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Abstract

This paper is dedicated to the study of a one-dimensional congestion model, consisting
of two different phases. In the congested phase, the pressure is free and the dynamics is in-
compressible, whereas in the non-congested phase, the fluid obeys a pressureless compressible
dynamics.

We investigate the Cauchy problem for initial data which are small perturbations in the
non-congested zone of travelling wave profiles. We prove two different results. First, we show
that for arbitrarily large perturbations, the Cauchy problem is locally well-posed in weighted
Sobolev spaces. The solution we obtain takes the form (vs,us)(t,z — Z(t)), where z < Z(t)
is the congested zone and = > Z(t) is the non-congested zone. The set {z = Z(t)} is a free
surface, whose evolution is coupled with the one of the solution. Second, we prove that if
the initial perturbation is sufficiently small, then the solution is global. This stability result
relies on coercivity properties of the linearized operator around a travelling wave, and on the
introduction of a new unknown which satisfies better estimates than the original one. In this
case, we also prove that travelling waves are asymptotically stable.
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1 Introduction

The purpose of this paper is to construct solutions of the fluid system

atﬂ — 8mll = 0,

Oput + Ogp — p0sx <i3xu> =0,
v>1, (v—1)p=0, p>0,
Upo = °,  wy—o = 1°,

for a large class of initial data (°, «°), with

(v, u)(t,x) Ny (v, ut).

Tr—r 00

The variable v represents the specific volume of the fluid, that is the inverse of the density, while
u denotes its velocity. Equations (1.1) are actually a reformulation in Lagrangian coordinates of
the constrained Navier-Stokes system introduced in [7]. We further assume that

vo=1, vy >1, wu_>ug. (1.2)
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We do not impose a limit condition on the pressure variable p which is actually linked to (v, u).
The pressure is indeed seen as a Lagrange multiplier associated to the constraint d,u > 0 on

{v=1}

Let us recall a few facts about system (1.1), and be more specific about the contents of the

present paper. It describes a partially congested system, consisting of two different phases. In the
phase {v > 1} (non-congested phase where p = 1/v < 1), the pressure vanishes and the dynamic is
compressible. In the phase {# = 1} (congested phase), the pressure is activated and the dynamic
is incompressible.
From the modelling point of view, the system (1.1) may apply in various contexts. A first example
is given by the dynamics of two-phase flows in presence of pure-phase (or saturation) regions as
described by Bouchut et al. in [4]. In this context, the constrained variable is the volume fraction
which has to stay between 0 and 1, the extremal values corresponding to the pure-phase states.
Another domain of application of Equations (1.1) is the modeling of collective motion (like crowds
or vehicular traffic, see for instance [2,11,20]). There, the maximal density limit (or equivalently
the minimal specific volume) corresponds to a microscopic packing constraint, constraint which
is locally achieved when the agents are in contact. In this framework, models of type (1.1) are
called hard congestion models (see [19]). Finally, let us also mention the connections between (1.1)
and models for wave-structure interactions developed in the very recent years by Lannes [16] and
Godlewski et al. [12]. A similar constraint to (1.1c) can be indeed formulated to express the two
possible states of the flow: pressurized in the “interior” domain at the contact with the structure
(the height being then constrained by the structure), free in the exterior domain.

It can be easily checked that there exist travelling wave solutions (i, v)(x — st) for (1.1). These
were constructed in [10] and their main features are recalled below in Lemma 2.1. They consist of a
congested zone for x — st < 0, and of a non-congested zone for x — st > 0, in which v is the solution
of a logistic equation (see Figure 1 below). The setting of the current paper is the following: we
consider initial data (#°, 2°) which are perturbations of the travelling wave profiles (#, 7) in the
non-congested zone z > 0 only. In other words, u°(z) = #(r) = u_ and 2°(z) = v_ = 1 for
x < 0. Under compatibility conditions on the initial data, we prove that there exists a local
strong solution of (1.1). Furthermore, this solution is global provided the initial perturbation is
sufficiently small.

Originally, the study of density constrained fluid systems begins with the proof of the exis-
tence of global weak solutions by Lions and Masmoudi [17] for the multi-dimensional free-congested
Navier-Stokes equations. The result is achieved via a penalty approach: the equations are approx-
imated by a fully compressible Navier-Stokes system in which the maximal density constraint has
been relaxed and the (compressible) pressure plays the role of the penalty function. Later, the
same type result was obtained in [22] by means of a soft congestion approzimation which consists
of a fully compressible Navier-Stokes system with a singular pressure law blowing up as the density
approaches 1. Contrary to the former study, the maximal density constraint is satisfied even at the
approximate level which can be useful from the numerical point of view (see for instance [11,21]),
and relevant from the physical point of view if one thinks for instance of the influence of repulsive
social forces in collective motion. If the constructed weak solutions can theoretically couple the
free and congested states, the previous existence results do not give any information about the
congested domain and about the time evolution of its boundary. In other words, it is not clear
whether free and congested states actually co-exist within a given weak solution.

The existence of more regular solutions to (1.1) for initial mixed compressible-incompressible
data is, up to our knowledge, a largely open problem. Comparatively to other compressible-
incompressible free boundary problems like the ones studied in [24] or in [9], we have to handle the
fact that the interface between the free (compressible) domain and the congested (incompressible)
domain is not closed, i.e. matter passes through the boundary and the volume of the congested
region evolves with time. Besides, the identification of appropriate transmission conditions across
the interface is a non-trivial issue which is for instance raised in [8] by Bresch and Renardy. In
the hyperbolic framework of wave-structure interactions (WSI), the recent study of Iguchi and



Lannes [14] provides a one-dimensional existence result in H™, m > 2 (regularity of the solution
in the “exterior” domain, which is called the free domain in our framework). This result has been
then extended to the dispersive Boussinesq case in [1,6], and to the two-dimensional axisymmetric
case in [3]. Finally, the study [18] includes viscosity effects, still in an axisymmetric configura-
tion. The congestion problem (1.1) is similar to the viscous WSI problem [18] in the sense that
it can be formulated as a mixed initial-boundary value problem with a implicit coupling of the
(parabolic) PDEs describing the dynamics in the free/exterior zone with a nonlinear ODE. This
ODE (see (2.15) below) represents the evolution of the free-congested interface in (1.1), while
in [18] the ODE models the vertical motion of the structure (the contact line between the fluid
and the structure is there constant due to the axisymmetric hypothesis).

As said before, partially congested propagation fronts (#, 7)(x — st) for the viscous system (1.1)
have already been identified in the previous study [10]. These traveling waves are such that 7, u
and the (effective) flux p — p0, 1 are continuous across the free-congested interface. But the core
of [10] is devoted to the analysis of approximate traveling waves (7., 1. )c~o solutions to the soft
congestion approximation of (1.1). Under some smallness condition (quantified in terms of €) on
the initial perturbation, the profiles (7., u.).~o are shown to be asymptotically stable. This result
is achieved by means of weighted energy estimates, it relies on the use of integrated variables and
a reformulation of the system in the variables (7., w.) where w. := u. — pd, In z. is the so-called
effective velocity. Roughly speaking, the use of this new velocity induces regularization effects
on the specific volume 7., effects previously identified (among others) by Shelukhin [23], Bresch,
Desjardins [5], Vasseur [25], Haspot [13]. The use of the integrated variables is related to the
structure of the dissipation and source terms. As detailed in Section 4.1 below, it enables the
derivation of uniform-in-time energy estimates on the solution.

Unfortunately, as € — 0 the smallness condition on the initial perturbations degenerates and no
stability can be inferred directly for the limit profiles (v, u).

The present study contains three main results related to initial perturbations of the profile
(v,4) in the free zone. We demonstrate a local well-posedness result for large data as well as a
global result for small initial perturbations. Finally, we prove the asymptotic stability the profile
(v, u). Similarly to the case ¢ > 0 described above, our analysis is based on energy estimates and
the use of the effective velocity to rewrite the equation on the specific volume (1.1a) as a parabolic
equation with a nonlinear diffusion. One significant difference between the two studies is that
w satisfies in the present case a pure transport equation in the free domain due to the absence
of pressure in that region. As a consequence, the two equations in v and w can be decoupled,
which simplifies somehow the dynamics and the derivation of estimates on z. One the other hand,
and more importantly, the analysis (in particular the global-in-time existence proof) is made here
more difficult as a result of the dynamics of the new free boundary, i.e. the interface between the
free and congested domains, which is coupled to the dynamics of (u, v) itself through a continuity
condition imposed at the interface (see (2.2)-(2.3)). Similarly to the WSI problem tackled by
Iguchi and Lannes [14], we introduce a new variable which allows us to have a good control of the
motion of the interface.

These results are presented in the next section.

2 Main results and strategy

As explained in the introduction, we will construct solutions in the vicinity of the travelling wave
solution (u, 7)(z — st). Hence we first recall some features of the profile (i, v):

Lemma 2.1 ([10]). Assume that u_ > uy, vy > 1, and let

U— — Uy
U+—1 '

Then there exists a unique (up to a shift) travelling wave solution of (1.1). This travelling wave



propagates at speed s and is of the form (i, v)(x — st). Furthermore,

1 if x <0,
v(z) = vy . .
5 (0r — Dexplosora/m 1770

U=1uy+svy —Sv=1u_+ Sv_ — S7.

In the zone x < 0, the pressure is constant and equal to p_ = s?>(vy — 1). Eventually, introducing
the effective velocity w = u — 0, In v, we have

w(x) =u_lyco+usrlyso.

The profile is represented in Figure 1. Let us now explicit our assumptions on the initial
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Figure 1: On the left: the profiles v and p, on the right: the profiles # and w.

data (u°, 2°):

(H1) Partially congested initial data: (u°,v°) € (1, 2) + L'(R), and such that u%(z) = #(z) = u_,
W(z) =v(z) =1if 2 < 0;

(H2) Regularity: 1,50(u® — u,2° — &) € H3(R,) and 1,~0/x0% " € L%(R,) for k = 1,2, where
w® = ¥ — 0, In 20,

(H3) Compatibility: u’(0%) =u_, 2°(07) = 1, and

(O u0)2
O, 0Y

— 10, 000 u’ + poZu® =0 (2.1)

|z=0+

(H4) Non-degeneracy: 9,2°(07) > 0, 9,u°(0") < 0 and 2°(z) > 1 for = > 0;

(H5) Decay: 1,50V° € L?(Ry), where VO(z) := — [(v° — 7), and 1,50(1 + vz)W° € L2(R}),

where W0 := — [ (2" —uy).

Under these assumptions, the solution of (1.1) associated with (u”, v°), if it exists, will not be
a travelling wave. However, it is reasonable to expect such a solution to be congested in a zone
2 < Z(t), and non-congested in a zone x > Z(t), where the free boundary x = Z(¢) is an unknown
of the problem. The dynamics of the interface is actually encoded in the continuity condition that
we impose on the specific volume, namely:

Wt F ) =1 VYt (2.2)



By differentiating the relation with respect to time, we then get:

OpV|p—z+

7 (t) = (2.3)

amv|x=§+

The free boundary problem (1.1) differs from “classical” free boundary problems associated with
a kinematic condition at the interface. In that latter case, the regularity of Z’ is the same as the
regularity of the solution at the boundary, while there is here a loss of one derivative for &’ with
respect to the solution v. The boundary condition (2.3) is fully nonlinear (see the study of Iguchi,
Lannes [14] ). Eventually, using the mass equation, we get the dynamics of z:

89:“’\7;:5‘*’

7'(t) = (2.4)

B 8w’l)|I:?1;'+ .

We actually prove the following result:

Theorem 2.2 (Local in time result). Let (u°,2°) satisfying the assumptions (H1)-(H5).
Then there exists T > 0 and Z € HZ, ([0, T[), with (0) = 0, 2'(0) = —[gz—;ﬁ]zzo, such that (1.1)

loc
has a unique mazimal solution (u,v) of the form (u, v)(t,x) = (us,vs)(t,x — T(t)) on the interval
[0, T[, where us(t,r) = u_, vs(t,x) = 1 and ps(t,r) = —p(9rts)|g=o+ for x < 0. Furthermore,
vs(t,x) >1 forallt € [0,T], x>0, (2.5)
and the solution (us,vs) has the following regularity in the free domain:
ve — 0, us — 1 € L=([0,T[; H}(Ry)), (2.6)
Ot (vs — ), Or(us — ) € L([0,T[; H*(Ry)) N L*(J0, T[; H*(R,)).

Eventually, the pressure in the congested domain satisfies

ps € HY(0,T). (2.8)

Our second result shows the global existence of the solution provided the initial perturbation
is small.

Theorem 2.3. Let (u°,2°) satisfying the assumptions (H1)-(H5), and let
o= 7" = ol + 14° — @l @) + 12° —urlio@,) + VO,
HIA+ VWO Lo, ) + 10+ Va) 0w fom,) + (1 +V2)0i 2|22, ).

Assume moreover that
101 vVzoiw’ € L*(R). (2.9)

Then, there exist constants cg,d9 > 0 depending only on the parameters of the problem s, i, vy, uy,
such that for all § € (0,d0), if

Eo < cd?, |1+ V2)0F | o, ) < cod®?, V6 €(0,8), k=1,2,3, (2.10)
then the solution (T, us,vs) is global, and

105 = Pl ooy s ) + llus = Bll oo s o)) + 177 = slliney) < C6
Furthermore

|2 (t) — s| + sgg (us,vs,ps)(t,x) — (u,9,p)(x)| — 0 ast — +oo, (2.11)

where p(x) = p_1iz<0}-



The strategy of proof is the following. We work in the shifted variable x — Z(t). Since (u,v) is
expected to be constant in  — Z(t) < 0, we only consider the system satisfied by (us,vs) in the
positive half-line, which reads

Ovs — T (£)0pvs — Opus =0, t>0, >0 (2.12a)
1

Oyus — T (4)Optis — 1Oy (amus) =0, t>0, >0 (2.12b)
Vs

(V) Us ) |g=0 = (1,u_), ILm (vs(t,x),us(t,x)) = (vy,uq) Y itE>0. (2.12¢)

We have already seen that the dynamics of Z is coupled with the dynamics of (v, us) through (2.4).
In order to construct a solution of (2.12), it will be more convenient to modify the equation
on vs in order to make the regularizing effects of the diffusion more explicit. Indeed, setting
ws = us — pOy Invg, we find that equation (2.12a) can be written as

s — T (1)0pvs — pd? Inwy = Dpw,, t >0, x> 0.

Moreover,
Oyws — T (£)Opws =0, t>0, >0, (2.13)

therefore wy(t,r) = w®(z + Z(t)) for all t > 0,z > 0 provided 7’(t) > 0 for all ¢+ > 0. In particular,
letting z — 0T, we obtain

U — ,U/awvshc:(ff = wo(‘%(t)) (214)
Gathering (2.14) and (2.4) leads to
8;v'ufs|m:0Jr
Tt = —p— . 2.15
Since w;(t, z) = wO(- + Z(t)), the equation on vy rewrites
Opvs — T (£)0pvs — pOpy Invg = Opw®(x + T(t)), t>0, >0,
Vs|lz=0 = 1, mlinéo Us(t,l‘) = U4, (216)

_ .0
Us\t:() =v .

Thus we will build a solution (Z, vs, us) of (2.15)-(2.16)-(2.12b) thanks to the following fixed point
argument:

0
0y u\::(ﬂr

- 0 9
61'”|z: +

1. For any given y € HZ_(R.), such that y(0) = 0 and §'(0) = we consider the

0
solution v of the equation

000 — § ()0, — 10y Inv = Oy’ (x + (1)), t>0, >0,
Vjz=0 = 1, ali,n;ov@’x) = Uy, (217)
U|t:0 = ’UO.

We prove that under suitable conditions on the initial data, there exists a unique solution
veE v+ L (Ry, HY(R,)), and we derive higher regularity estimates.

loc

2. We then consider the unique solution v € u + L (R, H*(R,)) of

loc

1
Opu — Y (t)Opu — 110, ((%u) =0 t>0, >0,
v

Ujg=0 = U—, lim u(t,z) = uy, (2.18)
=00

_ .0
u|t:0 =u-,

where v is the solution of (2.17). Once again, we derive regularity estimates on w.



