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Abstract

In this article, we investigate the asymptotic formation of consensus for several classes of time-
dependent cooperative graphon dynamics. After motivating the use of this type of macroscopic
model to describe multi-agent systems, we adapt the classical notion of scrambling coefficient to
this setting, and leverage it to establish sufficient conditions ensuring the exponential convergence
to consensus with respect to the L°°-norm topology. We then shift our attention to consensus
formation expressed in terms of the L?-norm, and prove three different consensus result for sym-
metric, balanced and strongly connected topologies, which involve a suitable generalisation of the
notion of algebraic connectivity to this infinite-dimensional framework. We then show that, just
as in the finite-dimensional setting, the notion of algebraic connectivity that we propose encodes
information about the connectivity properties of the underlying interaction topology. We finally
use the corresponding results to shed some light on the relation between L?- and L>-consensus
formation, and illustrate our contributions by a series of numerical simulations.
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1 Introduction

Since its appearance at the end of the nineteen nineties, the analysis of self-organisation and pattern
formation in large groups of interacting individuals has become a prominent topic in applied mathe-
matics. This subject was initially brought forth by the pioneering articles [33], [72] on statistical physics
oriented models for biological systems, and subsequently cemented by a wealth of contributions in the
fields of automation theory and engineering, see e.g. [0, 11l 10, 42, (49, [54], 56, [71] and references
therein. In the midst of this broad academical trend, a research current led by the works of Hegsel-
man and Krause [38, [43] on bounded confidence models, and the groundbreaking papers of Cucker and
Smale [24] 25] on emergent behaviours, started to focus more specifically on the problem of consensus
formation. Along the way, many of the ideas that arose around these questions found their way to a
large score of application areas, such as herds and flocks analysis [B, [7], aggregation models in biology
[22], decentralised control of fleets of autonomous vehicles [6] [15] or pedestrian dynamics [23] [63].

Motivated by the apparent ubiquity of clustering behaviours in applied sciences, a growing litera-
ture has been devoted to the precise mathematical understanding of the mechanisms subtending this
type of pattern formation in multi-agent systems. These latter colloquially refer to systems of N > 1
agents represented by points in a given configuration space — in our context the euclidean space R? —,
which evolve according to coupled dynamics of the form

1 N
i(t) = + D it wi(t) — (1)) (1)
=1

Here, the vector (z1(t),...,zn(t)) € (RY)N represents the collection of all the states of the agents at
some time ¢ > 0, while the maps 1;; : R; x R? — R?, defined for each pair of indices 4,5 € {1,..., N},
encode nonrepulsive pairwise interactions between agents, which may depend on time, on their relative
distance and orientation, as well as on their respective labels. In this context, one is usually interested
in understanding under which circumstances solutions of converge to consensus, namely, when
there does exist an element 2> € R? such that
Jim_[z(6) =] =0,

for each agent label i € {1,..., N}. This question has received a tremendously large amount of answers
— see e.g. [IT), 17, 18, 26, [41), 42} 49, 56, 57, 61, 69, [70] and references therein —, depending mainly on
the nature of the interaction rules described by the maps (1;;)1<i j<n. Some of the farthest-reaching
results on this topic can be attributed to Moreau [56] as well as to Olfati-Saber and Murray [61], while
the main approaches and proof strategies to study asymptotic clustering are outlined in the reference
survey [58] by Motsch and Tadmor.

Even though the literature devoted to consensus formation is very broad, quantitative convergence
results — typically obtained by means of Lyapunov arguments that do not rely on LaSalle’s invariance
principle —, are almost exclusively based on diameter or energy decay estimates. In both cases, the
convergence towards consensus is dictated by a scalar quantity which carries information about the
connectivity properties of the system. In the first scenario, diameter contraction estimates usually
depend on the so-called scrambling coefficient of the topology. The latter is positive whenever each
pair of agents in the system is either directly interacting, or following a common third-party agent,
and thus encodes information about “local” communications in the system. It first appeared in the
theory of stochastic matrices as a way of quantifying ergodicity properties of Markov chains, and is
discussed in the reference monograph of Seneta [68]. In the second case, energy dissipation estimates
are often expressed in terms of algebraic connectivity. This quantity — which is widespread in algebraic
graph theory — corresponds to the second smallest eigenvalue of the so-called graph-Laplacian matrix



associated with the interaction topology. It is known to provide information about the number of
connected components in the interaction graph, and allows to quantity the minimum communication
strength between agents over all connected components. In as such, the algebraic connectivity carries
a fairly “global” information about the structure of the topology, and a detailed account on its many
properties in the context of undirected graph can be found in the reference article of Mohar [55].

In addition to identifying conditions ensuring the formation of consensus for systems of the form
, it is also very natural to try to understand the behaviour of such patterns in large interacting
systems where the number N > 1 of agents goes to infinity. This problem is all the more relevant since
in the common application areas of cooperative systems, the number of agents can range between tens
of thousands and millions, making frontal resolution potentially arduous from a numerical standpoint.
In the situation where the interaction maps (v;)1<i j<n do not depend on the agent labels 7,5 €
{1,..., N} and are all equal to a common function v : Ry x RY — R? it was shown in [20, 35, [36]
that meaningful kinetic approximations formulated in terms of mean-field limits could be proposed
for (1)), see also [64]. These latter are formulated as transport equations of the form

Oppu(t) + divg (U (¢, pu(t))u(t)) =0, (2)

where the nonlocal interaction velocities driving the system are given by

U(t, p, ) = /Rd Y(t,y — x)du(y).

In this context, a rigorous embedding can be established between the microscopic system and its
macroscopic approximation by considering the empirical measures defined by

LN
un(t) === 6w
N3

which are supported on the discrete positions (z1(t),...,zn(t)) € (RN of the agents at time ¢ > 0.
These infinite-dimensional models are usually studied by means of a variety of tools coming from
optimal transport theory — see for instance the survey [21] —, and we point the reader to [13, 62] for
standard Cauchy-Lipschitz well-posedness results for nonlocal dynamics of the form .

However when the interaction kernels (1;j)1<; j<n depend explicitly on the agent labels, the stan-
dard mean-field approach is not applicable any more. Indeed, the latter can only account for systems
whose dynamics are invariant under permutations, which greatly limits the admissible interaction
models. Motivated by this observation, several recent contributions have been aiming at studying
macroscopic approximations of which allow for more general and possibly asymmetric interaction
functions. The corresponding approaches are based on the theory of graph limits introduced by Lovasz
and Segedy in [47] — see also the corresponding monograph [46] —, and popularised by Medvedev in
[52, B53]. In this context, the discrete set of labels {1,..., N} allowing to discriminate between agents
becomes the continuous unit interval I := [0, 1], and the state of the system at time ¢ > 0 is repre-
sented by a Lebesgue measurable function z(t) € L2(I,R?) which maps a position z(t,i) € R% to each
generalised index ¢ € I. In this context, the graphon dynamics corresponding to writes as

Da(t, i) = /1 (ki 4,2 (t3) — 2(t, §))dj, (3)

where ¢ : Ry x I x I x R — R? is a general function encoding interactions between agents, depending
on time, on their relative position and on their respective labels. At present, graphon models of
the form are starting to emerge in the literatures related to multi-agent systems [4, [14], control
theory [9, [34], mean-field games [16), 19], and data sciences [67) [73]. We also point the reader to the
papers [14], [44], which to the best of our knowledge are currently the only ones investigating consensus
formation problems for graphon dynamics. We also mention the much older work [I0], in which the
authors intuited a consensus model with a continuum of agent labels without relying on, or referring
to, dense graphs.



In this article, our goal is to investigate several families of sufficient conditions ensuring the for-
mation of consensus for solutions of generalised Cucker-Smale graphon models of the form

Oa(t.i) = [ alt.i.)o(le(t.1) - 2(t.5)D(a(t.5) - a(t.)d. (@

Here, the map ¢ : Ry — Ry is a smooth and bounded nonlinear interaction kernel accounting for
the distance-based magnitude of communications between agents, while the time-dependent kernel
a: Ry xIxI— [0,1] encodes the interaction topology of the system. We stress that the latter is
not symmetric a priori, so that the fine structure of the interaction topology will be the main factor
determining which convergence result one may hope to recover. Taking inspiration from the classical
dichotomy between L>°- and L2-dissipation estimates in the consensus literature, we start in Section
B] by studying sufficient conditions ensuring the contraction of the diameter of the system

D(t) := sup |z(t,i) — =(t,5)],
i,5€l
defined for all times ¢t > 0 along solutions of . To this end, we introduce in Section the following
macroscopic generalisation for graphon models of the classical scrambling coefficient

n(A(t)) := inf [ min {a(t,i, k),a(t, J, k:)}dk
1,5€l J1

Here, A(t) € L(L*(I,R%)) denotes the kernel-type adjacency operator generated by a(t) € L>®(I x

1,]0,1]), and can be seen as the counterpart of the notion of adjacency matrix for standard graphs. By

following an original methodology relying on the theorems of Danskin and Scorza-Dragoni, combined

with a key geometric lemma on the maximisers of relaxed diameters, we show in Theorem that

D) < DO)exp (— 7 [ n(Al)s), (5)

for all times ¢t > 0, where vr > 0 is a constant related to the minimum value taken by the nonlinear
kernel ¢(-) when the L*-norm of the initial datum of is bounded by some constant R > 0. In
addition to its novelty in the context of graphon model, this contraction estimate also generalises those
already available for discrete multi-agent systems, as it does not require that the adjacency matrix be
stochastic, see e.g. [57, 58]. Building on , we proceed by proving in Theorem that solutions of
exponentially converge to consensus in the L>°-norm topology as soon as the scrambling coefficient
n(A(-)) is persistent, in the sense that

1 t+7
[ A = p, (6)
for some fixed parameters (7, 1) € R% x (0,1]. This type of integral conditions are fairly standard in
stability theory for time-varying systems, as evidenced by the reference monographs [50, [60].

In Section [4] we shift our focus to energy dissipation estimates involving the standard deviations

X(t) = (;/I/Ipc(t,i) —x(t,j)|2djdi)1/2,

defined for all times ¢ > 0, and which allow for a convenient investigation of L?-consensus formation.
To this end, we start in Section by reformulating the dynamics (4 as the differential equation

(t) = —IL(t, x(t))x(t), (7)

posed in the Hilbert space L%(I,R%). Therein, we introduced the so-called graph-Laplacian operators
L(t,r) € L(L*(I,R%) associated with the nonlinear interaction topology of the system. Taking
inspiration from the work of Wu [76), [77, [78] on the adaptation of the notion of algebraic connectivity
to directed graphs, we propose several generalisations of this object to the setting of graphon dynamics.



For symmetric and balanced interaction topologies — see Definition [4.4 below —, we define the algebraic
connectivity of an interaction topology whose graph-Laplacian operator is L. € £(L?(I, ]Rd)) as

Ao(L) := inf m (8)

z€EL ||$||L2(I,Rd)
where € C L?(I,RY) is the so-called consensus manifold. In the subtler and more technical case in
which the interaction topology is a disjoint union of strongly connected components — understood in
the sense of Definition below —, it is again possible to define the algebraic connectivity A2(LL) in a
fashion that is similar to by renormalising I € £(L?(I,R%)) using a suitable function belonging
to the kernel of its adjoint. Let it be noted that the existence of this canonical weight for graphon
models is a consequence of the recent work [14].

We then proceed by deriving three general convergence results towards consensus depending on
the nature of the interaction, presented in ascending order of generality and difficulty. We thus start
in Section by the simplest scenario in which the adjacency operators A(t) € L(L?(I,R?%)), whose
kernels are a(t) € L>(I x I, 0, 1]), define symmetric interaction topologies for almost every time ¢ > 0.
By adapting a methodology developed in [12] by the first author, we are then able to prove in Theorem
that solutions of exponentially converge to consensus in the L?-norm topology, whenever the
interaction topology satisfies the persistence condition

)\2<1 o La(s)ds> >, ()

T Jt

in which L(¢) stands for the linear graph-Laplacian

L) s2 = [ alt.i,) (@) = 2()di

generated by the adjacency operator A(t) at some time ¢ > 0. It is worth recalling that, for finite-
dimensional multi-agent systems, persistence conditions of the form @ bearing on the smallest eigen-
value of the averaged matrix are in fact necessary and sufficient for the convergence towards consensus,
as shown in [48]. We subsequently move on in Section to the more general situation in which the
interaction graph is directed, but balanced in the sense that the in- and out-degrees coincide at each
node. Contrary to the symmetric case, we need to restrict our attention to linear dynamics in this
context. In Theorem we show that solutions of (7)) for which ¢ =1 and A(t) defines a balanced
topology for almost all ¢ > 0 exponentially converge to consensus in the L?-norm topology, whenever

1 t+T1
- /t Ao(L(s))ds > 1. (10)
At this point, a crucial observation has to be made regarding the persistence conditions @ and
(10). Indeed, the latter — which heuristically requires that the algebraic connectivity of the system
be positive sufficiently often — is much more restrictive than the former, which can hold true even
in the extreme case where Aa(L%(t)) = 0 for almost every times ¢ > 0. This intuition is made
rigorous in Proposition where we show that A\a(+) is in fact a concave mapping over the space of
linear operators. Finally in Section we treat the more general situation in which the adjacency
operators A(t) define topologies which are disjoint unions of strongly connected components (see
Definition below) for almost every time ¢t > 0. These are much more delicate to handle than
balanced topologies, as the system admits dissipative Lyapunov functions which are different for each
possible interaction topology. For this reason, even though the corresponding exponential convergence
result is supported by a suitable generalisation of the persistence condition , we need to impose
additional assumptions on the structure of the interactions to be able to compare the different energy
functionals. The corresponding result, which builds on the methodology introduced for balanced
graphons combined with stability techniques for switching systems, is presented in Theorem [4.13]
We conclude the paper in Section [5| by establishing several auxiliary results which shed light on
the interplay between consensus formation and graphon connectivity. In Section [5.1} we generalise to



balanced graphon models one of the instrumental results about algebraic connectivity, namely that
the underlying interaction topology is strongly connected if and only if Ao(L) > 0. We then prove
in Section a somewhat surprising result, stating that L?- and L*°-consensus formation are in
fact equivalent whenever the in-degree function associated with the graphon model is persistent in
a suitable sense. We end the article by displaying numerical illustrations of our consensus results in
Section [5.3] along with a discussion on some of the limit cases of the theory that we develop here.

