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From Euclidean triangles to the hyperbolic
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Ismail Saglam ∗

Adana Alparslan Turkes Science and Technology University,
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Université de Strasbourg

Abstract

We introduce a model of the hyperbolic plane which arises from

Thurston’s ideas on best Lipschitz maps between surfaces. More pre-

cisely, we apply Thurston’s theory to the space of Euclidean triangles.

We prove that the Lipschitz constant of the unique affine map be-

tween two Euclidean triangles induces a metric on the set of isometry

classes of the triangles with area 1

2
. We then prove that this space of

triangles together with 2 times its natural metric is isometric to the

hyperbolic plane. Our construction is simple and natural and it makes

relations between several geometrical ideas. This paper will appear in

the journal Expositiones Mathematicae.
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1 Introduction

Our aim in this paper is to introduce a model for the hyperbolic plane arising
from Thurston’s ideas on best Lipschitz maps between hyperbolic surfaces,
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which he developed in his preprint [2], and which we adapt to a Euclidean
setting. Let us first recall some basic facts from Thurston’s theory.

Let S and S ′ be two hyperbolic surfaces and φ : S → S ′ be a homeomor-
phism. Thurston defines

L(φ) = sup
x 6=y

{dS′(φ(x), φ(y))

dS(x, y)
}.

Thurston is interested in the following question: What is the least value of
L(φ) for a homeomorphism φ′ in the homotopy class of φ? This question
naturally gives rise to a metric on Teichmüller space of a given surface as
follows. Let M2 be a surface of finite type. If g and h are two complete
hyperbolic structures on M2 representing two elements in the Teichmüller
space of M2, Thurston defines

L(g, h) = inf
φ≡id

(log(L(φ))).

where in computing L(φ), the metric g is used before φ and the metric h is
used after φ. Note that φ ≡ id means that φ is homotopic to the identity map
of M2. Thurston showed that this definition equips the Teichmüller space of
the surface with an asymmetric metric. We recall that an asymmetric metric
on a set X is a function η : X × X → R which satisfies all the axioms of a
metric except the symmetry axiom.

We now introduce the main result of the present paper. Consider two
triangles in the Euclidean plane. Label their vertices with the set {1, 2, 3}
so that the labeling induces a counter-clockwise orientation on the boundary
of each triangle. There is a unique label-preserving affine map which sends
one of the triangles to the other one. We calculate the Lipschitz constant of
this affine map and we show that this Lipschitz constant induces a metric
on the set of equivalence classes of labeled triangles with area 1

2
, where two

triangles are equivalent if there is a label preserving isometry between them.

2 The Lipschitz constant of a linear map

Let (X1, d1) and (X2, d2) be two metric spaces and f be a map between them.
We define the Lipschitz constant of the map f to be

L(f) = sup
x,y∈X1,x 6=y

{d2(f(x), f(y))
d1(x, y)

}.
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Consider the Euclidean metric on R2 and let f : R2 → R2 be a linear
map. If we identify R2 with C, then f can be written as

f(z) = αz + βz̄,

where α, β ∈ C. In that case, it is known that

L(f) = |α|+ |β|
(see [1]).

3 Space of triangles

A labeled triangle is a triangle in the Euclidean plane whose vertices are
labeled with the set {1, 2, 3} so that the labeling induces a counter-clockwise
orientation on the boundary of the triangle. Denote the set of isometry classes
of the labeled triangles having area 1

2
by T. The isometries considered are

assumed to be label preserving. Consider the upper half-plane

H = {z = x+ ıy ∈ C : x, y ∈ R, y > 0}.
T can be identified with H as follows. Each element in T has a unique

representative triangle T so that

1. the vertex of T with label 1 is at the origin,

2. the vertex of T with label 2 is on the set of positive numbers,

3. the vertex of T with label 3 is on H.

This implies that T is a triangle with the vertex set {0, 1

y
, x + ıy}, where

x, y ∈ R and y > 0. Conversely, if x+ ıy ∈ H, then the triangle with vertices
{0, 1

y
, x+ ıy} gives an element in T.

4 Calculation of the Lipschitz constant of the

linear map between two triangles

Let x1 + ıy1 and x2 + ıy2 be two elements in H. Consider the two triangles
that these two elements represent. There is a unique label-preserving linear
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map φ which sends the vertices of the first triangle to the vertices of the
second one. It is obtained by setting

1. φ(0) = 0,

2. φ( 1

y1
) = 1

y2
,

3. φ(x1 + ıy1) = x2 + ıy2.

With respect to the standard basis of R2, φ has the following matrix repre-
sentation:

(

a b

c d

)

=

( y1
y2

x2

y1
− x1

y2

0 y2
y1

)

In complex notation, φ(z) = αz + βz̄, where

α =
a+ ıc− (b+ ıd)ı

2
,

β =
a+ ıc + (b+ ıd)ı

2
Therefore we have

α =

y1
y2

+ y2
y1

− ı(x2

y1
− x1

y2
)

2

β =

y1
y2

− y2
y1

+ ı(x2

y1
− x1

y2
)

2
It follows that

L(φ) =
1

2

√

(
y1

y2
+

y2

y1
)2 + (

x2

y1
− x1

y2
)2 +

1

2

√

(
y1

y2
− y2

y1
)2 + (

x2

y1
− x1

y2
)2

=

√

(x1y1 − x2y2)2 + (y2
1
+ y2

2
)2 +

√

(x1y1 − x2y2)2 + (y2
1
− y2

2
)2

2y1y2
We now define a function d on H×H by:

d(x1 + ıy1, x2 + ıy2) = logL(φ)

= log

(

√

(x1y1 − x2y2)2 + (y2
1
+ y2

2
)2 +

√

(x1y1 − x2y2)2 + (y2
1
− y2

2
)2

2y1y2

)
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5 Relation with the hyperbolic plane

Let w1 = u1 + ıv1, w2 = u2 + ıv2 ∈ H. It is well-known that the hyperbolic
metric on H is given by the following formula:

dH(w1, w2) = 2 log

(

√

(u2 − u1)2 + (v2 − v1)2 +
√

(u2 − u1)2 + (v2 + v1)2

2
√
v1v2

)

Theorem 1. The function d gives a metric on H. The metric spaces (H, 2d)
and (H, dH) are isometric.

Proof. To prove both statements of the theorem, it is enough to show that
the map A : H → H given by

A(x+ ıy) = xy + ıy2

has the property

dH(A(ζ1),A(z2)) = d(ζ1, ζ2),

for all ζ1, ζ2 ∈ H.
If ζ1 = x1 + ıy1 and ζ2 = x2 + ıy2, then A(ζ1) = w1 = x1y1 + ıy2

1
and

A(ζ2) = x2y2 + ıy2
2
. Then,

dH(A(ζ1),A(ζ2))

= 2 log

(

√

(x2y2 − x1y1)2 + (y2
2
− y2

1
) +

√

(x2y2 − x1y1)2 + (y2
1
+ y2

2
)

2
√

y2
1
y2
2

)

= 2d(ζ1, ζ2).
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