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We consider Taylor dispersion for tracer particles in micro-fluidic planar channels with
strong confinement. In this context, the channel walls modify the local diffusivity tensor
and also interactions between the tracer particles and the walls become important. We pro-
vide a simple and general formula for the effective diffusion constant along the channel
as well as the first non-trivial finite time correction for arbitrary flows along the channel,
arbitrary interaction potentials with the walls and arbitrary expressions for the diffusion
tensor. The formula are in particular amenable to a straightforward numerical implemen-
tation, rendering them extremely useful for comparison with experiments. We present a
number of applications, notably for systems which have parabolically varying diffusivity
profiles, to systems with attractive interactions with the walls as well as electroosmotic
flows between plates with differing surface charges within the Debye-Hiickel approxima-

tion.
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Generalized Taylor dispersion for translationally invariant microfluidic systems

I. INTRODUCTION

Taylor dispersion is a classic example!™ of how the spreading of tracer particles is influenced
by the properties of the surrounding medium, in particular by the presence of hydrodynamic flows.
It has been extensively studied in the context of macroscopic fluid mechanics and a number of an-
alytical methods have been adapted for its study. The first method, as implemented by Taylor! and
then Aris?, is based on the averaging of the Fokker-Planck equation describing the full advection-
diffusion problem. Subsequently, methods based on the direct computation of the moments of the
particle dispersion along the channel were developed*™. These methods have the advantage that
for simple systems the full temporal dependence of the moments can be obtained. Brenner and
coworkers applied macro-transport theory=* to give a very general and powerful method to com-
pute long-time dispersion properties. A similarly general statistical mechanics based theory, based
on Kubo-type formulas, has also been formulated®!V, The center manifold approximation has also
been used to compute the dominant late time behavior of dispersion moments and in some simple
cases can be pushed to compute the late time moments of very high orders 13, Taylor dispersion
has also been studied for systems where the tracer particles can be absorbed at the surface of a
uniform channel, this absorption can be either irreversible or reversible and the absorbed tracer

can diffuse on the channel surface or be considered immobile®13713

In microfluidic systems, a number of new questions, which are largely irrelevant for large scale
systems, arise when analyzing Taylor dispersion. First, the presence of channel walls modifies
the diffusion tensor of the tracer particle when the tracer size becomes of the same order as its
distance from the walls. While analytic, though complicated, expressions for the microscopic local

19 the case where two walls

diffusion constant parallel and perpendicular to a single wall exis
are present can only be treated approximately or numericallyl”*1?. Clearly, in highly confined
systems, the variation of the diffusion constant in the direction perpendicular to the channel will
have a strong effect on the Taylor dispersion. In addition, interactions (notably electrostatic and
van der Waals) with the walls will become important. While this is taken into account via the
absorption models discussed above for macroscopic systems, the interaction with the wall must
be treated more carefully in the nano or micro-fluidic case as the attractive region near the wall
cannot be necessarily treated as simply being on the surface and there will typically be a thickness

of the confined region which may be comparable to the width of the channel. As an example, if

one considers electroosmotic flow, the flow is uniform at distances larger than the Debye screening
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length /p from the walls and decays to zero quickly near the walls. Even if the variation of the
diffusion constant is neglected, if the tracer is charged, then it will interact with the walls leading

to a considerable modification of its dispersion.

II. SUMMARY OF THE MAIN RESULTS

Motivated by the observations made above, the goal of this paper is to present a general formula
for the Taylor dispersion coefficient for channel-like systems which are uniform along the channel
direction x but inhomogeneous in the direction z perpendicular to the channel. We will show
that this formula leads to very simple analytic forms of the effective diffusivity in simple models
describing the above mentioned situations.

In the two dimensional channel problem, we assume that we have a channel with walls at
z = +h with no-flux boundary conditions at the walls. For a finite-sized tracer particle, we denote
by H the height available to the center of the particle, so for a hard spherical particle of radius a,
the physical height 4 of the channel and the available height are related by H = h — a as shown in
Fig. (I). It is important to bear in mind that the boundary for the diffusion equation of the tracer

particle is thus at z = +£H while the boundary concerning the fluid flow is at z = £Ah. The local

FIG. 1. A schematic drawing representing the physical height / and available height H.

transport properties are specified by

D | (z) — tracer diffusion constant perpendicular to the channel axis (1)

Dy|(z) — tracer diffusion constant parallel to the channel axis 2

V(z) — potential acting on the tracer 3)
(2)

v(z) — advection velocity by hydrodynamic flow or force along the channel axis 4)

3
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The full advection-diffusion equation for the joint probability distribution p(z,x;¢) of the positions

Z; and X; perpendicular to and along the channel is therefore

dp(z,x;t) 0 [Dl(z) (%’Zx;ﬂnLﬁV'(Z)P(Z’W))]

92p(z,x:1) dp(z,x;t)
ox? —v(g) dx

ar 9z

+D||(Z) (5)

where B = 1/(kgT), the prime denotes the derivative with respect to z, T is the temperature and
kg 1s Boltzmann’s constant.

Integrating over x gives the marginal probability distribution function p(z;¢) for Z; (we use the
same notation p but as it only has a single spatial argument, it is clear that the marginal distribution

is intended):

20 2 b0 (2ZED pviantan)) . ©

The steady state of this equation is given by the Gibbs-Boltzmann distribution:

1
po(z) = We_BV(Z)’ (7)

where .4 is a normalization constant (the partition function):
H
N = / dz e BV, )]
-H

The present paper deals with the late time transport along the channel, characterized by an effective
drift v, and diffusion constant D)., given that the initial distribution of the tracer position in the z

direction is the equilibrium distribution (7). The first moments of the random process X; read

(X;) = vt forallz >0 )

(X?), = (X — (X:))*) = 2(Dyjt — C)1e) as t — oo, (10)

where the initial position is Xo = 0, (--) denotes the ensemble average, and the notation (--),
represents the connected part, so that <Xt2>c is simply the variance of X;. The result for the effective

drift is valid for all times and is trivial to derive:
Ve = (V)g, (11)

where (--), denotes the average over pg. The effective diffusion coefficient admits a very simple

analytical expression,
1 H JZ(Z)eBV(z)
Dy = <D|>o+7/HdZ D (12)
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The first term is simply generated by molecular diffusion along the channel in the absence of
any hydrodynamic flow, while the second is generated by Taylor dispersion due to the flow. The

current term J(z) depends only on the potential V(z) and the flow field v(z) and is simply given by
z /
J(z) = / d7 e PV () — (v)]. (13)
-H

We thus see that the diffusion along the channel can be characterized by a simple integral ex-
pression for a wide variety of physical systems. The simple expression (I2) can be derived by

3820 or Kubo-like formulas?1Y, here we

using Brenner’s formalism for macrotransport processes
will present a simple derivation in Section We will also derive the corresponding general ex-
pression for Taylor dispersion in uniform cylindrical pipes, recovering simply a result given by
Brenner and Gaydos®Y. We will also give a general expression for the next order correction C lle
to the mean squared displacement at large times, which turns out to be a constant term and which

should be experimentally observable. We show below that

Clle = (R*)g— (R)p. (14)
with BV (o)
_[F /J(Z/)e ¢

Note that Eq. @) indicates without ambiguity that Cj, is positive, this means that a linear fit
of the average late time mean squared displacement y(7) = <X,2>C should cross the y = 0 axis at
positive value of ¢ and consequently presents a check of the quality of the statistical data acquired
in experiments.