The structure of the article is the following. In Section [2| we present standard notions of measure,
graphs and spectral theory, and provide a short primer on discrete multi-agent systems and graphon
models. In particular, we prove that the convex hull of a graphon dynamics is nonincreasing, which
is a new and interesting result in its own right. In Section [3] we define scrambling coefficients for
graphons, and study diameter contraction estimates and L>°-consensus formation. In Section [, we
adopt another point of view and study the formation of L?-consensus for symmetric, balanced, and
strongly connected interaction topologies. These latter are all based on adequate generalisations of
the notion of algebraic connectivity for graph-Laplacian operators. We finally conclude the paper by
proving auxiliary results and presenting numerical illustrations in Section

2 Preliminaries

In this section, we recollect a series of notions pertaining to functional analysis and multi-agent
dynamics at large, all of which will be extensively used throughout the article.

2.1 Measure theory and integration

We start here by introducing some notations and results of measure theory, for which we refer the
reader to the very complete monographs [11 [30].

In what follows, given an integer n > 1, we denote by .£" the standard n-dimensional Lebesgue
measure defined over R"™. Letting p € [1, +o0], taking a Borel set @ C R™ and denoting by (X, |||/ x)
a separable Banach space, we shall use the notation LP(Q2, X) for the space of X-valued integrable
maps with respect to £, defined in the sense of Bochner (see e.g. [28, Chapter II]). We will also
write C(€2,.) and Lip,(£2,.7) to refer to continuous and locally Lipschitz mappings with values
in a complete separable metric space (¥, d ) respectively. Throughout this article, we will use the
notations “inf”, “sup” and “rg” to refer to the essential infimum, supremum and range of a measurable
function, all of which are understood with respect to the standard Lebesgue measure.

We state below simplified versions of the Scorza-Dragoni and Danskin theorems (see [§] and [27]
respectively), which will be used in the sequel. While these latter are both known results in modern
analysis, they are somewhat nonstandard, and we include their statements for the sake of completeness.

Theorem 2.1 (Scorza-Dragoni). Let @ C R™ be a Borel set and f : Ry x Q — . be such that
x € Qw— f(t,x) € 7 is L"-measurable for each t > 0, and t € Ry — f(t,z) € . is continuous
for L7 -almost every x € Q. Then for every e > 0, there exists a closed set 2, C € satisfying
LM\ Q) < € and such that the restricted map f: Ry X Qe — .7 is continuous.

Theorem 2.2 (Danskin). Let Q C R™ be a compact set and f : Ry xQ — R be a continuous function.
Suppose also that for L™-almost every x € Q, the map t € Ry +— f(t,x) € R is differentiable -
almost everywhere. Then, the application g : t € Ry +— maxycq f(t,2) € R is differentiable £ -almost

everywhere. Moreover, denoting by Q(t) := argmax f(t,z), the derivative of g(-) can be written as
e

dg(t) = max 9, f(t,z),
z€Q(¢)

for £ -almost every t > 0.

In the remainder of this article, we will often use both theorems in conjunction with the following
convergence result for restricted essential supremums. Therein, we denote by P(Q2) the power set
generated by some arbitrary Q C R".



Lemma 2.3 (Quantitative interior estimates for essential supremums). Let Q C R™ be a compact set
and f € L>®(Q,R?Y). Then for every § > 0, there exists € > 0 such that

[ £l oo (rty =0 <N fll oo ray S fll oo (R4 (11)
whenever Qe C § is a measurable set satisfying L™ (2 \ Q) < €. In particular, it holds that

11l Lo 0 me) v £l oo (0 me) s

for each family of sets (c)es0 C P(Q) satisfying these properties.

Proof. The second inequality in is trivially satisfied for every set 2. C 2. Concerning the first
inequality, observe that by definition of the L°°-norm, there exists for every § > 0 a set 25 C € of
positive measure such that

|f(z)] = HfHLoo(Q,Rd) =0,
for £"-almost every = € Q5. Hence by choosing € > 0 satisfying ¢ < Z"(€)5) and considering any

closed set Q. C Q with Z"(Q2\ Q) < ¢, it necessarily holds that .Z"(25s N §2) > 0. Indeed assuming
the converse by contradiction, one would have

LM UQ) =L (Qs) + L") > L7(0),
which is absurd since both sets are contained in €2. Hence by construction, one has that

Lf (@) = 1 fl| Lo (,rn) =0,

for Z"-almost every x € Q5 N ., which concludes the proof of our claim. O

2.2 Graph and spectral theory

In this second preliminary section, we recollect more specifically elementary notions pertaining to
graph theory, together with elements of spectral analysis for bounded linear operators defined over
Hilbert spaces. We point to the reference monographs [75] and [66] respectively for a detailed and
accessible treatment of these topics.

Introductory notions of graph theory. Given aninteger N > 1, we say that Ax := (aj)1<ij<n €
RN*N s the adjacency matriz of a directed graph — or digraph — with vertex labels {1,..., N} pro-
vided that a;; € [0,1] and a;; = 1 for each i,5 € {1,..., N}. In the context of cooperative dynamics,
the set of labels will represent the agents of the system, while each coefficient a;; € [0, 1] stands for the
magnitude of communication flowing from agent j to agent . In particular, one has that a;; > 0 if and
only if agent j influences the dynamics of agent i. We recall below standard notions of connectivity
for general digraphs, which are illustrated in Figure [2.1

Definition 2.4 (Strong and simple connectivity for digraphs). Let Ay € [0, 1]Y*N be an adjacency
matriz. Then, the underlying digraph is strongly connected if for every pair of indicesi,j € {1,...,N},
there exists an integer m > 1 and a finite sequence (I )1<k<m C {1,...,N} such thati =1y, j = Ly,
and ay, 1, ., >0 for each k € {1,...,m — 1}.

In addition, a digraph is said to be connected if its symmetric part — which is defined as the
undirected graph supported by the adjacency matriz %(AN—FA;) -, 18 strongly connected. In particular,
an undirected graph is connected if and only if it is strongly connected.

Elements of spectral theory for bounded operators Let (H, (-, )%) be an arbitrary finite- or
infinite-dimensional Hilbert space, and £(?) denote the space of all bounded linear operators from
H into itself. We will say that an element T € L(H) is symmetric if T = T*, where T* € L(H) is
the adjoint of 7" with respect to (-, -)3. We also use the notation T%™ := (T +T*) for its symmetric
part. Notice that a symmetric operator which is bounded — namely whose domain is the whole space —
is automatically self-adjoint in the usual sense. Writing Id for the identity operator over H, we recall
below several concepts pertaining to the spectrum of an element of L(H).



Figure 2.1: Illustration of the notions of strong and simple connectivity on graphs with N = 5 vertices. The

digraph on the left is strongly connected, while that in the center is simply connected. The digraph on the right
is a disjoint union of two strongly connected components formed respectively by {1,2,3} and {4,5}.

Definition 2.5 (Spectra of bounded linear operators and their decomposition). Given an element
T € L(H), its spectrum o(T) is defined as the set of all the real numbers A € R such that

(T —X1d) € L(H) is not bijective.
In addition, the spectrum of a bounded linear operator T' admits the following decomposition
U(T) = Udisc(T) ) Uess(T)a

where the union is disjoint. Here, o4isc(T) denotes the discrete spectrum of T, defined by
odise(T) = {)\ € o(T) s.t. there exists an open set N\ C R satisfying Ny No(T) = {\}
and the space of all f € H such that Tf = \f is finite-dimensional },

while 0ess(T') := o(T') \ 0qisc(T") is the essential spectrum of T

We will use the notation I := [0, 1], and denote by .£!; the restriction of the standard 1-dimensional
Lebesgue measure to I. We shall say that A € £(L?(I,R%)) is an adjacency operator if there exists a
map a € L>(I x I,[0,1]) such that

(Az)(i) := /a(i,j)x(j)dj for £} ;-almost every i € I, (12)
I
for each x € L?(I,RY). Analogously given a map d € L*>(I,[0,1]), we define the corresponding
multiplication operator My € L(L*(I,R%)) by
(Mg x)(i) := d(i)x(q) for £} ;-almost every i € I, (13)

for each z € L?(I,R%). We end this preliminary section by recalling the following standard structure
result on the spectra of adjacency and multiplication operators, for which we point to [66, Theorem
VI.15] and [37, Proposition 3.2] respectively.

Proposition 2.6 (Spectra of adjacency and multiplication operators). Let A, Mg € L(L*(I,R%)) be
an adjacency and a multiplication operator defined as in and respectively. Then, it holds

0(A) = 0aise(A) = {An};2]  and  0(My) = ess(Ma) = rg(d),

where (A\,) C [0,1] is an at most countable family of real numbers which can only accumulate at zero.

2.3 Multi-agent systems and graphon models

In this section, we recall some of the properties of the multi-agent systems under consideration through-
out this article, both at the discrete and macroscopic level. We point the reader to [21,[59] for a detailed
account on mean-field limits for particle systems, and to [46],[52] for a thorough analysis of graph limits.



Finite-dimensional cooperative systems. We start by considering a system of N > 1 agents,
represented by a collection x(-) := (21(),...,zn(-)) € CO(Ry, (RY)N) of curves in R?. Given a set
(29,...,2%) € (RY)N of initial data, their evolution in time is prescribed by the family of ODEs

Z azg |(13, - .Z'j(t)D(l’j(t) - xi(t))a

x;(0) = :c?,

(14)

written for every i € {1,..., N}. Here, the positive nonlinear interaction kernel ¢(-) accounts for the
magnitude of the pairwise interactions between agents — depending on their relative distance —, while
the maps (a;;(+))1<i,j<n encode the time-varying interaction topology of the system.

In the sequel, we make the following assumptions on the data of .

Hypotheses (MA). Assume that the following holds.
(i) The weight functions a;j : Ry — [0,1] are £'-measurable for all i,j € {1,...,N}. Moreover,
one has that a;(t) = 1 for £'-almost every t > 0 and each i € {1,...,N}.
(it) The nonlinear kernel ¢ : Ry — RY s locally Lipschitz continuous, positive and bounded.

Under these assumptions — which are quite standard in the literature devoted to consensus prob-
lems, see e.g. [I8, 58] —, we have the following well-posedness result for .

Proposition 2.7 (Well-posedness of the discrete dynamics). Let ° := (29, ...,2%;) and suppose that

hypotheses hold. Then, there exists a unique curve & € Lipy,.(Ry, (RY)N)) solution of (T4).
Proof. It can be easily checked that under hypotheses [(MA )| the mapping

(t.x) € R, x (RN ( Zaw o(|i — ;) (z; — xi)>1<A<N € (RN

is .Z'-measurable with respect to ¢t > 0 as well as locally Lipschitz continuous and sub-linear with
respect to € (R?)N. Whence, by classical well-posedness results for ordinary differential equations
(see e.g. [32, Chapter 1]), there exists a unique solution () € Lipjo. (R4, (RY)N) of (T4). O

Macroscopic approximations of multi-agent systems. In the classical mean-field setting, macro
scopic versions of the discrete dynamics are expressed via curves of empirical measures. However,
as described in the introduction, this approach is only operational when the agents are indistinguish-
able, or, equivalently, provided that the dynamics satisfies some invariance properties with respect
to the agent labels i € {1,..., N}. To palliate this intrinsic limitation, one can instead consider graph
limit approximations, which are constructed as follows. Consider the piecewise constant mappings

N(t, i) ::Zn[ 1 k)(z’)xk(t), (15)

and

‘N°N

N N
Nt i,5) =>_> Trp ﬁ)(i)]l[l—l ! )(j)akz(t% (16)
k=11=1 N
defined Z'-almost every t > 0 and every i,j € I. Then, one can show that the curve 2™V (.) €
CO(R,, L*(I,R%)) satisfies the following.