3. Eventually, we define
¢
. O, u(T,0)
Z(t) == —u/ — 1,
R i)
and we consider the application 7 : § € H%(0,T) — z € H?(0,T).

We prove that for T' > 0 small enough the application 7 is a contraction, and therefore has
a unique fixed point.

We then need to prove that the solution (Z, vs, us) provided by the fixed point of T is global
when the initial energy is small (see Hypothesis (2.10)). First, we will show that the passage to
the integrated variables allows us to remove the exponential dependency with respect to time in
the energy estimates. Next, we prove in Section 6 that if the initial data is sufficiently small, then
|Z" — s|| g1 remains bounded (and small) on the existence time of the solution. The key ingredient
to get this property is the introduction of the new unknown g; = —s(v—2) —pd, (*=2) = A(v—2)
where 9,4 is the linearized operator around v. We exhibit coercivity properties for the linearized
operator, and we prove that g; satisfies an equation of the type

0rg1 + Ad,g1 = quadratic terms.

Whence we deduce good estimates on both g; and 7’ — s.

We finally need to check that the solution (¥, vs, us) of (2.15)-(2.16)-(2.12b) is indeed a solution
of the original problem. Since system (2.12) has been modified, this is not completely obvious.
In fact, we need to check that the function ws = us — pInwv; is indeed equal to w°(z + Z(t)). To
that end, let us compute the equation satisfied by wy if vy is the solution of (2.16) and if u is the
solution of (2.12b). Combining (2.16) and (2.12b), we have

Oyws — T (t)Opws — 1Oy (1}189;11;5) = —ud, (vl@ggwo(x + f(t))) . (2.19)

S

Furthermore, the condition uy,—o+ = u_ ensure that
Ws|z=0+ = U— — Maxvs|x:0+a
and using the equation (2.16) together with (2.15)

aibws\m:OJr = amus\x:OJr - ,u'amm In Us|z=0+

_ Wg/(t) + & (£)0vsjpmor + 0o @ (F(1)).

Taking a linear combination of these two equations leads to
10p W0+ + T’ (E)Wyjzor = T’ (£)w° (Z(1)) + 0w’ (T(t)). (2.20)

It can be easily proved that the unique solution of (2.19)-(2.20) endowed with the initial data @? is
the function @®(x+ Z(t)). Thus the function (vs, us) constructed as the solution of (2.16)-(2.12b),
where Z is the solution of (2.15), is in fact a solution of (2.12). We extend this solution in z < 0
by setting vs(t,x) = 1, us(t, ) = u_, and we set

ps(t, @) = —pdptigpegr = T (t)(u— — w°(2(t))) Vo <O0.

Eventually, we come back to the original variables and set (v, u,p)(t,z) = (vs, us, ps)(t, x — T(t)).
Then it is easily checked that (v, u,p) is a solution of the original system (1.1).

Remark 2.4 (About the regularity of Z). In the above discussion, we have claimed that we will
prove the existence of a fixed point Z in H7 .(Ry). Let us discuss why this regularity is required
on Z. First, we need a control of Z’ in L*°(R;) in order to control the transport equation (2.13)
satisfied by ws. Next, we see in (2.15) that the control in L* of Z requires a bound on 9,us
in L>=(R; x R} ), while this latter bound would a priori rely on a control of z” in L} (R.) (see

Proposition A.1 in the Appendix). Therefore the regularity 7 € H2 (R, ) is the minimal regularity
which allows us to formally close the fixed point argument.



Remark 2.5 (More general perturbations). This study is concerned with perturbations only af-
fecting the “free part” of the travelling wave profile (v, %, p). This allows us to concentrate the
analysis on the free domain {z > Z(t)}. Nevertheless, it would be interesting to study more general
perturbations of (z, , p), including for instance a free zone {#° > 1} in {z < 0}. It would be then
necessary to analyze the coupled dynamics between the two disconnected free domains through
the interior congested phase. This is actually out of the scope of the present paper and it is left
for future work.

The organization of the paper is the following. Given the discussion above, the goal is to
construct a fixed point of the application 7. Most of the proof is devoted to the derivation of
suitable energy estimates on vs. We first prove the well-posedness of equation (2.17) in Section 3.
Higher regularity estimates on vs and estimates for the solution us of (2.18) are then derived in
Section 4. We prove in Section 5 that 7 is a contraction and get therefore the local-wellposedness
result stated in Theorem 2.2. Eventually, for small initial perturbations, we extend in Section 6
the local solutions and show the asymptotic stability of the profiles (7, %) which completes the
proof of Theorem 2.3. We have postponed to the Appendix several technical results.

Notation.

Throughout the paper, we denote by C a constant depending only on the parameters of the
problem, i.e. uy, u_, vy, s, and p.

3 Well-posedness of equation (2.17)

This section is devoted to the proof of well-posedness of equation (2.17), and to the derivation of
some preliminary bounds. In order to alleviate the notation, we drop the indices s. Throughout
this section, we assume that ¢ is a given function in H2(0,T), such that §(0) = 0, ¥’ (t) > 0 for all
t € [0,T], and satisfying the compatibility condition

Op 1l
~ _ ¥ z=0*
Yy (0) - awyo

|z=0*1

(3.1)

We approximate equation (2.17) by considering an equation in a truncated, bounded domain.
We derive L, L' and energy bounds on the sequence of approximated solutions, which are all
uniform in R. Passing to the limit as the domain fills out the whole half-line, we recover the
well-posedness of (2.17).

Therefore, for R > 2, we consider the following equation in (0,7) x (0, R)

8th(t, x) — ﬂ’(t)@va(t, x) — uam.a(vR(t, z)) = (xrO, w°)(z + y(t)), (3.2a)
vy = %8, (3.2)
“ﬁ::o =1, Uﬁ::R = Us=R, (3.2¢)

where the nonlinearity in the diffusion term has been changed in order to avoid degeneracy. The
function a € C*(R) is such that a(x) = In(z) for = € [1/2,C] where C := 2sup °. Note that
with this choice, C' > v,. We also assume that there exists v > 0 such that v < a’(z) < v~! for
all z € R. The initial data %% is defined by 2% = 9y + v.=r(1 — Xr), where xgr € C*(R)
satisfies xp(z) =1if * < R—2 and xr(z) =0 if > R — 1. This change in the initial condition
and in the source term ensures that the compatibility conditions at first and second order are
satisfied at ¢t = 0, x = R, namely

Vi02er = Ya=R> 7 (0)0x0{{—g pep + 1(07 M 0™) — 21— = 0. (3.3)

The following result is a straightforward consequence of Theorem 6.2 in Chapter 5 of [15]:



Lemma 3.1 (Theorem 6.2 in [15]). There exists o > 0 such that system (3.2) has a unique solution
v e C([0,T] x [0, R]) such that d;vt € C*((0,T) x (0, R)) and Orzvr € C*((0,T) x (0, R)).

Proof. We merely check the assumptions of [15, Theorem 6.2, Chapter 5|. Due to the assumptions
on the function a, we only need to verify that the initial data satisfies the compatibility conditions.
Note that the function (t,2) € (0,7) x (0, R) = v%f(x) coincides with v on the sets {t = 0},
{z = 0} and {z = R}. Furthermore, thanks to (3.1) and to (3.3) we have the compatibility
condition

(7 (0)020"F + 02 n o F) = Opwf)_, (7 (0)0, 0" + 10y In 0™ 7) 0. (3.4)

|z= lz=R -

We infer that the assumptions of Theorem 6.1 in [15, Chapter 5| are satisfied, and d;v%, 9, v €
C*(]0,T] x [0, R]) for some « > 0.

O
3.1 Local-in-time L estimate
Lemma 3.2. Let T > 0 be arbitrary. Assume that there exists M > 1 such that
1 1
—<TH <M VYt T inf 9,7°(z) > —. .
FETOEM Vel inf 00w > 5 (35)

Then there exists To € (0,T], depending only on ||8mw0||Loc(R+), sup v°, M and on the parameters
of the system, such that for all t € [0, Tp],

1 <v®(t,x) <C Vaec(0,R), (3.6)

where C = 2sup v° is the constant involved in the definition of a. As a consequence, a(v’?) =

In(v?) almost everywhere.

Proof. The proof relies on the maximum principle. We construct by hand a super and a sub-
solution, which give the desired estimates.

o Sub-solution. We set
v(t,z) = 1+ g(z) exp(—A?),

where A > 0 is a parameter that will be chosen later on and where the function g will be
chosen so that 0 < g < (v —1)/2. Tt follows that a(v) = In(v). We will also take Tp so that
exp(—ATp) = 1/2. With this choice, we have, on the one hand

O — 7 (H)0ww — pd7a(v)
= —AeMg(x) - § (t)g (x)e™ — pd2 In(1 + g(z)e™ )

B g”(x)e_At (g/(x))Qe_QAt
1

I5S)

_ _AfAt — (g —At _ =
e g(x) =7 (t)g (x)e My g(a)eat TH

On the other hand,
(xR @) (x +§(1)) = —[|0:@°|| oo

We choose the function g as follows:

— For x < 29 < 1, we take g(z) = ayx + asx?, with a; > 0 small enough and oy > 0.

Then, if z( is small enougﬂ, g(mo) = 1w + azxd < 1, and therefore

”(:L‘)e*At
—AeMg(a) 7 (g (@) — -2

= < 0.,
1+ g(a)ear = 12



Choose ay so that pas > 2[|0, w°| 0, and choose 0 < a; < 1/(2M). Then for xy small
enough, v(0,z) < v%(z) for all z € [0, z0]. Furthermore, the last term in (3.7) can be
treated as a perturbation provided a; and x( are small enough. It can be checked that
it is sufficient to take a? < /8 and zg < ay/(2a2).

— For x > x9, we choose g to be monotone increasing and such that 1+ g < 20 a.e. and
g < (vy —1)/2. We then choose A so that a

Ag(z0) = 4u(llg”lloo + Ilg'l13)-

A
J9(w0) > 0,0,

It follows that the right-hand side of (3.7) is lower that —||0,2°| -

Note that by construction, we have v < v on the sets {t = 0} U{z = 0} U{z = R} provided
R is large enough.

Thus, by the maximum principle, v < vl

e Super-solution: We take
B(t,x) = C1 (2—e ),

where C; > sup . We keep choosing Tj so that exp(—ATy) = 1/2. Then
T — 7 (£)0,0 — pd2a(T) = C1 Ae= A1,

Take A so that C1A4/2 > ||0,w°||oo. Then v is a super-solution of (3.2), and by the maximum
principle, vg < .

O

Remark 3.3. The use of the maximum principle is actually not necessary for the local existence
results that follow. Indeed, since we work in high regularity spaces, we could adapt our fixed point
argument by linearizing our different systems around the profile (7, &), treat the non-linear term
perturbatively and use the inequality [[v — 2||po®, ) < |lv — EIHIL/QQ(R” |0 (v — E/)||1L/22(R+). However,
since this would lead to unnecessary technicalities, we have decided to use the maximum principle
in this paper.

3.2 L! estimate

Anticipating Section 4.1 and the derivation of uniform-in-time estimates on g = v — v, we aim
at proving that g(t,-) € L'(R,) for all times ¢t > 0. This property will be used in Section 4.1 to
justify the passage to the integrated quantity V.

The goal of this Subsection is to prove the next Lemma

Lemma 3.4. Assume that v° —v € L'(R, ), and that the assumptions of Lemma 3.2 are satisfied.
Then there exists a constant C, depending only on Ty, sup v°, M (see (3.5)) and the parameters
of the system, such that the solution vE of (3.2) provided by Lemma 3.1 satisfies the following
estimate:

sup [0 = @l < O[I0 = ison + 1wl + 107 0en ] (8)
t€(0,To

10



Proof. Using the equation satisfied by v, we have
(0™ = 9) = F (2 (v" = 7) — &2 (In 0™ — 1) = (xRD,w°)(x + J(1) + (7 (1) — $)d,7. (3.9)

For n > 0, let us introduce j, € C*(R) defined by

1 1
:\/r2+—\/> VreR
n n

which is a smooth, convex, approximation of the function r — |r| as n — +o0o0. Hence, j/ (r) =
r/4/7%2 4+ 1/n is an approximation of the sign function, and j,(0) = j.,(0) = 0. Multiplying (3.9)

by 4/, ( R_ ) integrating the result between 0 and R and noting that (v — v)|,20 g = 0, we get

R R _ R _
/yatjn(“ - ”) de — /a (” _ ”) da
0 7 v

R R _ R _

N v v
(5 )“l(v)af( ; )dw

R R
-/ (xRamw())(xw(t))j;( >dx+ fs/ amn< - )dm.
0
Since“v”>i—1>—l we have

R
e
R R _ R R _
. vt —v v vt —v
o 5 (o (5 ) o ()
R R _ - R _ =\\?2
=u/ L Jii(vy)@x(U”)) dz >0,
o 1+ ==+ —v v v
and, thanks to the boundary conditions (v? — V) |z=0,r = 0,
R -
o [oc 05 (5%
v
. v -2\ |, (v —o - B oo, p ., (vF—7
=y'<t>/0 vaw( ) (50) e [ w0 (ST a
R R_ R,R_ - R _ >
=y’(t>/ vaxjn(” = ”) dw+z7’(t)/0 — ”amvj;(” - ”) dz
R — R R _ R _
— / 87/]n< . )d:c+g’(t)/ v ”aiyj;(” . ”) da.
0 v 7
Hence, using once again the L> control of v from Lemma 3.2, we get

R R _ R
/ 7 jn (“ - ”) (t) dx—/ WOk — | da
0 v 0

<O I 0. 10220 L@y ) + 10wl L1y + 117 () = sll210,0)10: 7] L1 R -

QI

where we have used the fact that j,(r) < |r|. Passing to the limit n — 400 and using Fatou’s
lemma, we finally obtain (3.8). O

3.3 Energy estimates and existence of v

The goal of this subsection is to prove the existence and uniqueness of v € L*°([0, T}, H} .(R+)) N
L3([0,T], H*(R4)) solution to (2.17). We proceed in two steps. First we derive classical a priori
estimates on v%, exponentially growing with time but independent of R. These estimates ensure
the existence of v by passing to the limit in (3.9) as R — +o0.

11



Lemma 3.5. Assume that 1 < v®(t,2) < C for all t < Ty, = € (0,R), where we recall that
C = 2sup 0°, and that there exists M > 1 such that M~' < y'(t) < M for allt € [0, Ty].
There exists a constant C, depending only on s,p, vy, M, and C, such that the solution v

of (3.2) satisfies

R

d _ _

%H(UR - U)(t)H?{l(o,R) + 102 (0" — y)(t)H%?(O,R) + HatUR(t)HQm(o,R)

< C (10" = DO 20,8 + 10:9°C + TDFeqeyy + 170 — ) Ve (O,T), (3.0
so that, by a Gronwall inequality,

teSE%I;] (0™ = 2) ()31 0.1) + 0= (0" = D)2 0.7y < (0.1)) T 1960 12 ((0.7)x (0.R))

< C (0 = 3 0,0) + IVE0: 2032 m, ) + 1T = slI3201) ) exp(CT)
for all T < Ty.

Remark 3.6. Note that throughout this section and the next ones (i.e. in all energy estimates),
the constant C' might depend on C, hence on sup #°. Hence, all constants will depend on the
initial size of the perturbation.

R

Proof. This is an immediate consequence of Lemma B.1 in the Appendix. Weset g = v, g = v"*—v,
~

G = (xrO,w°)(x+7(t))+ (¥ (t) — 5)0,v. It can be easily checked that the assumptions of Lemma
B.1 are satisfied. Furthermore, 7 does not depend on time, and its W?° norm only depends on
w,s and vy.

There only remains to evaluate ||G||p2. We use Lemma C.1 in the Appendix and we find

||G||L2((0,T)x(o,R)) <C (||5z?/||L2(R+)Hﬂ/ - 5||L2(0,T) + ||ﬁazwo||L2(R+)) .

This concludes the proof of the Lemma. O

We are now ready to prove the existence and uniqueness of v.

