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A proper description of the collisional perturbation of the shapes of molecular resonances is important for
remote spectroscopic studies of the terrestrial atmosphere. Of particular relevance are the collisions between
the O2 and N2 molecules – the two most abundant atmospheric species. In this work, we report a new
highly accurate O2(X3Σ−g )–N2(X1Σ+

g ) potential energy surface and use it for performing the first quantum-
scattering calculations addressing line shapes for this system. We use it to model the shape of the 118 GHz
fine structure line in O2 perturbed by collisions with N2 molecules, a benchmark system for testing our
methodology in the case of an active molecule in a spin triplet state. The calculated collisional broadening
of the line agrees well with the available experimental data over a wide temperature range relevant for the
terrestrial atmosphere. This work constitutes a step towards populating the spectroscopic databases with ab
initio line-shape parameters for atmospherically relevant systems.

I. INTRODUCTION

Molecular nitrogen is the most abundant constituent
of the terrestrial atmosphere. Collisions involving N2

impact the properties of other atmospheric species in a
significant way. Such perturbations must be accounted
for in studies of Earth’s atmosphere which rely heavily
on spectroscopic methods. Accurate knowledge of the
collision-perturbed shapes of spectral lines is crucial to
interpret remote sensing spectroscopic data, and reliable
modelling of the terrestrial properties (such as Earth’s
carbon cycle1, polutant gas concentrations2,3 and tem-
perature profiling4) depends on the extent to which such
effects are employed in a given line-shape model.

Among the molecular species of atmospheric impor-
tance affected by presence of the N2 bath, O2 is of spe-
cial interest. It is the second most abundant terrestrial
molecule, and it plays a major role in many land- and
satellite-based remote sensing applications.5–9 It is also
a prominent example of a diatomic species with a 3Σ
ground electronic state, which makes it a perfect can-
didate for studying the fine-structure-resolved molecular
transitions in the context of atmospheric science. The
oxygen spectral bands formed by transitions to excited
electronic states, such as the A- and B-band, are studied
extensively due to their application in the determination
of cloud-top heights and coverage,10 optical thickness of
aerosols,6 concentration of the polutant CO2,2,3 tempera-
ture profiling,4 recovering surface pressure,11 monitoring
of the greenhouse gases1,7 and vegetation fluorescence.12
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Many such applications also involve transitions oc-
curring within the ground electronic and vibrational
3Σ−g (ν = 0) state of O2. The symmetries associated
with its electronic term result in the existence of only
odd rotational levels, which are split into a triplet of
fine structure states by the spin–spin interactions of two
unpaired electrons.13,14 The possible transitions are de-
noted Na+ and Na− (where Na is the rotational quan-
tum number of oxygen), which corresponds to transitions
satisfying the selection rules for the total angular mo-
mentum j, respectively, j = Na → j = Na + 1 and
j = Na → j = Na − 1.15,16 Oxygen has a strong spec-
tral band between 50 and 70 GHz (known as the 60 GHz
band) and a single isolated line at approximately 118
GHz, which corresponds to the 1− transition.17,18 These
spectral features arise from purely fine structure transi-
tions within rotational levels of O2. The 60 GHz oxygen
band and 118 GHz line perturbed by N2 have been stud-
ied extensively due to their applications in remote sensing
observations and temperature profiling.15–22

In this paper, we report a new ab initio potential en-
ergy surface (PES) for the O2(X3Σ−g )–N2(X1Σ+

g ) system,
and we use it in quantum scattering calculations of the
shape of the N2-perturbed 118 GHz fine structure 1− line
in O2. Since the O2–N2 interaction is of electrostatic ori-
gin and depends very weakly on electron spin, we make
use of the powerful recoupling techniques of Corey and
McCourt,23 and Alison Offer et al.24 to reduce the prob-
lem of 3Σ diatom–1Σ diatom scattering to collisions in-
volving two 1Σ rigid rotors. We determine the broaden-
ing coefficient of the 118 GHz line in O2 due to collisions
with N2 by changing the total angular momentum rep-
resentation of the S-matrix obtained from the spin-free
quantum scattering calculations. These calculations are
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performed using the exact close-coupling approach.25

The oxygen 118 GHz line is special in the sense that
the corresponding transitions occur between molecular
states for which the effective Hamiltonian of O2 is diag-
onal,26,27 hence, in our approach, there is no need to
introduce the fully coupled representation of the oxy-
gen Hamiltonian for the sake of scattering calculations.
Our ab initio results agree with the available experimen-
tal data.15,16,20,21,28 The O2–N2 collisional system plays
a benchmark role for studying the transitions occurring
within single rotational levels of atmospheric molecules,
the results of such studies being important for accurate
modelling and calculations of ab initio line parameters
for systems of atmospheric interest in Earth as well as
exoplanetary studies, and populating the spectroscopic
databases with high-accuracy theoretical results. So far,
in this context, extensive ab initio quantum-scattering
calculations of the line-shape parameters were performed
for the simple systems of He-perturbed H2

29–33 and
HD34,35, which are relevant for the atmospheres of So-
lar System gas giants and some types of exoplanets.
Recently, these results were used to generate compre-
hensive beyond-Voigt line-shape parameter dataset for
these two systems36,37 that are consistent with the HI-
TRAN double-power-law representation.38 Similar work
is in progress for N2-perturbed CO, which is relevant for
Earth’s atmosphere; recently the first results were pub-
lished in Ref. 39. This work is in line with those develop-
ments, but addresses more challenging systems for which
the active molecule is in the triplet spin state.

This paper is organized as follows. In Section II, we
briefly review the theory of scattering between two 1Σ
rigid rotors and discuss its generalization to the case in
which one of the collision partners is in the 3Σ state with
a non-vanishing electron spin. We discuss the form of the
effective Hamiltonian of the O2(3Σ−g ) monomer and the
transformation between the electronic spin-free and the
total angular momentum representations of the scatter-
ing S-matrix. In Section III, we describe the methodology
used to determine the O2–N2 PES, its topography and
basic characteristics, and we provide the decomposition
of the PES into its angular and radial parts, the latter
being used in the scattering calculations. We discuss the
computational details of our close-coupling simulations
of O2–N2 collisions in Sec. IV, and we also analyze there
the pressure broadening cross sections obtained from the
quantum scattering calculations. In Section V, we discuss
our calculations of the collisional broadening parameters
for the N2-perturbed 118 GHz fine structure line in O2

and we compare our results with experimental data. Fi-
nally, we summarize our results and put them in perspec-
tive with future work in Sec. VI.