The main point of the paper is that the simple formulas can be applied to provide a
number of simple, exact, analytical formulas in a number of applications. These applications are
summarized schematically in Fig. 2] and are described in the following text. In Section we
will consider a simple model where the diffusion constant normal to the channel axis depends on
the distance from the center in a quadratic fashion, a simple model of surface hindered diffusion

considered before in the literature='>*

, though not in the context of Taylor dispersion. In this
particular model, we also show how gravity acting normal to the channel modifies the dispersion
due to the hydrodynamic flow. Then, in Section [V] we will consider Taylor dispersion in a plane
channel where there are interactions with the walls. We find a general expression when the inter-
actions with the walls are strong and localised near the walls. It is then shown how the formalism

expounded here recovers and generalizes, in a straightforward and very physical way, a number of
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existing results for surface reaction diffusion models where the particle can be absorbed onto and
desorb off the surface814/13, Finally, in Section we apply the formalism to determine Taylor
dispersion due to an electroosmotic flow, extending an existing result for a planar geometryIZI to

the case where the two confining surfaces have different surface charges or zeta potentials.

FIG. 2. A schematic summary of the problems of Taylor dispersion addressed in this paper: (a) Systems
with no wall interactions but with diffusion constants in the height direction varying quadratically (parabolic
diffusion model) as a function of the height in the channel with a Poisseuille flow; (b) the same model as case
(a), but restricted to zero height diffusion coefficient at the surfaces, with an added gravitational potential;
(c) the same model as (b) but with a Couette flow; (d) Poiseuille flow with strongly varying potentials near
the surface, including attractive and repulsive components; (e) electroosmotic flow with different surface

charges on each channel, the flow being the well known plug flow in the symmetric case.
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III. DERIVATION OF GENERAL RESULTS
A. Dispersion in a two-dimensional uniform channel

We start by considering a two-dimensional channel, and we write the Fokker-Planck equation

Eq. (6) for the tracer particle position Z in the direction z (perpendicular to the channel) as

ap(z;
PED _ ep(an), (16)
dt
and so
d d ,
H =—— D, (z) |=— -+BV'(2)-| |- (17)
dz dz
No flux conditions®® at the upper and lower surfaces of the channel z = +H lead to
ap(z;
{DJ_(Z) ( p(gz ) +BV’(z)p(Z;t))} =0. (18)
2 z=+H

To compute the dispersion in the x direction, it is useful to represent the longitudinal process X;,

described by the Fokker-Planck equation (5)) in terms of the Langevin equation

W D@ +viz), (19)

where 7(¢) is a Gaussian white noise of zero mean and with correlation function

M)ty =8@—1). (20)

Note that there are no ambiguities in the prescription of the stochastic calculus to be used in Eq.
(19), as the noise is multiplicative in the position Z; but not in X;.
Integrating and then averaging Eq. (19) over the noise 1 () and with respect to the initial position,

Z;—o being assumed to be in equilibrium, yields the trivial result

(X;) = (v)ot, (21)

and so the average drift has no time dependence. Now, squaring the integrated form of Eq. (I9)

and carrying out the same averages yields

(62), = 2Dt + [ ds [ s (z) - 0N E) - ). @)

We can decompose the mean squared displacement above as a purely diffusional term (denoted

with the subscript D in following expression)
(X )ep =2(D) )y (23)
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and a term corresponding to the Taylor dispersion (denoted with the subscript 7 in the following

expression)
(K)o = [ s [ a5 ((20) — @ )v(zZe) — 12 @4

It is important to note here that if started from equilibrium in the height direction of the channel the
only finite time correction to the longitudinal diffusion constant comes from the Taylor dispersion
component, the contribution from pure diffusion is linear in time for all times.

Let us denote by p(z|Z/;¢) the transition density to go from 7’ at time zero to z at time ¢ for the
process Z;, so p(z|Z/;t) obeys Eq. with the initial condition p(z|z7’;0) = 6(z — /). With this

notation, we find for the process Z; starting from equilibrium that

(X2, =2 / ds / ds’ / dz / dZv(2v(@) [p(eless =5 )po(@) = po(D)po(@)] . (25)

To proceed further, we consider the eigenvalues A of the operator H, associated to the left and

right eigenfunctions y; (z) and g, (z) defined by

T YRy, = AWgy, (26)
AT = Ay, (27)

where 77 denotes the adjoint of .7 (which in general is not self adjoint), and we impose that

these eigenfunctions are normalized according to

H
/_ 42w (2)Wrar (2) = B - (28)

Then, the solution of Eq. for p(z|Z/;t) is given by

p(zZst) Zm )y (e M. (29)

The right eigenfunctions obey the no flux boundary condition given in Eq. and one can
show< that the left eigenfunctions obey the Neumann boundary condition d%‘lfm (2)|;=+m =0 at
the boundaries. We note that, in principle, we could avoid left and right eigenvectors by making
a transformation that renders 7 self adjoint, however it is actually easier to work with 7 as
it stands as a forward Fokker-Planck operator. The eigenfunction corresponding to A = 0 can be

written as Wro(z) = po(z) and Wro(z) = 1 and in this form they respect the normalization condition
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[dzyro(z)Wio(z) = [dzpo(z) = 1. Using this representation of p(z|Z’;¢) in the Kubo formula Eq.
(23), we find

=2 [ e [0 T |73+ 2w v ). 6o
B >0

The method proposed above is known in the literature as the method of moments. When applied
to standard Taylor dispersion, it can be formulated via the diffusion equation® or by direct compu-

2910 55 it is the case here. The late time behavior of the lowest moments can

tation of the moments
also be obtained using the powerful and extremely general macro-transport theory of Brenner and
coworkers>® but also using invariant manifold theory'"13. In principle, the method can be pushed
further if the eigenfunctions and eigenvalues are known. However, even if they are known, one
sees that the results are given in terms of infinite sums which may not always be obvious to com-
pute. In general, therefore, the evaluation of the full temporal behavior of <Xt2>cT requires the full
solution of the transition density p(z|z;¢) which is not usually available. However, we can extract

the long time behavior in a generic fashion using a formulation in terms of Green’s functions-V

and which can be shown to be intimately linked to the macro-transport theory of Brenner®.