Lemma 3.7. Let y € H%(0,T) such that 4(0) = 0 and y satisfies (3.1). Assume that that there
exists a constant M > 1 such that 3, v° satisfy (3.5). There exists Ty < T, depending on M and on
the parameters of the problem, such that there exists a unique solution v € L>([0,To], H} . (R4))N
L2([0, Ty], H*(R,)) to

atv(ta I‘) - gl(t)awv(t7 l‘) - /J/awa: lnv(t, l‘) = 8141/0(33 + fl](t)),
V=0 = ?°, (3.11)
Vjp=o = 1, limg s cv(t,x) = vy Vit>0,

and such that Opv € L*((0,Tp) x Ry). Furthermore, there exists a constant C > 0 depending
M, vy, uy,s, i such that v satisfies the estimate

E\(To) := [ = 9l 7oe (0.mo), 011 + 102(v = D)1 220,10y x ) + 1060117 20,10 xR )

< 0 (10 - 93 ey + IVERage, ) + 17— saom ) €™
(3.12)
102(v — 9) || L2((0,10) xRy ) < C(E1(Tp) + inf(1, To) E1(Tp)?).

12



Proof. We consider the function v%, which satisfies the estimates of Lemmas 3.2 and 3.5.
Extending v% to [0,Ty] x R, by taking vZ(t,2) = v(z = R) for x > R, the following limits
hold:

e Up to a subsequence, v* — v in L2([0, Ty] x K) for any compact set K C R,;
o vt Sy w* — L®([0,Tp] x Ry)
e vfl—v—~v—v w—HY0,Tp) x Ry);

Thanks to the strong compactness property, we can pass to the limit in (3.2) and we infer that v
satisfies
Owv(t,x) — ¥ (1)00(t, ) — pdye Inv(t, ) = Opw® (x + y(t)).

Passing to the limit in the estimates on v*, we also know that v satisfies the estimates of Lemmas

3.2 and 3.5. This completes the proof of existence. Additionally, using the last item of Lemma
B.1, we obtain the estimate on 92(v — v).

Uniqueness is quite classical. For instance, if vy, vy are two solutions, then setting © = v — v,
we find that © satisfies

By — § (£)00 — g In (1 + j) _o.
2

Multiplying the above equation by ¢ and integrating by parts, we find that

d [0 = (0,0)” e [
— d —— dx < C||0, o dx.
A R L ey AL

Writing
[0zv2() |z myy < [102(v2(t) = D)l Lo my) + 1022l Lo (ry)
—\p1/2 —\1/2 _
<102 (va = D)2 0.1y, 125 ) 10 (Wa(8) = DI ot ) + 100 2w e
and using a Gronwall type argument, we infer that v = 0. O

4 Energy estimates on v and u

This section is devoted to the derivation of high regularity estimates on v — 7 and w — u, where
v, u are respectively solutions of (2.17) and (2.18). The existence and uniqueness of v follows from
Lemma 3.7. Preliminary energy estimates on v were derived in the previous section (see (4.8)).
However, these estimates are not completely satisfactory, because of the exponential growth in
the right-hand side. This exponential growth is not really a problem for the local well-posedness
result we will prove in the next section (see Theorem 2.2), but it could prevent us from proving
the global stability in section 6. Fortunately, we are able to prove that energy bounds hold without
the exponential loss.
The outline of this section is the following;:

1. We first revisit the energy estimates from Lemma 3.5 in order to prove that there is no
exponential growth of the energy. To that end, we consider the equation satisfied by the
integrated variable V := — f;oo(v — v) and derive energy estimates for V.

2. We then prove higher order regularity estimates for v. More precisely, we prove that v — v €
LP(H?) N W (HYY 0 HY (H?) N HZ(L?).

3. The existence and uniqueness of u then follows from classical results on linear parabolic
equations with smooth coefficients. We also derive energy estimates for u— i in W, (H)n
HJ (H?) 1 H (L?).

13



As in the previous section, we consider a given function § € H?(0,T) such that §(0) = 0 and
satisfying (3.1). We assume throughout this section that the existence time 7" of the solution v of
(2.17) is such that 1 < v < C' = 2sup ?” a.e. (see Lemma 3.2), and that there exists a constant

M > 1 such that
M7 <y@{t) <M Vvtelo,T],

4.1
M~ < 0,0,y < M. 1)

We shall see that the total initial energy is
Eo = 17" = ol fa@,y + 14° = @l 3@y + Vo7, (4.2)

HIA+ V)W Lo, + 11+ V2)0:w’ T, ) + 11+ V2) 072 2w, ),
where WO(z) := — [™(a® — uy).
The energy at time 7T is defined by

&r = E + ¥ — sllin o,1)- (4.3)

Let us now state the results we shall prove for v and v:

_al'u|0m:0
%ty

satisfy (4.1). There exists a universal constant p > 1, a constant C depending on u,v,,s,C and

M, and a time T® > 0 depending only on & and on ||§’ — sl L2 (o, such that if T < T°, then

and that § and o°

Proposition 4.1 (Energy estimates for v). Assume that ¥'(0) =

[0 = D112 (o771, 2 (R4 ) + 10601 T 2 (0,7, L2 4)) F 18601 220,77, 12 )y < CEs

and

18:02 0] 20 0,7y, 2Ry + 1050 = D) | Fee (0,71, 22 (R4 ) + 19701 T2 0,71 x4y + 192000172 10,71 xR
< CE&r(14&p)P.

A similar result holds for u:

0
Proposition 4.2 (Energy estimates for u). Assume that §'(0) = —gz:‘ozzo and that y satisfies
2% z=0
(4.1). Assume furthermore that
Oty (7(0) = 1(0:9°) =0 ) + 1(D21%) g = 0, (4.4)

Then there exists a time T° > 0 depending only on E and on ||y’ — s|lz2(jo, 1)), such that for all
0<T <TO, with the same notation as in Proposition 4.1,

lu = &l o1, 2Ry y) + 18— Bl o,y )y + 10— #lFzomy 2@,y < CEP(L+ Er)P.

Remark 4.3. Recalling the compatibility condition 7'(0) = —(9,u"/0, vo)‘zzo, the compatibility
condition (4.4) actually amounts to

(0, u”)? 05 ,0 2.0
— w0y v° Oyt + po;u =0,
0y 00 =0

which is exactly (H3). Notice that this second compatibility condition only involves the initial
data u°, #°. In other words, no further condition on ¥ is required.

We now turn towards the proof of these two propositions, following the outline above. In order
to alleviate the notation, we introduce the following quantities:

g=v—v, h:=u—u

14



4.1 Uniform in time estimates for g =v — v

As announced previously, the first step consists in removing the exponential dependency with
respect to time in (4.8). For that purpose, we use the integrated variable

+oo
V(t,z) = 7/ (v—2)(t,2) dz. (4.5)

Using Lemma 3.4 and passing to the limit as R — oo, we recall that V' is well-defined and uniformly
bounded in L*°([0,T] x Ry). Furthermore, using the identity $0,7 4+ 10z, In 7 = 0, we find that
g is a solution of

9ig — 7 0ng — 10z In (1 n %) — 9,0 (z + (1)) — %(g’ — §)0ps In 2. (4.6)

Integrating the above equation with respect to x, we find that V is solution to

8V — ()0, V — 0y In (1 + 3%‘/)
- H(ﬂ’ —8)0; In z
S V4
_H v
s (y s)am In v s (4.7)

= (@°(z +3(1) —uy)

where WO(z) = — [7(w" — uy). As detailed below, we expect to control [0,V || r2(jo.7xr,) =

lv — 9|l L2(j0,7) xR, ) uniformly with respect to the time T'. Replacing this estimate in (3.10), we
get the following result.

Lemma 4.4. The solution v constructed in Lemma 3.7 satisfies the following estimate

Ey(T) < C IVl @y + 1A+ Va) WO Lo, ) + 10° = 2lin @, (4.8)

+ IV20: @’ || 2@, + 1T = sllE20m)
< Cér,

where the energy FE1(T) was defined in Lemma 3.7.

Note that the upper bound on E;(T') only depends on & and on [|§" — s|[z2(0,7). Hence,
assuming that T is such that inf(1,7)Er < 1, we obtain the first set of inequalities announced in
Proposition 4.1.

Proof. We multiply Eq. (4.7) by V and integrate over R

d [TV y'(t) 2 %V
@ _ In(1
it J, 2da:+ 5 (V|m0)—|—u/R+n<+ a)adex

= [ 8,W°x+y(t) Vdx + %(ﬂ’(t) —s) [ oL Vda

Ry R, U+
- —/ WO(x + (1) 0, Ve — (7 (¢) - 3)/ " 0,V da
Ry s Ry U+

o 1
- {Wgc—ﬂ(t) + g(y/(t) —s)In UJ Viz=0-

15



Using Lemma 3.2, we recall that

Oy v—1v {1 C }
(S .
v v

Observing that

u/ In <1+ axv> axvzco/ 10, V|2
R, v R,

for some co = co(p, C,vy) > 0, we have by the Cauchy-Schwarz inequality

d V[ y'(t) 2 2
dt/RJr de‘f' 5 (Viz=0)" +co /]R+ 10:V|

»
<@ [ e+ By
Ry

+C {HWO(' + T2,y + W) + 17 @) — s (7 — villTe, ) + v — 1|)}
for some positive constant C' = C(cg, i1, 8, M). Using Lemma C.1 in the Appendix, we have

WO+ D)l 20,1 xRy ) < CIVEW |2 ),
W@z 0y < CIIWOl 2w, )- (4.9)

Hence

Bo(T) = sup [IV@lEae,) +FOVom0)?] + o = Flaqomien
€10,

< ClIVONL ey + 10+ VO)WO L2,

+ 17 @) = slZz0.0) (17 = villFem, ) + lvg — 1|)1

<C

VO 2,y + 1L+ VR)WO Lo,y + 117 () — Sllizw,m] (4.10)
< Cé&r. (4.11)
By Lemma 3.7, we have
d = 2 =\[12 2
21 =)@y +10:(v = 92, + 100122 w,)

<C (I = D) Oag,) + 10000327 = sl + 102"+ FO) 32, )

so that
ET) = e (v = 2) )7 sy + 102(v = D)1 o myxzyy + 100N T2 g0,y e
<112~ 3 +C (Eo(T) + 17 — sBaorry + IVE0e 0" 2oge, )
< Cé&r.
This concludes the proof of the lemma. O
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4.2 Higher order regularity estimates for g =v — v

This section is devoted to the derivation of energy estimates in L>([0, 7], H*(R,)) for v — v, in
L*([0,T), HY(R,)) N L2([0,T], H*(Ry)) for dyv, and in L?([0,T] x R,) for O?v.

We split the rest of the proof of Proposition 4.1 into two steps corresponding to Lemmas 4.5
and 4.6.

0
[ U=
Oy 00

z¥z=0

Lemma 4.5 (Higher regularity - I). Assume that ' (0) = — and that inf (1, TY/?)Ey(T) < 1.

The solution v of (3.11) satisfies
vV—UE LOO([O7T]7 Hz(R+))7
Or(v — 9) € L=([0,T); L2(R+)) N L2([0, T); H'(R..)).
Furthermore, the following estimate holds:

A - 2 2 - 2
B(T) = s (100 = D0, + 1020 = DO Esce, )

+18:02 (v = D) |72 (0. 715k, ) < E- (4.12)

Proof. Let us first derive formally these regularity estimates, and then explain how they can be
proved rigorously. We recall that we have set g := v — v.
Differentiating (3.11) with respect to time leads to

8tatg - ,Ufaz <11)azatg> = 8tF - Naﬂc (({j]t:azg) (413)

where we have denoted

_ ~ - _ Oy
F=0,2x+7t)+7 )0,9 + ¥ — 5)0,0 + 0y (v;g> . (4.14)

Multiplying by 0;g(= 0;v) and integrating we get

d Og|? 0,0:g|? 1
%/ | t;‘ +u/ |tg|+u{8m8tg 8tg]
Ry Ry v v

=0

) )
S 0:90:009 + L’fazg atg}

|z=0

R+ R+ \x:O

=0

We estimate the two terms of the RHS as follows

0,5 Fatg
Ry

< NOeF (| L2 (ry) 10egl L2 Ry

4
+ Cl7" Ozl 22 s ) + 1027 L2 ) Oegl L2 )
+C0l 22w, ) (1029 Ly + 7 ()1 + 1),

00917 -
<8 [ B0 Pzt + F)Ie
+
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and

[ D, 0vg* degl®
f/ | t | —|—/J/ ‘ t3| |awg|2
4 Ry v R, v

po [ 10,09/
< f/ SR 4 Cll0wg o w1009 2 -
Ry Y

IA

O
‘u/ —-0,90,0:g
R, U

4

Hence, using Young’s inequality and recalling that §’ < M,

L1090, + 11000 e,

< O[F P12 + TN e, + 17 109l 2x,) + 107l 122, ) 1929 22e,
+C(1+ ||3a:9||L2(R+)||3§9||L2(R+))||3t9||%2(R+)

< O[1020° + G e ay + 7O + 10913, |
+C (1009l 20 1029 122y + 19291323, ) 0ug3

Applying Gronwall’s inequality, we deduce that

sup [|8:g(t) 172 r, ) + 10:02901 72077, 12 ()
te[0,T]

<C ||(at9)|t:0||%2(R+) + ||\/53:3w0||%2(11§+) + ||§N||%2(0,T) + ||atgH%2([0,T]><R+)}

X eC[HaxQHL2L2 HaangHL2L2+”8z9H2LZL2].

We now use the control of |0zg||12r, ) and [|02g]|r2(r,) provided by Lemma 4.4. Note that
thanks to the assumption inf(1,T)Er < 1, we have [|02g|L2(0,1)xr,) < CE,'?. Moreover, we

have [0.9|L2(0,1) xR, ) < Cinf(1,T/2)EL/? (for small times, we use the L°°(L2) estimate). It
follows that

exp (C[||8wg||Lsz||8§g||Lsz + ||8xg||2L2L2]) < exp (C’inf(17T1/2)E1> <C

(for some different constant C).
As a consequence, we obtain

sup [|0:g)172r, ) + 10:029172 077, 12 (= ) (4.15)
t€[0,T
< O|:||(atg)\t:OH%2(]R+) + ||\/58§w0||%2(ﬂ§+) + 1713201y + El]-
Next, using (4.14), we have

||(3t9)\t:0”%2(11§+) < ||F|t:0||%2(]R+) + ||9|t:0||?{2(R+)
< 10x2° |72 g, ) + Cll2° = 22, ) + Cl7'(0) — 5. (4.16)

Gathering (4.15) and (4.16), we obtain the inequality announced in the statement of the Lemma.
To complete the proof, it remains to estimate 92¢g in L°>°L?. For that purpose, we write

of b (2)
Ry v

2

(1) = / 0rg — FP(1)

<2002, + 2 F )72, )
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for any ¢ € [0, T]. Hence, considering the sup in time and combining with (4.15), we get,

o (22)
v 2wy

< C[Hvo = 9ll7 + 11+ V) 0w’z + V207" | L2115 72 0.0y + 17 = 5||%°<>(0,T)]

2 2
sup Ll
t€[0,T] 4

Using the compatibility condition 7'(0) = —(9,u°/0, vo)‘xzo, we obtain

~ ~ ~ 1/2 ~1111/2
17 = sll oy < [5(0) = sl + ClIF = sl oo 1T 1550 1)

_ — ~ 1/2 ~11111/2
< C (I = @lla +119° = Bllazz + 17 = SIS0 7| o) - (417)

Using the estimate on E; leads to the desired inequality.

Let us now say a few words about a more rigorous derivation of these estimates. Once again,
we consider the approximation v* solution to (3.2). We can perform the previous estimates for v,
and we obtain uniform bounds in R. Passing to the limit R — 400, we get inequality (4.12). O

0
_zj::‘):j The solution v of (3.11)
satisfies v — v € L*([0,T], H3*(R,)), and 8;(v — v) € L>=([0,T); HX(Ry)) N L2([0, T); H3(R,)).