II. THEORY

One may formulate the dynamics of molecule–molecule
collisions by solving the time-independent Schrödinger

equation, with the Hamiltonian (given in atomic units)25

H = − 1

2µR

∂2

∂R2
R+

l2

2µR2
+V (R,ϑa, ϑb, φ)+H(a)+H(b),

(1)
where l is the orbital angular momentum of relative mo-
tion of the colliding species (with µ being their reduced
mass), V (R,ϑa, ϑb, φ) is the intermolecular interaction
potential written in the Jacobi coordinates (defined in
Fig. 1), and H(a) and H(b) denote the internal Hamilto-
nians of the asymptotically separated monomers a and b.

R

FIG. 1. Definition of the Jacobi coordinates.40,41 Angles ϑi
and ϕi (omitted for clarity) give the space-fixed orientation of
the i-th monomer, φ = ϕa − ϕb is the relative dihedral angle
of the two molecules and R is the distance between their mass
centers.

In the well-known case of rotationally inelastic scatter-
ing between two 1Σ rigid rotors,25,42 H(a) and H(b) are
the purely rotational Hamiltonians satisfying[

H(i) − E(i)
rot

]
|Nimi〉 = 0 , i = a, b, (2)

where E
(i)
rot is the rotational energy and Ni is the quan-

tum number associated with the nuclei end-over-end ro-
tational angular momentum, with the space-fixed projec-
tion mi. The total angular momentum of the system is
then introduced by means of the coupling

N = Na + Nb, J = N + l, (3)

with the corresponding eigenbasis given by

|(NaNb)Nl; JM〉 =∑
mN ,ml

CNlJmNmlM
|(NaNb)NmN 〉 ⊗ |lml〉 , (4)

where N is the total rotational quantum number of the
colliding pair, l is their relative orbital angular momen-
tum, J is the total angular momentum of the system,
mN , ml and M are the corresponding space-fixed pro-
jection quantum numbers and Cj1j2j12m1m2m12

is the Clebsch-

Gordan coefficient.13,43

In the absence of external fields, the total angular mo-
mentum and its projection are conserved during the colli-
sion,24,43 hence the total wave function Ψ may be labeled
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with J and M , and expanded in the total-J basis defined
in Eq. (4):

ΨJM
NaNbNl

=
∑

N ′
a,N

′
b,

N ′,l′

F
N ′
aN

′
bN

′l′

NaNbNl;J
(R)

R
|(N ′aN ′b)N ′l′; JM〉 ,

(5)

which allows separating the radial and angular parts of
the problem. Substitution of Eq. (5) into the Schrödinger
equation yields the usual set of close-coupling equations[ d2

dR2
− l′(l′ + 1)

R2
+ k′2

]
F
N ′
aN

′
bN

′l′

NaNbNl;J
(R) =

2µ
∑

N ′′
a ,N

′′
b ,

N ′′,l′′

V J(N ′
aN

′
b)N

′l′,(N ′′
aN

′′
b )N ′′l′′F

N ′′
aN

′′
b N

′′l′′

NaNbNl;J
(R), (6)

where k2 = 2µ
[
E−E(a)

rot−E
(b)
rot

]
is the squared wave vector

containing the total collisional energy E. One then solves
Eq. (6) numerically with the boundary condition25

F
N ′
aN

′
bN

′l′

NaNbNl;J
(R) ∼ δNaN ′

a
δNbN ′

b
δNN ′δll′e

−i(kR−lπ/2)

−
√
k

k′
ŜJ(N ′

aN
′
b)N

′l′,(NaNb)Nl
ei(k

′R−l′π/2) (7)

for large values of the intermolecular distance R, from
which the S-matrix elements ŜJ(N ′

aN
′
b)N

′l′,(NaNb)Nl
may be

obtained.44

The above close-coupling scheme is well known for
spin-free molecules in Σ electronic states. However, when
the electron and/or nuclear spins are present, this ap-
proach must be modified to account for additional scat-
tering channels arising from the coupling between the
spin angular momenta and the rotational and orbital mo-
tions of the colliding molecules. Indeed, calculations for
molecules exhibiting fine45–59 and hyperfine60–65 struc-
ture have been performed, using both the exact and re-
coupled close-coupling formalism. The exact approach is
based on expanding the total wave function in a basis
of eigenfunctions of the monomers’ Hamiltonians which,
in general, include the terms involving spin interactions.
In the recoupled approach these are neglected, and one
solves the spin-free problem using the wave function in
Eq. (5); the appropriate S-matrix is then expressed as a
linear combination of the spin-free S-matrices from the
recoupled calculations.

The latter method is especially useful in calculations
involving atmospheric molecules, for which the number
of coupled channels in Eq. (6) grows considerably with
the kinetic energy of the binary collision.39 In the present
case of O2(3Σ−g )–N2(1Σ+

g ) scattering, an additional de-
gree of freedom is introduced into the problem by the
non-zero electronic spin S of the ground-state O2. The
fine-structure splitting in O2 is small compared with the
spacings between the rotational levels, hence molecular
oxygen may be accurately described within the Hund’s

case (b) limit.26 The theoretical framework for treating
the scattering between a multiplet–Σ case (b) molecule
and a structureless closed-shell atom using the recoupled
approach was introduced by Corey and McCourt,23 and
their formulae were generalized by Alison Offer et al.24 to
be applicable to hyperfine transitions in bi-molecular col-
lisions. With purely formal modifications this method is
also applicable to fine structure transitions in open-shell
diatoms. We apply the framework developed in Refs. 23
and 24 to the O2–N2 scattering in order to express the
S-matrix in the representation that is most convenient
for the pressure broadening calculations.