When > 1/A; where A, is the first non-zero eigenvalue of H, Eq. becomes

(X2).p =20t —2c(]), 31)
with
I//R/l ) / /
dz dz v(z) Y () po (), (32)
A>0
and
_ / dZ/ dZ V WR}L( ;'V;Ll( )V(Z )pO(ZI)- (33)
/1>0
Further progress can be made by noting that the quantity
Wra (2) Y12 (2)
G " = RECAMA LA 34
p(z,7) /lgo 1 , (34)

is the pseudo-Green’s function® of the operator 77 , i.e. it satisfies
HGp(z,7) = 8(z—2') = po(2). (35)

This relation follows from the completeness relation Y. wg; (2) w2 (2/) = 6(z—7'). As a conse-
A

quence, if we define the auxiliary field
H
= [ 47 Gelz (), (36)
—H

9
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we see that f obeys
H f(z) = [v(z) = (V)olpo(2)- (37)
This then gives the compact formula

o[l = [ azv(arco). 38)
“H

Now, solving for Eq. with no flux boundary condition Eq. (I8) and the orthogonality con-
dition [ dz f(z) = 0 (which is obvious in Eq. ), we can find the explicit solution for f. A
few algebraic manipulations (described in Appendix [A)), including integration by parts lead to the

eBV )
W= / e’ (39)

- /_Zédzlexp(—ﬁv(zl))[v(z') — (V) (40)

announced expression
with

Next, the constant Cﬁ?, which characterizes the finite time corrections, can be obtained by

noting that it can also be expressed in terms of the pseudo-Green’s function:

H H
C|(\:) :/ dz / d7 v(Z)G%(Z,Z/)v(z/)po(z/)7 (41)
“H —H

where we have used the operator notation

Ga(z.7) / d7' Gp(z,2)Gp(',2). (42)
Using this property, a few algebraic manipulations (see Appendix|A) lead to the simple expression
for
(T) _ /p2 2

G’ = (R)o—(R)q (43)
with BV ()
¢ I(@)ePNE

R(z) = / d7 2. 44

(z) & D, (@) (44)

An alternative formula for CI(\? is given in Eq. (A16)) of Appendix |Al Along with Eq. ,

this leads to the main result Eq. (I12). From Eq. (39), we immediately see a number of well
known characteristics of Taylor dispersion. First, we see that through its dependence on J(z) is
the variation of v(z) which generates the dispersion, shifting v(z) by a global constant velocity
does not change Dﬁ?. Interestingly, the current J(z) is determined solely by the flow field and
the potential. We also see that Taylor dispersion is amplified as D is reduced, slowly diffusing

particles are thus more strongly affected, a point that is well established.
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B. Dispersion in a cylindrical pipe

In a cylindrical channel or pipe with rotational symmetry about the axis r = 0, the diffusion

equation for the marginal probability distrubtion p(r,¢) for the radial component of the diffusion

) & | (P52 v+ ot )] @)

The problem of dispersion in the longitudinal direction was analysed by the method of macro-

is

transport theory by Brenner and Gaydos? and we show here how their result can be immediately
recovered from our formalism. From Eq. (5], we see that the effective potential for this cylindri-
cal geometry is V,(r) = —kgT In(r) + V(r), treating r = 0 and r = R (R being the pipe radius) as
having no-flux boundaries. We thus find, transcribing the above results for a planar channel, that
Dy = (D} dr eﬁv ’ 46
lle = < H J/ / - DJ_ ) (46)
with

J(r)= Or dr' e BV v(r') — Mol 47)

where (-)o = Jidrr- po(r). These results are in agreement with those of Ref22, In addition, we

find that the next order late time correction is given by

cit) = (R?),— (R)], (48)
with V()
[ ,J(r’)e '

R(r) = /O T (49)

In the following sections, we use these results to derive analytical expressions of the effective

diffusion constant and late time correction for different configurations (see Fig. [2)).

IV. PLANAR CHANNELS WITH PARABOLIC DIFFUSIVITY PROFILES

Here, we consider a very narrow channel containing a tracer which is comparable to the tracer
size. We can assume that the diffusion constant varies as (see Fig. [2(a))

2
D, (z)=Dyg (1 - ﬁ) ; (50)

d

and of course, physically, one must impose the restriction H; > H as the diffusion constant should

be non-zero as long as the sphere does not touch the wall. This general model takes into account
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the possibility that the transverse diffusivity is not exactly zero at the boundary. The model with

H, = H has been proposed theoretically*¥>*

and essentially follows from symmetry and the fact
that there must be a regime where the true diffusivity varies quadratically corresponding to par-
ticle sizes comparable to the channel width. Experimental results also appear to show that in
this regime, of comparable particle and channel sizes, a quadratic dependence gives a fair fit!**2]
of the behavior of D (z). The full exact behavior of the diffusion tensor between two parallel
planes is still not fully solved, despite the fact that the diffusion tensor for a single plane was
computed by Faxen!® early in the 1920s. The Faxen result for a single surface can actually be
used to give an estimate for the diffusion constant via a superposition approximation proposed by
Oseen!’. However, such an approximation only works when the two surfaces are well separated
and so their hydrodynamic interaction via the tracer can be neglected. We pursue this parabolic
diffusion model as it can be pushed through analytically. However, we emphasize that Eq. (39) is

straightforward to evaluate numerically for arbitrary complicated analytical expressions for D | (z)

or indeed numerical'® or experimental!®21"2 data for D | (7).

A. Poiseuille flow, parabolic diffusivity

First, we assume that the longitudinal fluid flow is Poiseuille, possibly with a non-zero slip

length, we write
Z

2
v(z) = v (1 —H—SZ) . 1)

In general, both vy and D | ¢ will depend on the effective channel height H and the particle radius a,
in particular as the Poiseuille flow will be modified near the particle. The quadratic approximation
for the diffusion constant is certainly valid in the center of the channel, although close to the sur-
face, numerical computations and approximations show that it varies more rapidly'®1?. However,
if the size of this surface region is small with respect to the particle size and there is no attractive
surface potential, this simple model will give us an idea of how Taylor dispersion is modified by
the reduction in diffusion due to the tracer’s finite size when it is close to the walls.
Using these forms for the local diffusion constant and flow field and taking V = 0, we obtain
2176
Dl = #{ZDNAPP <c - fﬁ) , (52)
where c is the dimensionless ratio of two lengths ¢ = H; /H, and so physically we must have ¢ > 1.