Furthermore, the following estimate holds: assume that inf(l,Tl/Q)ET < 1. Then, for some

p>1,

Lemma 4.6 (Higher regularity - II). Assume that §'(0) =

Byi= sup [10:0:0 = D)O)Eace,) + 1020 = e,y

telo,T
+ 1107 (v = )72 0715k, y + 10201 (v = D) 17210, 795, )
< Er(1+E&r)P. (4.18)

Proof. Let us now consider (4.13) as a linear parabolic equation on 9;(v — 7) = Og, with ho-
mogeneous boundary conditions, endowed with the initial data 4'(0)0,7° + p0ys In 0° + 0, w° =
7'(0)0,7° + 9,u’. Thanks to the compatibility condition (3.1), the initial condition belongs to
H}(R), and we can apply estimate (A.4) in Proposition A.1 in the Appendix. Indeed, setting
a = 1/v, we have Oia = 7%7 Oza = 7%2”. Using Lemma 4.5, we infer that ||0;a| pe(r2) < E;/Q
and

1/2
[0zall Lo (0,14 Ry ) < C (1 + Ez/ ) .

Moreover, setting
&gv _
f=0F —pd, (20,(v-72)),
v

we have, as shown in the course of the proof of Lemma 4.5,

Ifllz2orixryy < ClOF 20,1 xry) + Cll0z(v — 9)||Loc (02040 L2 L2
+C00| L2 L= 02 (v = )l oo 12 + C|0zv] o< [0ev]| L2 £2 |02 (v — ) || £
< g1 +&p).
Hence, according to Proposition A.1
sup (1020901 72r, ) + 10791172 10,195k, ) T 1920291172 0. 7R

te[0,7)
< Cl10209j0=0 72w,y + CEr (1 + Er)*.
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We have .
[0:029]jt=0 — 11 [65 (@cgﬂ = [0:F]j1=0
v t=0
where

0. = a4 7(0) + 700k + (7 - 020 + o2

0zv
v g,

|‘(at,mg)|t:0||L2(R+) < O<||g\t:0HH3(R+)(1 + ||9|t:0||%{3(ﬂ{+))

so that

1020 | 2 r,) + 7(0) = sl102F 2y )-

We then estimate §'(0) — s as in (4.17), so that ||(at7wg)|t:0HL2(R+) < 053/2(1 +&). To conclude,
coming back to

1
Maﬁ (vaacg> = at(amg) - 890F

1
s i | %(@@@)
t€[0,T] Ry v

< 2010:0:911 7 (0,13:22 (R y) + 2100 F I F e (10,1712 )

we have
2

with

182 Fll oo (fo.11:L2 R4y < C | 1052l 2y + 9]l oo 0,71, 52 R0 ))

+ 116l Lo 0,7y + 19l o< (0, 1), 12 (1 + HgHLOO((O,T),H2)2 .

Finally, using the previous estimates as well as the inequality (4.17), we obtain, for some p > 1,

sup [039] 72,y < CEP(1 4 Er)P.
t€[0,T]

Gathering the estimates of Lemmas 4.4, 4.5 and 4.6, we obtain Proposition 4.1.

4.3 Estimateson h=u—u

This subsection is devoted to the study of (2.18) satisfied by w, which we rewrite in terms of
h==u—1u
. 1 . . 1 1\, _
Oth — §' (t)0rh — pos ;@h =y — 8)0 1+ po: i Ozul|, t>0, x>0,
hip—o =0, lim h(t,z) =0, (+19)
r—00

— 0 _Z
h\t:o =u —1u

where v is the solution of (2.17) constructed in the previous subsections. The goal is to prove
Proposition 4.2.

Throughout this subsection, we use the notations introduced in (4.2), (4.3), and we assume
that the time T is such that inf(l,T)El < 1, where E; was introduced in Lemma 4.4. We also
assume that assumption (4.1) is satisfied.

Our first result is the classical energy estimate for (4.19):
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Lemma 4.7 (Existence and energy estimates). There exists a unique u € u+ L ([0, T]; H*(R4))
solution to (4.19) which is such that:

Ey(T) == tes[léPT] 1w = @) ()| Fr1 ey + 102 (w = D22 0,770 ) + 1060 = )12 0,77 x4 )

<Er(1+&r)P (4.20)
for somep > 1.

Proof. The existence and uniqueness of u in # + L*([0,T], L*(R4)) N L2([0,T], H*(R4.)) follows
from classical variational arguments. The energy estimates in L>°([0,7], H') N L%([0, T], H?) are
a consequence of Proposition A.1 in the Appendix, setting b(t,z) = —¢'(t), c =0, a = 1/v, and

J = (7 — 5)0ui + s ((i _ i) axu) .

We obtain in particular, using the lower bound a > C~! and setting h = u — 1,

2l e 0,11, 22® . )) + 10:h 20,7y xRS
< C (|l = all 2wy + 17 — sllr2m 1z — utllr2@yy + lv = 2l L2 o,7,2 (R4 ))) 5 (4.21)

and the right-hand side is bounded by (E7)%/2.
Furthermore, note that with the notations of Lemma 4.4

10rall e (o122 Ry < 1000l L o172 ) < Br'2,
_ 1/2
10aall Lo (o.17, L3R )y < C(1+ 100(v = D)l (o.17, 101y ) < C(1+ EY).

The estimate announced in the Proposition follows easily from Proposition A.1. O

Remark 4.8. Note that, compared to Proposition A.1 and Lemma 3.5 concerning the L>L2
estimate on v — 7, we do not have the exponential dependency with respect to T in (4.21).
This results from the divergence structure of the diffusion term (9, (%h ) here, compared to
92 1n (%) in Lemma 3.5), but also from the structure of the source term f. Indeed f = 9, F with

F=(t)—s)(z—uy)+ (£ —1)9,u, therefore

v

T
/ f h dwdt
o Jr,

where the second term is absorbed in the left-hand side of the energy inequality. Hence, compared
to Proposition A.1, we can close the energy estimate without need of |[u — |20, 7x®)-

< CyllFN22 0,15y + M O2hl T2 (0,77 xR )

Lemma 4.9 (Improved regularity). Under the compatibility condition (4.4), namely
3zu|ozzo (ﬂl(o) - M(aﬂ/o)\mzo) + M(aiuo)\zzo =0,
the solution u to (4.19) is such that:

E5(T) = 1010 (u — @) T 0 1. 22(m, y) + 107 (0 — D) 17210, 11 xm ) + 10:03(w — D) |72(10. 1) xR, )
< &r(1+Er) (4.22)

for some integer p > 1.
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Proof. We begin with the control of 9;h = 9;(u — u) in L*°([0,T]; L*(R.)) N L([0, T); HY(R4.))
using estimate (A.5) from Proposition A.1 and Lemma 4.7:

10l 700 (0,77:22 (R, y) + [1PeehllT2 0.7y xR )
< C (14 = @daqa,) + L+ 15"y + B2) B )

+ C||§"||%2(0,T) + C||8tg||2L2([O,T];H1(]R+))(1 + Hamg||2Loo([o,T];L2(R+)))
<E&r(1+&p). (4.23)

Now, we see J;h as the solution to the problem
0,(0h) — ' ()ruh — 1, (iat,xh> — (4.24)
with
H =000+ (00, - 0, (%5000 ) = o, (% 0,1)
endowed with the initial condition

- 1
Ohjp—o = 7 (0)0,u° + 10, <U08mu0> .

Under the compatibility condition (4.4), we ensure that Oihj—g.—0 = 0. We can now apply
Proposition A.1 and we get thanks to (A.4)

10eehllZoe (o.17:22 Ry + 10 P72 (10,170, ) + 1020201210 7y, )

< C00shpi=oll T2,y + 15172002 1022 0.7 221y + 1T 17200,

+ Hath%OO([O,T];Hl(R+)) (1+ 1102 (v - 77)||2L°°([O,T];H1(]R+))) Haﬂch||2L2([O,T];H1(R+))
+ |‘atv|‘%2([0,T];H1(R+)) (1+v— E’||io<>([o,T];1arl(Rg))

+ (||atv||L°°([0,T];L2(R+)) + ||atv||%°°([0,T];L2(R+)) + |\5xv||%oo([o,T];L4(R+))

+ ||3mv||%oo([o,T];L4(R+)) + ||§/||2Loo(o,T)) ||8t7rh||%2([0,T]xR+)] .

The right-hand side is controlled as follows. Proposition 4.1 allows us to upper-bound v and
its derivatives. We also use (4.23) to estimate |0 h|r2r2 and Lemma 4.7 to estimate h in
L>(H') N L?(H?). Next, using (4.19), we observe that

- _ - _ 1 _ 1 1 _
and therefore, using the compatibility condition 3’ (0) = —9,ul_,/0, 7}|0$:O’

100z ht=oll L2 ()
< C([102(4° — W)l 2@,y + 12° = 2l m2ry)) (1+ 7(0) — | + |2° — 9| a2y ))
+ Cly'(0) — s

< gl (1 +53/2) .
Gathering all the estimates, we find that
1022l Z g2 + 107l T2 2 + 1020700212 < Ex (1 + Ex)”

for some large and computable constant p > 1.
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5 Existence and uniqueness of local solutions

The purpose of this section is to prove Theorem 2.2, following the strategy outlined in section 2.
We shall construct the solution Z of (2.15) as the fixed point of a nonlinear application 7, whose
definition we now recall: T :y € H?(0,T) — z € H?(0,T), where

. Oz u(t,0) ~
()= —p——""->>>— Z(0)=0
0= gy
and v is the unique solution of (2.18). As a consequence, recalling that s = —u0, #,—o/(u— —uy),

Y —s=—u o R Maxu\zzo( O (G(1) (u_ — uy)
_ (azu azﬁ)kz:O(t) swo(y(t)) — U4 (5 ]_)
@ G) Cul — @) '

We will first prove that for any initial data satisfying (H1)-(H5), the application 7 has an
invariant set provided T is chosen sufficiently small. We will then prove that 7 is a contraction
on this invariant set.

Let us define

0
am u|x:0

T = {i € H2(0,T)), §(0) =0, §/(0) = T,
T z=0

and M~ <y (t) <M Vte[0,T], | — sllm o) < M}.
The set Zp; will be our invariant set provided M is chosen sufficiently large, and T sufficiently

small. Without loss of generality, we will assume that M > 1.
Following the previous section (see (4.2) and (4.3)), we set

Eo = 19" = @,y + 14° = @l Hs @y + 1VO72m.
FIA+ VW Lo,y + 1L+ V2)0ew’ Lo, ) + 11+ V2)0Z 0’| Lae, ),
Er =&+ v — SH%P([O,T])'
Theorem 2.2 is an immediate consequence of the following result:

Proposition 5.1. Let M > 1 be such that

[2 [M [M 2
7 S Dy < oR E < M?, — 5 < Outtfyy < — R (5.2)

Then there exists T > 0 depending on M and the parameters of the system, such that T has a
unique fized point on L.

5.1 7 has an invariant set

First, notice that by definition, Z(0) = 0 and

R
7(0) = —p—0 =0 .

u_ — w9(0)
We recall that @° = 4% — 49, In 2%, so that u_ — w°(0) = pd, 7’&:0' It follows that
0z u&zo.

- 0
817%:0

7(0) =
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We assume that M > 1 is chosen so that (5.2) is satisfied. Notice that these conditions ensure
that

2 Oattfy_o M
<~,0 _~/0 _ xT < )
Tr,y()_z() awvl(;zo—Q

Since
Z(0) = V2| 20,m) < Z' (1) < Z(0) + VE|Z" | L2(0,1)

it suffices to prove that ||2" — s||g1(0,r) < M for T sufficiently small (depending on M), and to
further choose T so that VT M < (2M)~!, ie. T < (4M*)~1.
Now, let us consider the solutions v,u of (2.17), (2.18) respectively. Using the notation of
Lemma 4.4, we have
By < C(& + 17 = slliz0m) < Cur-

(We recall that the constant C' in the above inequality may depend on M). Now, let us choose
Thr so that inf(1, Ty )Car < 1. Then the solutions v, u of (2.17), (2.18) satisfy the estimates of
Propositions 4.1 and 4.2.

Let us now turn towards the bound on ||§ — s g1 (0,7). Note that £ < 2M? according to our
choice of M. We also note that

1 1 2
0 0
— 0) = —0:v,_q> —1/ —-
U w ( ) 1 587/\1,70 ~u M
Since [|§|| Lo 0,7y < M and [|8, w°]oe < 55/2 < M, we obtain, for t € [0,T],
us = @ G0) = o~ 7 oet00 o > — (53)
T pVM T ouvM

provided T < CM~%/2. We infer, using (5.1),
17" = sllzz0.m) < Ot (1020 = Do,y + T2 = s o) < Casy*TH? < Cu T2,

Thus, for T sufficiently small, the right-hand side is smaller than M /2.
We now cousider z”. We recall that we set h = u — #. Using that

~1/ 8ta:1:u = a:ru = ~7 ~
2(0) =~ OO0, 30)
o P (00w 30) (5.4)

U_ — Uy
(u— = w0(y(1)))*’

+ 57 (£) 0, w° (4 (1))
it follows that

127|220,y < CVM 10482 L2 (0,7, (R4 )) + CM?||0uhl L2 ((0,7), 1 (R 1))
+CM3TYV2,

We now use Proposition 4.2: there exists a constant p > 1 such that
10:02hl[ T (0,7), 12y + 1002 22 0.7y ¢y ) < Crs MPPF2,

Hence

1/2 1/2
1000ahl L2 0.1y, 1)) < ClODBIET 07wz 10025 0y s
< CyTY*MPHE,
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Similarly,

1/2 1/2
||6mh||L2((0,T),L°°(R+)) < T1/4||awh||Loo([0,T};L2(R+))||a§h||L2([o7T]xR+)
< OpTY*MP.

Hence, choosing T sufficiently small (depending on M), we obtain

N M
12711 L2 0.1) < ER

We deduce that Z,, is stable by T.

5.2 7 is a contraction on Z;;

Let 91,72 € Iy We consider the associated solutions v, u; of (2.17), (2.18), and we set z; =
T(y;) € Ips. We define D,, = vy — vg, Dy = up — us.
Let us now evaluate 2§ — 2} and 2} — zJ. First, we have

8xDu|93:O w0@1) — wO(@’2)

B T Y B R ) R )

so that, using Lemma C.2 and (5.3)

121 = Z3ll220,7) < Cll0zDuje=ollr2(0,1) + CllOsugje=ollL=0,0) 171 — Vallzz0r)-  (5.6)
The constant C' depends on parameters of the problem, on Sobolev norms of @, and on M. In a
similar way, using identity (5.4), we find that

H~N vi/4

Z1 = 23 |l20,m) < C (110402 Dusjw=oll L2(0,1) + 1102 Duja=oll L2(0,7)) (5.7)
+ C (||0zus)o=oll L (0,1) + 10:02u2j=ollL2(0,7)) 17} — Foll L2(0,7)-
There remains to evaluate the traces of 0,0, D, and 9,D, at x = 0 in terms of y; — y. In

order to do so, we follow the order of the energy estimates in the previous sections and start by
evaluating D,. Note that D, is a solution of

- D, ~ o~
atDv - ylla:rDv - Maww In (1 + ) = (yll - yl2)8$U2’

V2
Dv|x:0 =0, lim Dv(t,x) =0,
Tr—r00

Dv|t=0 =0.

