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Shocks in supersonic flows offer both high-density and sharp density gradients that are used, for instance, for
gradient injection in laser-plasma accelerators. We report on a parametric study of oblique shocks created by
inserting a straight axisymmetric section at the end of a supersonic “de Laval” nozzle. The effect of different
parameters such as throat diameter and straight section length on the shock position and density is studied
through computational fluid dynamics (CFD) simulations. Experimental characterisations of a shocked nozzle
are compared to CFD simulations and found to be in good agreement. We then introduce a newly designed
asymmetric shocked gas jet, where the straight section is only present on one lateral side of the nozzle, thus
providing a gas profile well adapted for density transition injection. In this case, full-3D fluid simulations and
experimental measurements are compared and show excellent agreement.

I. INTRODUCTION

The development of laser-plasma accelerators1,2 (LPA)
requires efforts, not only on the laser-driver part of the
system, but also on the shaping of the plasma target.
It is indeed necessary to tailor the plasma profile in or-
der to gain more control on injection and acceleration
mechanisms and obtain high quality particle beams suit-
able for applications such as for femtosecond x-ray beams
production3–5, particle colliders6, electron diffraction7,8

or medical applications9,10

In electron acceleration, the gradient injection scheme
relying on a sharp downward density transition11–14 has
been used in numerous experiments and has proven very
efficient to increase beam quality and stability. It has
been mainly implemented through laser-induced density
transition15,16 and by inserting a thin blade in the out-
flow of a supersonic gas jet17–19 which results in the for-
mation of a shock-front in the gas profile. Two different
regimes can be distinguished according to the relative
size between the gradient scale length and the plasma
wavelength λp. If Lgrad > λp the injection is due to
the reduced wake phase velocity in the density transi-
tion region, which facilitates trapping11. In the case of a
sharp transition, Lgrad < λp, the plasma wavelength in-
creases abruptly because of the sudden change in plasma
density, and some background electrons find themselves
trapped in the accelerating phase of the wake12,13. The
sharp gradient configuration favours injection in the first
bucket which yields shorter electron bunches with narrow
energy-spread.

Moreover, gas targets are also relevant for ion accelera-
tion experiments in the collisionless shock acceleration20
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regime and magnetic vortex acceleration21 regime which
occur in a near-critical plasma. At such high density, the
laser beam undergoes a strong absorption and is quickly
depleted22, therefore these acceleration schemes require
a narrow plasma profile with sharp gradients.

Shocks in supersonic flows have several advantages
making them useful tools to tailor the gas profile in laser-
plasma experiments : (i) they can provide high densi-
ties with sharp profiles needed in ion acceleration exper-
iments, (ii) this high density can be obtained relatively
far from the nozzle which is especially interesting to re-
duce damage on the target and increase its durability,
(iii) they enable the production of gas profiles with a
downward density transition followed by a plateau, of
particular interest for the gradient injection scheme.

As mentioned earlier, most of the experiments relying
on the gradient injection method use a blade inserted in
the flow after the nozzle. The physics of supersonic gas
jets impinged by a blade has been recently thoroughly
described23 and such design works well with millimetric-
scale targets used in experiments with high-power lasers
where the Rayleigh length is relatively long, and thus
where distance and positioning constraints are not too
stringent. But in high-repetition rate laser-plasma accel-
erators with an energy of only a few millijoules per pulse,
it is necessary to focus the laser tightly in order to achieve
relativistic intensities. The targets are therefore scaled
down to micrometric dimensions, and the laser is focused
at around 150 µm from the nozzle. With such small di-
mensions, inserting a knife-edge in the flow with good
precision can prove difficult. Moreover, as LPA technol-
ogy advances, questions of stability and reproducibility
gain importance in the perspective of applications, and
integrating the shock formation in the design of the noz-
zle would offer a more compact, robust and simple solu-
tion than the blade technique.