Proposition 2.8 (Dynamics of the discrete graphon model). Let N > 1 and z(-) € Lip;. (R, (R)Y)
be a solution of (T4). Then, the curve z™(-) € Lip,.(Ry, L?(I,R%)) defined in is a solution of
the Cauchy problem

0™ (t,1) = [ (60, )0l (1) — 2V (6. )Y (8 ) 2 (8. 0)dj
1
M0,1) = 2°(d),
formulated for £, -almost every i € I, where a™¥ € LRy x I x 1,[0,1]) is defined as in (L6).

(17)



Proof. Observe first that, for ffl—almost every i € I, themap t € Ry — 2™V (t,4) € R? is differentiable
Z!-almost everywhere. Then, by combining together with , one has that

for #'-almost every t > 0 and f\_ll—almost every i € I, which concludes the proof of our claim. O

Well-posedness and elementary properties of graphon models. While the dynamics in ((17))
describes the evolution of a piecewise constant macroscopic approximation of , it can more gen-
erally be seen as an infinite-dimensional integro-differential equation. Therefore in the sequel, given
an initial datum 2° € L?(I, Rd), we study the well-posedness of graphon dynamics of the form

(i) = [ alt.i,9)o(la(t, )] = 2(t, ) (a(t.) — a(t. )i,
z(0) = Y.

(18)

In this context, the time-varying interaction topology is encoded by a measurable mapping a €
L>®(Ry x I x 1,[0,1]), while the distance-based communications between agents remain described
by a nonlinear interaction kernel ¢(-) € Lip,.(Ry,R%).

Throughout this manuscript, we will make the following assumptions on the data of the graphon

dynamics .
Hypotheses (GD). Assume that the following holds.
(i) The weight function a : Ry x I x I —[0,1] is L1 x LY x LY -measurable.
(it) The nonlinear kernel ¢ : Ry — RY s locally Lipschitz continuous, positive and bounded.

We refer the reader to [4] for a detailed and pedagogical introduction to graphon models in the
context of multi-agent systems.

Proposition 2.9 (Well-posedness and estimates for graphon dynamics). Let 2° € L?(I,R%) and
assume that hypotheses hold. Then, there exists a unique solution x(-) € Lipy,.(Ry, L?(I,R%))
to the Cauchy problem . If in addition it holds that 2° € L‘X’(I,Rd), one then has

(6] oo (1.may < 127 poo (1 1Y (19)
for all times t > 0.

Proof. The existence and uniqueness of a solution z(-) € Lipy,. (R, L2(1,R%)) to can be recovered
by repeating the method of [4, Section 3.1], up to some minor modifications. Assume now that
2 € L>(I, Rd), and observe that by integrating with respect to t > 0, one has

j(t,4)] < |2°(0)] +/Ot/ja(87i7j)¢(!$(8ai) — (s, 7))|x(s,j) — x(s,1)|djds

0 t (20)
< gy e [ (Jals, ) + [ fots. )1 ) s
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for all times ¢t > 0 and .£};-almost every i € I, where ¢y = sup,cg, ¢(r) < +oo. By integrating
with respect to ¢ € I and applying Fubini’s theorem along with Grénwall’s lemma, we obtain

J 1 01di < a0l 10y exp (260) 21)
for all times ¢t > 0. Then, plugging into (20) while resorting again to Gronwall’s lemma yields

exp (cyt)

2t 4)] < 2 poormay (1 -+ exp (2601) ) =7, (22)

for £} -almost every i € I, which implies that z(t) € L°(I,R?) for all times ¢ > 0.

Our goal now is to prove the sharper stability estimate displayed . To this end, fix a real
number € > 0, and observe that by Scorza-Dragoni’s theorem (see Theorem above), there exists a
compact subset of indices I, C I satisfying £, (I \ I.) < € such that the mapping = : R} x I, — R?
is continuous. We then define for all times ¢ > 0 the family of restricted supremum norms

Le(t) := max |x(t, )]

The mapping L.(-) is locally Lipschitz as the pointwise maximum of a family of equi-locally Lipschitz
functions, and is therefore differentiable #!-almost everywhere by Rademacher’s theorem (see e.g.
[30, Theorem 3.2]). Moreover by Danskin’s theorem (see Theorem above), one has

1d . .
2 dtL ( ) - lg}gé) <at$(t) Z)a fL‘(t, 71)>) (23)

where J,(t) := argmax;c |z(t, i)| for all times ¢ > 0. Take an arbitrary i € J,(t), and observe that
@ra(t,),a(t, 1) = [ alt.i.9)6(a(t.9) — 2(t Dt ),2(t.5) = o(t, )4
< [ att.i.o(la(t.i) ~ a(t. DB (k. )] ~ Lelt)) g

+ [ 0l D0l(08) = (0§D E) ((0.)] = Le(t)d]

< cge ||z ( M Z oo (1 a5

(24)

where we used the facts that |z(t,j)| < Lc(t) for each j € I, and £,(I\ I) < € by construction. By
merging together with and applying Gronwall’s lemma, we further obtain the estimate

t
L) < 3L07 + e [ ols) ey s (25)

D=

which holds for all times ¢ > 0. Observing that by Lemma [2.3] we have the pointwise convergence
Le(t) o |2 ()] Loo (2, R
for all times ¢ > 0, we can pass to the limit as ¢ — 0 in and conclude that
|2 oo (1,Ray < ||fUO||Loo(I,Rd)a
for all times ¢ > 0, which ends the proof of our claim. O

Another feature of finite-dimensional multi-agent systems that still holds for graphon models is
that the closed convex hull of the essential range of the initial datum 2% € L?(1,R%), defined by

C(2") = o (rg(2)) := ﬂ {K C R?s.t. K € R?is convex and rg(z°) C K},
is invariant under the dynamics , as shown in the following proposition.

11



Proposition 2.10 (Invariance of the convex hull). Let 2° € L>(I,R%) and x(-) € Lip,.(Ry, L2(I,R%))
be the corresponding solution of the graphon dynamics (18|). Then, the closed convex hulls satisfy the
inclusion C(x(t)) C C(z°) for all times t > 0.

Proof. Similarly to what was done in the proof of Proposition [2.9] we start by fixing € > 0 and let
I. C I be a compact subset given by Scorza-Dragoni’s theorem (see Theorem above). We also
consider the restricted closed convex hulls, defined by

Ce(z(t)) := ﬂ {K Cc R?s.t. K ¢ R? is convex and z(t, I.) C K}
for all times ¢ > 0, which are compact sets because z(t, I.) is compact. Furthermore, recall that as

a consequence of the separation theorem (see e.g. [3, Theorem 2.4.2]), the closed convex hull of the
compact sets z(t, I.) C R? and rg(z(t)) can be characterised respectively by the identities

Ce(z(t)) = {z eR¥s.t. (p,2) < %z}i<<p,:r:(t,i)> for each p € Rd}, (26)
and
C(x(t)) = {z eR¥s.t. (p,2) < sg?(p, x(t,i)) for each p € Rd}, (27)

where we used the fact that the essential supremum of a real-valued measurable map coincides with
the maximum value of its essential range.

Given an element p € RY, set J.,(t) 1= argmax;c; (p,z(t,4)) and observe that by Danskin’s
theorem (see Theorem [2.2| above), it holds

b max(p. a(t ) = max (p,ra(t 1),

for #!-almost every ¢ > 0. For an arbitrary i € J ,(¢), one further has

<n8w@J»==Aa@JJMMw@J)—x@JNan@J)—x@J»di -
28
:Aawaﬁwumw—xmﬁbmzmﬁ—x@@ﬂ¢+wum

where Cp(-) € LS (R4, R). Notice now that the under hypotheses the identity

| alt.i)é((t,) — (t,5))dj =0, (29)

€

can only hold true provided that a(t,i,j) = 0 for £!;-almost every j € I.. In that case, can be
simply rewritten as

(p, Or(t, 1)) = eCp(t), (30)
for Z'-almost every ¢ > 0. On the contrary, upon assuming that does not hold, one has

(p, O (t, 1)) = (/1 a(t, i, j)¢(l(t, i) — x(m’)\)di) (P, Xe(t,4) — x(t,1)) + €Cp(0), (31)

€

where the weighted barycenter point, defined by

T (alti)els(t i) — 2t )Da(t)
Xﬁ”*i&<ngwamamww—xwmmw}” 3

is an element of C.(x(t)) by standard convexification properties of the integral (see e.g. |2, Chapter 5,
Theorem 3]). Whence, using the characterisation of the convex hull together with the definition
of the set of indices J¢ () in the identity yields

(P, Op(t, 1)) < eCy(t), (33)
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for all times ¢ > 0 and any ¢ € J p(t). Thus by combining and and performing an integration
with respect to the time variable, we recover the pointwise inequality

mé}x(p, x(t,1)) < max (p,z (7)) + 6/ Cp(
1€le

for all times ¢ > 0. By letting ¢ — 0" and applying the convergence result of Lemma it thus holds

sup(p, z(t, 1)) < sup(p, 2°(3)),
iel el

and in particular, by choosing an element y € C(x(t)), one has that

(p,y) < b;g)@, (t, i) < S;tg(p, z°(i)),

for every p € R? as a consequence of (27). We have thus shown that C(z(t)) C C(z°) for all times
t > 0, which concludes the proof of our claim. O

Remark 2.11 (Performing differential estimates combining Scorza-Dragoni and Danskin theorems).
In the setting of discrete multi-agent models, the essential suprema over I = [0,1] reduce to simple
mazima of a finite collection of equi-locally Lipschitz mappings. Hence, these latter are always reached
along piecewise constant curves of indices t € Ry — i(t) € {1,..., N}, which greatly simplifies the
analysis of differential estimates involving various geometric quantities of the system. In the graph
limit framework, however, these suprema are a priori not attained, and while it may be possible to
build piecewise constant curves of indices t € Ry > i(t) € I which images lie arbitrarily close to the
desired quantity, the underlying construction would rely on careful adaptations of measurable selection
theorems (see e.g. [3, Theorem 8.3.1]) to the preimages of e-tubes built around a curve of suprema.

In this context, the application of Scorza-Dragoni’s theorem allows to consider well-defined mazima
of continuous functions defined over compact sets instead of essential suprema. The time-derivatives of
these latter can then be estimated in a fashion similar to that of classical finite-dimensional approaches,
up to using Danskin’s theorem for the differentiation part, and there only remains to properly account
for the error terms stemming from the inner approximation while passing to the limit as € — 07,

3 Consensus formation via diameter estimates

In this section, we study sufficient conditions for the exponential decay of the diameter of a graphon
model. We start in Section by a preliminary discussion on scrambling coefficients, and study the
formation of L*°-consensus in Section [3.2]

3.1 Generalised scrambling coefficient for graphon models

As already discussed in the introduction, the quantity which usually dictates the asymptotic behaviour
of the diameter of a multi-agent system is the so-called scrambling coefficient, and we point the
reference monograph [68] for a detailed overview of its properties.

Scrambling coefficients in finite and infinite dimension. Given an adjacency matrix Ay =
(aij)i<ij<n € [0,1]V*N encoding the interactions of a discrete system of N > 1 agents, the scrambling
coefficient is defined by

N
. 1 .

n(An) = 1§er‘,1JH§1N N kz::l min{a;, aji}. (34)
Since the self-interactions of the agents are set to be a;; = 1 for each i € {1,..., N}, the latter can be

equivalently written as

N
(Ay) = min ! Z min{a;x, ajx} + aij + aji (35)
mAan 192N N R iky A5k ij ji | -
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What this formula expresses is that the scrambling coefficient of an interaction topology is positive
if and only if, for every pair of agents i,j € {1,..., N}, either ¢ and j are communicating with each
other, or there exists a third party agent k& € {1,..., N} \ {, 7} which is followed by both i and j. We
provide in Figure three simple examples of interaction topologies with positive scrambling.

© o
N,
) of

G) /
@ (H— oo

[e———

10 0 0 0 110 0 1 11 0 0 1
110 00 11100 01 0 01
101 00 01110 1110 0
1 0 010 0 01 11 10 01 1
1 0 0 0 1 1 0 0 1 1 01 0 01

Figure 3.1: Three examples of interaction topologies with positive scrambling for graphs with N = 5 vertices.
The interaction graphs are represented on top, and the corresponding adjacency matrices right below.

Given an adjacency operator A € £(L?(I,R%)) with kernel a € L*°(I x I, [0, 1]), we introduce the
following infinite-dimensional generalisation of the scrambling coefficient

n(A) := inf /Imin{a(i,k),a(j, k)}dk. (36)

i,j5€1

As we shall see in Theorem below, this macroscopic quantity does indeed quantify the decay of
the diameter of a graphon dynamics of the form .