The scaling function App associated with this Parabolic-diffusivity, Poiseuille-flow (PP) problem

12
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is given by

App(c) = * [-8+25¢% — 15¢* + 15¢(c* — 1) coth™ ! ()] . (53)

Inspection of the function App(c) shows that it decays monotonically on [1, 4-o0), Taylor dispersion
increases when c¢ decreases. In the limit where the transverse diffusivity vanishes at the walls

(H; = H, so ¢ = 1), we obtain maximal dispersion

27176
(1) _ 2voH (54)
le " 135H4D |’
while in the limit ¢ — +oo, we find the standard Taylor dispersion result
2176
)  3vpH (55)

le- " 945HD |’
which corresponds to minimal dispersion in this model. The reason for the enhancement of Taylor
dispersion here is obvious, it is due to the slowing down of the overall diffusion perpendicular to
the channel as can be seen from the general form of Eq. (39).
In this model, the constant Cj|, can also be calculated by using our formalism [Eq. @], the
result is

c B ) (56)
- c),
o™ 162002 12~ "

N

with
Tpp(c) =c* (4(36 652 +30c%) — 15 ¢ (—1+ c2)2{4coth*1 (€)[=1+3ccoth™ ()]

c—1 4¢? —1+4c 1+c
31 1 —6 |Li —Li }) 57
+ Tt e [ 12( 2¢ ) 12( 2c )] 7)

where Li; is the polylogarithm function. This formal expression can be simplified for a diffusivity

vanishing at the walls H; = H:

H 8\%
e = 20507 9
10%%s
whereas for the standard case of uniform lateral diffusivity, one finds
AHS3 v(z)
(59)

Cle= mery 0.
le™ 472502 \H?

We thus see that the finite time correction, as measured by the magnitude of C is more important

in the case where the diffusion constant varies in a parabolic fashion.
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B. Poiseuille flow, parabolic diffusivity with gravity

We now consider the case where the tracer particle is subject to a gravitational field (see Fig.
[2J(b)) and there is a density difference Ap with the fluid. In order to avoid too many length scales,
we consider a flow which can slip at the surface with Hy > h but we assume that H; = H so the
diffusion constant perpendicular to the channel vanishes when the tracer is in contact with the

wall. In this case, we can write
V(z) =gAp Qz=kpTz/lp, (60)

where Q is the volume of the spherical particle and we have used BV (z) = z/¢p where (p is the
Boltzmann length. We also introduce the dimensionless variable ¢ such that H = c/p, so a large
value of ¢ corresponds to the regime where the gravitational has a strong effect on the tracer
position. The late time behavior of the Taylor dispersion component of the diffusion constant

along the channel is given by

2176
(r) _ _voH H
D) = A = 61

lle ™ D H2 PPG<C gB)’ 1)

where
5+ 4c? — 5cosh(2¢) + csinh(2¢) 4+ 4ccoth(c) fozc dr cosh(—1

Appa(c) = Erm — (62)

is the scaling function for Parabolic-diffusivity, Poiseuille-flow with Gravity (PPG). The results
Eq. (54) (for H; = H) in the absence of gravity are recovered from the expansion for small ¢ which
gives

+ =t =P 0(d)). (63)

) o 2v3HS 5, 71 4 29
lle- ™ 135D | o H? 14 525 990

Interestingly, the function Appg(c) is non-monotonic, it increases as ¢ is increased before achiev-

ing a single maximum at ¢4y =~ 1.69 and then decays to zero as

2
Appg(c) =~ 3 (64)

the ultimate reduction in dispersion due to the particle being stuck near the lower wall when c is
large is easy to understand, whereas the enhancement of dispersion for small ¢ is more surprising.
The quadratic dependence for small ¢ comes from the symmetry upon reversing the direction of

the gravitational or buoyancy force. The function Appg is plotted in Fig.
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FIG. 3. The scaling functions Appg(c) (a) and Apcg(c) (b) describing the effect of gravity on the Taylor
dispersion component of the diffusion constant parallel to the channel for a tracer with a parabolically
diffusivity perpendicular to the channel (in the case where it vanishes at the wall) and subject to gravity
(increasing as ¢ increases). In Fig. (a), a Poiseuille flow is considered. Interestingly, the effect of turning on
gravity initially increases the dispersion while for a Couette flow (b), dispersion decreases monotonically.

Dispersion is ultimately suppressed for large gravitational forces in both cases.

We can also compute the finite time corrections for this model, for which we give only the first

terms of the small gravity expansion:

8,2
(T) H V0 103 2 17443 4 6
¢ 2% () - o 65
le = 205 DioHﬁ( T8 am00” ) (©3)

C. Couette flow and parabolic diffusivity, with/without gravity

If we consider a Couette flow with v(z) = voz/H, in the absence of any potential and for an

arbitrary transverse diffusion profile D, (z), we find

2
D(T):\%H3 /H dz 1_i 66)
lle 8H2 J_n D, (z) H? )’
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and so for the quadratic diffusion profile given in Eq. (50), where we have again set H; = H, we

find the simple result

24
H
e 67)
6Hc Do
The corresponding expression for the finite time correction reads
H6 2
Cle) = o (68)
10Me
In the presence of a gravitational field (see Fig. [2{c)), we find
274
T voH
W= 7 b Arc6(e). (69)
where ) h(r)—1
ccosh(c) [ drE— _ sinh3(c)
APCG(C) = 0 ! 5 (70)

¢2sinh?(¢)
is the scaling function for Parabolic-diffusivity, Couette flow with Gravity (PCG). For small ¢ we

find that
7¢r 41t 19¢°

_ 8
135 T3780 10125 T O (71)

APCG (C) ~

1
6
while for large ¢

1
APCG(C) >~ ? (72)

In contrast to what is seen for Poiseuille flow, for Couette flow, the function Apc(c) is monoton-
ically decreasing (see Fig. [3(b)) and so the effect of gravity slows down Taylor dispersion for all

applied gravitational fields.

V. REVISITING TAYLOR DISPERSION WITH STRONG WALL INTERACTIONS -
RELATION WITH SURFACE REACTION MODELS

The presence of attractive surface interactions can lead to tracer particles becoming localized at
the surfaces. Physically, this localization is due to the presence of a potential. However, when the
interactions are highly localized about the surface, one can use reaction diffusion models to model
the dynamics near the surface®1#1>. We show how the formalism developed here can be used to
recover results of such reaction diffusion models.

Let us consider the case where a square well potential is localized in a region near the walls,
near which the particle can be reversibly bound (see Fig. [2(d)). Specifically, the potential is —U

at a distance less that /1 from the wall. It is also possible that there is an energy barrier against
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being absorbed onto the wall, to model this we include a region adjacent to the well of width /,
with a potential barrier of height V (possibly vanishing). We will consider the symmetric case,
where the upper and lower boundaries are identical (see Fig. [(a)), and the non-symmetric one
(see Fig[(b)).

