.

7. NONPOSITIVE EXPONENT IN CONTRACTING SETS

In this last section we show Theorem 1. For a dynamical system (M, f)
a subset U of M is said almost contracting when for all ¢ > 0 the set
E. = {k € N, diam(f*U) > ¢} satisfies d(E.) = 0. In [21] the authors build
subsets with historic behaviour and positive Lebesgue measure which are
almost contracting but not contracting. We will show Theorem 1 for almost
contracting sets.

We borrow the next lemma from [13] (Lemma 4 therein), which may be
stated with the notations of Section 4 as follows :
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Lemma 16. Let f: M O be a C* diffeomorphism admitting and let U be a
subset of M with Leb ({x > a} NU) > 0 for some a > 0. Then for all v > 0
there is a C*° smooth embedded curve o, and I C N with §I = oo such that

Vnel, {z € UnNay, |def™(vs)] > €™} > e™™.

We are now in a position to prove Theorem 1 for almost contracting sets.

Proof of Theorem 1. We argue by contradiction by assuming Leb ({x > a} NU) >
0 for some a > 0 with U being a almost contracting set. By Yomdin’s The-
orem on one-dimensional local volume growth for C'*° dynamical systems

[40] there is € > 0 so small that

1
(7.1) v*(f,€) = suplimsup — sup log|f"(B(z,€e,n) No.| < a/2,
o n—oo N geM
where the supremum holds over all C*>® smooth embedded curves o : [0, 1] —
M. As U is almost contracting, there are subsets (C)nen of M with

log 4Cr,
n

lim,, = 0 satisfying for all n

(7.2) Uc |J Blaen).
zeChp

Fix an error term v €]0,$[. Then by Lemma 16 there is a C'"°°-smooth
curve o, C U and an infinite subset I of N such that for all n €

Y IMBaen)no)l = |fMUNa),

zeCl,
> " {zeUnos, [[def"(va)| > €™},
> ™) by (7.1),
4C,, sup log | f"(B(z,e,n) Noy)| > %) by (7.2).
zeM
Therefore we get the contradiction v*(f,€) > a— v > a/2. O

APPENDIX A. MAXIMAL EXPONENT

Let A = (A,)nen be a sequence in My(R?). For any n € N we let
A" = Ap—1--- A1 Ag. We define the Lyapunov exponent x(A) of A with
respect to v € R?\ {0} as

1
X(A,0) o= limsup  log |47 (0)],

Lemma 17.

1
sup x(A,v) = limsup — log || A"||.
veRI\{0} n
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Proof. The inequality < is obvious. Let us show the other inequality. Let
vy, € R? with ||u,|| = 1 and ||A%(vy,)|| = [|A™||. Then take v = limy, v,, with
limy, nik log [|A™*[[| = limsup,, L log || A™||. We get

(1

(10]
(1]

[12]
[13]

(14]
(15]
[16]
(17)
(18]
(19]

[20]
21]

[A™ () [ = [[A™ (vg)]| = [|A™ (v = vi )],
A = flo = vk ),

V

1 1
lim sup — log ||A"™* (v)|| > lim sup — log ||| A"|||.
k Nng n n

REFERENCES

Alves, José F.; Dias, Carla L.; Luzzatto, Stefano; Pinheiro, Vilton, SRB measures for
partially hyperbolic systems whose central direction is weakly expanding, J. Eur. Math.
Soc. (JEMS) 19 (2017), no. 10, 2911-2946.

Alves, José F; Bonatti, Christian; Viana, Marcelo, SRB measures for partially hyperbolic
systems whose central direction is mostly expanding, Invent. Math. 140 (2000), no. 2,
351-398.

A. Araujo, A existencia de atratores hiperbolicos para difeormorfismos de superficies (Por-
tuguese), Preprint IMPA Serie F, No 23/88, 1988.

L. Bareira and Y.Pesin, Lyapunov exponents and smooth ergodic theory. University Lec-
ture Series Volume: 23; 2002.

M. Benedicks, L. Carleson. The dynamics of the Hénon map. Annals of Math., 133:73-169,
1991

Michael Benedicks and Lai-Sang Young, Sinai-Bowen-Ruelle measures for certain Henon
maps, Invent. Math. 112 (1993), no. 3, 541-576.

Benedicks, Michael and Viana, Marcelo, Solution of the basin problem for Hénon-like
attractors, Invent. Math., 143 (2001) no. 2, p. 375-434

Snir Ben Ovadia, Hyperbolic SRB measures and the leaf condition, Snir Ben Ovadia. To
appear in Communications in Mathematical Physics.