The role of stochasticity in the literature. In most of the existing works studying properties
of the diameter of a multi-agent system (see e.g. [51], 57, 58] and references therein), the proof of the
decay estimates explicitly rely on the assumption that the adjacency matrices are stochastic, namely

1N
N > aij =1,
j=1
for each i € {1,..., N}. Indeed, observing that a multi-agent dynamics of the form
T
i(t) = > aij(aj(t) — (1)),
j=1

is independent of the values of the diagonal coefficients (ai1,...,ann), one can equivalently consider
that any of its solutions is driven by the stochastic interaction weights (@;)1<; j<n, defined by

N
aii =N — Z il and flij = aij, (37)
k=1k#i
for every i,j € {1,..., N}. In the following proposition, we show that the scrambling coefficient of an

interaction topology does not change when the communication weights are redefined using . While
this result is not difficult to establish, it is crucial in order to ensure that the latter transformation
does not modify important qualitative properties of the dynamics.

Proposition 3.1 (Invariance of scrambling coefficients under stochastic reparametrisation). Let Ay :=
(aij)i<ij<n € [0, 1N*N be the adjacency matriz of an interaction graph, and Ay := (@ij)1<ij<N be
its stochastic reparametrisation obtained via the transformation (37). Then, n(An) = n(An).

14



Proof. Observe first that since (a;;)1<ij<n € [0, 1]V it necessarily holds

N N
Qg5 <1<N - Z a;k and Qi <1<N - Z Ajk,
k=1,k#i k=1,k#j

for every i,j € {1,..., N}. Thus by definition of the coefficients of the modified adjacency matrix
Ay, one has

N
- 1 N
Ay)= min — min{a;x, a; +min{a--,N— a; }
nAn) =, min (k:l,zk:;éi,j {an aje) Y o
N
+ min {N - 3 ajk,aﬁ}
k=1,k#j
1 N
= 1§r11‘71]1‘1§1N N < k:1zk#i ) mln{aik, ajk} + al-j + ajl->
=n(An),
where we used the alternative expression of the scrambling coefficient. O

Remark 3.2 (Obstructions to stochastic reparametrisation for graphons). While the approach de-
scribed above is useful in simplifying computations when considering finite-dimensional multi-agent
systems, it is not readily applicable to graphon dynamics. Indeed, one can easily check that the trans-
formation of the adjacency matriz displayed in does not admit a well-defined pointwise limit as
N — +o00. On the other hand, it can be shown that the corresponding piecewise constant interac-
tion maps defined as in would converge in the sense of distributions towards the sum of a kernel
a € L>®(Ix1,[0,1]) and a dirac measure supported on the diagonal. Therefore, the resulting right-hand
side falls outside the scope of classical graphon dynamics, in which the adjacency operator is simply
given by the integral of an ffl—measumble kernel.

3.2 Exponential consensus formation for topologies with persistent scramblings

In Theorem below, we derive a general contraction estimate on the diameter of graphon dynamics,
expressed in terms of the generalised scrambling coefficient. In what follows for .#!-almost every
t > 0, we denote by A(t) € L(L*(I,R?)) the adjacency operator with kernel a(t) € L*°(I x I,[0,1]).

Theorem 3.3 (A general contraction estimate for the diameter). Fiz a radius R > 0 and an initial
datum 2° € L>(I,R?) satisfying | x° | Loo(rrey< R. Moreover, assume that hypotheses hold,
and consider a solution x(-) € Lipy,.(Ry, L2(1,R%)) of (I7).

Then for all times t > 0, it holds

D) < DO)exp (— 7 [ n(Al)s),

with g := min,c(o.05) #(7), and where the scrambling coefficient n(A(s)) generated by the communi-
cation weights is defined as in for L -almost every s > 0.

Before proving Theorem we establish a useful geometric lemma which allows to estimate the
time-derivative of the diameter without requiring the stochasticity of the adjacency operator.

Lemma 3.4 (A scalar product inequality). Let J C I be a closed set, x € C°(J,R%) and i,j € J be a
pair of indices such that maxy ey |x(k) — z(l)| = |z(i) — z(j)|. Then, it holds

(x(4), 2(7) — 2(j)) = min{z(k), z(i) — z(5))

keJ

< max(z(k), 2(i) — 2(7)) = (2(2), 2(2) — 2(5))-

(38)
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Proof. Tt is a classical result in geometric analysis that the diameter of any subset of R? coincides
with the diameter of its convex hull. Thus, defining z (k) := (1 — X\)z(¢) + Az(k) for some k € J and
every A € [0, 1], it necessarily holds

zA(k) — z(j)|* < |z(@) — z(5)[%, (39)
by construction of the indices ¢,j € J. An easy computation then shows that
[ex(k) = ()2 = |2(0) = () = ((@rlk) = 2(5)) = (@(3) = 2(5)) , (2a(k) = 2(5)) + (2(0) — 2()) )
= N (i) — 2(k)]* + 2\ (a(k) — (i), 2(i) — 2(5)),

so that can be equivalently reformulated as

N (i) — x(k)? + 20w (k) — x(i), 2(i) — 2(j)) <0, (40)
for every A € [0,1]. Dividing by A € (0,1] and letting A — 0" in (40), we obtain

(w(k), z(i) — 2(5)) < (2(i), 2(i) — z(5)),

for every k € J, which is equivalent to stating that (z(i), (i) — z(j)) = maxges(x(k), (i) — x(j)).
The other inequality in can be proven by using the same arguments. ]

Proof of Theorem[3.3 Let z € Lipjo. (R4, L2(I,RY)) be a solution of (I7), and fix a parameter € > 0.
Then by Scorza-Dragoni’s theorem (see Theorem above), there exists a compact set I. C I with
LI\ I) < € such that the restriction z : Ry x I — R is a continuous map. We then consider the
restricted diameters, defined by

De(t) ‘= max ’I(t,l) - .’L‘(t,j)’,
i,j€Ic

for all times ¢ > 0, and introduce the nonempty subset of pairs of indices II.(t) C I. x I. for which
this maximum is reached.

Observe first that D.(-) is defined as the pointwise maximum of a family of equi-locally Lipschitz
mappings, and is therefore a locally Lipschitz function. Hence by Rademacher’s theorem (see e.g.
[30, Theorem 3.2]), it is differentiable .#!-almost everywhere, and it holds by Danskin’s theorem (see
Theorem above) that

1dp ()2 = O (t,i) — Opx(t, 5), z(t, i) — z(t, 5)). 41
3 De(t) (iﬁleaé(t)hw( i) — O (t, 5), z(t, i) — z(t, 7)) (41)

We now fix a pair of indices (7, j) € IIc(¢), and aim at evaluating the right-hand side of (41). Recalling
that z(-) solves (L7)), one has

(Op(t,i) — Op(t, §), x(t, i) — x(t, 7))
- /1 a(t, i, k)o(|z(t, i) — (t, k)|)(@(t, k) — x(t, 1), 2(t, 1) — x(t, §))dk

~ [ att. g 0)(la(t. ) = 2(t ) a(t k) = a(t. ), 2(t,1) - o(t,9)dk (12)
= /1 a(t,i, k)p(lx(t, i) — x(t, k)|){(x(t, k) — z(t, 1), 2(¢, i) — (¢, 7))dk
~ [ at. 3 K)(la(t.5) — alt Rt k) = (8 ), 2(15) — (8, )k + eC),
where C(-) € L (R, R). Upon defining the quantity

mig (£ ) = min {a(t, i, K)p(|o(t,3) — 2 (t,k))) , alt, 4 K)o(|(t, j) — = (t, k) }, (43)
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for .#'-almost every t > 0 and X\_ll—almost every k € I, one can rewrite as
<8tx(t7 Z) - atl‘(t,j), J)(t, Z) - x(ta])>
= [ alti.R)(la(t. i) — ot D) (e, K). 2(1,7) - a(t.5))

— [ alt,q.R)é(a(t.) = alt, KD (ot k), ol 1) = alt, )ak
/I a(t,i, K)o(ja(t, 1) — (1, k)])dk) (a(t,1), 2(t,7) — a(t,))

| att g Ryaee.d) ot k)de) (a(t, ), a(t,i) - (t,5)) + €C (1) (11)
= [ (att.3.000(0a(0.0) = (0D = g (4.8 Calt. ). ) = (e )k

[ (k) = att. 3. 000t ) = (. ) ot ), () — (. 5) s

- </I ot i, K)o(|x(t, i) — a(t, k)])dk) (@(t, 1), 2(t,1) — 2(t, )

+ ([ ot R t.d) = ot DA (2(t. 1), 2(8.0) = a(t.5)) + O,

for #1-almost every ¢ > 0. Observe now that by construction of the parameters 7;;(t, k), the first two
terms in the right-hand side of can be estimated as follows

/I (alt,i k)g (| (t,3) — (t, k)]) = mi(t, k) ) (2 (t, k), w(t, 1) — a(t, j))dk
+ [ (mott k) = alt. 5 0o(la(t,3) = a(t. k) (alt, K), 2(t, D) = a(t, )k
<( | (att.i 0 ax(t,z)—x(tk)b—w-(@k))dk) max (a(t, k), 2(t.1) = (¢, )

kel

_ </I (alt. . F)([x(t, ) — (2 K)) — i, k))dk) min (2(t, k), 2(t,§) — 2(t, )
( / e k)dk:) mae (a(t, k) — ot D), 2(t,) - 2(t.5))

ele

+ (/Ie a(t,i, k)o(|z(t, i) — x(t, k:)])dk) max (x(t, k), x(t, i) — x(t, j))

el

- ([ att.g.0)(in(t. ) ~ (e, )k ) min (a(t. ). ()  a(t.)

kele

i,J€1

< <— inf mj(t, k)dk + c¢6> D, (t)?

+ (/Ie a(t,i, k)o(|z(t, i) — x(t, k)])dk) max (x(t, k), z(t, 1) — z(t, j))

kel.

= ([ att.0)(1a(t.3) ~ (e, k))dk ) min o, ), a.9) — o, 5),
E (45)

for .#1-almost every ¢t > 0, where we recall that Cy = Sup,cr, ¢(r) < +o0 is finite as a consequence

of (GD) - . Remark now that by Lemma it further holds
(@(t, 5), 2(t,9) = 2(t, 4)) = min (2, k), o(t, 1) - 2(t, 5))

< I’glea}}:< <t7 k)? (t7i) - x(tvj» = <x(t,i),x(t,i) - a:(t,j)),

(46)

for #1-almost every t > 0 and .£!;-almost every k € I, where we used the fact that (i,j) € ILc(t).
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Hence, by plugging , and into while observing that
Mig (t? k) > TR min {a(t7 i? ]{,’)’ a(taja k)}a

and also that the former series of estimates hold true for every pair of indices (i, j) € IL¢(t), we recover
the differential inequality

§Dt)’ < (= 1rn(AW®) + coe) De()” +C (1),

N[ —=

for #!-almost every t > 0. By applying the differential version of Grénwall’s lemma, we then deduce

D (t)*> < Dc(0)? exp ( —27R /Ot n(A(s))ds + 20¢et)
t t ()
+ 26/0 C(s) exp ( — 273/8 n(A(o))do — 2cye (t — s))ds,

for all times ¢ > 0. Recall now that by Lemma [2.3] we have the pointwise convergence

De(t) — D(t),

e—0Tt

and thus by passing to the limit as € — 0 in (47]), we recover the desired exponential decay estimate

t

D(t) < DO)exp (~ n | (A(s))ds).

for all times ¢ > 0, which concludes the proof of Theorem O

Remark 3.5 (Comparing our approach with previous diameter estimates in the literature). As men-
tioned above, the existing proofs of diameter contractions for finite-dimensional multi-agent systems
involving scrambling coefficient (see e.g. [27, [58]) presuppose that the adjacency matrices An(t) of
the system are stochastic for all times t > 0. In practice, this simplifying assumption allows to write
meaningful differential estimates on the quantity t € Ry — |z;(t) — z;(t)| € Ry for every pair of
indices i,j € {1,...,N}. Hereinabove on the contrary, we only estimate the derivative of this quantity
for pairs of indices at which the (relazed) diameter is attained, and use the geometric information of
Lemma[3]] to take care of the terms that were usually simplified using the stochasticity assumption. In
this sense, our proof strategy provides an alternative and perhaps more general diameter estimate for
multi-agent systems, as it is more natural and valid for both finite- and infinite-dimensional models.

Based on this general diameter estimate, it is possible to establish the formation of L°°-consensus
in the case where the scrambling coefficients are persistent in a suitable sense.