In all these situations, we consider that the transverse diffusion in the bulk is constant and
reads Dj. On the surface (for —H <z < —-H+ 11+l and H — 1} — b < z < H), the diffusion
coefficients parallel and perpendicular to the channel axis read respectively Dy and Dy, and they

can be written in terms of the bulk diffusion constant D, via s = Dy /Dy and s| = Dy, /Dy).

@ V() ® V()

A Al a1

J ol L J TR ZLI

FIG. 4. Surface potential for the two configurations discussed in the text, (a) is the symmetric configuration

where both walls have identical potentials and (b) shows the non-symmetric case where the walls have

differing potentials

To start with, we consider the first configuration, represented in Fig. 4[(a). We use the following

expression of the flow
Z
V(Z) =0 (1 - m) (73)

(with Hg = h corresponds to a no-slip boundary condition and Hg > h corresponds to a finite slip-
length) to compute the long-time dispersion. By taking the limits: a=1;/H —0andb=1/H — 0

while keeping the terms o = aePU and y = bePV constant, we find the expression of the effective

diffusivity:
Dj, l+4os; PP 2 6 17, oy
— = —a+-—o"+— 74
Dy, 1+ (1+a)3 105+35 +35 +sl (74)
with the Peclet number
2voH?
Pe——_—__. 75
‘T 3HD, (73)

We notice that the potential barrier between the surface and the bulk can be removed by setting

Y = 0 and that this term always increases the Taylor dispersion. The above Eq. can be
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explicitly compared to various models based on a reaction diffusion process between the surface
and the bulk. The most general of these models can be described by a coupled set of reaction
diffusion equations between the bulk density pj(z,x,¢) and the surface density ps(x,t) (at the
surface). For example, for channels symmetric about z = 0 and with isotropic and constant bulk

and surface diffusion coefficients'¥, one has

Ipp(z,xt) - p o 9Pb(2,x5t)

= DpV<pp(z,x;3t) V(Z)a—x (76)
dps(x;t)  d%ps(xit)  dpy(x;t) , ,
—, = Dy I I (e kaps(x;t) + kapp(H,x;51). (77)

The term k, represents the rate at which the particle detaches from the wall and &, represents the
rate of absorption at the wall from the neighboring bulk layer. The terms D; and v, represent the
surface diffusion constant and surface flow or drift respectively. The boundary conditions for the
bulk equation are easily derived from probability conservation and give

dpy(H, x;t
D, pb(azx )

Variants of the above system of Eqs. (76/{78) have been studied by various authors81415  In

—kaps(x;t) +kapp(H,x3t) = 0. (78)

such problems, the equilibrium distributions p}(x) = p;? and p§?(x) = p5? are constant and obey
Henry’s law®

Dseq = %pbeqy (79)
although this cannot be used as a boundary condition in the time dependent problem unless the
flux term proportional to D in Eq. 1s ignored (corresponding to very rapid reaction terms
with respect to diffusion). The discussion of the boundary conditions and concepts such as partial
reflection and absorption of Brownian motion is somewhat involved to analyse mathematically>/
and indeed to simulate numerically. The advantage of the method used here is that the Brownian

motion is standard and the dispersion can be derived on purely physical grounds based on local

diffusivities and potentials. It was shown!? that for the model based on Eqs. (76/{78)), the result is

given exactly by Eq. l.l with o = k“ and 7 = kDI[ZI Therefore, we can determine the expressions

for the adsorption and desorption rates for the potential under consideration

kg = 2oL BV (80)
I

kg = 2L BUHY), (81)
nh ¢

We thus find that the absorption and desorption rate follow Arrhénius laws, since V and V 4 U are

the barriers that respectively limit the binding and the unbinding kinetics.
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By taking the limit where D) — oo, the term proportional to y in Eq. (74) vanishes and
the result becomes equivalent to that given by Brenner and Edwards®. A similar calculation can
be carried out for cylindrical pipes and allows one to recover the results for surface-mediated

diffusion41>

, where in addition the effect of a distinct surface flow (so not necessarily continuous
with respect to the bulk flow) was also incorporated. Note that we can can also derive Eq.
by considering a more general, continuous and differentiable, potential and using saddle-point

approximation (see Appendix [B]). The finite time correction in the case can also be computed and

reads
Pe’H? 1 4 8 , 62 5 2%y 40’y oy
C, = O+ —o" +—0a +— - . 82
47 1+ a) (525+175 YT s s, 2 ) (82)

We can also extend the previous result to the case of an asymmetric surface potential (see
Fig. (b)). By taking the limits: a = [;/H — 0, b = l/H — 0 and keeping o; = aePUi and
¥; = bePVi constants (i € {L,R}), we find

DHe - 1+ —sH(aL;_aR) Pe?

+
o +0R 3
D,  1+%i (14 Geter)

(83)
2 3 13, 5, 9 1 ) )
X| —=+=—=(x (04 — | Op) — —0L0 — | (04 .
(105 +35( L+ R)+35 (af + og) 35 %L R-I-zsL (apyL+ oRR)
One thus sees that when U, = Ug and Vp, = Vg, we recover Eq. (74)). It is interesting to notice the
appearance of a term Q7 O representing a correlation effect between the two surfaces at z = +H.
In the case where 97, = Y& = 0 the contribution to the diffusion constant from Taylor dispersion

can be written as
D(T)

lle

D

= Pe*Asp(og, o), (84)

S

with

%+%(OCL+OCR)+ 1]4—70(OCL+OCR)2+%(OCL—%)2

85
(1_+_06L-506R)3 (85)

Asp(ag,0p) =

When ; and a; become large the dispersion is reduced due to the term in the denominator.
However, for smaller values, and especially differing values of ag and o, there is clearly an
enhancement of Taylor dispersion due to absorption at the walls as seen in Fig. [5] where the

function Agp(og, ay) is plotted.
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FIG. 5. The function Agp(0g, 0y ) given by Eq. describing the Taylor dispersion due to two, in general
different absorbing walls, but with no barrier before the walls (so Yz = 7, = 0). For smaller values of o and
oy, the absorption enhances Taylor dispersion, particularly in the regions where one is small with respect to

the other.
VI. TAYLOR DISPERSION IN AN ELECTROOSMOTIC FLOW

Here we study Taylor dispersion for neutral particles by a general planar electroosmotic flow>!
induced by an electric field applied along a channel composed of two surfaces with different sur-
face charges (see Fig. 2[e)). In the following analysis, we consider point-like particles and are
thus considering the case & = H. We consider a confined system with an electrolyte, composed
of anions and cations of charge ¢, confined between two infinitely wide parallel plates carrying
uniform surface charges or held at constant potential. This problem is thus effectively two dimen-

sional. The fluid velocity field v is incompressible (V - v = 0) and obeys the Stokes equation,

NV2v = VP +p,(Epex — V9), (86)
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where 1) is the viscosity of the electrolyte and P denotes the pressure. The second term on the
right hand side comes from the presence of a charge density p, and an externally applied electric
field of magnitude E( acting along the channel, as well as the electric potential ¢ due to the ions

themselves. This ionic induced electric potential obeys the Poisson equation
eV = —p., (87)

with € the dielectric permittivity of the solution. The charge density in the mean field Poisson-

Boltzmann approximation is given by

Pe = —2gppsinh(¢By), (88)

with p, the bulk concentration of cations or anions and where Y = ¢ — Eyx is the total electrostatic
potential. If one is interested in the flow at the level of linear response in Ey, one can ignore the

dependence of y on Ej in Eq. (88)) to obtain

Pe(z) =~ —2qppsinh(gB¢(2)), (89)

and thus obtain translational invariance along the channel.With these assumptions, writing Eq.