In this paper, we study supersonic shock-nozzles of
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micrometric-dimensions, relying on the formation of
oblique shocks due to the sudden change of flow direc-
tion in the final section of the nozzle, with fluid sim-
ulations and experimental measurements. A symmetri-
cally shocked design yielding a high on-axis density, with
peaked profile24, is thoroughly studied through simula-
tions, which are validated by an experimental measure-
ment. We then propose a newly designed asymmetrically
shocked nozzle intended to provide the density downramp
followed by a plateau, necessary to gradient injection.
This design is validated through 3D CFD simulations
and experimental measurements. We recently showed
that this kind of nozzle greatly enhances the long-term
stability of a kilohertz laser-plasma accelerators.25

This paper is organised as follow: in Sec. II, we re-
view some physical principles relevant to the study of
supersonic flows and oblique shocks, a simple geomet-
rical model for the on-axis shock position is proposed.
Section III presents the methods used for numerical sim-
ulations and experimental measurements. Section IV is
devoted to the study of symmetrically shocked jets, with
first a comparison between simulation and measurement,
and then a study of the influence of different parameters
with simulations. In Sec. V we present the design of
the one-sided shock nozzle, with CFD simulation and an
experimental measurement. Finally, Sec. VI summarizes
the results and concludes this paper.

II. THEORY

A. 1D Isentropic flow

The design of the gas jet used to produce an oblique
shock consists in a converging-diverging “de Laval” noz-
zle in which a straight duct has been added at the exit
of the gas jet to abruptly change the direction of the
flow. The converging section is attached to a constant
pressure reservoir, and the nozzle exhaust leads in a vac-
uum chamber. This geometry results in a Mach number
M = 1 at the throat, and supersonic flow in the diverging
section of the nozzle. The evolution of the flow in such
a nozzle has been thoroughly described with a 1D isen-
tropic model26, and the physics of supersonic nozzles in
a context similar to ours has already been studied27,28,
therefore, we will limit ourselves to recalling the main
results of the isentropic expansion model. The flow pa-
rameters, namely the temperature T , the pressure p and
the density ρ, can be expressed according to the Mach
number M and their initial value in the reservoir26. The
coefficient γ is the specific heat ratio of the gas, which is
5/3 for monoatomic gases and 7/5 for diatomic gases. At

is the cross-section area of the nozzle at the throat, and
A the area at the interest point.
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It appears that all the physical quantities are determined
by the ratio between the area of the nozzle at the throat
and the area at the considered point. Equation 1 will
be of particular interest for our study as it allows us to
determine the Mach number which is one of the govern-
ing factor of the behavior of oblique shocks. Moreover,
equation 4 shows that the density decreases as the nozzle
section (and therefore the Mach number) increases. In
a simple supersonic nozzle, the same behavior happens
at the exit, when the flow expands freely into vacuum,
leading to a density which decreases quickly with the
distance z, and a degraded profile. The use of oblique
shocks, as described in the next section, makes it possi-
ble to compensate for this expansion in order to obtain
high densities further from the nozzle.

It is important to note that this model does not take
into account the effects of the boundary layer, i.e the
region near the wall where the flow velocity transitions
from 0% to 90% of the center velocity and where the
isentropic assumption is not valid.

B. Oblique shock theory and geometric model of on-axis
peak density position

A shock in a supersonic flow is characterized by a sud-
den reduction of the Mach number at a certain position,
leading to the compression of the gas in the shocked re-
gion. This compression leads to higher density which
is of interest for gas target design. When a supersonic
flow changes direction abruptly, such as when encoun-
tering a wedge with a moderate (we will see later what
is moderate in this case) deflection angle θ, it generates
an oblique shock-wave originating from the corner of the
wedge and at an angle β to the original flow direction.
We propose to study the configuration sketched in Fig.
1a where a straight duct added at the end of the diverg-
ing section of a “de Laval” nozzle induces a shock-front of
angle β − θ with the longitudinal axis. The shock-fronts
then converge on-axis at a distance zm from the nozzle
exit determined by the shock angle and the length of the
straight duct. This configuration yields peaked gas pro-
file with high density relatively far from the nozzle. The
relation between the shock angle β, the deflection angle
θ and the Mach number before the shock M1 is given by
equation 526,29 :
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FIG. 1. a) Schematic description of an oblique shock for-
mation in a shock nozzle b) Shock angle as a function of the
deflection angle for different Mach numbers. The dashed blue
line represents the angle of 10◦ used later in the design of our
jets.