Theorem 3.6 (Exponential L*>°-consensus formation under persistent scrambling). Assume that the
hypotheses of Theorem hold, and suppose that there exists a pair of coefficients (1, ) € R% x (0, 1]
such that the persistence condition

T A 2 (48)

T

holds for all times t > 0.
Then, there exists an element x> € C(z°) and constants a,y > 0 depending only on (¢(-), R, T, i)
such that

() = 2%l oo (1 ey < @D(0) exp (= yut), (49)

for all times t > 0. In particular, the solutions of exponentially converge to consensus in the
L®(I,RY)-norm topology.
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Proof. Start by fixing an element ¢ € I, and observe that for every 0 < ¢; <ty < +00, one has

(@ (ta,7) — (b, 1)] < / [ alssisi)llas,i) = (s Dla(s,) = (s, )|dids

to

<cy ) D(s)ds (50)
1
+oo

<o [ DOexp(~ v [ n(Al@)de)ds

where we recall that ¢y, = sup,cp, ¢(r) < +o0. Then, as a consequence of the persistence condition

, it holds
s |s/T]T
| Ao = [T niA@)as
0 0

ls/7]—1

(k+1)T
> A(o))do > u(s—1),
S [, AN = uls)

(51)

for all times s € [t1, 2], where | o] denotes the lower integer part of a real number. Thus by plugging

into (b0)), we obtain

+o00
N N < B _
2(ta, ) =2t D S co | DO)exp (= ymu(s —7))ds | 0, (52)
which yields the existence of a map x> € L>(I,RY) such that x(t,i) — 3°°(i) as t — +oo for L}
almost every ¢ € I. Upon noticing that the convergence in is uniform with respect to i € I, we
further have

|2(t) — 2% Loo (1R e V" (53)

We choose now any pair of indices 4, j € I, and remark that for any time ¢ > 0, it holds
[2%°(i) — 2 (G)] < [2%°(8) — (8,9 + 2L, §) — %) + D(2).

By combining the diameter contraction of Theorem together with the convergence results of
and (53], we obtain that x>°(i) = 2°°(j) for .£!;-almost every i, j € I. Therefore, the map z* is in
fact constant, and by Proposition it also belongs to the initial convex hull C(z) of the system.

Observing that > € C(x°), and using the fact that the diameter of a set coincides with that of
its convex hull together with the series of estimates , we finally get

[2(t,i) — 2] < D(t) < D(O) exp (= yrult — 7)),

for all times ¢ > 0 and fl_l]—almost every ¢ € I. Taking the essential supremum over I in the previous
expression then yields the exponential contraction estimate with o := exp(yg u7) and vy := yg. O

Remark 3.7 (On the nature of the asymptotic consensus point). Observe that, in general, the emerg-
ing consensus x> € C(z°) — which existence follows from Theorem — does not necessarily coincide
with the initial barycenter z° := [; 2°(i)di of the system. This is due to the fact that the latter may
not be an intrinsic constant of motion for asymmetric topologies (see also Section below).

4 Consensus formation via energy estimates

In this section, we investigate another family of sufficient conditions ensuring the asymptotic formation
of L?-consensus for time-dependent graphon models. We first start in Section by a general discus-
sion on the notion of algebraic connectivity together with a generalisation of this classical object to
graphon models. We then study in Section the exponential convergence to consensus for topologies
that are symmetric, balanced, and made of a disjoint union of strongly connected components.
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4.1 Generalised algebraic connectivity for graphon models

In this section, we start by a discussion on the notion of algebraic connectivity for finite-dimensional
collective dynamics, and then propose a natural generalisation for graphon models.

Graph-Laplacians in the finite-dimensional setting. It is widely known (see e.g. [56] [61] along
with the monographs [6, 54]) that in order to study the formation of consensus with respect to the
¢?-norm for discrete systems of the form , it is insightful to introduce the graph-Laplacian operator
Ly Ry x (RHN — L((RY)N), defined by

| XN
(Ly(t,x)y), == N Z o(|i — z5]) (v — v5) for each i € {1,...,N}, (54)

for #'-almost every t € R, and all x,y € (R?)". This permits to rewrite as the semilinear
evolution equation

@(t) = —Ly(t,z(t)z(t),  z(0) =2, (55)

posed in the configuration space (RY)Y, and to study the convergence to consensus in terms of the
eigenvalues of the matrices Ly (¢, (t)) using techniques of stability theory (see e.g. [60]).

A first key observation about graph-Laplacians is that their kernel is nonempty. Indeed, it can be
checked straightforwardly that Ly (¢, )y = 0 whenever y € (R%)" belongs to the so-called consensus
manifold, defined by

CN = {a: c RYN st zy=--- = a:N}. (56)

This implies in particular that 0 is always a nontrivial eigenvalue of Ly (¢, ) with multiplicity at least
d > 1. Because the consensus manifold is also the set of equilibrium points of the dynamics , the
convergence of a solution x(-) € Lip..(Ry, (R?)") towards consensus can be quantified in terms of
the (d + 1)-th smallest eigenvalue of the matrix Ly (¢, x(t)), counted with multiplicity.

Various notions of algebraic connectivity for discrete systems. In the seminal work [31], the
notion of algebraic connectivity was originally introduced for symmetric adjacency matrices Ay :=
(aij)i<ij<n € [0,1]V*N — namely when a;; = aj; for every pair of indices 4,j € {1,...,N} —, and
defined as the (d + 1)-th smallest eigenvalue of the corresponding graph-Laplacian operator Ly €
L((RHN), counted with multiplicity. By the Courant-Fischer min-max theorem (see e.g. [40, Theorem
4.2.12]), the latter could be alternatively defined as

. (Lyz,x)
Xo(Ly) := min ————+ >0, 57
2(Ln) o e 2 (57)

where the orthogonal complement of the consensus manifold can be characterised explicitly by
¢y ={z e ®)" st z=0}. (58)

Here, x := % SN #; € R? stands for the mean value of an element & € (R?)N. It has since been
a classical result in algebraic graph theory that Ao(Ly) > 0 if and only if the underlying undirected
graph is connected in the sense of Definition above, and that the multiplicity of the zero eigenvalue
of Ly is equal to the product between the number of connected components in the topology and the
dimension d of the state space (see e.g. the reference paper [59]).

When the interaction topology of the system is asymmetric, it is still possible to adapt the notion
of algebraic connectivity in a meaningful way. In [76], it was shown that the definition given in
still makes sense in the class of balanced topologies, which are characterised by the fact that

1 1
Nzaij = Nza]’i
7j=1 7j=1
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for each i € {1,...,N}. Indeed, it directly follows in this context that Lix = 0 for each € %y,
and that the algebraic connectivity of the interaction topology is positive if and only if the interaction
graph is strongly connected (see e.g. [76, Lemma 17]). We point the reader to Figure for some
examples of balanced topologies.
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Figure 4.1: Three examples of balanced topologies for graphs with N = 5 wvertices. The graphs on the left
and in the center are strongly connected, while that on the right is a disjoint union of two strongly connected
components. The corresponding adjacency matrices are represented right below each graph.

In the subsequent work [78], it was finally shown that the notion of algebraic connectivity could
be further generalised to interaction topologies that can be written as disjoint unions of strongly
connected components, in the sense of Definition [2.4) above. In this context, the definition of algebraic
connectivity relies on the following structural result of Perron-Frobenius theory.

Theorem 4.1 (Algebraic characterisation of strong connectivity). Let Ay = (a;;)1<ij<n € [0, 1]V
be an adjacency matrix and Ly € E((Rd)N) be the corresponding graph-Laplacian operator. Then, the
underlying interaction graph is a disjoint union of strongly connected components if and only if there
exists an element v := (v;)1<i<N € (Ri)N such that

1
Liv=0 and N Zvi =1, (59)

where v := (vi,...,v1,...,N,...,0y5) € (RN,

Proof. The proof of this result for d = 1 can be found e.g. in [78, Lemma 1]. Then for an arbitrary
state-space dimension d > 1, it is sufficient to define v € (R?)" as indicated above. O

Remark 4.2 (1-dimensional versus d-dimensional linear systems). When the right-hand side of a
multi-agent system is linear, there is no coupling between the dynamics of the components (xf)lgkgd
of the agents for i € {1,...,N}. This explains why the canonical eigenvector v € (RHN for the
d-dimensional system is simply obtained in this context by concatenating d copies of that generated by
the action of Ly on a 1-dimensional space.

Assuming that the interaction topology described by the adjacency matrix Ay is a disjoint union
of strongly connected components, we consider the following weighted version of the graph-Laplacian

% = diag(v) Ly,

where diag(v) € L((R?)") is the diagonal matrix whose entries are the components of v € (R%)V,
Then, the algebraic connectivity of the underlying topology is defined by
N, )

A2(L%;) = min <

> 0, 60
o ap 2 (60)
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and it can be shown that this definition carries with it all the interesting properties of A\a(-) (see
[77,[78]). In particular, it is shown in |78, Section 4] that in this context, A\o(L%;) > 0 if and only if the
interaction graph is strongly connected. It is also worth noting that in the particular case of balanced
topologies, the canonical vector given by Theorem is simply v := (1,...,1) € (R)Y, so that the

definitions of and coincide.

Remark 4.3 (Comparison between the algebraic connectivity and the scrambling coefficient). Given
a symmetric adjacency matriz Ay € [0,1]N*N it is a known fact that A\2(Ly) > n(Ay), namely that
the scrambling coefficient provides a lower-bound on the algebraic connectivity of the corresponding
interaction topology (see e.g. [58, Section 2.2, Example 1]). This, however, is no longer true when the
adjacency matriz is asymmetric. Indeed, the balanced interaction topologies displayed at the left and
center positions in Figure satisfy n(An) = 0, as in both situations the vertices {2,5} are neither
connected directly to one another nor to a common third party vertex, yet it can be checked fairly easily
that Aa(Ly) > 0 for both of these graphs. Conversely, the interaction topology exposed at the left of
Figure is such that n(An) > 0, but it does not admit a well-defined algebraic connectivity.

Infinite-dimensional graph-Laplacians. Similarly to what was done above for finite-dimensional
cooperative systems, the graphon dynamics can be reformulated as an ordinary differential equa-
tion in the configuration space L?(I ,Rd). To this end, we introduce the graph-Laplacian operator
L:R, x L2(I,R%) — L(L*(I,R%)), defined by

(L(t, 2)y) (1) == /Ia(t,ivj)qb(lfb(i) —z()D((@) —y(5))dj  for L j-almost every i € I, (61)

for #'-almost every t > 0 and every x,y € L?(I,R%). In keeping with the notions introduced in
Section observe that LL(t,z) can be recast as the difference between the multiplication operator
Mg(t,z) € L(L*(I,R?)) by the so-called in-degree function d(t,z) € L>°(I,0,1]), defined by

(Ma(t,x)y) (i) == (/a(t,i,j)gﬁ(\a:(i) — x(g)\)dy)y(z) for £ ;-almost every i € I,
I
to which one subtracts a kernel-type adjacency operator A(t, z) € £(L?(I,R?)), which writes
(A(t, z)y) (i) = /a(t,i,j)¢(\m(i) —z(5))x(5)dj for £} ;-almost every i € I,
I

where both expressions are understood for .Z'-almost every ¢ > 0 and each x,y € L?*(I,R?%). This
allows us to rewrite the graphon counterpart of the dynamics as the semilinear Cauchy problem

z(t) = —L(t, z(t))z(t), z(0) = 2°, (62)

formulated in the Hilbert space L?*(I,R?). In the sequel, we will sometimes consider the partial
graph-Laplacian operators L%(-) generated solely by the kernel a € L (R4 x I x I, [0, 1]), defined by

(L*(t)y)(i) :== /Ia(t, i, ) (y(3) — y(4))dj for £ -almost every i € I (63)
for #1-almost every ¢ > 0 and each y € L2(I,RY).

Generalised algebraic connectivity for graphon models. Just as finite-dimensional graph-
Laplacians always admit a nontrivial kernel, their infinite-dimensional counterparts introduced in
also vanish on the consensus manifold, which in the context of graphon dynamics is defined by

C = {x € L*(I,R%) s.t. x is constant over I}. (64)

In other words, the kernel of a graph-Laplacian operator is a nontrivial subspace of dimension at least
d > 1. Similarly to the finite-dimensional situation, the configuration space L?(I,R?) admits a canon-
ical decomposition as the orthogonal sum € @ €. In this context, one also has the characterisation

¢t ={o e LA, RY) st 2 =0}, (65)
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where Z := [;x(i)di € R? denotes the barycenter of an element x € L*(I,R?). We start our discus-
sion on algebraic connectivities for graphon models by stating in the following definition a natural
generalisation of the notion of balanced topology.

Definition 4.4 (Balanced interaction topologies). The interaction topology described by an adjacency
operator A € L(L*(I,R%)) is said to be balanced provided that

/[a(i,j)di _ /Ia(j,i)di,

for fl_ll—almost every i € I, or equivalently if the corresponding graph-Laplacian L € L(L*(I,R%))
satisfies L*x = 0 for each x € €.

Given a general adjacency operator A € L(L?(I,R%)) with kernel a € L>(I x I,[0,1]), we define
the corresponding in-degree function as

d(i) == /I a(i, )dj, (66)

for .f\_l[—almost every i € I, and denote by My € L(L?*(I,R?%)) the multiplication operator by d €
L*°(1,[0,1]). Then, the graph-Laplacian of the topology simply writes as

L:=My—Ae L(L*(I,RY). (67)
In this context, we define the algebraic connectivity of a balanced topology by
Lx,x
( >L2(I,Rd) >0, (68)

TECE HxH%2(LRd)

and we shall see that it plays for (—L) a role that is similar to that of the usual spectral bound for
semigroup generators (see e.g. [29, Chapter IV, Definition 2.1]). Similarly to the situation described
for discrete multi-agent systems, it is possible to define a suitable notion of strong connectivity for
graphons, which involves the Lebesgue points (see e.g. [30, Definition 1.24]) of the interaction kernel.
We recall below the definition of this concept, which is borrowed from the recent article [I4].