We apply Lemma B.1 in the Appendix to the function D,, with § = v, G = (¥} — ¥4)0x 2.
Since T' < Ty, exp(||0zv2]| Lo ((0,7) xRk )T01) < Car, and
It follows that

I1DwllLe 0,1y, 11 @) + 19Dl L2((0,1) x4y + 102 DollL2((0,1) xR )
< Cllth = Ballr20,1) ([102(v2 — 2) || Lo (0.1),2 1)) + 1027
< Cullyy — Ballzzo,1),

|L2(ry)) €XP (19202l L= (0,1 xr) T)

and

62

()

< Cur (I = Bollzzomy + T217 = B2 0.m))

L2((0,T) xRy
< Oumllth — U3l z20,1)
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Following the estimates of Section 4.2 (see also Proposition A.1 in the Appendix), we infer that

10 Dol|Z o0 (0,7, 11 (2 y) + 1020: Dol 220,70y, 11 (2, y) + 102Dl 2 e 0.7y, 10 = )
< Cu(llyh — ||L2(o 7+

97 = D5 ll720.1)-

We now turn towards the estimates on D,,, which satisfies the equation

1
atl)u - giaxDu - /’Law (vaa:Du> =95
1

- - 1 1
S == (1 — Up)Opua + 110y (( — > arug) .
U1 V2

In order to complete the energy estimates on D,,, we need to evaluate S and 9;.S in L%([0, 7] x R.).
We have

with

151 2o, 11x Ry ) < 10xuzllLoo (0,71, L2 ) 1F1 — BallL2(0,7)
+ C<||DUHL°°([O,T]><R+)”8§U2HLZ([0,T]XR+)
+ 102 Do || Lo (0,17, L2(R 1)) 19202 L2 (0,77, L (R, ))
+ 1Dl (0.7 ) |0 (01 + UQ)HLOO([O,T]X]RJr)||8g;u2||L2([0aT],L°°(]R+)))
< Cumllvh = Pallz201)
and similarly,
[0S 2 (fo.11x k) < CallFy — Bl 0,1y
Using once again Proposition A.1 in the Appendix, we obtain
| Dull o 0,1y, 11 1)) + 102 Dull 20,1, 1 Ry y) + 10¢Dull 20,1 xR )
< Omllth = Ballz20.1)

and
10eDull Lo 0,1y, 11 R, )) + 1020 Dull 20,1y, 11 Ry y) < Cral9h — Uallm 0,1y
We are now ready to prove the contraction property. We focus on the estimate of zi — Z4,

since
| ~

> < 1 s
21 22||L2(0,T) = \/§| 21 T % ||L2(0,T)~

Using the estimates on D,,, we obtain

(0602 D) w=0ll 20,1y + 102 Dujw=oll 2 (0,7)

1/2 1/2 1/2 1/2
< C (100 Dull 0.1y 19002 Dull 5 009 + 100 Dull 0y |02 Dull ooy )

1/4 2
< OTY (1100 Dull 2 (0.1, 220 102Dl o 0.y,

+ 1|02 D ||L°°((O T),L2(R4) )”82D HLQ((O T)XR+)>
< CuTYF = Bl 0.1 -
Furthermore,
10z tuzjz=0ll Loe (0.1) + 10:0x =0l L2(0,1) < [Ortho—o+| + CEP(1+ E7)" < Cr.
It follows that
12 = Zlr0m) < OuT 5~ Ballao.m) + Ol — Ballzzcomy < TG = Bl o

Hence, for T sufficiently small (depending on M), T is a contraction on Zy;.
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5.3 Conclusion

We deduce from the previous subsections that there exists Th; > 0 such that for all T' < Ty, T has
a unique fixed point in Z;. Let us consider the solution (vs, us) associated with this fixed point.
According to the argument at the end of section 2, (¥, vs, us) is a solution of (2.16). Furthermore,
vs and u, satisfy the properties listed in Propositions 4.1 and 4.2 respectively, and v, also satisfies
the L*° estimates of Lemma 3.2, provided T}, is small enough.

Thus (T, vs, us) satisfy all the properties listed in Theorem 2.2. Eventually, the pressure in the
congested domain is given by

ps(t ) = ps(t) = 7' () (u- — w°(3(1))).

Since 7 € H%(0,T), ps € H'(0,T). This completes the proof of Theorem 2.2. O

6 Global solutions: existence for small data and stability

In this section, we start from a strong solution (us, vs) provided by Theorem 2.2 (see the previous
section). We prove that if & is small enough, the existence time of the solution is infinite.
Furthermore, the travelling wave is asymptotically stable. Once again, we drop the indices s
throughout the section in order to alleviate the notation.

Let us now introduce our setting. We assume that & < co6?, where ¢ is a small constant,
&o is the initial energy, defined in (4.2) and ¢y is a constant depending only on the parameters
of the problem, to be defined later on. At this stage, we merely choose ¢y small enough so
that [|og — 2|/ r,) < §/2. We denote by T the maximal existence time of the solution. For
T €]0,7*[ small enough, using a continuity argument together with the dominated convergence
theorem, [|Z" — s g1 (jo,r)) + v — 2|l Lo (0,1 xR, ) < 0. We set

T :=sup {T €]0, T, ||5/ — SHHI([(LT]) < 5} .
The global existence of the solution relies on the following bootstrap result:

Proposition 6.1. There exist constants cy,d9 > 0, depending only on the parameters of the
problem s, p, v, such that the following result holds.
For all 6 € (0,00), if € < co6?, and ||(1 + /2)OF 0| L2(r, ) < c00%/? for k =1,2,3, then

VI e0.1], I sl o < 5

The proof of Proposition 6.1 is the main purpose of this section. Before describing the strategy
of the proof, let us deduce the global existence result of Theorem 2.3 from Proposition 6.1. First,
it is clear from Proposition 6.1 and from a simple continuity argument that 7' = T*. Second,
notice that for all T < T, & = & + ||7' — s||§{1(07T) < 262 < 1 provided &y < 1/v/2 and ¢y < 1.
Hence the total energy remains bounded on (0,7*). Classically, this implies that the solution is

global. Let us explain why in the present context.
First, note that for all ¢ € [0, T,

3s

s |7 sl ST () S5+ 7 - slre <5

(6.1)

provided 9 is sufficiently small.

As a consequence, as long as 1 < v < 2(vg + 1), the estimates of Propositions 4.1 and 4.2
hold, with a constant C' depending only on the parameters of the problem s, y, v4,us (note that
we chose here C' = 2(v; + 1)). Hence, let us introduce

T :=sup{T € (0,T), 1<v<2vy+1)}.
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By continuity, if ¢ is small enough, we have T’ > 0. Furthermore, there exists a constant C
depending only on the parameters of the problem such that

102 (v = D) || oo 0,7y xR, ) < C6.

Consequently, for all ¢ € [0,7"],

1
inf d,u(t,z) > inf 8,9(x) — [|0:(v—)||lse > = inf 8,9(x) >0
L v( x)—zéﬂ),u 9(x) = |0z (v — 2) 3 ol ()

provided 9§ is small enough.

Now, let us prove that T/ = T provided § is small enough. We argue by contradiction and
assume that 7" < T. We then consider the Cauchy problem at t = T’, and we apply Lemma
3.2. Then (3.5) is satisfied, with a constant M depending only on the parameters of the problem.
Furthermore,

— _ — _ 1
supv(T',z) < sup v+ |[o(T") — || Lo,y < v4 + CEp < vy + 3

provided ¢ is small enough. As a consequence, there exists a time 7 > 0, depending only on the
parameters of the problem, such that

1
1<v(t,x)§2<v++2>—2v++l

for all t € [T",inf(T, T’ + 7)]. This contradicts the definition of T', and we infer that T’ = T.

Thus the constants in Propositions 4.1 and 4.2 and in all Lemmas of section 4 depend only
on s, i, v, u+ for all estimates bearing on the interval [0, T]. At last, let us emphasize that since
Er < 1 for all T < T, the condition inf(1,T/?)E;(T) < 1 of Lemmas 4.5, 4.6 etc. is always
satisfied.

It then follows from Proposition 5.1 that the time T, on which the fixed point argument is valid
depends only on the parameters of the problem s, p, v4, us. By a classical induction argument, we
may solve the Cauchy problem on [nTys, (n + 1)Ts] for all n > 0, and we deduce that T* = +oo.

Let us now explain our strategy of proof of Proposition 6.1. It relies on two sets of estimates:

e The first set of estimates was obtained in Propositions 4.1 and 4.2. Tt ensures that if ¢ is
small enough, as long as T' < T, setting g :=v — v, h:==u — u,
gl 2o 0,71, 13 R 1)) + 10eg | o= 0,7, 12 1) + [10egll2(0,), 2 1))
<CE&+ 17 = slu o), (6.2)
1l 2o o.11.00 )y + 10ehll 2 o.71. 1028 ) + 107 Pl 2 (0.7 xR
< C(&" + 17 = sl 0.1, (6.3)
where the constant C' depends only on the parameters of the problem, namely s, y, v and
w4, as explained above (recall that &7 <1 for all T < T).

From there, using the equations (4.6) and (4.19) on g and h respectively, we also deduce
that for all T < T,

gl 20,0, 1)) + 1Pl 2 (0,1), 0 (R4 )

<C (&7 + 10+ V)R W 2. + 17— sllmom) - (6.4)

e The second set of estimates relies on a coercivity inequality for the linearized operator around
v, which will be the main focus of this section. One crucial observation lies in the fact that
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0, v belongs to the kernel of this linearized operator'. This allows us to define a new unknown

- v—0
g1 :=—8(v —2) — o, ( - ) ) (6.5)
which will satisfy better estimates than g = v — v (cf Remark 6.2).

In order to keep the presentation as simple as possible, we will start with the case when
w"” = uy, which contains the main ideas of the proof. In subsection 6.2, we will address the
case of non-constant =", and we will point out the main differences with the simplified case. We
conclude this section with a proof of the long time stability in subsection 6.3

0

6.1 Case w° =u,

In this section, we assume that @ is constant and equal to u,. The equation satisfied by v on
[0, T*[ is therefore
Oy — T'0pv — pd?Inw = 0,

Vjg=0 = 1, wll)ngov(th) CE
0
’U|t:0 =7

In the rest of this section, we introduce the linearized operator around o, namely 9,4, where
A= —sld — pd, (5) .

We also set 8(t) = 2'(t) — s and g = v — v, as in the previous sections. The equation on g can be
written as
g + s Ag = B, + BOyg + pd> (m (1 n %) - 2) :

v
g|t:0 = 7}0 - Eja (66)

Jlz=0 = 0.

Let us comment a little on the structure of this equation. We will prove that the operators d,.4
and A0, enjoy nice coercivity properties (see Lemma 6.3 below). The second and third terms in
the right-hand side of (6.6) are quadratic and will be treated perturbatively, using the first set
of estimates on g, namely (6.2) and (6.4). Eventually, 9,7 € ker A. Hence the first term in the
right-hand side disappears when A is applied to the equation. As a consequence, g3 = Ag satisfies
the equation

Bug1 + ABpg1 = BADpg + A (m (1 n %) - 2) :

v (6.7)
Gij=0 = A (2° — 9).
From definition (6.5) and estimates (6.2), (6.4), we know that
g1 € LOO((O,T),H2(R+))7 g1 € L2((O7T)7H3(R+)) (6 8)
and that 9,91 € L>=((0,T), L*(Ry)) N L2((0,T), H'(R)). '

Using the identity u — u0; Inv = u,, we also infer that h — p0, In(1 + g/7) = 0. Using (6.3) and
(6.4), we deduce that

g1 € L2((0,T), HY(Ry)), 0ig1 € L*((0,T), H*(R,)) and 072g; € L*((0,T) x Ry)  (6.9)

Remark 6.2. In Equation (6.7), all the terms in the right-hand side are quadratic (recall that
lgll < 53/2 +1|8]1), so that g1 can be expected to satisfy better estimates than g.

1Note that this is a classical property of nonlinear equations with constant coefficients, linearized around a given
stationary solution. It is related to the (formal) space invariance of the equation.
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Before addressing the estimates on g; = Ag, let us derive some information on the traces of
Okgy at x =0 for k =0,1,2. Since w" = uy, we know that

u(t,z) — poy Inv(t,z) =uyp VE>0, x> 0.

As a consequence,
U— — Uy _
6:81]\93:0 = [ = 8&6”@:07

and thus gi,—o = 0:9jz—0 = 0. Taking the trace of (6.6) at x = 0 (which is legitimate since all

terms belong to L2((0,7), H*(R,)), we find that

_ s(vy —1
02911z=0 = BOzYz=0 = 5(+M)- (6.10)

We now take the trace of (6.7) at = 0, noticing that all terms in (6.7) belong to L2((0,7T), H*(R.)).
Note that

030
ABpg = 0,91 + [A,0:)g = Org1 + p0y <Z29> . (6.11)
Furthermore, In(1+X)— X is quadratic close to X = 0, and we recall that (g);—0 = (929)z=0 = 0.

It follows that g g
(42 (m(1+5)-3)) =0

We infer from (6.7) and (6.11) that

-1
(Aaxgl)|;p:0 = ﬁ('Aaxg)‘IIO = Ba&cgl\zzo — 625(1}-&-#)’
and thus
9z 91 _
1Oy 7 = —Sazgl\xzo - Bamglpc:o (6.12)
|z=0
2 - —
- _g¢ (vy — 1) _Bgs(mr 1) 6.15)

I I

Let us now state a Lemma giving some coercivity properties on A:
Lemma 6.3 (Coercivity properties of 9,.4 and A9,).
e Estimate for A,: let p € H*(R}). Then

/OOO(ABMW—M/OOO (ame)QJr

v

(£(0))* + pe’ (0)0(0)

(NN VA

o0

L (000)? + 5(0(0)% + ¢ (0)(0).
U+ Jo

v

e Estimate for 0, A: let ¢ € H*(Ry). Then, for any weight function p € CZ(Ry) such that
p>0 a.e.

o © oo © 2 0 )
6w = > ag;f _C 2,00
/0 (OeAp)=p = u/o ( v) p=Cllpllw /O ¥

+2(0) (30(0) = 50(0)) +10 () #(0)0(0):

The proof of Lemma 6.3 is straightforward and provided in Appendix D for the reader’s con-
venience.
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We are now ready to tackle the estimates on g;. In the following, we denote by C any constant
depending only on the parameters of the problem (i.e. vy, uL,s,u).

>L>(L?) N L2(H) estimate:
We multiply equation (6.7) by g;. Using the first point in Lemma 6.3 together with the

observation (6.11), we obtain
-2 el < ik Z) - .
sdi J, o1 + ’U+/0 (0z91)" < uﬁ/o O\ =59 ) 0 /0 Ad? <ln (1+ 7_/) )gl
(6.14)

We now evaluate separately the two terms in the right-hand side.

+

Q|

e Integrating by parts the first term, we obtain
o 00
/ Oy (;9) g1
0

‘|gHi°°([0,T],L2(R+)) <&+ C”ﬁ“i?(oj‘)’

° 0y v
‘uﬁ/ 0y (29> 7
0 v
e Using the definition of the differential operator A and integrating by parts, we have
[z ((1+2) - 2).
0 v v
= 9\ _ 9
/0 0 (in(1+5) - ) 0usn
We now consider the nonlinear term. We have
o (n(1+)-2) = (2) oy
v v v/ 144
2 9V _ 9y~ g2 (9 (o, () L
8w(ln(1+77) 77)_ 8w(77)1+ (6”0(77)) 1+ 9%
Consequently, recalling that o + g = v > 1, we have
/ AD? (1n (1 n g) - g) 7
0 v v
Sl (lollz=en [0 (2)], 0, +]

g
v
b (2

< O0egi L@y llgll 2wy )-

Recalling that

we obtain

H 2 9 )
< mllamglllm(&) +C(Eo + 1817207181

< C +C

[ (+2)-2)om

Qe

(6.15)

QU

QU

IN

0. (2)

2
L4<R+>)

IN

C||81391HL2(R+)HgHWI’OO(R+) )HHI(R )
+

Since ,
1/2
91l Loe o, 77, w1004 )) < N9l oo o, 77, 2R )) < C(E" ™ + 1Bl (0,7))5

we obtain eventually

2 (0 (1+2) -2

IN

2
% (e
v/ H(R)

K 2 2
B 10:01 e +OEHIBIS 1) |
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Gathering all the terms, we are led to

d o oo

2, M 2 2 2
G [T [Ty < o+ 191 0m) (198 + ]

o (9. )

Integrating in time and using the bound

1/2
191l 22 0. 71,1220y < C (&7 + 181l 11 0.7
we get

i
19117 0,7, 22 (R ) + E||awgl||%2([0,f],L2(R+)) < &+ C(& + 18I 0.0))* (6.16)

>L>®(H') N L?(H?) estimate: Differentiating (6.7) with respect to x, we obtain, using (6.11)
0, v g g
_ 342 2 (0= 2 9\ _ ¢

010z g1 + 05 A0 g1 = BOZg91 + nBO; ( = g) + w0, A0z (ln (1 + 7_}) 7_/) . (6.17)

We also recall (6.12):

s(vg — 1 Oy
amgl|9c=0 = Byv lffaz ( gl> = _Saxglpc:O - 6azgl\x=0~
H v |z=0

We multiply (6.17) by 9,g1p/v, where p € CZ(R4) is a weight function that will be chosen momen-
tarily, and such that p > 1. Using the second part of Lemma 6.3 and replacing p0, (@)I ,
x=0

v

0o 3T 2 0o
> (a< g)) p=Clolwes [ (@)
0 v 0

+ (9eg112=0)” (—5(0) = £0/(0) = Bp(0) ).

we have

/ (0,A0,91) B
0

QD

We now choose the function p so that the last term is positive at main order. More precisely,
we take

p0)=2 PO)==" 1<p@) <2 VR,
Then
o e 9001\ s3(vy —1)? >
|7 @avua) 0.0 2= [ (0,22 ) 4 2l [ 0un)? -l
0 0 2 0

(6.18)
Note that the term ||0,g1]|2 is controlled thanks to (6.16).
We now address the terms in the right-hand side of (6.17).

e The first term is easily bounded thanks to the L2L? bound (6.16) on 0,g1. We have
92g,0 22—7/ 8, 2a.(f)_ On11a0)?
/O z91 x91v 2 J, (0291)°0x 7 ( 291 —0)%
so that -
2 P 2 3
‘B / axglaxglv\ < CIBII.g1 B, , + CIBP.
0

e For the second term in the right-hand side, we use the bounds on g. We have

o 7
i [0 (%) onl| < Clslio.mlioe, ol

52
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e Let us now address the nonlinear term, which is quadratic in g. Integrating by parts and
recalling that A% (In(1 + g/v) — g/v) vanishes at z = 0, we have

/Oooé)mfwg(ln(l—kg)—
- —/O A2 (n (1+2) -
—/O Aai(ln(ur%)—

Furthermore, by definition of the operator A,
AD? (m (1 + g) - g) = —s? <ln (1 +
v v

— 1D, (iaﬁ (1n (1 +

N—
&

P
9177

&2
&
<

)
)

Ql

Qe QUL Qi
N—

~
7N N
(o5}
8
Q
[y

Ql

Q|
N———
I
QI
QI

Q|
N———
~_

Remembering (6.15), we obtain
‘Aai (m(1+2)- g)‘
v v
< C ( g
As a consequence,

022 llglhw .~ +
‘u/ooo 9, A0? (m (1 n %) - %) @cglz’

v
o

In the inequality above, we have used the fact that ||g|| Lo ([0, 7],w1.o) Temains small, so that
the cubic term |0,(g/?)|® remains smaller than |0,(g/?)|?.