tan θ = 2 cotβ
M2

1 sin2 β − 1

M2
1 (γ + cos 2β) + 2)

(5)

Equation 5 does not allow to explicitly express β accord-
ing to θ and M1, but we can determine it graphically.
The solution of β − θ according to θ for different Mach
numbers is displayed in Fig. 1b. For each deflection angle
there are two solutions, one with a low shock angle, cor-
responding to the weak shock solution leading to a still
supersonic Mach number after the shock M2 > 1, and one
with a higher shock angle, corresponding to the strong
shock case, with a subsonic downstream flow. Even if
no clear mathematical criterion is known, in practice,
the weak shock case is almost always observed in exper-
iments, as the strong shock requires a higher pressure
downstream30 obtained only in specific conditions. In our
case where a supersonic flow expands into near-vacuum,
the weak shock will therefore occur. Equation 5 does not
have any solution for deflection angles θ > θmax depend-
ing on the Mach number, in this case the shock solution
is not an oblique shock but a detached bow-shock26.

It is then possible to determine geometrically the on-
axis position of the shock, thanks to the angle β − θ :

zm =
φe/2

tan (β − θ)
− L (6)

Where L is the length of the straight section at the end
of the diverging section, and φe is the exit diameter of
the nozzle (see Fig. 1a). Even though the oblique shock
originates from the corner of the wedge, the on-axis shock
position zm is given with respect to the exit of the nozzle,

(hence the subtraction of L) because this is the relevant
quantity from an experimental point of view.

In order to have a shock position far from the nozzle
and preserve its integrity, the shock angle should be kept
small. As is clear from 1b, this can be obtained through
a sufficiently high Mach number (> 3) at the end of the
diverging section (determined by Ae/At). Although very
useful to determine the above principles, this geometrical
model does not give indications on the density obtained,
nor on the effect of the length of the straight section. Nu-
merical simulations are therefore needed to understand
these characteristics.

III. METHODS

The simulations are carried out with the CFD software
ANSYS Fluent which solves the Navier-Stokes equations.
The k-ω shear stress transport (k-ω SST) turbulence
model31,32 is used. It is a robust and efficient model
which uses the k-ω formulation near the boundary layers,
and switches to the k-ε formulation in the free-stream.
Simulations are performed using nitrogen N2. Both 2D-
axisymmetric and 3D geometry are used depending on
the symmetries of the design. The mesh is refined around
regions of interest, and is composed of ∼ 105 cells in the
2D cases and ∼ 5 × 106 cells for the 3D simulations.
A convergence study has been performed to ensure that
further refining of the mesh does not significantly change
the solution. Full-multigrid initialization is used to ob-
tain an initial guess of the solution thus allowing faster
convergence.

For the experimental characterization of the den-
sity profile from symmetric and asymmetric noz-
zles, we use a commercial quadriwave lateral shearing
interferometer33,34 (QWLSI). Here, the gas jet is illu-
minated by a femtosecond probe laser pulse, and im-
aged onto the CCD camera of the QWLSI using an
imaging telescope that consists of a collecting aspheri-
cal lens (f’=35mm) and a lens of focal length f’=300mm
(f’=600mm) for the symmetric (asymmetric) nozzle case.
This imaging system results in resolutions on the QWLSI
of 3.2 µm for the symmetric nozzles and 1.9 µm for the
asymmetric nozzles respectively.

