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Introduction

Complex arithmetic and algebra (e.g. [1,2]), developed mainly by the Italian mathematician Rafael Bombelli (1526-1572), involves the imaginary number i = √ -1, therefore allowing a respective space that has more structure than the real counterpart.

The signed multiset intersection operation has been suggested in the context of multisets generalized to real, possibly negative values [START_REF] Da | Further generalizations of the Jaccard index[END_REF][START_REF] Da | Multisets[END_REF][START_REF] Da | Analogies between boolean algebra, set theory and function spaces[END_REF]. Generalized mutiset operations have provide an effective means for extending the Jaccard and other similarity indices to real values and functions [START_REF] Da | Further generalizations of the Jaccard index[END_REF][START_REF] Da | Multisets[END_REF][START_REF] Da | On similarity[END_REF]. Several interesting related results have been obtained, including the real-valued Jaccard and coincidence indices, which have been shown to provide enhanced properties in pattern recognition [START_REF] Da | Comparing cross correlationbased similarities[END_REF], complex networks [START_REF] Da | Coincidence complex networks[END_REF], and hierarchical clustering [START_REF] Da | Real-valued jaccard and coincidence based hierarchical clustering[END_REF].

In this work, we propose a complex correlate of the realvalued multiset interesection and illustrates its effect, as well as of the real-valued Jaccard similarity index, on the calculation of a respective counterparts of the Mandelbrot set (e.g. [START_REF] Mandelbrot | The Fractal Geometry of Nature[END_REF][START_REF] Peitgen | Chaos and Fractals: New Frontiers of Science[END_REF]). In addition, we also propose to take into account linear combinations of the classic and mulstiset products, giving rise to hybrid fractal structures.

Generalized Multiset Operations

Given any two real values x and y, their product can be expressed as xy, while their respective signed multiset interesection (see also [START_REF] Akbas | L1 norm based multiplicationfree cosine similiarity measures for big data analysis[END_REF], in the context of L1 norm) is given as:

x y = s xy min {s x x, s y y} (1) 
with:

s x = sign(x) (2) 
s y = sign(y) (3) 
s xy = s x s y (4) 
In the case of two complex numbers:

z = x + iy (5) 
w = r + is (6) 
their traditional complex product corresponds to:

z w = xr -ys + i [xs + ry] (7) 
The complex generalized multiset intersection can be obtained by replacing each real product in the equation above by the signed intersection in Equation 7, yielding : z • w = s xr min(s x x, s r r) -s ys min(s y y, s s s) +i [s xs min(s x x, s s s)) + s ry min(s r r, s y y)] (8)

The traditional magnitude (or modulus) of a complex number z is as follows:

|z| = √ xx * (9)
were z * is the complex conjugate of z.

The signed intersection magnitude of a complex number z can be expressed as:

|z| c = √ x • x * (10) 
It is also possible to define other types of alternative products, such as that based on the real-valued Jaccard coefficient [START_REF] Da | Further generalizations of the Jaccard index[END_REF][START_REF] Da | On similarity[END_REF]: 

J R (z, w) =
Observe that it becomes necessary to avoid the divisions by zero.

Another interesting approach is to consider a linear combination of the standard and signed intersection or real-valued Jaccard coefficient, yielding a hybrid product p(z, w). In the former case, we have:

p(z, w) = [β] z w + [1 -α] x • w (12)
and in the latter case:

p(z, w) = [β] z w + [1 -α] J R (z, w) (13) 
3 Generalized

Multiset-Based Mandelbrot Set

The classic Mandelbrot set [START_REF] Mandelbrot | The Fractal Geometry of Nature[END_REF] generation involves an iterated product, with the modulus convergence defining the respective intensity or color of the respectively obtained image. The generalized multiset correlate of the Mandelbrot set, shown in Figure 1 with respect to several values of β, was obtained by employing the complex generalized multiset intersection and respective absolute value instead of the traditional complex product and modulus.

While the overall bilateral symmetry is maintained with respect to the classic Mandelbrot set, the obtained variant presents much sharper detailed structure that resembles a starshine or comet profile.

It is also possible to obtain many other modifications of the Mandelbrot set by considering other multiset-based (e.g. [START_REF] Hein | Discrete Mathematics[END_REF][START_REF] Knuth | The Art of Computing[END_REF][START_REF] Blizard | Multiset theory[END_REF][START_REF] Blizard | The development of multiset theory[END_REF][START_REF] Mahalakshmi | Properties of multisets[END_REF][START_REF] Singh | Complementation in multiset theory[END_REF]) similarity products such as the real-valued Jaccard (e.g. [START_REF] Jaccard | Étude comparative de la distribution florale dans une portion des alpes et des jura[END_REF][START_REF]Jaccard index[END_REF][START_REF] Da | Further generalizations of the Jaccard index[END_REF]) in Equation 11. The respectively obtained set is shown in Figure 2 4 Concluding Remarks

In this brief work, we described the complex correlate of the real-valued multiset intersection, as well as the directly related real-valued Jaccard coefficient, and then applied it to obtain a variation of the classic Mandelbrot set. Though maintaining the original bilateral symmetry, the new structure is characterized by much sharper rays projecting from the main body. In particular, the linear combination between the classic and multiset complex products allowed hybrid structures to be obtained.

The concepts and results presented in this work paves the way to several related further developments. As far as the proposal of the complex correlate of the generalized multiset interesection is concerned, it would be interesting to re-assess several concepts, methods, and applications that employ the classic complex product in the light of this alternative possibility. One particularly interesting prospect is to re-evaluate the Riemann Zeta function (e.g. [START_REF] Ledoan | Zeros of partial sums of the Riemann zeta-function[END_REF]) from the perspective of generalized multiset operations.

From the perspective of fractals, further works include a more systematic study of the fractal properties of the modified Mandelbrot set, application to other fractal structures, and characterization of the obtained structure by using, for instance, the fractal dimension.
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