2
8952‘ +
v

awg(g).

g
22| llglo +

am aacig 1
4

+ ||8191||L2(R+)> <||g||L,?ﬁ,||azg||H2(R+) + IIQIIW;,;ollgl|H2(R+)) :

L2(R4)
(6.19)

Gathering all the terms and using several times the Cauchy-Schwarz inequality, we obtain,
with ¢ = s3(vy — 1)%/pu?

L gl [ (0,20 oo
2 dt 0 (89691) E)+2 0 890 7 +Cﬁ

< ca+mmmm@yé(@mﬁ+CWP+mmwﬂ@m”

+C||9||2Loo([oj]><]1§+) ||9||§{3(R+) + C”QHQLOO([O,T],WLOC(]R+)) ”9“3’12(R+)'

Recall that [|B]| e (0,7) S I8l 1 (0,7 < 1 for 0 small enough. Integrating with respect to time and
using (6.16), we get

2
az azig 1

2
= + 18112 0,79

L2([0,T]xRy)

< O+ CEo + 1813 0.09)% + CE + 1Bl 00181 320.7y (6:20)

||3zgl||2Loo([o,T],L2) + ‘

Note additionally that the last term in the right hand side can be absorbed in the left-hand side
. 1/2 .
provided &' + [|B]| g1 (o,7) is small enough.
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WL (L2) N HY(HY) estimate: Let us now consider the time derivative of g; satisfying
01(0r91) + AD.Oug1 = BADDug + pA020, (In (1+ 2) = L) + 540,
(atgl)\zzo = 0.

Recall that we have by (6.11):

(6.21)

A@@gz@@m+u@@(@”>.

2
Multiplying Equation (6.21) by d;g1 and using once again Lemma 6.3, we get

1d

H 2
577 Orgn|* + — / 1020491
th Ry ’U+ ]R+

Oz
/ 3;c3t (2 g> 3t91
Ry v

Ad g0 g1

Ry

< Bl tul [ Ado (m(1+2) - LYo

Ry

+ 18]

Integrating by parts and using the Cauchy-Schwarz inequality together with (6.2), we have for the
different terms of the right-hand side:

00
Bl |/ 020 <-29> Org1
R, v

e Next, for the nonlinear term, we differentiate (6.15) with respect to time, which yields

/]R+ A820, (1n (1 n %) - %) B

/R+ 80, (m (1 n %) - %) 80,01

M 2 2 g
< g l0deanlE: + C(llgll .~ |20 (£)

o (4],

LA (Ry)

o First

I
< m||ataxgl“%2(]l§+) + C“(?tgnioo([ojv]’[lz(RJr))‘ﬂlQ;

I

< sp + 2

/]R+ %atag (m (1 + %) - %) 8Dugn

+ 1009135 N9 3 s,

2
e

)

+Clagl, |

e Finally, recalling (6.11)

‘5l| Aazgatgl

Ry
07
/ [91 + HTQ} (996(9,591
R v

"
< m”&c’)wgl\lia(ﬂh) + CW/P(||91||%°°([0A,T]’L2(R+)) + ||g||%°°([0,T],L2(R+)))'

<16|

Eventually, we obtain after time integration of all previous terms and the use of the estimates
(6.16) on g1, (6.2) on g

19e91 11700 (jo. 71,22k, )y T+ 106029117207y x ) < 0{50 + (&0 + ||5H?{1(0,T))2}- (6.22)
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>Wheo(HY) N HY(H?) estimate: We differentiate Eq (6.17) with respect to time:

Oy
0¢(0:0291) + 0, A0, 0pg1 = PO20g1 + B'O2g1 + pB' O ( 3 g) (6.23)

+ 1B (%;’atg> + 10, AD20, (m (1 + %) - %) .

This equation is endowed with the following boundary condition, which is to be understood in a
weak sense

00, ,
,Ufa'r (tgl) - *6 (a"l:gl)\wzo - (/8 + 5)(atamgl)\1::0
|z=0

v

= —B'(28+ s)s(eru_ b, (6.24)

In other words, for any test function ¢ € L?((0,T), H'(R,)), for almost every ¢ € [0,7] (recall
the regularities (6.8)-(6.9) on g¢1),

000s) O D [ AO000) 0.0+ (500ugiiema 7254 95 Yy

[T a2 9\ _ 9
_ /0 pad20, (1w (14 2) = 2) o001, 2) (6.25)
> ; 0,0 0,0
+/ [535@91 +B'0291 + pp'o; < Z;Q) + npo; <U2v3tg)} Y.
0

In particular, we have used the fact that
1938, (1n (1 + i) - 2) ~0
v v/ |z=0

in a weak sense. The weak formulation (6.25) can be obtained by writing the weak formulation
of (6.17) associated with d,.¢1, taking a test function of the form 9y with v € C*([0, T[, HY(R,)),
and integrating by parts in time.

Similarly to the L>°(H?!) estimate we take ¢ = 0,(9;91)p/7 in the weak formulation above,
with the same weight function p satisfying p(0) = 2, p'(0) = —%, 1 <p(x) <2VeeRy, and we
evaluate each term separately. At the boundary x = 0, we have

(vy —1)

(0:0291)|2=0 = ” p g, (6.26)

and the equality holds in L?(0,7).

e For the transport-diffusion term we have, replacing v by 9,0:g1p/v in the left-hand side of (6.25)
and using Lemma 6.3,

[T ’ g (=1 ’
/0 A(0:0x91) O (8x5t91 77) + (Sataxglx=0 B'(28 + s)s " > (aratgl 7)@:0

v
9,0 2
[ (0 (Z22)) o Clotwe [ (.00
Ry v Ry

+ (8t8zgl|a::0)2 (%p(o) - gp'(o))

- 828+ s)smu_l) (0:0291) w0 P(0),
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so that, with the boundary condition (6.26) and with a computation identical to (6.18), the right-
hand side of the above inequality is equal to

9,0 2
H/ (am <t91>> p_0\|p||w2,m/ (0.0001)°
Ry v Ry

s3(vy —1)2 s2(vy —1)?
49 (+2 )|ﬁ/|2_4 (+2 )ﬁlﬁ/‘Q

Similarly to the L>(H') estimate, the last term will be absorbed in the penultimate one when
18]/ L= < & is small enough, while the second integral is controlled thanks to the previous H*(H?!)-
estimate.

In the right-hand side of our estimate, we have to control the following integrals

I =p 33&91 5t3z91§

Ry
ol 2 4
I,=p 0,910:0.91=
Ry v
0, v p
I3 = up’ = 010,91 =
3 /‘LB R, x < 7}2 g) t g1 7

0y v
Iy = pp 5'.»% ( —5 5t9) 3t5191£
Ry v v

N—

Iy = u/ AB20, (m (1 + 2) - 2) 8, (atawglﬁ
R v v v
e The first integral is controlled via an integration by parts:

<2 [ @0, (2) + 500000,
Ry v
< C161110:0291 172, + C18'[*B.
e For I, I3, I, the Cauchy-Schwarz inequality yields

| + [ Is] + [1a] < [10:0:01(1 72, ) + C|ﬁ/|2(HagglH%oc([oj],m(&)) + HQH%W([O,T],HZ(]R+)))
FBI < (0.1 1069 (W) [ Fr2 ., -

e For the nonlinear term I5, we have similarly to (6.19):

[T aazo (m(142) - 2o, (00.0.2)|

<c (’ 0zdhgn

v
x <|9|L??w||atamg|H2(R+) 10l lgllmz@,y + gllws = (10:9] 2 ey + g|H3(R+))>'

o

+ ||at3r91||L2(R+)>
L2(R4)

To control [|9;0,9 p2(r, ), we write in the case w® = uy:
110,8% In (1 n %) = 18,0° ln% = 9,02(u — ),

so that [|0:0:9|lr2®,) < C(10:h|la2®,) + |0:9ll 52(r,)), Where we recall that h = u — u.
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Gathering all terms and integrating in time, we get, using (6.2), (6.3) and (6.16)

2

6w8t91

T —

v

+ ||5/||%2([0,T])
L2([0,T]xRy)

10029117 = 10,77, 1)) + ‘

2
<C&+C(& + ||»3||§11(0,T))2 +CE + ||6HH1(O,T))HBIH%Q(O,T)' (6.27)

Observing that the last term in the right-hand side can be absorbed in the left-hand side provided
53/2 + 181l g2 (0,7 is small enough, we obtain eventually

Bx (ataa:gl )
v

> Conclusion: Combining (6.20) and (6.28), we deduce that for & < cd? with ¢ > 0 small
enough (depending only on the parameters p, v, uq),

2

1B 2077 < C [ €0+ (o + 18171 0.09)° |-

(6.28)

||8ta:rng%°°([0,T],L2) T ’

L2([0,T]xRy)

52
18121 0,21y < € (€0 + 0+ 183 0.7))?) < Ceod® +Co* < .

This completes the proof of Proposition 6.1 in the case w® = u,. Note that in this case 0¥ @ = 0
for k = 1,2,3. Hence the additional conditions on @ are automatically satisfied.

6.2 Case when #? is arbitrary

In the case when @ is not constant, the estimates of the previous section involve new contributions
coming both from the equations, which contain additional terms linked to 8, @°, and from the
boundary z = 0, since (9:9)jz—o (and thus (g1)|,—0) is not equal to 0 anymore. More precisely,

Ohgr + ADpg1 = BAD,g + pAD (n (14 g) - g) + AB @ (z + (1)),

(6.29)
g1jt=0 = A (7/0 - 77) )
with at the boundary z =0
(9)a=0 = =sgpe=0 — (22 () _, = —H(O0 = 0o = #"(@) — s (6.30)

=0

since u(t, z) — ud, nov(t,z) = w'(x + x(t)) for all ¢, .

Nevertheless, we will show that these new contributions are all controlled provided ||w° —
Uy || oo (r,) and [|(1 4 v2)OEwP| 12k, ), k = 1,2,3, are small. We recall that using the definition
of g; together with the estimates (6.3) and with the equation on wu, we have the regularities (6.8)-
(6.9):

g1 € L*((0,7), H*(R4)), Qg € L*((0,T), H*(Ry)), 0791 € L*((0,T) x Ry).

As a consequence, -
a§g1|a::07 6taigl|a::0 € L*(0,T)

for0<k<3and 0<I[I<1.

Estimates on the traces Let us detail the different traces associated to g; that will be involved
in the estimates and how they are controlled in L?([0,T])

Lemma 6.4 (Trace estimates). Assume that |@w° — ug |lw1e@,) < 1. Then
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e Estimates on gi|z=o-
191 jz=0ll 2207y + 1@eg1)ja=0ll 220 7y < Cll(L + V2)Do |72, ) < CEo; (6.31)
o Estimates on 0,1|z—o-

8x91|m:0 = + R17 (632)

s(vy —1

53 =1)
I
where
HR1||H1(O,T) <C <||5||1rjrl(o,f)||w0 — Ut |lwreomy) + ||w0 - U+||%/V174(R+) + HamWOHHl(R+)) .
e FEstimates on the traces of the nonlinear term:
ok (m (1+ g) - g) — T, k=1,2,3,
v v/ |z=0
with
n=[o.(2)4 =
v/ Ul|z=0

T2l 10,7y < Cllw® = s [[frar, ) (6.33)

||T3HH1(O,T) <C (||»3HH1(0,T’)||WO — U |lwricomyy + ||w0 - u+||%/V2v4(R+)) .

e FEstimates on 5;%91|x:0-’

u [am (‘99)} R S LTS (6.34)

v

where

HR2||H1(07T) <C <||5||H1(07T)”w0 — Uy [lwroemy) + ||w° - u+||%/[/2»4(]R+) + HaﬂchHH2(R+)) .
(6.35)

Proof. Throughout the proof, we recall that for all ¢ € [0, 7], 2’ satisfies (6.1), so that
st 3st

e First, the estimate on g1 follows directly from (6.30), writing

(@(F) — uy)? = 2 /

x

o0 oo

(@) = 0 )0s @) do = =2 [ 1y (0 (0) =y )0r (@) o

and using the same kind of trick as in the proof of Lemma C.1.
For the time derivative, we write

Otg1)z=0 = 70, w (Z)

and integrate in time.
e Estimates on 0, ¢1|,—o: First, we have by (6.30)

2 2 /7 :
(8- = (20 25m) L 0O (o)

= %(wo(f) — u+)2 =:Ty (6.36)
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Note that the estimate of (6.33) with k& = 2 follows.
Next, taking the trace of the equation satisfied by g (6.6) (with the additional d,=° in the
right-hand side), we infer that

(091)j=0 = B(0:0) om0 + 102 (1n (14 2) = 2) @)

— O(F
- “‘;"(:’3)5 + uTy + 9,2°(F) (6.37)
= 68<’U+ — 1) + Rla
o
with 0/~
Ry = 5“"'771”(@ + ‘uT2 + aﬂcwo(’f)

We then bound R; in H(0,T). We have

IR1llgro,1) < C(Hﬁ”Hl(o,T)HwO —uyllzeomy) + 18Nl L2(0,7) 102w’ | Lo r, )
+ 1 Zellir o) + 19: 0 1 )-

e Estimate of T3: we have

and

,_.
+ =
Qe
2
—
NUES
N————
|
—~
—
+i=
)
S~—
[\v]
/N
8
/N
Q|
N———
N—
[\v]
Il
3
B
&
+ —
NSNS
~—

By (5.1), we have

(w°(F) — uy), (6.38)

It follows that

B ()], )2l @)

s(vg — @) —u
= —BB(LQI)(WO(%) —uy) +3(8 + S)W
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Note that (w®(Z) — uy)® can be considered as negligible compared to (w°(Z) — u,)? since we
assume that [|@® — uy|w1.m®,) < 1. Hence, taking the H' norm of the right-hand side, we
obtain

1730 1107y < € (1Bl 0.1y 1#° = e llwrey + 19 = wiyzae, ) -

o Traces of §2¢;
We have

Oz
K <3x g1> = *5(5x91)|z:0 - (Aaxgl)\xzo
v |z=0
where, thanks to (6.29)-(6.30) and (6.11):

(A0291) =0 = B(AD29)|z=0 + 1t [A@i (hl (1 + %) - %)}
+ (A0, w° (& + 7)) jo=0 — (8191)jo=0

= 80000 an0 05 00 (%7 g)} enfaz(n(i42)-0)]
+ (s —2)0,w"(T) — pdyw’ & ()0, w’ (%).

|z=0

Hence, we deduce that

1% (az 89;—}91) = —(S + 5)(53091)\1:0 — Ry, (639)
|z=0

with, compared to (6.12), a remainder:

Ry =3 [&C (a;;gﬂ L (402 (m (1+2) - 2))] -
+s(vy — 2)0,w°(T) — pd?w®(z) — 7' (t)0, w°(Z).