(86) in the x direction leads to
d*v _ dP
1 dz2  dx
Assuming that there is no pressure drop along the channel and using Eq. (87), we find

+Pe(2) Eo. (90)

d*v d*¢(z)
nd_Z2 = pE(Z)EO = _8E0 de ) (91)
which can be integrated to obtain
€L
V@) = = P9 () +az+ B, (92)

where a and b are constants. Imposing no slip boundary conditions at the surfaces z = =H then

gives a velocity field which is completely determined in terms of the potential ¢ and is given by

@)= =12 (06) - 5 00~ o(-Hz— S0 +o(-H)] ). O3

Note that when ¢ (H) # ¢(—H), the breaking of symmetry due to a difference in surface potentials
generates a linear shear component to the flow. In the absence of potential difference, the flow is

nearly constant at distances greater than the Debye length from the surface and is referred to as a
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plug flow. Differing zeta potentials can be generated by using different or treated surfaces*2. If we
assume that the electrolyte can be treated in the weak coupling regime where Bq¢ is sufficiently
small (and so in particular the surface potential is weak), the Poisson-Boltzmann equation can be

linearized giving the Debye-Hiickel approximation

d?9(z)
2 K00, (94)
where .
]2 be 95)

is the inverse Debye screening length. The solution to this equation for this system is then simply

1 cosh(kz)
2 cosh(kH)

1 sinh(kz)

o) = 2 sinh(kH)

— (G + 8 )+ o~ (G =), (96)

where { = ¢(£H) are the zeta potentials at the upper and lower surfaces. Physically, the zeta
potential often arises due to the presence of a uniform surface charge. It is related to the zeta
potential by invoking electro-neutrality which implies that the electric field is zero outside the

channel and gives

d
—sa—")lz_H o, 97)
d
0—,¢ =1 = O, (98)
and in terms of the surface charges, we have
1 cosh(kz) 1 sinh(kz)
o) = 28_1<sinh(1<H)(64—4_6_)%—2<€‘_1<cosh(1<H)((Lr o), ©9)

from which the values of the corresponding zeta potentials can be deduced as a function of surface

charges. Working in terms of the zeta potentials, we find the average drift

ek
2xkHn

(Vo= (8+ 4 ¢-) (kH —tanh(kH)). (100)

Assuming a homogeneous diffusion constant D, throughout the system, we find that the diffusion

constant due to Taylor dispersion by the flow can be written in the form

() a0 (555 aw]. o

where H = ¢/x is the height measured in terms of the Debye screening length £ = 1/ (so when

oD _ £2E3H2
I 30D,n?2

c is small, the Debye layer is large with respect to the channel length and for ¢ large, the layer is
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localized near the surface). The functions Ag(c) (the contribution from the symmetric part of the

zeta potentials) and A,(c) (the contribution from the antisymmetric part of the zeta potentials) are

given by
(102)

Ag(c) = = [12+2¢% — (5¢% 4 12)sech?(c) — 9ctanh(c)]
[—60 +30¢? +4c¢* + 5¢((3 — 4c?) coth(c) + 9¢ cosech?(c))]. (103)

Ay(c) =

5
At
1
!
This result agrees with that obtained for {, = {_ in Ref*>. In the limit of small ¢ (weak screening)

and large c (strong screening), we find

4c* 10
As(c)zgasc—>0 andAs(c)zc—zasc—wn (104)
404 20
a():r;gasc—m and A(c) ~4— = as ¢ — w. (105)
C

The full form of the functions A, and A, are shown in Fig. [6] (a) and (b) respectively.

0.16
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< 0.08 | <
0. f =15
/
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0.04 / —

0.02 f
/
150 175 200 00 25 50 75

10.0 125 15.0 17.5 20.0
C

0.00f
00 25 50 75 100 125
c

(a) Symmetric function As(c) - Eq. (102) (b) Antisymmetric function A,(c) - Eq. (103)

FIG. 6. Scaling functions A(c) and A,(c) for Taylor dispersion in electroosmotic flow

We thus see that the symmetric contribution to Taylor dispersion is more important for ¢ small,
however when c is large, the contribution from the antisymmetric term tends to be bigger. This
latter point is due to the fact that the symmetric component is a plug flow which is constant away
from the edges and the region where it varies vanishes as ¢ — oo. In contrast, the anti-symmetric

contribution becomes a shear flow in this same limit and thus still disperses the tracer. We also

note that the function Ag(c) exhibits a maximum value Ag(cjnax) = 0.16 at ¢pgx ~ 3.3, whereas

A,(c) increases monotonically as ¢ increases.
The finite time correction is also available within our formalism, we find

(55 rio+ (455) r. 106)

(1) _ E§82H4
||,€ Dgnz

2
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with the functions

302 1 Stanh(c) (270+105¢% —2¢*)sech?(c)
[(c)=——— — 107

=G 3 2t s T 90c6 1om)
2 2 1 17 1 2 4 —15+42¢2

Tuc)=>%— S+ -— — 4 - —— | coth — =
a(c) + (205 + 303 15c) coth(c 6 sini? ()

c® 4 3¢ + 315 + (108)

that are shown in Fig. [7] Interestingly they have a similar form to the corresponding scaling
functions for the Taylor component of the diffusion constant. While the symmetric term I'y exhibits

a maximum before decaying to zero, the anti-symmetric component I', monotonically increases.

0.0005 f 008

0.0004 / /
/

g 0.0003

L [
0.0002 /

0.0001 / — 0.01

0.0000 J 0.001  —
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 0.0 2.5 5.0 7.5 10.0 12,5 15.0 17.5 20.0
C 4

(a) Symmetric function I's(c) - Eq. (107) (b) Antisymmetric function I';(c) - Eq. (108)

FIG. 7. Scaling functions I';(c) and I',(c) for the finite time correction for electroosmotic flows

We note that using the formalism developed here, one can study the diffusion of a charged particle
in an electroosmotic flow. The addition of a tracer charge means that the integrals involved no
longer appear to be exactly calculable, however numerically since the computation is straight

forward.