The interferometer is based on a Hartmann test com-
bined with a chessboard phase map and works in the
following way: the chessboard phase map is inserted in
front of the CCD camera and acts as a 2D-diffraction
grating that divides the beam into four different waves
with different directions of propagation, resulting in a
2D interference pattern. The phase gradients are then
retrieved via Fourier analysis and the phase map is de-
duced from the integration of these gradients. This inter-
ferometer provides a 2D phase map of a 3D object (the
gas jet) since the probe laser beam integrates the phase
as it propagates through the jet. By assuming cylindrical
symmetry of the object, the 3D density distribution can
be retrieved using an Abel inversion algorithm.
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FIG. 2. a) Simulated and b) experimental nitrogen molecular density map of a symmetric shock nozzle with a backing pressure
Pback = 50 bar c) Comparison of the simulated (dashed) and measured (solid) density profiles at z = zm

Cylindrical symmetry along the z-axis is verified for
symmetric jets and Abel inversion is used to obtain the
molecular gas profile. In this case, the gas jet charac-
terization is performed using molecular nitrogen N2,
because this is the primary gas used in our experiments,
and its high refractive index provides a sizeable phase
shift so that the signal level is high enough for the
measurement. The measurement of symmetric nozzles
therefore gives access to the complete 3D molecular
density distribution nN2

(r, z).

This method cannot be applied to non-axisymmetric
jets because the symmetry along z is broken. Instead,
the measurement is performed by ionizing the gas with
an intense laser pulse: the created plasma column is now
approximately axi-symmetric along the laser beam prop-
agation axis and Abel inversion can be used again. Prac-
tically, a laser pulse is sent into the gas jet at the desired
probing height z0: the 25 fs, 2 mJ pulses are focused to
a 6µm FWHM spot, therefore reaching an intensity of
∼ 1.3 × 1017 W cm−2 which is one order of magnitude
higher than the intensity necessary to ionize nitrogen into
N5+. The electron plasma density profile ne(r, z0) can
then be obtained from the phase map via Abel inversion,
assuming radial symmetry around the laser-axis. This
is possible under the assumption that the gas density
slowly varies over the plasma column radial dimension.
Still, the angle between the oblique shock and the normal
to the laser propagation axis induces a slight asymmetry
in the plasma channel that we neglect. Note that this
method gives the density profile for a given height z0
and needs to be repeated by focusing the intense laser at
a different height for exploring the density distribution at
different z. Finally, when measuring the plasma profile,
the presence of non-ionized gas also affects the measure-
ment of the phase map. We remove the contribution of
this residual gas by taking a background phase map with-
out plasma (i.e. the intense laser is turned off) but with
gas jet on. This phase image is then subtracted to the
plasma phase map in order to remove the contribution
from the gas.

IV. SYMMETRIC SHOCKED JETS

When a straight section is added at the end of a “de
Laval” nozzle, as pictured in Fig. 1a, oblique shocks arise
from the whole outer diameter of the jet, and converge
to a point on the axis, resulting in a very dense and
narrow gas profile. The study of symmetric shock-jets
can be performed in 2D-axisymmetric geometry. This
understanding can then be used in the context of the
asymmetric shock-jet of section V, which require full-3D
simulations.

A. Comparison between measurement and simulation

In order to validate our CFD simulations, we have
performed measurements of the gas density profile of
a symmetric shock-jet. Figure 2 shows the results of
the measurement performed on a jet with φt = 60µm,
φe = 180µm, and a 10◦ diverging section, with a straight
duct length L = 100 µm, and the comparison with the
simulated profile. The isentropic model predicts a Mach
number of 3.8 at the end of the diverging section, which
would result in a 13◦ β − θ shock angle. The geometric
model of section II B predicts an on-axis shock position
at zm,th = 289µm.

The measurement indeed shows the convergence of
shock structures on the jet axis, yielding a substantially
high density and peaked profile. The simulation predic-
tion of the position of the shock is zm,s = 176 µm while
the measured position is zm,m = 166 µm, which shows
a fairly good agreement. These values are significantly
lower than predicted by the geometrical model, indicat-
ing that the boundary layer plays an important role in the
physics of micrometric jets. In the simulation, the cen-
ter Mach number at the end of the diverging section is
3.6, and the flow velocity decreases near the walls. The
simulated and measured gas density transverse profiles
at the on-axis shock position are showed on Fig. 2.c.
Both profiles have similar widths, but in the experimen-
tal case, the peak density is significantly lower. This
could be due to an insufficient resolution (phase resolu-
tion is 3.2 µm) combined with the high on-axis noise of
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the Abel inversion used to retrieve the density from the
measured phase. Still, the good overall agreement be-
tween measurement and simulation validates the use of
CFD simulations for the design and study of shocked gas
jets.