Let us now estimate Ro. We have by definition of A

[AE)Q (ln (1+ )—Q)LI »
e n(19)-9)] - o (B (14 2) - )]

- G- (D) -2)]_ [ (n(142) -]
= (vy — 2)suTy — p*Ts.

Replacing in the expression of R and using (6.30), we obtain

Ry = Wﬁ(w%f) —us) + (o) — sl — 2Ty

+5(v4 —2)0,2°(F) — pd w(F) — ¥ ()0, w°(7).
Thus

IRl oy < C 1B lw° —upllwro@yy + 1T2llmor) + 1Tl a0, + 102 2° | 2Ry )

IN

¢ (||/3||H1(0,T')||W0 — Up|lwreory) + e’ — u+||%/V2»4(]R+) + HawWOHHZ(RJr)) .
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Estimates on g1 We now turn towards the energy estimates for g;. As announced before, we
focus on the additional terms coming either from the boundary terms or from the non-zero source
term involving 9, w".

>L>(L?) N L?(H') estimate: Multiplying (6.29) by g1 and proceeding as in the previous
subsection, we have now

Td % i [T 2
2 di A 91+v+ o (8191)
< C(& + 1813 0.7)) (182 + 93z e, ) (6.40)
= 1(0,T) H2(Ry)
~ s+
+ A Adyw’ (z + T)g1 +Tﬁ(gl)fxzo+ﬂ|(91)\m:0(5x91)|m:0|
+

+ u? + sp

v

Oy (ln (1 + %) - g) IO‘|(8xgl)m_0|

(@ (1+2) ~2)_ e

where the two last lines contain the additional contributions compared to the case w° = u,
(cf. (6.14)).
We treat the integral involving 9, w° as follows:

=0

O w°

ADy w0 (z + F)gr = / Den

(@’ (z +T) — uy)Ougr + u/
R4

Ry R,
+ 5w (Z) = ug)(91) =0 + 10: " (Z)(91) |50
so that

A0, (x +7)gy
Ry

< [ (090 + sl (@) — well(90) ool + #lO: @ @) (91) o=l
Ut Jry

£ Ol (@+ ) — e, + 10:0°C + DlZace

where the first integral can be absorbed in the left-hand side of (6.40).

We then come back to (6.40) and integrate in time. The traces of g1, 9.¢g1 and of the nonlinear
term are estimated thanks to Lemma 6.4. Note in particular that by the Cauchy-Schwarz inequality
and the assumption [|w® — u ||y, ) < 1

IA

Ot + Va)2ewll ey (180 0.1 + €57°)

4
CllBl 4 0.1y + CINA + VD) B w®|| ot ) + CEo.

T
/0 |(91)|x:0(3x91)\x:0|

IN

Gathering all terms, we deduce that

2 H 2
91117 0,77, 2,y + a||3xg1||L2([0,T]7L2(R+)

< C (&4 10+ v atg, ) + €0+ 181 0.r)?) - (6.41)

>L>°(H') N L*(H?) estimate: Differentiating with respect to x Eq. (6.29), we obtain (6.17)
with the additional contribution 9,.49, «" in the right-hand side. Following the same steps as in
the constant case w® = u,, we use Lemma 6.3 to handle the diffusion term:

0o 0o ar 2 0o
| 0o 0 2 = (a< g)) p=Clolwas [ (0un)”
0 v 0 v 0

2 /8 ©moy, aa:gl
+ (awgl|:v:0) (5[)(0) - 5/0 (0)) + (6w 2 )IO (awgl)|:r:0p(0)

41



Choosing once again p(0) = 2, p'(0) = —4s/u and using (6.32), we have

2/ uo, 0z 01
(eaie)” (500 = 570) +1 (225 ) @ugnacont®

2
. (“,f”) (s +8)8% = C (R} + [Ra| 18] + [Ra| 8] + | Ra |Rul)

We then control the time integral of the second term in the right-hand side thanks to Lemma 6.4.
Following the same steps as in the constant case w” = u,, we can check that we have the
following other additional contributions:

e the additional integral involving 9,40, w" is treated by integration by parts with boundary

terms of the type OF w|0m:O (0291)|2=0, k = 1,2. The integral is easily controlled by use of the
Cauchy-Schwarz inequality;

e from the nonlinear term, we get the following boundary term:

{Aaﬁ (ln (1 + %) - g)} oo (0291)|2=0:

v

which we also treat using Lemma 6.4, noticing that

2 IN_9 - 5T — Lo IN_9
[402 (10 (1+2) 77)}\90:0 = —sTy— b, (aﬁx (m(1+2) 7—,)>Im_0
= s(vy —2)Ty — uTs. (6.42)
We obtain
37,91 2
10291117 o (0,77, 22) + ’ 0= o F B o.m
L2([0,T)xRy,)

< C (50 + U+ VD)0 w| [ + 11000 e, + (S0 + ||/3H§,1(07T))2) .

>Whee(L2) N HY(H?Y) estimate: Differentiating with respect to time Equation (6.29), we get
Equation (6.21) with an additional term in the right-hand side, namely #’(¢)A02w°(z + Z(t)).
Multiplying the equation by drg1 and integrating in space, we have, similarly to (6.40)

ld [~ 2, M [T 2
24t J, (Ovg1) +a/0 (0:0z91)
< C(& + 1812 0,2) (18P + 18P + oo ey ) + 1909052 x, ) (6.43)

+

/ 71 [ 4200z +5) 0
Ry

Ry

S+
+ Tﬁ(atgl)ﬁr:(] + 11)(0e91) |2 =0(0:0291) |20 + 1 |0:T2(8191) 20|

+ 18] 191jz=0l 10¢91|s=0-
We first consider the integral term involving Ad2w°(z + Z(t)):

Tt | AP (x+T(1)0n
R

= —F(t) /}R+ (A&zwo(x + Z(t) + (3”027)8174/0(% + 5@)))) D20t

v

—2'(t) {Aawwo(x +Z(t)) + <%”f8$w0(a: + 37(1&)))} (0:91)jw=0-

|z=0
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The integral is then controlled by a Cauchy-Schwarz inequality, using the trace estimates from
Lemma 6.4 together with Lemma C.1

A

W
< 2us 1000 Ea 00y + (VO e, + IVEO2 e, )

+ Cl102 2|11 (1 + V&) 0 w”| 2.

7'(t) (A@zwo(l’ + 7)) + p <8;2773mw0(r + %(t))» 92091

To conclude as in the constant case, we have to control the different boundary terms in (6.43).
Using Lemma 6.4, their L?(0,T) norm is bounded by

C<||g1\z:o||?ql(o,f) + 10Tl 72 0,7y + 10e9112=0ll L20.710:029112=0 | L2 (0.7

18 220 l911=0 301 0.2
<C (|1 + V)9 w72 + [|w” = ws|[fyia)
+ 01+ VD)@l (I8l 0.7y + 119 — i + 185200 2)

< C (18l 0.z + 10+ V2w I35 + &)
Note that we used here the smallness of &. We obtain eventually

||at91||ioo([oj],m + ||8x8t91H%2([0,T]xR+)
< C(&+ 0+ 1813 0m)* + 11+ VD21

>WLee(HY) N HY(H?) estimate: We differentiate the equation (6.17) satisfied by 9,¢; with
respect to time:

0t(0:0591) + 0, A0 01

OV 0, v
= [332@91 + 5'3291 + “5/32 ( Wg) + Mﬁa}; (7};}8,59) (6.44)

,?/2

+ 10, A0, (1n (14 %) = %) F 7 ()0, A2 00 (@ + E(1))

As in the constant case w” = uy, we aim at obtaining a control of ||0;0,91 L= (r2) + ||| L2
For that purpose, we want to use (0:0,¢1)p/7 as a test function in the weak formulation asso-
ciated with (6.44). This weak formulation is similar to (6.25), with extra source and boundary
terms. Using (6.42) and Lemma 6.4, we find that for any test function ¢ € L°((0,T), L*(R4)) N
L2((0,T), HY(R)), for almost every t € (0,T),

(020,91 (1), () -1 111 — / A(,D2g1) Ot
0
- (53t3x91|z:0 + 5/3x91|m:0 + 5tR2) Yjz=0
Y e 9\ _ 49
- /O 1 AD2D, (m (1+ a> ,)81.1/)(75,:1:) d

v

> / 192 Oz 0z v
v [ |00+ 0k 2 (%) + ooz (L) | 0
0
L7 (1) / 0, AD2 2 (& + (1))
0

— [sp(vy —2)0 Ty — poy T3] Yjz—o-
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We now take ¢ = (8;0,91)p/ v, with p € CZ(R4) such that p(0) = 2, p/(0) = —4s/u as before.
The diffusion term is treated as previously:

> 0,0 2
- / AD0291) 0, (00001 2) = / (aw (fgl)) p—Clpllwz~ / (0.0:91)°
0 v R v Ry

+3s (8tazgl|w:0)2 :

Recalling (6.32), we have
-1
(020191) j2=0 = B’S(vl) + O Ry (6.45)

Gathering all the boundary terms of the left-hand side of the weak formulation, we obtain, using
once again Lemma 6.4

2 (8019:91j2=0 + B'0xg1j2—0 + Ot R2) (0:0291)|s=0 + 35 (5t3z91\x=0)2

c! (3t3z91|w:0)2 — C ((B)(829110=0)" + (0:R2)?)
CTHB) = C (OR)* +18 BB 0.1 + | Rl o.29) + (O R2)?)

\Y

Y

for some constant C' > 1 depending only on the parameters of the problem. Note that

T
| (@R + 182081 0.1, + IRl 0.7 + (OF2)?)
< C (50 + (&0 + ||ﬂ||§{1(0j))2) .

The reader may check that the other additional boundary terms can be controlled as well.
Eventually, we are led to

0,0, wgl 2
||(')t xgl||Loo [0 T] Lz R+) +/ / ( ( ! )) + ||ﬁ/||22(0,f)

c@+m+ﬁmwm®ﬁ%+wmmw)
+C|0:0z91 ||%2((0,T)><R+)
< &+ 10+ VR I + 0+ 181300 + 11+ VD215, ) -

IN

Conclusion
We infer that
3
1812 0.7 c@ﬁ@+wmmﬁ+2m+ﬁwMM@J
k=1

Assume that
& < 6052, (1 + ﬁ)8§w0||L2(R+) < 60(53/2 for k=1,2,3.

Then
HB”%—]I(Q,T) < 000(52 + 6t

Once again, choosing the constant ¢y small enough, we obtain the desired result. This completes
the proof of Proposition 6.1.
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6.3 Long time behavior

Corollary 6.5. Assume that the hypotheses of Theorem 2.3 are satisfied.
Let (T,vs,us) be the unique global smooth solution to (2.15)-(2.16)-(2.12b) constructed in
Proposition 5.1. Then

|Z'(t) — s| + sup |(vs,us)(t,x) — (v, u)(x)| — 0 ast — +oo. (6.46)
zeER4
Moreover, setting ps(t,x) = ps(t) = —p[0zus]|z—0, we also ensure that

|(ps —p_)(t)| —0 ast— +oo,

where p— = — [0, i]|;—0 = s*(v4 — 1) has been defined in Lemma 2.1.

Proof. The result easily follows from the controls of the solution (Z, vs, us) and its time derivative.
For instance, vy — 7 is controlled in L?NL> (R4 ; HY(R,)) and dyvs € L*(Ry; HY(R,)). Therefore,

[(vs = 2)(O) | r,) — 0 ast— +oo,
and

_ — 2 — 2
sup |(vs = 2)(t,2)] < Cll(vs — D) (V)| g, 102 (vs — D) ()| g,y —> O @ £ = +oo.
TERY

The long time behavior of us — # and &’ — s can be derived with the same arguments. Finally, the
long time behavior of py is obtained through the control of 9, (us — %) in L? N L°(Ry; H(R,))
and of 0,0, (us — 1) € L*(Ry; HY(R)).
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A Linear parabolic equations with Dirichlet boundary con-
ditions
In this section, we consider equations of the type

Opu + 0, (b(t, 2)u) + c(t, z)u — Oy (a(t, z)0yu) = f(t,x), t>0, x>0

(A.1)
Ug=0 =0, U= = ul.
We denote Qr := (0,7) x Ry. We will always assume that there exists o > 0 such that
a,b,c € L*°([0,T] x Ry), inf a>a>0. (A.2)

[O,T] XR+

Note that under such assumptions, it is classical that for any f € L?([0,T], H *(R.)), for any u® €
L?*(R;), equation (A.1) has a unique weak solution u € L>([0,T], L*(Ry.)) N L?([0,T], H} (R)).
We will now derive regularity estimates for u. These estimates are quite standard, and can be
found in numerous textbooks on partial differential equations. Since they are used repeatedly in
this paper, we gathered them in the following Proposition, for which we provide a proof for the
reader’s convenience.

Proposition A.1. Let T > 0. Assume that a € H'([0,T]; L*(Ry)) N L*([0,T]; H*(Ry)), b €
Whee(Qr), c € WHee([0,T], L= (R)).
Let v € HY(R,) such that u°(0) = 0, and let f € L?*(Qr). Let u € L*([0,T],L*(Ry)) N
L2([0,T), H(R4)) be the unique weak solution of (A.1).

Then u € L*([0,T]; HY(R4)) N H([0,T]); L*>(Ry)) N L2([0, T); H*(R4)) and we have the clas-
sical energy estimate

Ao = Hu||2Loo([o,T],L2) + ||8zu||2L2(QT) < C(||f|\2L2(QT) + HUO\|%2(R+))€CT (A.3)
for some constant C' = C(a, ||b]|co, |I¢]loc), as well as the higher regularity estimates

Ar = [[0gull T 2 + 10l 2 o + 107Ul 7o 12

< Cllall=l10:u°ll72 + (102Dl T2 + llelop) [l 2 + 1 f1 7212 (A.4)

+ (ll0call L z2 + 100allToe 12 + 10zallf s + 10pal| L0 s + IIbI%w)IGIUII%m]

and
||3tu||2Loo([o,T],L2) + 1102 0sul|72 12
< C I ey (14 1Bl ) + el + lallEe 1) ) + AollOtblE2 (A.5)
+ A (10eelZaqqgy + Nl + 10allzm e + [Bloo + 1) + 10 1320,)]  (A6)

Proof. The weak solution u of (A.1) can be defined as the limit as R — oo of the solution ug of
the linear equation in a bounded domain

Orur + 0. (b(t, x)ugr) + c(t, x)ur — Ox(a(t, z)0rur) = f(t,x), t>0, x € (0,R) (A7)

UR|g=0 = UR|z=rR = 0, Uj=0 = up,
where u% = ux g, where xr(z) = 1if r < R—2and xg(z) =0if x > R—1, with || xr|lw2~ < C.
In turn, the function ug is defined as the limit of the Galerkin approximation

n

upn(t,z) =Y di" (we r(z),

k=1
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where wy, g are eigenfunctions of the Laplacian with Dirichlet boundary conditions in (0, R),
normalized in L?, namely wy g(x) = (2/R)'/?sin(knx/R). More precisely, for all k € {1,--- ,n},
for a.e. t € [0,T]

R

R R R
/ Dt (E)wp s — / b()un () Dy wp e + / () urn(wnr + / a(8) Dtz (£)Duwpr
0 0 0

’ R
= /0 f(t)wk,R. (Ag)

The initial data up ;¢ is the orthogonal projection in L2(0, R) of u% onto Span(wy g, -+ ,Wn R)-
Energy estimate (A.3). The classical energy estimate is obtained by multiplying (A.8) by
dkR’”(t) and summing for k € {1,--- ,n}. Using Cauchy-Schwarz inequalities, we infer that

d 1113

Silern Ol 0,p) + alldeurn 7208 < 1FOI720,r) + (1 =+ CIIoo) lurn ()12 (0, )

Integrating in time and recalling that ||ug.(t = 0)|[12(0,r) < HU%”LQ([O,R]) < Nl 2y, we
deduce that ug,, satisfies (A.3) for all R,n. Passing to the limit as n — oo, we deduce that ug
also satisfies (A.3).