Finally, it should be mentioned that approximating the
collision dynamics by the recoupled approach is not al-
ways justified,45,49 and one must then recourse to the ex-
act close-coupling scheme. A notable example is the SO
molecule which, just as O2, has a 3Σ ground electronic
state. However, in SO(3Σ) the splitting of fine struc-
ture levels is very large, and use of an intermediate cou-
pling between Hund’s case (a) and (b) is required rather
than the pure case (b) limit (which only becomes attain-
able in SO for rotational quantum numbers ≥ 5).48,49 In
such cases one cannot ignore the mixing between differ-
ent rotational states of the open-shell diatomic collision
target, and the resulting calculations obviously become
much more demanding.48,49,59,64,65

Let indices a and b refer to the O2 and N2 monomers,
respectively. While the rotational |Nbmb〉 basis of N2 is
still appropriate to use, the rotational basis for the O2

monomer is now given by the Hund’s case (b) vectors13,26

|(NaS)jm〉 =
∑

ma,mS

CNaSjmamSm |Nama〉 ⊗ |SmS〉 , (8)

where j is the total molecular angular momentum quan-
tum number of O2 (with projection m), which – unlike
Na – is preserved by electronic spin interactions as a good
quantum number.13,26

Now, the effective molecular Hamiltonian of the 3Σ−g
state of O2 may be written as26,66

H(a) = H(a)
rot +H(a)

sr +H(a)
ss , (9)

where the subsequent terms on the right hand side corre-
spond to the rotational part, the spin–rotation part and
the spin–spin interaction part. The 16O nuclei have zero
spin, hence for the 3Σ−g state of molecular oxygen the
total wave function is symmetric under permutation of
the nuclei.13,41 Consequently, only the rotational levels
for which Na is odd exist in O2. The spin–spin inter-
action splits each rotational level into a triplet of fine
structure levels whose energies carry a small contribu-
tion from the spin–rotation interaction.13 In the basis de-

fined by Eq. (8)H(a)
rot andH(a)

sr are diagonal, whereasH(a)
ss

mixes states of the same j for which ∆Na = ±2.26,27 The
molecular Hamiltonian matrix has thus a block-diagonal
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form:

|1, 0〉 |1, 1〉 |1, 2〉 |3, 2〉 . . .


|1, 0〉 ε

(1)
00 0 0 0 . . .

|1, 1〉 0 ε
(1)
11 0 0 . . .

|1, 2〉 0 0 ε
(2)
11 ε

(2)
13 . . . ,

|3, 2〉 0 0 ε
(2)
31 ε

(2)
33 . . .

...
...

...
...

...
. . .

(10)

where |Na, j〉 ≡ |(NaS)jm〉, for brevity, and ε
(j)
N ′
aNa

are

the corresponding matrix elements.
It can be seen that the {|1, 0〉 , |1, 1〉} block is diagonal

in the Hund’s case (b) basis. Hence one can work solely
in this basis when considering the transitions between the
|1, 0〉 and |1, 1〉 states only, such as in the case of the 118

GHz fine structure 1− line. Since H(b) = H(b)
rot is diagonal

in the rotational basis of the N2(1Σ+
g ) monomer, to de-

scribe the collision dynamics between the two molecules
one may couple the angular momenta as24

jR = Nb + l, j = Na + S, JT = jR + j, (11)

where now JT is the total angular momentum of the sys-
tem (excluding nuclear spins) and jR is the composite
angular momentum associated with the presence of the
molecular bath. Consequently, the space-fixed eigenbasis
for expanding the total wave function in the Schrödinger
equation is defined by

|(Nbl)jR(NaS)j; JTMT 〉 =∑
mR,m

CjRjJTmRmMT
|(Nbl)jRmR〉 ⊗ |(NaS)jm〉 .

(12)

However, one may introduce another coupling scheme by
extending Eq. (3) as23,24

N = Na + Nb, J = N + l, JT = J + S (13)

and express the corresponding eigenbasis in terms of the
spin-free basis elements, Eq. (4),

|((NaNb)Nl)JS; JTMT 〉 =∑
M,mS

CJSJTMmSMT
|(NaNb)Nl; JM〉 ⊗ |SmS〉 .

(14)

The use of Eq. (14) as the expansion basis for the to-
tal wave function is more convenient as far as the close-
coupling calculations are concerned. Namely, if the colli-
sional energies E considered in the scattering calculations
are large compared with the fine structure splitting of ro-
tational levels of O2, one may neglect inH(a) interactions
involving electronic spin and consider only the rotational

term H(a)
rot . Furthermore, if the interaction potential V

is assumed spin-independent, the only operators in the
Hamiltonian acting on spin eigenstates in Eq. (14) are

identity maps and from the computational point of view
the O2(3Σ−g )–N2(1Σ+

g ) collisional problem is reduced to
the simpler case of scattering between two rigid rotors
in 1Σ electronic states. One may therefore solve the reg-
ular close-coupling equations, Eq. (6), and extract the
spin-free S-matrix elements from Eq. (7).

In pressure broadening calculations however, the goal
is to study the effect of the bath (characterized by jR)
on the optical transitions of the spectroscopically active
O2 molecule, the states of which, from the experimental
point of view, should be labeled by |(NaS)jm〉. Hence,
when considering the shapes of molecular O2 resonances
in the N2 bath, the use of coupled states defined in
Eq. (12) is preferred. The representation of the S-matrix
in the spectroscopic basis from Eq. (12) may then be
obtained by establishing a transformation between Eqs.
(12) and (14). It is shown in the Appendix that the uni-
tary change of basis is given by

|(Nbl)jR(NaS)j; JTMT 〉 =

(−1)Na+Nb+l+S+JT
∑
J,N

[
j, jR, J,N

] 1
2

{
jR Na J
S JT j

}

×
{
Na Nb N
l J jR

}
|((NaNb)Nl)JS; JTMT 〉 ,

(15)

which allows one to obtain the S-matrix elements in the
spectroscopic representation:

ŜJT(N ′
bl

′)j′R(N ′
aS)j′,(Nbl)jR(NaS)j = (−1)Nb+N

′
b+l+l

′

×
[
jR, j

′
R, j, j

′] 1
2
∑

J,N,N ′

[
J
][
N,N ′

] 1
2

{
Na Nb N
l J jR

}

×
{
N ′a N ′b N ′

l′ J j′R

}{
jR Na J
S JT j

}{
j′R N ′a J
S JT j′

}
×ŜJ(N ′

aN
′
b)N

′l′,(NaNb)Nl
, (16)

where a shorthand notation [x, ..., z] = (2x+ 1)...(2z+ 1)
is introduced, and

{ . . .
. . .