VII. CONCLUSION

We have revisited the problem of Taylor dispersion in plane and cylindrical channels which are
invariant under translation along the channel, that is to say the direction in which the dispersion
occurs. For the case of a general diffusion constant D and potential V acting on the tracer,
both of which depend on the distance from the channel center, we have given simple and general
formulas for both plane and cylindrical geometries. Essentially, the formulas found encapsulate
all known results on dispersion in these channel geometries and further more generalize them.
Even results on systems with reaction diffusion with the surfaces can be found and moreover
they can be formulated in terms of surface potentials, giving an improved understanding surface

mediated effects on Taylor dispersion. Beyond the examples studied here, many more remain
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to be investigated either analytically or numerically. In particular, the very compact form and
generality of the results given here are ideally suited to predict Taylor dispersion in systems where

the microscopic parameters such as the diffusion tensor and effective potential can be determined

experimentally 22122,
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Appendix A: General long time behavior

In the limit # — 4o, Eq. (30)) becomes

2\~ an) (T)
(X7) g 2D,/ 1=2C, (A1)
with
/ dz/ d7v(z Z Yira (2 )v(z/)po(zl), (A2)
A>0
and
_ / dZ/ dZ V WR}L( ;'VZIL}»( )V(Z )pO(ZI)- (A3)
/1>0
We define the pseudo-Green’s function by
Vra (2)wia (2)
Grla.d) = F FAFHE (Ad)
>0
and we note that we can write
(T) " Ly 2 / ' /
Clle Z/Hdz /Hdz v(2)Gp(z,2)v(Z)po(2), (A5)

where we have used the operator notation
G3(z,7) / d7" Gp(z,7"\Gp(Z", 7). (A6)

A direct computation then shows that

HGp(2,7) =Y, Wra(2)Wia(2), (A7)
A>0
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and using the completeness relation for eigenfunctions ¥, W (z) ¥y, (Z) = 6(z—2'), we can thus
A
write

HGp(z,7) =6(z—7) — po(2). (A8)

It is also easy to see that [*, dz Gp(z,2/) = 0 and that Gp(z,7’) obeys the no flux boundary condi-

tions given in Eq. (18)) as a function of z. From this, we can also see that

1@ = [ a2 ol W), 49

obeys
Hf(2) = [(2) = (v)olpo(2), (A10)

again with the no flux boundary condition Eq. and the orthogonality condition

H
/ dz f(z) =0. (A11)
-H
This then gives the compact formula
p@ = "y Al2
le e < V(Z)f(z)- ( )
We can also write
p = "4 Al3
e = |, 428(@)v(@)po(2), (A13)
where
H
8@ = [ dv()Gr(z.2). (A14)

Acting on the above equation with 77 gives
H8(2) =v(2) = (v)o- (AL5)

The boundary condition on g(z) is Z—‘g|zziy = 0 and g(z) also obeys the integral constraint
I™ dzpo(z)g(z) = 0. However, it is straightforward to see that the solution for g is simply
g(z) = f(z)/po(z) where f(z) is the solution to Eq. (A10)) with the boundary conditions given
after Eq. (]A_l_—G[) This observation is useful for the computation of the term Cj;, which can be

written as

H H 2
Cﬁ? :/Hdzdz’dz”v(z)GP(z,z”)GP(z”,z')Po(z/)v(z’) :/ dzf () (A16)

~H  po2)
In general, the finite time correction given by the above term can be computed in terms of the

Green’s function, it does not require knowledge of all the eigenfunctions of the problem, and can
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be used in more general contexts than that considered here?1%223Y We also note that the formula
given is easily amenable to numerical analysis and could prove useful in experimental analyses

where finite time data can be fitted with the linear form given in Eq. (Al). We also note from

Eq. (A16) that C‘(‘T) is always positive, this means that a linear fit of the average late time mean

squared displacement y(¢ <X 2> should cross the y = 0 axis at positive value of z.
We therefore see that the late time correction for Taylor dispersion can be extracted from the

function f(z). Finding the solution for f(z) is straightforward, it is given by

£(2) = — exp(—BV ()[Rl ~ R(2)], (A1)
where R(z) is given by
/ & eXp(BV(Z’)) (AL8)
D, (Z)
and J(z) is given by
= [ dZexp(=BV()Ib() - ) (A19)

(T)

The expression for D||e can be rewritten in a more symmetric fashion, using the Eq. (A12) and

the condition Eq. (A11)) we have

Dﬁ? = / ! dz (v(z) = (v)o)f(2) = % /_ Zdzdil—(zz)((R>0—R(z)). (A20)

—H

Integrating by parts and using the no-flux boundary condition J(+H) = 0 then yields

eXp(BV( )
e =~ / e . (A21)

In addition, using the above expressions, the late time correction can be rewritten

cl = (R, — (R, (A22)

lle

which is of course equivalent to Eq. (AT6).

Appendix B: Derivation of the dispersion for strong wall interactions using saddle-point

approximation

Let us consider a channel where the potential is localized near the wall. Two cases spring to
mind, one where the potential has a single minimum at a position z,,;, close to the wall and no
energy barrier to attain it, secondly one could imagine that there is an energy barrier due to a

maximum in the potential at z,,,, to the right of z,,;, at the left wall.
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For systems possessing a symmetry under z — —z, we can write the Taylor dispersion contri-

bution to the diffusion constant along the channel as

2 [0 ), 2 ()
D\(I? - 7/_H+£dZD¢(ZZ) * 7/—11 dzexp(BV(z))DL(ZZ)- B

In the region [—H,—H + /| we will treat the problem via the saddle point approximation (keeping

the fluctuation term) and assuming that the velocity field v(z) and diffusion constants vary much
more slowly than the potential V(z) . For a potential with a minimum near the wall but with a

maximum between the wall and the bulk, we find that the partition function is given by

N =2 |H 4+ ——————=exp(—BV (zmin)) | - (B2)
[ BV (zmin)| "
From the above, we see that the equilibrium probability density in the bulk can be written as
1
Pro = T : (B3)
N v S _ .
? {H v PP V(Z’”’”)}
while the probability to be on either of the surfaces is
% exp(—BV (zmin))
Py = ; (B4)
2 [H — eXp(—BV(me))}
IBV" (zmin)|

the saddle point approximation respects the conservation of probability as we see that 2Py +
2ppo(H — ¢) = 1. Clearly, to be in a limit where the surface affects the dispersion, one needs to

consider the limit where Py is ¢'(1). Carrying out a similar analysis, we find

0 2 /A 2
(T) / J (Z) 2n J (Zmax)
D ~ 2 d — 4 2 \%4 max
e Pbo .y Z D.() Pb0 ﬁ BV (zmt)| DL () exp(BV (zmax))
= pT 4 p(T*) (BS)

lle lle

where in the last line above, we have decomposed the advective contribution to the diffusion