B. Parametric study

We numerically study the influence of two parameters,
the length of the final straight duct L, and the diameter
of the throat φt, on the position zmax where the shock
structures meet on the axis thus forming a peaked density
profile, and on the density nmax at this position. The exit
diameter is fixed at 300 µm, the angle of the diverging
section is fixed at 10◦, the origin of the z axis is the exit
of the nozzle

A numerical study of the effect of the straight duct
length, in Fig. 3 is of particular interest, as no infor-
mation on the matter is given by the theoretical model.
In Fig. 3, it appears that for L< 100 µm an increase in
the length of the straight section leads to the shock be-
ing formed closer to the nozzle, with a slope of -2.5. For
higher values of L, a further increase of the straight duct
length has almost no significant effect on the position
of the shock other than the nozzle’s exit being brought
closer to it due to the length increase. On the other hand,
the maximum density increases with L, until it saturates
at L=150 µm. These results show that a compromise on
the final duct length has to be made to obtain high den-
sity sufficiently far away from the nozzle to prevent from
damaging. In our configuration, values of L larger than
150 µm do not provide any benefit.

The influence of L on the shock can be explained by
the fact that in the nozzle, the flow direction is not ho-
mogeneous. On the center of the nozzle, the gas flows
parallel to the axis, while near the walls the flow lines
have a 10◦ angle corresponding to the expansion angle of
the nozzle. In the case where L is very short, only the
outer flow lines will contribute to the shock, because the
inner ones will not “see” the change in direction. And
if L is increased, more flow lines will coalesce into the
shock front, which will therefore be stronger. Moreover,
the effective deflection angle for these supplementary flow
lines is smaller, which results in a larger shock angle (see
Fig. 1) which could explain the decrease of zm with L
observed in Fig. 3.

Figure 4 shows the numerical evolution of those two
same quantities, shock position and maximum density,
as well as the prediction of the geometric model of sec-
tion II B for the shock position, as a function of the throat
diameter, with the same geometry as before and a fixed
value of L = 100 µm. Reducing the throat diameter while
keeping the same exit diameter leads to an increase of the
Mach number, as can be deduced from Eq. 1, which can
be interesting in order to increase the distance of the den-
sity peak zm. It appears that the simple geometric model
correctly predicts the tendency, despite an offset, of an
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increase in the shock position when the throat diameter
φt decreases, for diameters larger than 60 µm. For smaller
φt the flow is governed by boundary layers, which are not
considered in the simple model, and the shock position
saturates around zmax = 500 µm and even decreases for
the smallest diameter considered. Moreover, the offset
of the geometric model compared to the simulations for
the higher φt values can be explained again by the ef-
fect of the boundary layer, which induces a lower Mach
number than calculated with the 1D-isentropic model in
the region near the walls, therefore increasing the shock
angle.

The maximum density increases with the throat diam-
eter, but this process is largely governed by the evident
rise of mass flow rate at the throat due to the larger cross
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section.
This parametric study shows that by modifying the

length of the straight section and the throat diameter, it
is possible to control the peak density and its distance
from the nozzle. But both nozzle’s features have oppo-
site impact on the flow characteristics, therefore a com-
promise corresponding to the experimental requirement
has to be found. With a backing pressure Pback = 50 bar,
nitrogen density up to 2.8 × 1020 cm−3 at zm = 310µm is
predicted with this design, which corresponds to a plasma
density ne = 2.8 × 1021 cm−3 = 1.6nc at λ0 = 800 nm af-
ter ionization of N2 into N5+. Symmetric shock nozzles
therefore make it possible to reach near-critical to over-
critical densities without the need to use a high-pressure
compressor. Moreover, with a 150 bar backing pressure,
which can be obtained directly at the exhaust of commer-
cial gas bottles, a density even three times higher would
be achievable.

V. ONE-SIDED SHOCKED JETS

In this section, we present a design using an oblique
shock only on one side of the nozzle, with an opening an-
gle of 96◦ (see Fig. 5a) in order to tailor the gas profile
for injection in the sharp density downward transition in-
duced by the shock structure. This design is asymmetric,
and therefore 2D-axisymetric simulations can no longer
be used. It is necessary to perform more extensive full-3D
CFD simulations.