}
is the 6j symbol.13 Equations

(15) and (16) differ from that given originally by Alison
Offer et al.24 in the phase factors. This is of some impor-
tance, since phases of the form (−1)2K may be omitted
only when K in an integer – for K half-integer, e.g. spin
1/2, then (−1)2K = −1, and some expressions change
sign.

If a transition occurs between the fine structure levels
of O2 during the collision, the influence of the nitrogen
bath on a particular spectral line may be accounted for by
using the S-matrices obtained from Eq. (16) to compute
the pressure broadening cross sections. The latter are
given, in the present case, by the real part of the complex
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quantity67

σ
(q)
0 (Naiji, Naf jf ;Nb|Ek) =

π

k2

∑
N ′
b

∑
JT ,J̄T

∑
l,l′,
jR,j

′
R

(−1)jR+j′R

×
[
JT , J̄T

]{ ji jf q
J̄T JT j′R

}{
ji jf q
J̄T JT jR

}(
δNbN ′

b
δll′δjRj′R

−ŜJT(N ′
bl

′)j′RNai ji,(Nbl)jRNai ji
ŜJ̄T ∗(N ′

bl
′)j′RNaf jf ,(Nbl)jRNaf jf

)
,

(17)

where {Nai , ji} and {Naf , jf} are the angular momen-
tum quantum numbers of the initial and final spectro-
scopic states of O2, respectively, and line mixing is ne-
glected (i.e., it is assumed that {Nai , ji} = {N ′ai , j

′
i} and

{Naf , jf} = {N ′af , j
′
f}). The quantum numbers corre-

sponding to the 118 GHz fine structure 1− line in O2 are
Nai = Naf = 1, ji = 1 and jf = 0; the electronic spin
quantum number S = 1 is omitted.

In Eq. (17), both S-matrices are calculated at the same
relative kinetic energy of the colliding monomers, which
is defined as

Ek = E − (E
(a)
rot + E

(b)
rot). (18)

For the magnetic dipole transition considered here, the
rank of the radiation-matter interaction tensor is q = 1.

III. POTENTIAL ENERGY SURFACE

The non-bonded interaction energies were computed
using explicitly-correlated unrestricted coupled-cluster
theory68 with all electrons (AE) correlated, extrapo-
lated to the complete basis set limit, (AE)UCCSD(T)-
F12b/CBS. The basis extrapolation was performed using
the Peterson CVTZ-F12 and CVQZ-F12 bases69 and the
l−3 formula.70 All ab initio calculations were performed
using the molpro electronic structure code package.71

Stable convergence to the restricted open-shell Hartree–
Fock (roHF) reference was achieved by first using mol-
pro’s CASSCF (multi) algorithm with the occupation
of the desired configuration specified, followed by a sin-
gle iteration of the roHF SCF algorithm to prepare the
orbitals for the UCCSD(T)-F12b procedure. A gemi-
nal beta coefficient value of 1.5 was specified for the
all-electron F12 calculations. For construction of the
four-dimensional PES, both monomers were held rigid.
The r(N–N) bond length was fixed at 1.0975 Å, consis-
tent with its rotational constant, B = 1.98950 cm−1.72

The geometry of the O2 molecule was held at equilib-
rium, using the vibrationally averaged distance: r(O–
O)= 1.20752 Å, which is also consistent with its ex-
perimental rotational constant.73 Exploiting the system’s
symmetry, energies were only computed in a reduced an-
gular range: 0 < ϑa < 90, 0 < ϑb < 90, and 0 < φ < 180.

As we have done in the past for other van der Waals
dimers composed of linear monomer fragments,74–85 an

analytical representation of the PES was constructed
using an automated interpolating moving least squares
(IMLS) methodology, which is available as a software
package under the name autosurf.86 As usual,87,88 a
local fit was expanded about each data point, and the
final potential is obtained as the normalized weighted
sum of the local fits. This interpolative approach can
accommodate arbitrary energy-surface topographies and
is particularly advantageous in cases of PESs with large
anisotropy.

The shortest intermonomer center-of-mass distance
considered is R = 2.0 Å. The ab initio data coverage in
the fitted PES extends to R = 20.0 Å, while the zero of
energy is set at infinite center-of-mass separation between
the monomers. The fitting basis and other aspects of the
procedure were the same as for other previous systems
and have been described in detail elsewhere.79,86,88 The
global estimated root-mean-squared (RMS) fitting error
tolerance was set below 0.2 cm−1 for energies below the
asymptote, and the total number of automatically gener-
ated symmetry-unique points needed to reach that target
was 1260. The actual RMS error (for energies below the
asymptote) was evaluated as 0.159 cm−1. As expected
for a system whose leading electrostatic interaction term
is quadrupole–quadrupole, the well-depth is modest, and
the PES is quite flat beyond R = 10.0 Å.

The global minimum (GM) is cross-shaped, with φ =
90◦. The upper panel of Fig. 2 shows a 2D representation
of the PES (denoted R-optimized) as a function of the
angles ϑa and ϑb for configurations with φ = 90◦. The
plot describes the complete ranges of ϑa and ϑb, relaxing
the intermonomer distance coordinate R for each pair of
angles. The position of stationary points and the corre-
sponding molecular configurations of the system are also
highlighted in the figure. The cross-shaped GM appears
in the center of the figure. A low energy channel stretches
vertically in the plot. Motion along this channel involves
rotation of the N2 fragment (in the plane of the figure)
changing ϑb, and reaching a T-shaped transition struc-
ture (TS2) at the bottom of the figure, or equivalently
at the top. In this T-shaped transition structure, the N2

fragment serves as the stem, pointing into the middle of
the O2 molecule. Rotating ϑb a full 180◦, brings the sys-
tem back to the global minimum in the center. Rotating
the O2 fragment, changing ϑa, is quite different, passing
through a transition structure (TS1) before reaching the
other T-shaped structure (with O2 as the stem) which in
this case is a local minimum (LM).