Definition 4.5 (Strongly connected interaction topologies). The interaction topology described by an
adjacency operator A € L(L*(I,R%)) is said to be strongly connected if the following conditions hold.

(a) For £}-almost everyi € I and for each Lebesgue point j € I\{i} of a(i,-) € L>(I,[0,1]), there
exists an integer m > 1 and a finite sequence (ly)1<k<m C I satisfying i =1y, j = by, and such
that lx+1 € supp(a(ly,-)) is a Lebesgue point of a(ly,-) for each k € {1,...,m — 1}.

(b) One has that 6 := inf;c; [; a(i,j)dj > 0.

Analogously, we say that an interaction topology is a disjoint union of strongly connected components
if there exists an at most countable family of sets {I,}125 C P(I) such that I = UI;IH, which satisfies

LN(1) >0, ZLY(I,N1,) =0 and supp(a(in,-)) C I, for L -almost every i, € I,,

for each m,n > 1 with m # n, and on which the restricted operators A, € L(L*(I,,R%)) define
strongly connected topologies whose in-degree function comply with the quantitative lower-bound

ol e [ alin )i = s (69)

for a given uniform constant § > 0.

23



Remark 4.6 (On the lower-bound on the in-degree function). Observe first that the uniform
lower-bound imposed on each of the strongly connected components I, is automatically satisfied
when the family of sets {I, :{3 C P(I) is finite. When the latter is infinite countable, it transcribes
the fact that while the measure of the sets I, must eventually vanish, the in-degree function remains
lower-bounded in average. A typical example of topology expressed as an infinite union of strongly
connected components satisfying this condition is given by the symmetric kernel defined by

+o0o
a(i,j) = > 11,()1z, (),
n=1

or every i,j € I, where the family of sets {I,}79 is given by I, := (—=, 1] for each n > 1.
n=1 n+l’n

When an interaction topology is decomposable into a disjoint union of strongly connected compo-
nents, it is yet again possible to define a proper notion of algebraic connectivity, by resorting to the
following adaptation of one of the main results from [I4]. The latter can be seen as a generalisation
of the “only if” part of Theorem [.1] for adjacency operators.

Theorem 4.7 (Algebraic characterisation of strong connectivity for graphons). Let A € L£(L?(I,R%))
be an adjacency operator and L. € L(L*(I,R%)) be the corresponding graph-Laplacian operator defined
as n . Then, if the underlying interaction topology is a disjoint union of strongly connected
components in the sense of Deﬁnition there exists an element v € L*(I,R%) such that

I

SN

Lo =0, /v(i)dz’ —1  and ol <
I
where we write L*v = 0 to implicitly mean that L*(v,...,v) = 0 in L?(I,RY). If in addition one
imposes that [; v(i)di = LY (1) for every n > 1, then v € L®(I,R%) is uniquely determined.

Proof. In the case where d = 1, the results of [14, Theorem 1] yield the existence of a countable family
of uniquely determined functions (vy,),>1 C L?(I,R%) which satisfy

supp(vpn) = In, Lyv, =0 and / v, (1)di = L1 (1),
for each n > 1. Here, L € L(L?(I,,,R)) denotes the restriction of L* to L?(I,,R), namely

(Ly x)(in) = / (a(in,j)m(z’n) —a(j, in)x(j))dj for £} -almost every i, € I,,

n

for each z € L?(I,,R). Then, one can show that the map defined by

+oo
v(i) ==Y 1y, (i)vn(i), (70)
n=1

for £!,-almost every i € I satisfies the conclusions of Theorem Observe then that by (69), the
fact that L} v, = 0 directly yields

vnlin) = f]n a(j,i)vn(j)dj < f[n vn(j)dj :1
T [ alin,j)dj = 0L4 (L) &

for ij—almost every i, € I, and each n > 1. Because the sets (I,),>1 form a disjoint partition of I,
it follows easily from the definition of v in that

SR

HW\LOO(I,R;)Z igli H”n”LOO(In,Rp <

Finally when d > 1 is arbitrary, the claims of Theorem [£.7] simply follow by defining the mapping
Vi€l (v(i),...,v()) € R? with v € L®(I,R% ) being given as in (70). O
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Given an adjacency operator A € L(L?*(I,R?%)) defining a disjoint union of strongly connected
components in the sense of Definition [4.5] we introduce the rescaled Laplacian operator

L, :=M,L,

where the function v € L*°(1,R% ) appearing in the multiplication operator is the one given by Theorem
[47 Then, we define the algebraic connectivity of the underlying interaction topology by

Lyx,x
Xo(Ly) := inf < 5 EED
T€EL H$HL2(I,Rd)

>0, (71)

and we will see in Section [4.2] that this quantity does allow to quantify consensus formation for
strongly connected topologies. Therein, we will also prove that the rescaled Laplacian operator is
indeed a positive semi-definite operator over L?(I,R%).

Open problem. Is the converse implication of Theoreml[{.1] still valid in the context of graphon models
described by Theorem[{.71? Namely, is it true that an interaction topology is a countable disjoint union
of strongly connected components whenever there exists an element v € L*°(I,R%) such that L*v =07

4.2 Exponential consensus formation for algebraically persistent topologies

In this section, we investigate the asymptotic formation of L?-consensus for graphon models whose
interaction topologies are persistent in a suitable sense, quantified by means of the algebraic connec-
tivity. We start by exposing in Section a general convergence result for symmetric topologies
whose time-averages have lower-bounded algebraic connectivity. We then proceed in Section [4.2.2] by
studying consensus formation in balanced topologies, under the condition that the algebraic connec-
tivity itself is persistent. We finally adapt the underlying strategy to study piecewise-constant (in
time) disjoint unions of strongly connected components in Section

4.2.1 Symmetric nonlinear interaction topologies

In what follows, we shall prove the following result, which describes the exponential formation of
L?-consensus for symmetric graphon dynamics, under the condition that the time-averages of the
corresponding graph-Laplacian operators over time-windows of fixed length have a uniformly lower-
bounded algebraic connectivity.

Theorem 4.8 (Exponential L?-consensus formation for symmetric topologies). Fiz an initial datum
29 € L>®(I,RY) with HmOHLoo(L]Rd)S R for some R > 0, assume that hypotheses hold, and that
a(t) € L®(Ix1,[0,1]) defines a symmetric interaction topology for £ -almost every t > 0. Moreover,
suppose that there exists a pair of coefficients (7, ) € RY x (0, 1] such that the persistence condition

)\2<1 o La(s)ds) > u, (72)

T Jt

holds for all times t > 0, where L%(s) € L(L?*(I,R%)) is the linear part of the graph-Laplacian operator
defined as in for £ -almost every s > 0.
Then, there exist constants o,y > 0 depending only on (¢(-), R, T, 1) such that

2(t) = 2°|| 2 (s gay < @ |2(0) — 20| 12 gay exp (= yut), (73)

for all times t > 0. In particular, the solutions of exponentially converge to consensus in the
L?(I,R%)-norm topology.

Taking inspiration from some of the seminal works [I7, 18] on the mathematical formalisation of
consensus and flocking analysis for discrete symmetric multi-agent systems, we introduce the variance
bilinear form over L?(I,R?%), which is defined by

Bay) = [ (@) ()i - (2.5), (74)
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for any z,y € L?(I,R?), and we observe that the evaluation B(z,z) is the L2-distance between
x € L?(I,R%) and the consensus manifold ¢. Based on this observation, we consider for every
solution x(-) € Lip,.(Ry, L2(I,RY)) of the standard deviation map

X(8) = /B(2(t),2(8)) = [[(t) = Z(t)l| 121 ra); (75)

that is defined for all times ¢ > 0. In the following proposition, we state some of the useful properties
of the variance bilinear form, notably in conjunction with graph-Laplacians.

Proposition 4.9 (Elementary properties of B). The map = € L*(I,R?%) s B(x,2) € R, defines a
seminorm over L?(I,R?), which satisfies the Cauchy-Schwarz type inequality

B(r,y) < \/B(z,2)\/B(y,y), (76)

for each x,y € L*(I,RY). In addition, let L € L(L*(I,R%)) be the graph-Laplacian associated with
an adjacency operator A € L(L*(I,R?)) defining a balanced topology in the sense of Definition .
Then, one has that Lx € €+ as well as L*x € €, and the algebraic connectivity can be rewritten as

Ma(L) = %W > 0. (77)

Proof. Proving that B(-,-) induces a seminorm over L?(I,R?) is a matter of elementary computations.
Concerning the Cauchy-Schwarz inequality, let it first be noted that

]B(l‘,y) = B(.ZU - j7y) = B(.’E,y - g) = B(qj - 'i'ay - g) = <$ - jvy - g)LQ(I,Rd)v

for any z,y € L?(I,R?%). The inequality then follows by an application of the standard Cauchy-
Schwarz inequality for the scalar product of L2(I,R?). Let now L € L(L?*(I,R%)) be the graph-
Laplacian operator associated with a balanced graphon, and notice that

Jaaiai= [ [ atiet - =G)dia

— [ @) = ati.inas (i o,

for every x € L?(I,R?), where we used Fubini’s theorem along with Deﬁnition This together with
(65) implies that .z € €+, and one can show that L*z € € in the very same way. The alternative
characterisation of the algebraic connectivity simply follows from the observation that

(78)

B(Lz,z) = (L, 2) 2.1 ey,

for any z € L?(I, Rd), as a consequence of . Finally, one can obtain the positive semi-definiteness
of L with respect to B(-,-) by checking that

B(La,a) = [ [ ali,d)e(i),a() - o())djdi
=5 [ [ati.0)(j20) = 2P + o) - |o(i)?)aja
—5 [ ot plet — siiPiai + 5 [ ( [ atiiai - [ aGids)letofai
=5 | [ati.ple) ~ o) Pdjai > o,

where we again used Fubini’s theorem and the fact that the interaction topology is balanced. O
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The proof of Theorem will be conveyed by building a strictly dissipative Lyapunov function for
, following a methodology developed in [12] for finite-dimensional symmetric multi-agent systems.
Taking inspiration from the literature of strict Lyapunov design for persistent systems, we define given
a trajectory z(-) € Lip,,.(Ry, L?(I,RY)) of the time-dependent linear operator

Wolt) = (1 o)t =~ [ " | Lie.ao)dods & £(L3(1,RY), (79)

for all times ¢ > 0, where we recall that ¢y = sup,cg, ¢(r) < +oo under hypotheses

Lemma 4.10 (Properties of the operators W, ). The operators W, (t) € L(L*(I,R%)) are symmetric
for all times t > 0, and satisfy the estimates

™B(y,y) < B(Pr()y,y) < (14 cp)7B(y, y), (80)
for each y € L*(I,R?). Moreover, the map t € Ry w W (t) € L(L*(I,RY)) is Lipschitz continuous
and differentiable £ -almost everywhere, with

d 1 t+1

300 = Litr() — - [ Ls.als)as, (81)
for £ -almost every t > 0.

Proof. The fact that the operators W, (t) € L(L*(I,RY)) are symmetric for every ¢ > 0 is a simple
consequence of the linearity of the Bochner integral. Given y € L?(I,R%), one can show that

0 < B(L(0,z(0))y, y) < csB(y,7), (82)

where the first inequality follows from the positive semi-definiteness of L(o,z(0)) with respect to
B(-,), provided by Proposition for #1-almost every o € [t,t + 7], while the second one can be
obtained by remarking that

B@www»%w=;//ﬁwmﬁmmww—wwnmmm—ymﬁwm

< 2// coly(i) — y(j)|*djdi

- C¢ B(ya y)7

by symmetry of the weight functions a(o) € L*(I x I,[0,1]). Upon integrating with respect
to o € [t,s] and then with respect to s € [t,¢ + 7] while merging the resulting expression with the
definition (79)) of W, (¢) € L(L?*(I,R%)), we obtain the lower- and upper-bounds

™B(y,y) <B(Y-(1)y,y) < (14 cy)TB(y, ),

for every y € L2(I,RY) and all times ¢ > 0.
We now shift our attention to the regularity properties of the map t € R+~ W, (t) € L(L?(I,R%)).
Let to > t; > 0 be such that |ty — ¢;| < 7, and fix an element y € L?(I,R?). Then, one has that

1O (t2) — Vr(t1)yll 221 R
1

to s 1 t1+7 to
< ;/t : |L(o, () yll L2 (1 ra) d0d8+ / |L(o,2(0))yllL2(1 ey dods
1 1

1 t2+7' S
+ = |L(o, 2(0)yll L2 (1 rey dods
T Jti+r Jto

1
<w—m47[|m@xummmwwu+l/ L5, 2(5)) 1270 s

L1 / |msx>mmwwwﬁ
< 2¢plta — t1| Yl L2 (1 res
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where we used Fubini’s theorem and the fact that [|L(o, 2(c)) |l z(r2(1ra)) < ¢4 Therefore, we obtain
[0 (t2) — Vr(t1)ll £p2(rray) < 2¢4lta — tal,

for each time instants to > t; > 0 satisfying |to — t1] < 7. As the Lipschitz constant does not depend
on ti,ty > 0, we obtain that the map ¥, : R, — L(L?(I,R%) is Lipschitz continuous by covering
the real line with intervals of length 7. In particular, it is differentiable .#!-almost everywhere as a
consequence of the generalisation of Rademacher’s theorem for maps with values in Hilbert spaces
(see e.g. [39, Theorem 1.3]). Finally, the expression of its time-derivative can be obtained by
standard computations. ]

Now that we have introduced these technical tools, we can move on to the proof of Theorem

Proof of Theorem[[.8 Let = € Lip,. (R4, L?(I,R%)) be a solution of (62), and assume without loss
of generality that z(t) ¢ ¢ for all times ¢ > 0. Given an arbitrary parameter A > 0 whose value will
be fixed later on, we consider the candidate Lyapunov functional defined by

X (1) = AX(8) + /B(, (t)a (1), (1)),
for every t > 0. It can be checked directly as a consequence of that
A+ VDX(E) < X (1) < (A4 4/(1+ )7 ) X (), (83)

for all times ¢ > 0. Moreover, owing to the regularity of W, (-), the mapping t € Ry — X, (t) € R, is
differentiable .Z'-almost everywhere, with

i B ooy e o, EGEEO(0, 2(0) — BB () (0), Lt 2(1)2(0)
thT(t) X(t)B(L(ta (t)) (t)v (t))+ 2\/]B \IJT(t 1;( ,x( ))
:—L z(t))x(t), z — ! LT (s 2(s))ds ) z(t), z
(B2 0)50,500) = ([ o)t )

(Bt 2(0)a(t), 2(6) = 2B (¥ (2(t), Lit,a(6)a() ).