Pp. Berger, S. Biebler, Emergence  of wandering  stable  components,
https://arxiv.org/abs/2001.08649

Bonatti, Christian; Viana, MarceloSRB measures for partially hyperbolic systems whose
central direction is mostly contracting,Israel J. Math. 115 (2000), 157-193

R. Bowen. Equilibrium states and the ergodic theory of Anosov diffeomorphisms, volume
470 of Lect. Notes in Math. Springer Verlag, 1975

Burguet, D. C" Counter-examples to Viana conjecture for any finite r, in preparation.
Burguet, David, Symbolic extensions in intermediate smoothness on surfaces, Ann. Sci.
Ec. Norm. Supér. (4), 45 (2012), no. 2, 337-362

Burguet, David, Entropy of physical measures for C°° dynamical systems, Comm. Math.
Phys., 375 (2020), p. 1201-1222

Buzzi, Jérome, C" surface diffeomorphisms with no mazimal entropy measure , Ergodic
Theory Dynam. Systems (6), 34 (2014), 1770-1793.

Jéréme Buzzi, Sylvain Crovisier, Omri Sarig, Measures of maximal entropy for surface
diffeomorphisms, arXiv:1811.02240

Jéréme Buzzi, Sylvain Crovisier, Omri Sarig, Continuity properties of Lyapunov exponents
for surface diffeomorphisms, arXiv:2103.02400

Vaughn Climenhaga,Stefano Luzzatto, Yakov Pesin, The Geometric Approach for Con-
structing Sinai—Ruelle-Bowen Measures, J Stat Phys (2017) 166, 467-493.

V. Climenhaga, S. Luzzatto, Y. Pesin, SRB measures and young towers for surface dif-
feomorphism

T. Downarowicz, Entropy in dynamical systems, 18 (2011) Cambridge University Press.
Pablo Guarino, Pierre-Antoine Guihéneuf, Bruno Santiago, Dirac physical measures on
saddle-type fized points, to appear in Journal of Dynamics and Differential Equations.



22]

(23]
24]

[25]
[26]

27]
(28]

[29]

SRB MEASURES FOR C* SURFACE DIFFEOMORPHISMS 31

Rodriguez Hertz, F. and Rodriguez Hertz, M. A. and Tahzibi, A. and Ures, R., Uniqueness
of SRB measures for transitive diffeomorphisms on surfaces, Comm. Math. Phys. 306
(1990), no. 1, 35-49.

M. Jakobson, Absolutely continuous invariant measures for one-parameter families of
one-dimensional maps, Comm. Math. Phys., 81:39-88, 1981

Keller, Gerhard Ezponents, attractors and Hopf decompositions for interval maps, Er-
godic Theory Dynam. Systems 10 (1990), no. 4, 717-744.

Kingman, J. F. C., Subadditive ergodic theory, Ann. Probability, 1 (1973), p. 883-909.
F. Ledrappier and L.-S. Young, The metric entropy of diffeomorphisms, I. Characteriza-
tion of measures satisfying Pesin’s entropy formula. Ann. of Math. 122 (1985), 509-539.
V. L. Oseledec. A multiplicative ergodic theorem: Lyapunov characteristic numbers for
dynamical systems. Trans. Moscow Math. Soc. 19 (1968), 197-231.

Ledrappier, Frangois; Walters, Peter, A relativised variational principle for continuous
transformations, J. London Math. Soc. (2) 16 (1977), no. 3, 568-576.

Misiurewicz, M.., A short proof of the variational principle for Z% actions, Asterisque 40
(1976), 147-158.

Pesin, Ja. B., Families of invariant manifolds that correspond to monzero characteristic
exponents, Izv. Akad. Nauk SSSR Ser. Mat. 40 (1976) n. 6 , p 1332-1379

Y. Pesin and L. Barreira, Lyapunov Exponents and Smooth Ergodic Theory, University
Lecture Series, v. 23, AMS, Providence, 2001

V. Pliss., On a conjecture due to Smale, Diff. Uravnenija, 8:262—-268, 1972

V.A. Rokhlin, Lectures on the Entropy Theory of Measure-Preserving Transformations,
Russ. Math. Surv. Vol. 22 (1967), No. 5, pp. 3-56.

D. Ruelle. A measure associated with Axiom A attractors, Amer. J. Math., 98:619— 654,
1976

D. Ruelle, Historical behaviour in smooth dynamical systems, Global analysis of dynamical
systems (2001), 63-66.

David Ruelle, An inequality for the entropy of differentiable maps, Bol. Soc. Brasil. Mat.
9 (1978), no. 1, 83-87.

Sacksteder, R. and Shub, M., Entropy on sphere bundles, Adv. in Math. 28 (1978), n. 2,
p. 174-177.

Ya. Sinai. Gibbs measure in ergodic theory, Russian Math. Surveys, 27:21-69, 1972

M. Tsujii, Regular point for ergodic Sinai measures I, Transactions of the American
Mathematical Society Volume 328, Number 2, December 1991.

Yomdin, Y., Volume growth and entropy, Israel J. Math. 57, (1987) no 3, 285-300
Lai-Sang Young, What Are SRB Measures, and Which Dynamical Systems Have Them?,
Journal of Statistical Physics volume 108, pages 733-754 (2002).

CNRS, SORBONNE UNIVERSITE, LPSM, 75005 PARIS, FRANCE
Email address: david.burguet@upmc.fr