Beginning at the global minimum, rotation in φ brings
the system through a planar configuration (φ = 0◦), be-
fore returning to the global minimum after a full 180◦

rotation. This planar configuration is a third transition
structure (TS3). The lower panel of Fig. 2 shows the
corresponding ϑa and ϑb plot (relaxed in R), for pla-
nar geometries (φ = 0◦). TS3, the side-by-side parallel
structure appears in the center of the plot. Again in this
plane, rotation of N2 (ϑb) is very facile with a low energy
channel leading to the T-shaped TS2 at the top and bot-
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FIG. 2. (upper panel) R-optimized contour plot of the PES
as a function of the angles ϑa and ϑb, with the torsion fixed
at φ = 90◦. For each pair of angles, the energy (given in
cm−1) is optimized with respect to the center-of-mass distance
R. The global minimum appears at the center of the plot.
Two transition structures and a local minimum also appear
in the plot (see text). (lower panel) The corresponding plot for
planar configurations with φ = 0◦ is given. A third transition
structure is found at the center (see text).

tom of the figure (appearing also in the plot in the upper
panel).

Geometric parameters of the critical points (including
the two minima and three transition structures) are given
in Table I. As can be seen in the table, the well-depth of
the global minimum is 112.0 cm−1, but the system is

TABLE I. Geometric parameters and potential energy for
equilibrium and transition structures as shown in Fig. 2. En-
ergies are given relative to the asymptote (Vabs) and also
relative to the global minimum (Vrel) of the PES. Units are
angströms, degrees, and cm−1.

GM LM TS1 TS2 TS3

R 3.435 3.918 3.779 3.944 3.459

ϑa 90.0 0.0 47.4 90.0 90.0

ϑb 90.0 90.0 90.0 0.0 90.0

φ 90.0 – 90.0 – 0.0

Vabs -112.0 -98.8 -94.8 -100.4 -107.9

Vrel 0.0 13.2 17.2 11.6 4.1

very flexible, with long low-energy channels available in
multiple directions. Indeed, two of the TS are lower in en-
ergy than the local minimum. We have characterized the
features of the PES here in terms of minima and transi-
tion structures, but note that rovibrational bound states
would exhibit extensive delocalization.A previously re-
ported PES was constructed by Bartolomei et al.41 in
2014 based on SAPT(DFT) methodology. The global
minimum on the SAPT PES is also cross-shaped, and
has a very similar inter-monomer distance (R = 3.45 Å),
but slightly larger well-depth (118 cm−1). Our new PES
is expected to be more accurate, but with both PESs
in hand, more detailed comparisons including analysis
of the bound states of the complex is a possible future
avenue of investigation.

FIG. 3. The isotropic (black solid line) and the leading
anisotropic (dashed line) radial terms of the PES in the vicin-
ity of the isotropic term’s minimum, with further anisotropic
contributions given by the colored solid lines, for reference.
Note that the curves are normalized according to Eq. (22).

To evaluate the potential matrix elements in Eq. (6),
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the radial and angular parts of the PES are separated:

V (R,ϑa, ϑb, φ) =
∑

La,Lb,L

ALaLbL(R)ILaLbL(ϑa, ϑb, φ),

(19)
where39

ILaLbL(ϑa, ϑb, φ) =

√
2L+ 1

4π

∑
µ

CLaLbLµ−µ0

× YLaµ(ϑa, ϕa)YLb−µ(ϑb, ϕb) (20)

are the bispherical harmonics, ALaLbL(R) are the ra-
dial terms of the potential and the corresponding coor-
dinates are defined in Fig. 1. Here YLiµi(ϑi, ϕi) denotes
the usual spherical harmonic function,13 and La and Lb
take non-negative even integer values (which follows from
O2 and N2 being homonuclear species).25 Additionally
|La − Lb| ≤ L ≤ La + Lb and the sum of these three
indices must be an even integer.39 Expressed in terms of
the radial coefficients ALaLbL(R), the potential matrix
elements in the close-coupling equations take the form

V J(N ′
aN

′
b)N

′l′,(NaNb)Nl
= [Na, Nb, N, l,N

′
a, N

′
b, N

′, l′]
1
2

×(4π)−
3
2 (−1)J+N+N ′

a+N ′
b

∑
La,Lb,L

[L][La, Lb]
1
2

×

(
N ′a La Na
0 0 0

)(
N ′b Lb Nb
0 0 0

)(
N ′ L N

0 0 0

)

×

{
l N J

N ′ l′ L

}
N ′ N L

N ′a Na La
N ′b Nb Lb

ALaLbL(R),

(21)

where
{ . . .
. . .
. . .

}
is a 9j symbol.13,89

The radial terms of the potential are obtained by inte-
grating Eq. (19) over the angular distribution:39,41

ALaLbL(R) =
8π2

2L+ 1

2π∫
0

dφ

1∫
−1

d(cos θa)

1∫
−1

d(cos θb)

× V (R,ϑa, ϑb, φ)ILaLbL(ϑa, ϑb, φ).
(22)

In the present work we use a 19-point Gauss-Legendre
quadrature for performing the integration over all angles
in order to ensure the normalization of the bispherical
harmonics. 85 radial terms in total were prepared, with
the maximum (La, Lb, L) triad being (8, 8, 16), and the
radial grid consisted of 901 points spanning from 2.6 Å
to 26.5 Å, which we obtained by using the fitted form of
the PES. The isotropic A000 and the leading anisotropic
A022 radial terms are presented in Fig. 3, together with
sample anisotropic radial contributions; it can be seen
that the isotropic term dominates in the expansion.

TABLE II. Rotational energies (in cm−1) of O2 and N2 used
in the construction of the computational basis for the scatter-
ing calculations.