(TD) (Ts)

constant into a bulk D|| and a surface term D|| which is sensitive to the maximum in the

potential (if present). The surface contribution can be written as
(rs) _ P
D S — 2ﬂJZ(Zmax)T7 (B6)
le Py

where
27

P ) V" o) 1D ()

exp(BV (zmax) =V (zmin)]) (B7)
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can be shown to be the time to cross the energy barrier between z,,;, and zmax assuming that the
diffusion constant can be treated as a constant in this region (in particular D | (Zpmax) 2 D | (Zmin))-
In the absence of a maximum of the potential before the wall, one can take T = 0. We note that
this term is always positive and so any barrier in potential between the surface and the bulk will in
general increase Taylor dispersion.

In the left edge region where z < —H + ¢, we find that the current is given by

J(z) >~ 0 for z < zpin (BY)
and
Py
J(z) > —(v(zmin) — (v)q) fOr 2> Zpin, (B9)
Pbo
while, in the bulk, forz > —H + /¢
o Pyo ¢ / /
J(2) = —(v(zmin) — (Vo) + dz' (v(Z) = (v)o)- (B10)
Pio —H+{
We also have
0
(Vo = 2Psov(zmin) + ZPbo/ dz v(z), (B11)
—H+Y
and which can also be written as
o= ()p+2Po(v(zmin) — (v)}) (B12)
where
! ’ d B13
<V>b = m/_[{_é ZV(Z) ( )

is the average of the advection velocity field in the bulk region of the channel [—-H + ¢, H — /|

where there is no potential. From Eq. (BIT)) and Eq. (B9), we find
Py

— (V(zmin) — <V>0)7 (B14)

J(z =
() Pro

which yields

DY = 2Rat(v(amin) — ()o)?
(B15)

= 2P0 T(1 — 2P0)* (v(zmin) — (v))*-
Note that this term is zero when Py = 0, so there is zero probability to be in the wall region, but
also when 7 = 0, that is to say it requires the existence of the local maximum in the potential

before the local minimum next to the wall. For the bulk term, we find

(Th) 2 0 (Poo(v(Eamin) = (Vo) +Pp0 [ 10 42 () = ()
D" =g ouredz NG :
z () — (v 2
— 2pb0 fi)H+€dZ(_2ZPXO(V(Zmin)_<V>bgi_{;)H+ldz (V(Z) < >b)) . (B16)
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Expanding the integrand yields

2 z "(v(7) — (v 2
D‘(ﬁb) :8pb0Ps20(v(zmm)—(v)b)2/O d Z—+2pbo/_(;+£dz (Sopiedd (v(Z) = (v)}))

—H+( ZDJ_(Z) D, (z)
0 2 pyd? (V(Z) = (v)p)
8 P, - min d AT b B17
+8pRol (), —viam)) [ dz ISR ®17)
and we note that the second term can be written as
0 z d7 (v(7) — 2
2Pb0/ dz ([2pyedZ () = (v)p)) _a —2Ps0)D|(‘€b)<H—f,V _0). (BI8)
“H4t D, (z)

where D‘(Q(H — ¢,V = 0) is the Taylor dispersion generated part of the diffusion constant for
the system with size H — ¢ and without any potential, that is to say the same v(z) and D (z)
but restricted to the region [—H + ¢, H — ¢]. In the case where D (z) can be approximated by a
constant in the bulk region, so assuming that modifications of the diffusion constant, due to the

finite particle size, only play a role in the surface layer, we find

2
(Tb) 2 Z(H_E)3 Pbo /O /Z .
D = P, min) — —n T2 o
e = 8P00Pso(V(zmin) = (v)) D, + D, _HMdZ _HMdZ (v(@) = (v)p)
8 Py min) — 0 ¢
_ SPbo ‘O(V(DZ ) <V>b)/ dzz/ d7 (v(Z) — (v),). (B19)
1 —H+/{ —H+/¢
Now integrating the last term by parts yields
2
(Th) > ey o H=? @/0 /Z () —
DHe = 8pbOPsO(V(Zml") <V>b) 3D, +2DJ_ e dz _Hte dz (V(Z ) <V>b)
4 Py min) — 0
4 Pk ‘O(V%L )— ) /_H+gdz zz(v(z)—(vh,)- (B20)

We now compare with the results of a surface reaction diffusion model®!#. In these previous

studies a Poiseuille flow with no-slip boundary conditions at the boundary was used so we set

v(z) = vo (1 - Z—) : (B21)

where Hy = h corresponds to the no slip boundary condition and Hy > h corresponds to a finite
slip length. We now have a surface layer with / = 0 and so we take z,,;, = —H. In addition,
no variation in the diffusion constant perpendicular to the channel was considered so we take
D (z) = Dy where Dy, is the bulk diffusion constant. Finally, we assume that the ratio of the

probability, at equilibrium, to be on the surface to that to be in the bulk

— 2T exy(—BV (2nin)])
o= V BV (zmin)| , (B22)

H
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is of order one. This definition now implies that

1 «o 1 1
Py =z——; TR B23
0= 3T g PP T 3 T T o (B23)
and we thus obtain
Tbh
Dﬁe) ,2+18a 45102 B24)
= Pe
Dy, 105(1+a)?
where \
2voH
Pe=—— B25
TR (B25)
is the relevant Péclet number. The surface contribution to Taylor dispersion yields
(Th)
D 4H* at a Dyt
[le 2 2 b (B26)

= =P ——~.
D,  ODHF(I+a) ~ (Itap H?
If we assume that the diffusion constant on the surface region is given by D), and D | ; (along and

perpendicular to the surface), we obtain the result

D 1+os 2+ 18 +51c? D
Elle _ [ 2( +18a+51a o b7>, (B27)

D, l1+a 105(1 + )3 + (1+a)’ H?
where s = Dy /Dy, in the first term, and we note that this first term simply corresponds to the
change in molecular diffusion along the channel due to the interaction with the wall. In this
particular case, we have
2
T =
ﬁ \/’V// (Zmax)V” (Zmin) |DsJ_

and we also note that the term 77 = H?/D}, in the last term of Eq. (B27) is commonly referred to

exp(B[V (zmax) =V (zmin)]), (B28)

as the Taylor time, the time to cross the bulk of the system from one side to another or equivalently
the equilibration time for reflected Brownian motion in the channel.
Data availability statement: Data sharing is not applicable to this article as no new data were

created or analyzed in this study.
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