1
_|_
2/B(L- (1)a(1). 2(1))

for #!-almost every ¢t > 0, where we used the fact that W, (¢) is symmetric. In addition, as a
consequence of the persistence condition , one has

B((i tt+T]L(s,x(s))ds)x(t),x(t))

/ J (R0 als. 1.6 a(s,1) = as,3)Dds)la(t.9) = a(t, )P
>3 // Y a(s, i, j)ds)[x(t,3) — a(t, j)Pdjdi
—wB( (L La<s>ds)x<t>,x<t>) > X (1),

where g := min,¢|g o) ¢(r). This along with the positive semi-definiteness of (¢, z(¢)) with respect
to B(-,-) and the bounds of further yields

dx(t) < —MX@H;@(\;— (1+ cy) —A>B(L(t,x(t))x(t),x(t)) .
84

_|_

VBT (t)lx(t) J;(t))B<< I Lo, (U))deS)ff(t%L(t,w(ﬂ)x(ﬂ),
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for .Z'-almost every ¢t > 0. We now need to estimate the last term in the right-hand side of the
previous inequality. As consequence of the Cauchy-Schwarz inequality supported by B(-, -) and Young’s
inequality, it holds for every ¢ > 0 that

(( thr s (,x(a))dads)x(t),}L(t,:c(t))x(t)>

g\/( TS )dads) (&), LI [F (o, x(0) dads) >\/IBB (t, () (t), L(t, 2(t))x(t))
<L Lo (o) dadsu“? Wmm Da().Lit.2(®)a(1)) )
S*H JET I Lo, 2(0))dods |5 X (1) + IB3(11‘«( a(t)z(t), L(t, x(t)z(t)),

(85)

where || - || denotes the operator semi-norm induced by B(-,-) on £(L?(I,R%)). By Jensen’s inequality,
one can further estimate the latter as

|LJ57 2 Lo 2(0))dods]ly < LT [ Lo, 2(0))l|sdods < e, (86)

since || L(o, z(0))||g < ¢4 for fl—almost every o € [t,t+7] as a consequence of (82). By the square-root
lemma for positive semi-definite symmetric operators (see e.g. [66, Theorem VI.9]), it also holds

B(L(t, x(t))2(0), L{t, o(t) 2(t)) < v/ B(L(t 2(8)) Lt 2(1)) (), 2(t))
= /G B(L(t, 2(t))x(t), (1)),

by the symmetry of L(t,x(t)) for #!-almost every ¢t > 0. Hence, by merging the estimates of ,
and into the differential inequality , one recovers that

4y (1) < YR I )

\/W “
1 1
i X(t) (ﬁ * 27 m - /\)B(L(t,x(t))x(t), (1)),

for £ —almost every ¢t > 0.
Our goal now is to choose the free parameters A, e > 0 in such a way that yields a strictly
dissipative estimate on the standard deviation X (-). To this end, we fix

(87)

1 1
e=— B and A= ——t+——— — /(L4 )T, (89)

(1+cy) VT 24/Te
which together with the estimates of allows us to rewrite as

dx (1) < — a X, (1). 90
e ) 4+ o) (A4 /(L + co)r) © (50)

By an application of Grénwall’s lemma together with yet another estimation using the bounds of ,
we can conclude that

X(t)g(A+ (1+C¢)T)X(0)exp<4 = )(AMJF o ))t),
Cd)T C¢T

for all times t > 0. Recalling the definition of the standard deviation and defining the constants
1
4, /(1 + c¢)7'()\ +4,/(1+ c¢)7')

= ()\ +4/(1+ c¢)7) and v =

9

with A > 0 being given as in , we obtain the exponential estimate claimed in , which concludes
the proof of Theorem [£.8] O
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4.2.2 Balanced linear interactions topologies

In this second section devoted to the investigation of L?-consensus formation, we prove the following
theorem which shows that linear balanced graphon dynamics exponentially converge to consensus
when the underlying algebraic connectivity is persistent. Throughout this section, we assume that
there are no nonlinear interactions between agents — namely ¢(-) = 1 —, so that L(¢,x) = L(t) for
ZL'-almost every t > 0 and any = € L?(I,R%).

Theorem 4.11 (Exponential L2-consensus formation for balanced topologies). Fiz an initial datum
2 € L2(I,RY), assume that hypothesis (z) holds, and that the interaction kernel t € Ry
a(t) € L>®(I x 1,[0,1]) defines balanced interaction topologies in the sense of Definition for L1
almost every t > 0. Moreover, suppose that there exists a pair of coefficients (1, ) € R x (0, 1] such

that the persistence condition
1 t+1
- / No(L(s))ds > 1, (91)
¢

T

holds for all times t > 0.
Then, there exists a constant o > 0 depending only on (T, u) such that

() = 2%l 21 ) < @ |2(0) = 2% 21 ay exp (= pt), (92)

for all times t > 0. In particular, the solutions of exponentially converge to consensus in the
L?(I,R%)-norm topology.

Proof. Similarly to what was done in Section [£.2.1]to study consensus formation for symmetric graphon
models, we will derive dissipative decay estimates on the standard deviation map X (-) defined along
solutions of as in . For balanced dynamics, it can be easily checked

as a consequence of Proposition which implies that #(¢t) = z° for all times ¢ > 0. Thus, the
time-derivative of the standard deviation can be written as

1

LX(t) = X0

B(L(t)z(t), 2(t)) < —A2(L(t)) X (2), (93)
for .#1-almost every ¢t > 0, where we assumed without loss of generality that z(t) ¢ €. By applying
Gronwall’s lemma and adapting the computations of in the proof of Theorem we obtain

X(t) < X(0) exp(—p(t — 1)),

for all times ¢t > 0. Observing finally that X (t) =||z(t) — z° |2(r,re) in our context, we recover the
exponential convergence to consensus with a = exp(ur). O

It is important to notice that the persistence conditions imposed in Theorem [4.§ and Theorem
[.11] are very different in nature. While the latter, written in (91]), expresses the fact that Ay(LL(-)) is
positive sufficiently often on each time window of length 7 > 0, the former merely requires that the
algebraic connectivity of the average topology is lower-bounded. In particular, it is perfectly possible
to build time-dependent signals satisfying for which Ao(L(:)) = 0 (see e.g. [12Z, Section 4] for
a finite-dimensional example, as well as Section [5| below). This practical and heuristic comparison
between and can be made rigorous by means of the following general result.

Proposition 4.12 (Concavity of the algebraic connectivity). The algebraic connectivity defined as in
and seen as a mapping \o : L(L*(I,R?)) — R is concave. In particular, given a time-dependent
operator T € L% (R, L(L?(I,R%))) and a pair of coefficients (7, ) € R x (0,1], it holds

T menas < v [T ), (94)

T

for all times t > 0.
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Proof. Let ¢ € [0,1] be a fixed parameter, T, Ty € L(L?(I,R?)) be two bounded operators and € > 0
be given. By the definition of the algebraic connectivity, there exists z. € €~ such that

<((1 - C)Tl + <T2)$67 x€>L2(I,Rd))

‘|5U6||%2(17Rd)

< /\2<(1 — QT + CT2> + €. (95)

Because z, € €=, it also holds

<T1x67x6 Toxe, x,
Ao(Th) < GSIED < >L2(“Rd”, (96)

and )\2 (TQ) S

||x6|‘%2(I’Rd) ||$6”%2(1,Rd)

and by combining the estimates of and , we recover the inequality
(1= Aa(Th) + Cha(Th) < Ao((1 = OTh +(Th) + e,

which holds for every ¢ € [0,1] and each 71,72 € L(L*(I,R%)). Since ¢ > 0 is arbitrary, we conclude
that Ao : L(L*(I,R?%)) — R is concave. Given a curve T € L*(R, L(I,R%)) of operators, the identity
simply follows from an application of the measure-theoretic version of Jensen’s inequality (see
e.g. [I, Lemma 1.15]). O

Open problem (Exponential consensus for algebraically persistent balanced topologies). Do the
conclusions of Theorem still hold if one replaces the persistence condition on the algebraic
connectivity by the more general one formulated on the topology itself in 7

4.2.3 Disjoint unions of strongly connected linear topologies

In this third and last section dealing with the formation of L?-consensus, we prove that a result
similar to Theorem holds for piecewise constant switching topologies describing disjoint unions
of strongly connected components. As in Section above, we make the assumption that ¢(-) = 1,
so that L(t,z) = L(t) for £'-almost every ¢t > 0 and any = € L?(I,R%).

In what follows, we assume that there exists an increasing sequence (tx);>0 C Ry with

to =0 and tk+1 — tk > Td, (97)

for a given dwell-time 74 > 0, and such that t € [tg, 1) — a(t) € L>®(I x 1,[0,1]) is constant for
each k > 0. We point to the reference monograph [45 Section 3.2] for a precise discussion of the role
of dwell-times in the stability of switched systems.

Theorem 4.13 (Exponential L2-consensus formation for strongly connected topologies). Fiz an initial
datum 20 € L?(I,R%), assume that hypothesis (z) holds and that the signal t € Ry — a(t) €
L>(I x I1,]0,1]) is piecewise constant and satisfies the dwell-time condition . Moreover, suppose
that a(t) defines a disjoint union of strongly connected components in the sense of Definition
for L1-almost every t > 0. Denoting by v(t) € L®(I,R%) the canonical vector associated with
a(t) € L>=(I x 1,[0,1]) via Theorem we further assume that there exists a triplet of coefficients
(1,1, v) € RY x (0,1] satisfying the inequality

2 1
W log (;) < Tds (98)
and which are such that | pter
;/ )\2(Lv(5))d5 =y (99)
t

and

v<u(t,i) < for L1 -almost every i € 1, (100)

1

v
for all times t > 0. Here LLy(s) := M, yL(s) € L(L*(1,RY)) and the algebraic connectivity Ao(ILy(s))
is defined as in for L -almost every s € [t,t + 7).
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Then, there exists an element x> € C(z°) and a constant a > 0 depending only on (7, u,v) such
that

2(t) — 2% 21 gay < @ [|2(0) — 2°|| p2(; gay exp ( — (w?* — 7-% log (%))t>’ (101)

for all times t > 0. In particular, the solutions of exponentially converge to consensus in the
L?(I,R%)-norm topology.