Na E
(a)
rot Nb E

(b)
rot

1 2.8753 0 0.0000

3 17.2512 1 3.9781

5 43.1253 2 11.9342

7 80.4935 3 23.8680

9 129.3497 4 39.7791

11 189.6861 5 59.6670

13 261.4929 6 83.5309

15 344.7585 7 111.3700

17 439.4694 8 143.1835

19 545.6103 9 178.9700

21 663.1640 10 218.7285

IV. SCATTERING CALCULATIONS

To obtain the S-matrix elements in the spectroscopic
representation we use the evaluated radial terms of
the PES to solve the spin-free close-coupling equations,
Eq. (6), and match their asymptotic solutions to the
boundary condition, Eq. (7). The calculations were per-
formed using a newly developed BIGOS code,90 which
implements the renormalized Numerov’s propagator.91

For binary collisions between diatomic molecules typi-
cal for Earth’s atmosphere, the {|Nama〉 , |Nbmb〉} basis
size used in the calculations grows considerably with Ek,
the relative kinetic energy of the monomers.39 To reduce
the number of basis elements necessary for the conver-
gence of numerical calculations, we made use of the fact
that the non-zero spin of the 14N nuclei gives rise to the
two isomers of molecular nitrogen (ortho-N2, for which
the total nuclear spin I = 0, 2 and only even Nb values
occur; and para-N2, for which I = 1 and only odd val-
ues of Nb occur). Thus the scattering calculations are
performed independently for the O2–ortho-N2 and O2–
para-N2 systems. The rotational energies used in the
construction of the computational basis are presented in
Table II; the energies of the O2 monomer were obtained
from the effective Hamiltonian26 as

E
(a)
rot = BaNa(Na + 1)−DaN

2
a (Na + 1)2, (23)

where the rotational and centrifugal distortion constants
are taken,26 respectively, as Ba = 1.438 cm−1 and Da =
4.84× 10−6 cm−1; and the energies of N2 are taken from
the HITRAN database.92

The total collisional energy E determined the proper
basis size to include two asymptotically closed levels (i.e.,

levels for which E < E
(a)
rot + E

(b)
rot) throughout the cal-

culations. For ortho-N2, this corresponded to M ≤ 8
for kinetic energies up to 50 cm−1, M ≤ 14 for kinetic
energies up to 100 cm−1, M ≤ 16 for kinetic energies
up to 125 cm−1 and M ≤ 20 for kinetic energies up to
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FIG. 4. Pressure broadening cross sections for the first five
rotational levels of the perturber.

150 cm−1. Similarly, for para-N2 M ≤ 9 for kinetic en-
ergies up to 50 cm−1, M ≤ 16 for kinetic energies up to
100 cm−1, M ≤ 18 for kinetic energies up to 125 cm−1

and M ≤ 21 for kinetic energies up to 150 cm−1.
The radial grid for the propagation is set, in both cases,

from 2.6 Å to 26.5 Å and the propagation step is set to 35
steps per half de Broglie wavelength. The spin-free cal-
culations are performed for the total angular momentum
J ranging, with step size set to 1, from Jmin = 0 up to
Jmax which was determined by the convergence criterion,
namely that the contributions to the elastic and inelastic
cross sections calculated for four consecutive values of J
were smaller than 10−3.

The spin-free S-matrix elements obtained from the
scattering calculations are transformed to the spectro-
scopic representation with the use of Eq. (16), and used
in the evaluation of the generalized spectroscopic cross
sections, Eq. (17). In this work we focus on the pressure
broadening cross section, which is given by the real part

of σ
(1)
0 . Figure 4 presents the dependence of Re(σ

(1)
0 )

on the collisional kinetic energy for several values of the
rotational quantum number Nb of the perturbing molecu-
lar nitrogen. It can be seen that for large relative kinetic
energies the cross sections become state-independent and
approximately the same power-law behaviour is observed
for all rotational states. This may be qualitatively ac-
counted for by noting that the O2–N2 interaction is
mostly isotropic (see Fig. 3), which allows the molecular
collisions to sample the same repulsive short-range part
of the PES for sufficiently large collision kinetic energy.
This observation is made more evident by analyzing the
cross sections’ Nb-dependence presented in Fig. 5. Since
for Nb > 4 there is almost no further dependence of the
pressure broadening cross sections on the rotational state

of the perturber, we assume the values of Re(σ
(1)
0 ) for

Nb > 4 to be the same as for Nb = 4.
In order to compute the ab initio collision integrals

necessary to evaluate the line shape parameters for the

FIG. 5. Dependence of the pressure broadening cross sections
on the perturber’s rotational quantum number Nb. Following
the behaviour in higher kinetic energies, the cross sections for
Nb > 4 were extrapolated with their values at Nb = 4.

perturbed molecular transition, the generalized spectro-
scopic cross section has to be calculated in a wide range
of kinetic energies. Since the O2–N2 system is computa-
tionally expensive as far as the approximation-free close-
coupling simulations are concerned, we were able to per-
form the scattering calculations up to an Ek of approxi-
mately 150 cm−1. In Figure 4, a power-law behaviour is
observed for cross sections above Ek ∼ 60 cm−1, which
allows us to extrapolate them at higher kinetic energies
by using the power-law function

σ
(1)
0 (Ek) = A

(
E0

Ek

)b
, (24)

where E0 = 100 cm−1 is a reference kinetic energy. The
parameters A and b are obtained, for each rotational state
of the perturber, by fitting Eq. (24) to the calculated

values of σ
(1)
0 (Ek) in the range Ecutoff ≤ Ek ≤ Emax,

where Ecutoff is the cutoff energy chosen depending on
the value of Nb, and Emax is the largest kinetic energy
attained in the ab initio calculations.

Table III gives the values of the fitted power-law pa-
rameters together with the corresponding cutoff energies,
and a sample extrapolation is presented in Fig. 6. Due to
the pronounced state-dependence of the low-energy cross
sections observed in Fig. 4, in the line-shape calculations

we use the ab initio values for σ
(1)
0 (Ek ≤ Ecutoff); follow-

ing the cutoff energies, the cross sections are extrapolated
with use of Eq. (24) up to Ek ∼ 4000 cm−1.