Estimate (A.4). We first multiply (A.8) by (d,lj’”)’(t) and sum for k£ € {1,---,n}. After
integrations by parts in space and time, we get

R t pR
a(t
/ %azm,n(tnﬂ / | o
0
R
:/ a(O)|a uRn / / 6 buRn tuRn / / CUR,n tuRn
Ora
// f By + // O g
and therefore

R t R
t 1
| oanaP+5 [ [ oanaP
0 2 2 0 0
R t R
< / @wm_n(on% / / |ata‘|8qu,n|2 (A.9)
0 2 ' o Jo 2
2

+ O[”bH%“(QT)Haqu,n”QL?(QT) + (10abl1Z2 oo + llelZ2Lo0)

7 (QT)}

The crucial point here is to notice that thanks to the compatibility condition u%(0) = u%(R) = 0,
we have
10t rn(t = 0)l|z20,R) < 0xugllz2(0,R) < Cllu’ll (e, )- (A.10)

Indeed,
Ovurn(t=0) = d""(0)dzwp,n-

k=0

Computing dR’"(O) and using the compatibility conditions on u%, we infer that

n kmx krx
dR =15 / ul(z sm( ) ‘/Rkw/ Oy (z cos( 7 )dm

Setting vg, p = \/%cos(lmx/R) for k > 1, we notice that (v g)r>1 is an orthonormal family in
L?(0, R), and that

n

aqu,n(t == 0) = Z (azu0R7 Uk,R) Uk, R,

k=0
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where (-, -) is the usual L? scalar product. Inequality (A.10) then follows from the Bessel inequality.
Next, we multiply (A.8) by )\dekR’"(t) where AF is the k-th eigenvalue of the Laplacian. Sum-
ming for k € {1,--- ,n}, we get after integrations by parts:

// 0 (ad uRnauRn— // Oy buRnauRn // cuRna UR,n
+/ / f 83U’RJL7/ / atuR,nazuR,n-
o Jo o Jo

Using the Cauchy-Schwarz inequality, we deduce that

t R
[ [ a2
0 0
t R
< C[lonnltan+ [ [
0 JO

+ (10201172 oo + llelZe o) [upnllFoe 2 + IIfII%zmT)]-

Oza 2
== [0rurnl® + b7~ @) 102trnl1 7200 (A.11)

Combining (A.9) and (A.11), we obtain

R t rR t rR
a(t) 2 1// 2 1 / / 2
—2|Opup.n ()| + = Ourn|”+ — alo;

/02| Rn(?)] 4OO|tR| 4Coo|
R t rR t rR
a(0) o [ L
< — _
7/0' 9 |aazul?,n(0)| + o Jo 2 |aqu,n| +4C A

+ C[Hblliw(m)||5zUR,nH2L2(QT) + (10abl172 e + el Zepo)[unrnllioe L2 + 1172 0 |-

2
Oza

|a:ruR,n|2

Moreover,

R
/ 10val|O0zup.n|® < [|0kall 20, r) | Ostrnl 20, ) || Ot R,n | Lov (0, R)
0
< ClloallL20,r)l|0xur 20, R) [ OruR || 21 (0,R)

so that
t R
/0 / Bral [ Beturnl? < 102urnZaop + Co (100l o2 + 000l 12) 18stim 220

In the same manner,

t (R
I

As a consequence, choosing 1 small enough, and setting J(¢) = £ + €2 for € € R,

R t R t R
o [10auna®P+ [ [ oanaPra [ [ 02unaP
0 0 0 0 0

<C

dyal?
== 10zurnl® <nll0ZurnlZ20.r) + Cn (1020l Fo 1 + 1020l oo o) 102trn 1720y )-

lall o 10surn (0)[[72(0,5) + (J (10rall L 22) + T (10sal|Eoe 1)) 100uRnllZ2 ()

bl @ 10ztrnllZ2 () + (10ab1Z2 Lo + llelfepo) lurmlZoe 2 + 1220
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and eventually, passing to the limit n — 400
||aqu||%°°((O,T),L"’((O,R)) + ||3t“RH%2((o,T)x(o,R)) + ||33UR||%2((0,T)x(o,R))

< Clllallz=[10auglZ + (T (10eall Lo r2) + T (1000l Lo £4)) 10zturlT2 2 + (b7 < 1 OaurlZz 2

+ (1067200 + el Zo poe ) lurl oo 12 + IIfIIisz]-

Estimate (A.5). In a last step, we differentiate (A.8) with respect to t. We find that u} , :=
Oiup, ., also satisfies a weak formulation similar to (A.8), namely

R R R R
/ 5‘tu’R7n(t)wk,R —/ b(t)u'Rm(t)ﬁzwkﬂ +/ c(t)uhn(t)wkﬂ +/ a(t)@mu’Rﬁn(t)amwk,R
0 0 0 0

R R
= [ danunnt [ omn@dn (312
0 0

where B
TR = Ouf + Orcur n,

9Rn ‘= _atbuR,n + ataaa:ul?,,n

and with the initial data
uhn(()) =P, [—(“)x(b(t = O)u%) —c(t= O)U% + 0z (a(t = O)QTU%)] ,

where P, is the orthogonal projection in L?(0, R) onto Span(wi g, - ,w, r). Using (A.4), we
obtain

I Frnllz2 0.1y x0.8)) < C (106 fllL2(@r) + Iuromll Los o118 0.1 10scl L2(0r))
l9Rr.nllL2(0.1)% (0.R)) < C[HUR,n||L°°([0,T],L2(O,R))Hatb||L2([0,T];L°°(R+))
+ ||ataHL°°([O,T],L2(R+))||aIuR7n||L2([07T]aH1)}7
so that
”u;%,n”QL‘x’L? + HawulR,nH%?L?
< Ol Wz (1 + 103w arry + llellZe + Nl arny ) + AollOtblF
+ A1(H5tc||%2(9T) + llellze + [10rall Lo p2 + bl + 1) + ||atf||2Lz(QT)]
Passing to the limit as n — oo, we deduce that ug satisfies (A.5).

We then extend ug to (0,7) x (0,+00) in such a way that the extension satisfies the same
bounds as ug. The family thus obtained is compact in L ([0,7] x Ry ), and we can extract a
subsequence converging weakly in w* — L>([0,T], H*(R, ), and whose time-derivative converges
weakly in w* — L°°([0,T], L>(Ry) and in w — L*([0,7), H'(R,)). Passing to the limit in (A.7),
we find that the limit is a solution of (A.1), satisfying the estimates (A.3), (A.4) and (A.5). O
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B L? estimates for some nonlinear parabolic equations

In this section, we consider diffusion equations of the form

0sg — 7 (1)0pg — 1102z In (1 + Z) =G te(0,T7), z€(0,R),

git=0 = go € H(}((QR))? (Bl)
lz=0 = 0,
go=r =0 if R<oo, lim g(t,z)=0 if R= +oo.
T—0o0

We prove the following

Lemma B.1. Let G € L*((0,T) x (0, R)), go € H}((0, R)). Assume that g € W1 nH((0,T) x
(0,R)) and that gj,—o = 1. Assume furthermore that M~ < y'(t) < M for a.e. t € (0,T), for
some constant M > 1.

Let g € L>([0,T), H(0, R)) be a solution of (B.1) such that &g € L*((0,T) x (0, R)). Assume
furthermore that 1 < g4+ g < C, 1< g < C a.e. for some constant C > 1.

Then g/g € L>=([0,T), H* (0, R)) N L?((0,T), H*((0,R))), and there exists a constant C de-
pending only on p, M and ||g|lw1.(jo,1]x[0,R)) Such that

gl Lo (fo,71, 82 (0, R)) + [10e9l L2((0,7)x (0,R)) + 1029l L2((0,7) % (0,R))
< C(llgollzr + G20, )% 0,8)) + 19l L2((0,7)% (0, R))) »

and, if R = 400,
2 (5)
“\g

Additionally, for all R > 0, g satisfies the exponential growth estimate

< C(llgollar + G20,y xry ) + 19l L2((0,7)xR,))

L2((0,T)xRy)

. 2
+ Cinf(1,72) (llgollmr + Gl 20,1y xRy + l9llz2 0.7y xR )~ -

gl Lo (jo, 77,1 0,r)) + 10:gll L2((0,1) % (0,R)) + 1029 L2((0,7)x (0,R))
< C (llgollar + 1G 2 (0,1 % (0,R))) exP((L + 10:112)T).

Proof. The proof is quite classical. The only subtlety lies in the derivation of the L>(H1!) estimate.
We only sketch the main steps in order to highlight the dependency on g. Note that our purpose
here is merely to derive energy estimates once the regularity of the solution is known, rather than
proving extra regularity for the solution.

e We start with the L°(L?) estimate. Multiplying (B.1) by g and integrating by parts, we

obtain " R o, (1) "
1 d x\ 5
S |9\2+u/ g 8909:/ Gg.
2dt J, o 1+12 0

Recalling that g > 1, g + g > 1, we have

/Raw(g)ag>1/R (amg)Q_EHa g”Z /RgZ
o 1+12 ~2J)y 9g+g 2 < Jo 77

and therefore

191l o (0,11,22(0,r)) + 1029l L2((0,1)x (0, R)) (B.2)
< C (||go||L2(0,R) + Gl 220,17y x (0,R)) + (1 + ”aafg”oo)||g||L2((0,T)><(O,R))) .

a0



Note that we also obtain the exponential estimate

91l o= (fo,77,22(0,r)) + 1929l 2((0.1) % (0,R))
< C(lgollrzo,r) + Gl 20,7y x (0,r))) €xP((1 + [|029]|2)T)-

e Let us now tackle the L>°(H?) estimate. We multiply (B.1) by 9; In(1+ ) and examine each
term separately. We have

2
R R (02 Rg- 949
g (tg>_ /8tg 5

Oigosln (1 +2) = - —
/0 tgtn( +g) /0 1+297 ), 51412

As for the diffusion term, we recognize a time derivative

R
—u/ &mln(l—l—g)@tln(l—l—
0 g
R
- p,/ 8$1n(1+€)8t8w1n<1+
0 g
pd (7 N\
s ), (em(1+2))

Transferring the transport term into the right-hand side and using a Cauchy-Schwarz inequality,
we obtain

QIR |
v\l_‘/

/OR (G — 7' (t)0,g) 0; In <1 + g) |

2
1/R<8tg) 2 /R 2 2
< - ——g°+C G* + (0, .
1] S50 @+ @9

Gathering all the terms and recalling that g > 1, g + g < C, we obtain

"

91 L2((0,T)%(0,R)) L°°((0,T),L2(0,R))
9 90

“g(t=0)

105 oo 191 2201 0,2 )

+ Gl 20,17y % (0,R)) + 1029 L2((0,7)x (0,R))
L2(0,R)

Recalling (B.2), we obtain the estimate announced in the Lemma for ||0,g| o g1y and |0 g 12 (1.2)-
e Let us now derive the estimate on the second derivative in the case R = 4o00. Let us set
f = 0;In(1 + £). According to the previous estimates, we know that f € L>((0,T), L*(Ry).

Furthermore, using equation (B.1), we have
p0pf = 09 — §'(1)0ng — G € L*((0,T) x Ry).
Hence, using the previous estimates,

C (10egll 20,1y xry ) + 1029l 20,1y xRy ) + Gl L2((0,7) xR ))
C (llgoll g sy + N9l 20,1y sy ) + Gl L2 (0,1 xR ) ) -

102 f L2 0,1y xR )

IN A
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In particular, the Gagliardo-Nirenberg-Sobolev inequality entails that

T 1/4
c ( / ||f<t>||iz<R+>||azf<t>||Lz<R+)>

Ifllaomyxry) <
1/2 1/ 1/4
< Clfllg< OT),LZ(R+))‘|f||L 0.1y <& MO f Il 20,7y xr )
< Clllgollar @iy + llgllzzcom)<ry) + 1GN20.1)xR ) -

Now v v
0,4 Opp 2
_ g\ _ Tg | _ TTTg 2
5'xf8m1n<1+g) 8$<1+g> T+ ¢ fe.
g g
Thus

||am9||L2((o,T)xR+)

c (Haxf||L2((0,T)><R+) + Hf||i4((o,T)xR+))

C (lgollmr @y + gl L2 o.myxrsy + Gl L2(0,7) xRy ))
+Cinf(L,T?) (Igoll msy + llgllz2 0.1y xR ) + ||GHL2((O,T)><R+))2-

IN

IN

C Two technical Lemmas

Lemma C.1. Let F € L?(Ry) such that \/=F € L*(Ry), and let M > 1. Let y € L>([0,T])
such that y(t) > t/M a.e. Then for ollT >0, R >0

/OT/ORF2($+§(t))dx dt < M/OOO 2F2(2) dz.

T (R R+y(t
/ / FX(z+3y(t))dedt = / 2) dz dt
o Jo y(t)

/ / z>y t)F ( ) dz dt.
Using the assumption on 7, we deduce
M

Proof. We write

IN

T R 0o
/ / FX(z+7y(t)dzdt < / LoiymF?(2) dz dt
0 0 0

0
< / 2F?(2) dz
0

Lemma C.2. Let ¥, yl,yg € Lloc([()?T]) and such that g, € L?> N L>(0,T). Assume that 71(0) =
72(0) = 0 and that M~ < 3! < M for some constant M 2 1 and fori=1,2. Let w® € WH*°(R,)
such that \/z0,w°, /x02w° € L2(R,).

Then there exists a constant C depending only on M such that

O

12°(51) — w° (@2) | L (0,1)
< O (Vo || 2@y + IVZO2 0| 2y ) + 102 9° || Lo @) 157 — Bl 20,1

and
12°(@1) — w°(@2) |20,y < ClTE — ol L2 0,1) IVZ0:w° (2) | L2 (r ) -

92



Proof. First, using the Sobolev embedding H*(0,T) C L>(0,T), we have

l2°(G1) = @’ (@2) | L= 0.1y < C (|#°(@) = @° (@2l 20,1) + 106w (G1) = @ (@2)) | 2(0.1)) -
Let us start with the first term in the right-hand side. Using a Taylor formula,

1
w’ (i (t) — @’ (52(t) = (1 (t) — ﬂz(t))/ Oz’ (T51() + (1 = 7)32(t)) dr.
0

For a.e. t € [0,T1], the Cauchy-Schwarz inequality implies

t
[@-m

0

Hence, setting z = 791 (t) + (1 — 7)y2(t) and observing that z/M <t < Mz,

92(t) — 42(1)| = < 2155 = allz2o,m)-

T 1
~ —~ ~ ~ ~ ~ 2
12°@) — @@ aory < 17— Bllaom) / / £ (00w® (11 () + (1 — 1) (1)) dr dt
MT 1
< MT - Bl / / 2(0,0°(2))? dr d
< MG = BllZe0m 1VZ0w° (2) 1 72m, -

The second term is treated in a similar fashion.

D Proof of Lemma 6.3

We recall that )
— —sld — pd, (f) .
A s 1 -
Let ¢ € H?(R,) be arbitrary.
e Integrating by parts and recalling that 7(0) = 1,

o0 oo oo 8m
/ (Aaz@)(p = 7/ 53z80 2 /L/ O < 7 > 2
0 0 0

S e x 2 /
Ry B S ECO)

e In a similar fashion, for any p € CZ(R),
[Coa0ze = = [ToZo-n [T (2(2) ()
= e+ 3 [ o (L) [T (0.(2))

o /O T (2 (D) (2) dup + i (£),_, #0000

The result follows.
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