The manufacture of such small nozzles with asym-
metric features has been made possible by the use of
the femtosecond laser-assisted selective etching (FLSE)
technique35,36. Figure 5b shows the simulated density
map obtained by using nitrogen with a backing pres-
sure of 15 bar. The straight section here shown on the
left side was designed to generate an additional shock
propagating at an angle with respect to the jet axis. In
the simulation, the shock angle is β − θ ∼ 14◦ which is
in good agreement with the theory presented in Sec. II
that predicts an angle of 13◦. The slight difference can
be explained by the effects of boundary layers that are
not taken into account by the 1D-isentropic model. A
shadowgraphic image of the plasma above the one-sided
shock jet is displayed in Fig. 5c and the phase map mea-
sured with the QWLSI is showed in Fig. 5d. Figure
6 compares the density profile obtained in the simula-
tions with the one retrieved from the measured phase
map in a nitrogen plasma. Fluid simulations give us the
N2 molecular density, from which we retrieve the corre-
sponding plasma density by assuming ionization up to
N5+. The simulation shows a very good agreement with
the measured profile as well as with the absolute density
value. At z = 150µm the measured length of the density
downward transition is 16 µm (18 µm in the simulation)
for a density drop of 26% (21% in the simulation). At
z = 200 µm the measured length of the density down-
ward transition is 26µm (27 µm in the simulation) for

a density drop of 31% (24% in the simulation). This
typical shock length corresponds to only a few plasma
wavelengths in our high density regime (λp ∼ 3 µm at
ne = 1.4 × 1020 cm−3) which is well suited to density
gradient injection. It also appears that after x = 75 µm
there is a decrease in the measured density that is not
predicted by the simulation. It has been verified that
this is not due to a decrease in intensity by scanning the
relative position of the jet with respect to the laser fo-
cus. This could be explained by different factors such as
defects in the inside geometry of the nozzle or a slight
angle between the laser direction and the normal to the
shock structure.

VI. CONCLUSION

We have presented a CFD-parametric study of the ef-
fect of different parameters on the behaviour of oblique
shock created by a straight section at the end of a super-
sonic nozzle. Through the modification of the straight
duct length and throat diameter, it is possible to control
the position and maximum density of the shocked region.
We then presented a new design of shocked gas jet, with
an oblique shock on only one side, therefore providing a
downward density gradient at the beginning of a trans-
verse path in the flow, that can be used for the gradient
injection scheme. The knowledge about the behaviour
of oblique shock obtained through the 2D-axisymetric
simulations of Sec. IV can be applied to the one-sided
shock case, and provides us with the general laws to mod-
ify the characteristics of the density gradient. This new
asymmetric design is particularly well suited to small tar-
gets, where inserting a knife-edge in the flow can be diffi-
cult. Because it provides a single-piece solution for shock-
formation, its robustness and ease-of-implementation can
benefit a large number of configurations in laser-plasma
experiments. Moreover, the FLSE technique has demon-
strated its ability to provide complex asymmetric nozzles
with micrometric features and good precision. It could
therefore be used to tailor other sophisticated profiles for
laser wakefield acceleration, such as controlled density
upramp in order to achieve phase locking37–39.
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FIG. 5. a) 3D-model of a one-sided shock nozzle, with a zoom on a top-view picture of the nozzle taken with an optical
microscope. b) Slice of the nitrogen density map from 3D CFD Fluent simulation, with a backing pressure of 15 bar. c)
Experimental shadowgraphic image of the plasma. The black dotted line suggests the inner walls of the nozzle, the white
dotted lines highlight the shock front. d) Normalized phase map of the plasma channel obtained by quadriwave lateral shearing
interferometry at z = 150 µm from the nozzle’s exit.

FIG. 6. Comparison of measured and simulated plasma
profile obtained with a one-sided shock nozzle using nitrogen
with a backing pressure of 15 bar at a distance of 150 µm
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