V. PRESSURE BROADENING OF THE
N2-PERTURBED 118 GHZ LINE IN O2

The speed-averaged pressure broadening coefficient
γ0 quantifying the half-width of the shape of a given
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TABLE III. The cutoff energies Ecutoff (in cm−1) for the
numerical fit of Eq. (24), and the fitted power-law parame-
ters A and b (the uncertainty of the numerical fit is given in
parentheses).

Nb Ecutoff A b

0 130.00 86.19(5) 0.267(2)

1 110.00 87.08(9) 0.312(8)

2 113.07 86.09(7) 0.240(5)

3 90.11 86.08(4) 0.230(7)

4 60.22 86.2(3) 0.22(1)

FIG. 6. The ab initio (solid lines) and extrapolated (dashed

lines) values of Re(σ
(1)
0 ) obtained by fitting the power law

in Eq. (24). The Maxwell–Boltzmann distribution at 296 K
(gray line) is plotted, in arbitrary units, for reference.

{Nai , ji} → {Naf , jf} molecular resonance is obtained

with use of the broadening cross sections, Eq. (17), as39,93

γ0 =

1

2πc

v̄r
kBT

∑
Nb

pNb Re

∞∫
0

dxxe−xσ
(q)
0 (Naiji, Naf jf ;Nb|x),

(25)

where x = Ek/kBT , kB and T are the Boltzmann
constant and gas temperature, respectively, and v̄r =√

8kBT/πµ is the mean relative speed of the monomers;
the (2π)−1 factor arises when one expresses the spec-
trum in units of frequency, ν, and not angular frequency,
ω, and the 1/c factor converts the frequency units into
wave numbers.93

The statistical weights pNb give the probability of the
perturbing molecule being, at a given temperature T ,

in a rotational state of energy E
(b)
rot characterized by the

quantum number Nb:

pNb =
1

Z(T )
wNb(2Nb + 1)e−E

(b)
rot/kBT , (26)

FIG. 7. Ab initio speed-dependent pressure broadening coeffi-
cient γ(v) (black solid line) for the N2-perturbed 118 GHz fine
structure line of O2 at 296 K and the speed-averaged broad-
ening parameter γ0 (dashed line). For reference, the speed
distribution of the O2 molecule (gray solid line) at 296 K is
presented in arbitrary units.

where

Z(T ) =
∑
Nb

wNb(2Nb + 1)e−E
(b)
rot/kBT (27)

is the partition function and wNb are the weights as-
sociated with the nuclear spin degeneracy of each rota-
tional level – in the present case of perturbations by the
N2 molecule, to its ortho and para species correspond
wNb = 6 and wNb = 3, respectively (see the discussion in
Section IV). In order to cover the 99% of the rotational
population of N2 at room temperature (296 K) we ex-
tended the summation in Eq. (27) up to the rotational
level with Nb = 31.

In a more realistic approach, one includes the depen-
dence of the collisional broadening on the speed v pos-
sessed by the spectroscopically active molecule by replac-
ing Eq. (25) with its speed-dependent counterpart93

γ(v) =

1

2πc

1

kBT

2√
πvpv

∑
Nb

pNb Re

∞∫
0

dvrv
2
r sinh

(
2vvr
v2
p

)

× e
− v

2+v2r
v2p σ

(q)
0 (Naiji, Naf jf ;Nb|vr), (28)

where vp =
√

2kBT/mb is the most probable speed of the
perturber of mass mb and the integration is over the rela-
tive speeds vr of the two molecules. The speed-dependent
broadening coefficient γ(v) at 296 K is plotted in Fig. 7
against the corresponding Maxwell–Boltzmann distribu-
tion, which determines the value of γ0 also shown for
comparison.

In order to determine the effective broadening of the
spectral line, which takes into account the speed depen-
dence of γ, we simulate the line shape with the weighted
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TABLE IV. Available experimental and ab initio values of
pressure broadening coefficients for the 118 GHz line in O2

perturbed by N2. The uncertainties of our results in paren-
theses correspond to the estimated 4% accuracy of the calcu-
lations for γ, and to the uncertainty of the numerical fit of
Eq. (30) for nγ .

Experiment T (K) γ (MHz/Torr) nγ

Pickett et al.19 207 2.83(6) –

281 2.38(5) –

295 2.2(1) –

Golubiatnikov et al.20 297 2.245(20) –

Drouin21 296 2.06(6) 1.00(5)

Makarov et al.15 300 2.255(14) 0.79(5)

Koshelev et al.16 296 2.278(2) 0.781(6)

This work, WSLP 296 2.28(9) 0.7231(1)

This work, γ0 296 2.30(9) 0.7245(6)

sum of Lorentz profiles (WSLP):28

IWSLP (ω − ω′0) =
1

π

∫
d3~vfm(~v)

γ(v)

γ2(v) + (ω − ω′0)2
,

(29)

where fm(~v) is the Maxwell–Boltzmann distribution of
the active molecule’s velocity and ω′0 is the line position
including the eventual speed-dependent shift that we dis-
regard here. We then fit the obtained ab initio points
with the usual Lorentzian profile thus being able to de-
termine the half-width at half-maximum (HWHM) of the
fitted line shape. The speed dependence of γ results in
the effective width of the line being smaller than that
given by the speed-averaged coefficient γ0;39 hence it is
the WSLP simulation that is compared with the experi-
ment.

The speed-averaged and WSLP broadening coefficients
were calculated for several temperatures in the range
200–400 K, and the ab initio points thus obtained were
fitted with the power law

γ(T ) = γ(T0)

(
T0

T

)nγ
, (30)

where T0 is a reference temperature, in our case 296 K,
and nγ is the fitted temperature exponent. A comparison
between the theoretically predicted temperature depen-
dence of the collisional broadening and the experimental
results15,16,19,21 is given in Fig. 8. The mentioned nar-
rowing of the line shape due to the speed dependence of
γ can be observed. The shaded region corresponds to
the uncertainty of our WSLP simulation results, which
we estimate at 4% based on considerations described in
our previous works.31,35,39 Table IV gives the numerical
values of experimental half-widths γ and our ab initio
results.

FIG. 8. Comparison between the ab initio (solid lines) and
experimental temperature dependence of the pressure broad-
ening for the 118 GHz oxygen line perturbed by N2. The
shaded region corresponds to the estimated 4% uncertainty
of the WSLP results. The corresponding references to the
experimental papers are given in Table IV.

VI. CONCLUSION

In this paper, we presented the first calculations of the
O2(3Σ−g )–N2(1Σ+

g ) scattering in the context of fine struc-
ture lines of O2. We computed a new ab initio O2–N2

PES on which fully quantum dynamical calculations were
performed. By changing the representation basis of the
scattering matrix, we calculated the pressure broaden-
ing cross sections for the fine structure 118 GHz tran-
sition in O2 occurring within a single rotational level.
Our treatment of collision dynamics is based fully on
the close-coupling approach, and no further dynamical
approximations were made. We calculated the effective
collisional half-widths of the N2-perturbed 118 GHz fine
structure line of O2 and provided its temperature depen-
dence over the 200–400 K range. We obtained a good
agreement with the available experimental data. This
study is the first step towards the accurate theoretical
study of collisional perturbations of the fine structure
and rotational lines of O2(3Σ−g ) due to molecular species
of atmospheric importance, such as N2. Such investiga-
tions are of great importance for the Earth’s atmosphere
studies and remote sensing, and populating spectroscopic
databases (such as HITRAN or GEISA) with accurate
theoretical values of line-shape parameters. This first
work paves the route for further studies that will include
the couplings between the lines that affect the pure ro-
tational band shape.

SUPPLEMENTARY MATERIAL

See the supplementary material associated with this
article for the tabulated radial terms of the O2–N2 PES
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and the pressure broadening cross sections used in the
line-shape calculations.
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Appendix: Change of basis

One can derive the formula for the change of basis,
Eq. (15), by the successive recoupling of angular mo-
menta used to label the bases of the two representations.
To do so, one first recouples jR and Na to produce J (see
Eq. (11) and Eq. (13)), leading to the spectroscopic-basis
ket13,26

|(Nbl)jR(NaS)j; JTMT 〉 =
∑
J

(−1)jR+Na+S+JT [J, j]
1
2

×

{
jR Na J

JT S j

}
|((Nbl)jRNa)JS; JTMT 〉 .

(A.1)

In order to recover the same labeling as in the scattering
basis vector, Eq. (14), one needs to change the order of
jR and Na in the rightmost ket in Eq. (A.1),

|((Nbl)jRNa)JS; JTMT 〉 =

(−1)jR+Na−J |(Na(Nbl)jR)JS; JTMT 〉 ,
(A.2)

where an additional phase factor is due to the prop-
erty |(j1j2)j12〉 = (−1)j1+j2−j12 |(j2j1)j12〉, which follows
from the symmetry properties of Clebsch-Gordan coeffi-
cients.13,89

Upon recoupling Na and Nb to N (see Eq. (13)) and
making use of Eq. (A.1), one may write

|(Nbl)jR(NaS)j; JTMT 〉 =

(−1)Na+Nb+l+S+JT
∑
J,N

[j, jR, J,N ]
1
2

{
jR Na J

S JT j

}

×

{
Na Nb N

l J jR

}
|((NaNb)Nl)JS; JTMT 〉 ,

(A.3)

thus proving Eq. (15). Note that in the above the phase
term (−1)2jR+2Na is omitted, since jR and Na are both
integers.

Now, recall the definition of the spin-free represen-
tation in Eq. (14). Considering that the interaction is
assumed to be independent of the electronic spin and
that in the Hund’s case (b) the coupling between the ro-
tational angular momentum and spin is weak,23 S acts
as a ”spectator during the collision”.60,61 Consequently,
the S-matrix does not act on the spin eigenstates |SmS〉.
Hence the transformation in Eq. (A.3) and the orthog-
onality of the Clebsch-Gordan coefficients result in the
relationship between the spectroscopic and spin-free rep-
resentations of the S-matrix:

ŜJT(N ′
bl

′)j′R(N ′
aS)j′,(Nbl)jR(NaS)j = (−1)Na+N ′

a+2(S+JT )

×(−1)Nb+N
′
b+l+l

′
[jR, j

′
R, j, j

′]
1
2

∑
J,N,N ′

[J ][N,N ′]
1
2

×

{
Na Nb N

l J jR

}{
N ′a N ′b N ′

l′ J j′R

}{
jR Na J

S JT j

}

×

{
j′R N ′a J

S JT j′

}
ŜJ(N ′

aN
′
b)N

′l′,(NaNb)Nl
.

(A.4)

Observe that, for the case of O2(3Σ−g ), Na and N ′a are

odd – therefore the phase (−1)Na+N ′
a = +1, and hence

may be omitted. Furthermore, since the total spin-free
angular momentum J is an integer, adding a (−1)2J fac-
tor under the summation does not change anything, and
we obtain in this way the effective phase (−1)2(S+JT+J).
Now, the sum S+ JT + J is an integer because the three
quantum numbers are connected by the 6j symbol;13

therefore (−1)2(S+JT+J) = +1 may be omitted and we
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obtain the simplified expression

ŜJT(N ′
bl

′)j′R(N ′
aS)j′,(Nbl)jR(NaS)j = (−1)Nb+N

′
b+l+l

′

×[jR, j
′
R, j, j

′]
1
2

∑
J,N,N ′

[J ][N,N ′]
1
2

{
Na Nb N

l J jR

}

×

{
N ′a N ′b N ′

l′ J j′R

}{
jR Na J

S JT j

}{
j′R N ′a J

S JT j′

}
×ŜJ(N ′

aN
′
b)N

′l′,(NaNb)Nl
, (A.5)

which proves Eq. (16).
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delain, H. S. P. Müuller, O. V. Naumenko, A. Perrin, O. L.
Polyansky, E. Raddaoui, P. L. Raston, Z. D. Reed, M. Rey,
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