A discussion shedding light on the lower-bound imposed on v(t) in (100) is proposed in Remark
based on the results of Section [5.1

Proof of Theorem[{.13 Let it first be noted that L, (t)r € €+ for £ -almost every ¢t > 0 and each
x € L2(I,R%), since

/] (Lo (£)2) ()i = /I /I o(t,d)alt, i, §) (2 (i) — 2(i))djdi

- /f (/z CEMECOE a(t,j,i)v(t,j))dJ'):c(z')di o, (102)

by Fubini’s theorem along with the fact that L(¢)*v(¢) = 0. Therefore, the weighted barycenters
To it € Ry o /v(t,z’)m(t, i)di € RY,
I

associated with v(-) are constant on each time interval of the form [ty, tx11) with k£ > 0. Following the
proof strategy developed for Theorem we introduce weighted variance bilinear forms

By (7, 9) == (M) T, 9) 121,84y — (To(e)s Yo(t))

defined for each z,y € L?(I,R%) and .Z'-almost every ¢ > 0. In this context, one can check that

By (2(t) = 2u(t), 2(t) = 20(1)) = By ((t), (1)),

where both equalities rely on the fact that [; v(¢,7)di = 1 for all times ¢ > 0 by construction. Similarly,
one can again use (102]) to verify that

(Lo(t)z, z) £2(1 Ry = By (L(t)z, 2),

for each x € L?(I,R?) and Z'-almost every t > 0, so that the algebraic connectivity defined in
can be rewritten as

The inequality on the right comes from the fact that L(¢) is positive semi-definite with respect to
By(t)(+,+), which can be shown by a small modification of the argument in the proof of Proposition
4.9 Finally, we introduce the piecewise constant weighted standard deviations, which are defined by

Xoy(t) = \/Bu (1), 2(2),

for all times ¢ > 0. Using again the fact that [; v(¢,7)di = 1 for all times ¢ > 0, one can show via
routine computations that the weighted standard deviation can be alternatively expressed as

X, (1) = (/I/Iv(t, Dot )t i) — x(t,j)|2djdi) "

Together with the bounds ((100) imposed on v(t) € L*(I,R% ), this allows us to recover the estimates

VX (1) < Xo(t) < 2X(1), (103)

- v

for all times ¢t > 0, where X (-) stands for the usual standard deviation defined as in (|75)).
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Observe now that for each k& > 0, the map X,(-) is differentiable over [ty, tx41), with

X3<t>18v<t><w>x<t>,x<t>> < _le(t) AL ()X (0 < 7 AaLu()Xu(®)-  (104)

Then, by a simple application of Gronwall’s lemma, it follows that

%Xv(t) =

Xo(t) < Xo(tr) exp (= 2 ha(Lu(t))(t ~ 1)), (105)

for all times t € [tg,tx+1) and each k > 0. It is worth noting that X,(-) is in fact a discontinuous
Lyapunov function, so that (105 cannot be used directly to prove the convergence of the system to
consensus. Thus by combining (105)) and (103)), we obtain the dissipation inequality

X(0) < S X(t) e (— A Aa(Lu(t) (¢~ 1),

which holds for all times ¢ € [tg,tx+1) and each k& > 0. Thus, by performing a simple induction
argument and repeating the computations in involving the persistence condition , we can in
turn recover that

1 t exp(uv3r exXp( — 'uyzt)
X(t) S X(O)m exp < — 1//0 AQ(LU(S))CIS) S p(IﬁLQ )X(O) 1(/2t/7d N (106)

for all t € [tg,tr+1), where we used the fact that ¢ > k7y for each k& > 0 as a consequence of the
dwell-time assumption . Finally, owing to the constraint imposed on the dwell-time and
connectivity coefficients, it holds in particular that
2
2
X(t) < S X (0)exp (— (” — Zlog(2))t) 0, (107)
so that the standard deviation X (-) exponentially converges to zero as t — 400.

Our goal now is to show that x(-) converges to consensus. To this end, consider two arbitrary
instants to > t; > 0, and observe that the classical barycenters of the curve x(-) are such that

1#(t) — #(1)] < /1 \(ta, ) — w(t1,1)|di

< /:2 (/I/Ia(s,i,j)\x(s,j) —:c(s,i)|djdi>ds§ +OOX(s)ds — 0,

t1 t1—+o0

(108)

where we used Fubini’s theorem and Cauchy-Schwarz’s inequality along with the decay estimate of
(107). This implies that the curve z(-) € C%(R,,R?) converges exponentially to some limit point
x> € R% as t — +o0o. By combining (107) and (108)), we can conclude that

l2() = 2| g2z ey < X (&) + | 2(8) = 2| 21 ey < @ X (0) exp (= (u* = 2 log(1))t ),

for a given constant a > 0 that only depends on the coefficients (7, i, v), so that solutions of
exponentially converge to consensus in the L?(I, R%)-norm topology. O

Open problem (Asymptotic consensus formation without dwell-times). Would a weaker form of
Theorem [£.13 still hold for general time-varying signals that do not satisfy a dwell-time condition?

5 Further discussions around connectivity and consensus formation

In what follows, we elaborate on the properties of the algebraic connectivity defined in Section [4.1] as
well as on its interplay with consensus formation. In Section [5.1] we prove that interaction topologies
which are either symmetric or written as disjoint unions of strongly connected components are strongly
connected if and only if their algebraic connectivity is positive. Then, in Section [5.2] we prove that
the formation of L2- and L>-consensus are equivalent when the in-degree function is persistent in a
suitable sense, and close the manuscript by a series of numerical illustrations presented in Section [5.3|
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5.1 Link between algebraic and graphon connectivity

In Section [4:2] we have shown that the notion of algebraic connectivity proposed in Section allows
for a systematic investigation of consensus formations for various kinds of time-dependent graphon
models. As recalled above, the classical notion of algebraic connectivity encodes important structural
properties of the underlying graph, including information about its connectivity. Our aim in this
section is to discuss the counterpart of these results for graphon models.

We start by a technical lemma concerning the existence of a largest strongly connected component
containing a point in a graphon. In the sequel, for the sake of conciseness, we shall say that two points
i,7 € I are m-connected if ¢ can be linked to j and reciprocally ¢ can be linked to j in the sense of
Definition [4.5} (a) by directed chains of Lebesgue points of length at most m > 1 .

Lemma 5.1 (Existence of largest strongly connected components). Let A € L(L?(I,R?)) andi € I be
a Lebesgue point of the interaction kernel a € L>(I x I,[0,1]). Then, there exists a strongly connected
set S(i) C I in the sense of Definition[4.5-(a) that contains i, and which is mazimal in that

LTINS @) =0,
for any other strongly connected set J C I containing S(i).

Proof. Given N > 1, let Sy(i) € P(I) be defined as
Sn(i) == {j € I s.t iand j are m-connected for some m < N},

and consider the union over N > 1 of these sets

S(i) == | J Sn(i).

N>1

By construction, it is clear that S(7) is a strongly connected subset of I in the sense of Definition
ﬁ(a). Let J C I be a strongly connected set containing S(i) and suppose that £, (J \ S(i)) > 0,
which can be equivalently rewritten as

24\ (U sv)) =24 ( N (71 8w()) = Jim 24\ Sv@) >0, (109)

N>1 N>1

since the sequence of sets (Sy(i))n>1 C P([) is increasing. Then for every N > 1, the identity
implies that there exists a subset Jy C J satisfying £, (Jy) > £, (J \ S(i)) > 0, whose elements
cannot be connected to ¢ by a path of length at most N > 1. This contradicts our primary assumption
that J is strongly connected, and shows that S(i) is maximal. O

This technical result being established, we can provide a first correspondence between the positivity
of the algebraic connectivity and graphon connectivity for symmetric interaction topologies.

Theorem 5.2 (On the connectivity of undirected graphons). Let A € L(L?(I,R%)) be a symmetric
adjacency operator and . € L(L?(I,RY)) be the corresponding graph-Laplacian. Then, the interaction
topology described by A is strongly connected in the sense of Deﬁmtion if and only if A2(IL) > 0.

Proof. Converse implication. We start by assuming that A € £(L?(1,R%)) is an adjacency op-
erator for which Ao(L) > 0, and we will prove that condition (b) of Definition holds, namely
inf;er [; a(i,7)dj > 0. We recall that the in-degree function d € L*°(1, [0, 1]) associated with A writes

() = | ali, )i,

for £ -almost every i € I, and that gess(My) = rg(d) as a consequence of Proposition Moreover,
let it be noted that
Uess(]L) = Uess(Md - A) = Uess(Md))
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because A € L(L?(I,R%)) is a compact operator (see e.g. [66, Section VI.5]) and the essential spectrum
is invariant under compact perturbations (see e.g. [65, Example XIII.4.3]). Then, by the min-max
theorem for self-adjoint operators (see e.g. [65, Theorem XIII.1]), we obtain the lower-bound

0 < Mo(L) < inf {A ERst. A€ aess(L)},

on the essential spectrum of the graph-Laplacian operator L. In particular, it necessarily holds that
inf;er d(i) = infier [; a(i,5)dj > 0 whenever Ao(IL) > 0.

We turn our attention to condition (a) of Definition Assume by contradiction that it is
violated, namely that the disconnection set

D = {(i,j) € I x 1 s.t.iand j are not m-connected for each m > 1}, (110)

has positive ,ZI_QIX ;-measure. We claim that in this case, there exists a subset S C I such that
L4(8) >0, LL(I\S)>0 and a(i,j) =0 for L%, -almost every (i,j) € S x I'\'S.

To prove this assertion, we consider for each i € I the (possibly empty) sliced disconnection set
9(i) == {j e I'st. (i,5) € 7},

and observe that by Fubini’s theorem, there exists a subset J C I of positive =iﬂl_ll—measure such that
LY (2(i)) > 0 for each i € J. Given an element i € J, let S(i) C I be the largest strongly connected
component containing ¢, which exists by Lemma [5.1] and notice that

ZL(8(1) > 0,

since infies [;a(i,j)dj > 0 and a € L*(I x 1,[0,1]) is symmetric. In addition, one also has that
ZLY(8(i) N 2(i)) = 0 by definition (110]) of the disconnection set, which then implies

LI\ S@)) > 0.
Finally by the maximality of S(), it necessarily holds that
a(k,l) =0 for £, j-almost every (k,1) € S(i) x I\ S(i),

as we could otherwise build a strictly larger strongly connected set containing S(i). Armed with this
construction, we consider the nontrivial element x € €+ c L?(I,R%) defined by

1
T

1

and observe that
/Ia(k, D (k), 2(k) — 2(1))dldk
o i a(k,l)(x(k), z(k) — z(l))dldk + /I\S(z') /Ia(k, D(x(k), x(k) — x(1))dldk

/S _a(k, ) (x(k), z(k) —x(l)>dldk—|—/ ' / _a(k, 1) (x(k), z(k) — z(1))dldk
(@) N\S@) JI\S(3)

<L Z, 55>L2(I,]Rd) =

Il
o

(
S(@)

Il
o

)

which contradicts the fact that Ag(IL) > 0. Thus, we can conclude that the interaction topology defined
by a symmetric adjacency operator A € £(L?(I,R?)) is strongly connected as soon as Az(IL) > 0.
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Direct implication. We now assume that the interaction topology defined by the symmetric adja-
cency operator A € L(L?(I,R?)) is strongly connected in the sense of Definition By Definition
[2.5]and Proposition[2.6] the fact that 6 := infies [; a(i,)dj > 0 implies that oess(IL) C [6,1]. Recalling
that the elements of ¥ belong to the kernel of L, it follows from the min-max theorem that either
A2(LL) > 0, or there exists a nontrivial element x € €+ for which (L z,r) 2 rey = 0. By repeating
the general argument of [14, Section 3.1], it can however be shown that the latter is impossible. [

We end this section by showing how the proof strategy devised for the proof of Theorem [4.7]
generalises to topologies representable as a disjoint union of strongly connected components.

Theorem 5.3 (On the connectivity of directed graphons). Let A € L(L*(I,R%)) be an adjacency
operator defining a disjoint union of strongly components in the sense of Definition [{.5, and v €
L>(1,R%) be the canonical eigenvector given by Theorem . Then, the interaction topology described
by A is strongly connected if and only if A2(L,) > 0, and in this case it holds that inf;crv(i) > A2(Ly,).

Proof. As already explained in the proof of Theorem above, the direct implication of our claim can
be deduced from the arguments of [I4, Section 3.1] for general strongly connected graphons. Hence,
we will focus on the converse one and assume that A2(IL,) > 0. Observe first that the definition
of the algebraic connectivity can be rewritten as

Ao(L,) = inf Lo, 2) 2 ey (L™, 2) a1
zegL ||x||%2(I,Rd) z€EL HIL‘HQLQ(LRCZ)

Y

where we denoted by L™ = 1(L, + L}) € £(L*(I,R?)) the symmetric part of the operator L,. By
construction, the latter is a self-adjoint operator which expression can be given explicitly as

L™ = MyMg - (M, A+ A*M,),

where we recall that My € L(L?(I,R%)) is the multiplication operator by the in-degree function
defined as in . Moreover, it can be checked straightforwardly that the operator M, A+ A* M, is
compact, and by reproducing the argument detailed in the proof of Theorem [5.2] above, one has

UeSS(Liym) = Uess(Mde) = I‘g(Ud).

Upon noticing that L} x = 0 for each x € €, we obtain by an application of the min-max theorem
0. < Aa(Ly) < inf o(i) [ a(i. )i (112)
1€ I

Recalling that H'l)HLoo(LRi)S 1/6 where 0 € (0,1] is such that of Definition ﬁ holds, one has

inf [ a(i,j)dj > dAa(Ly) > 0,
i€l J1
which yields Definition [4.5}(b). Using the fact that a € L>(I x I,[0,1]), we can also deduce from

that
infv(i) > Aa(L,) > 0.

el

There now remains to show that the conditions of Definition (a) holds. To this end, we again
assume by contradiction that the disconnection set & C I x I defined as in has positive fflx -
measure, and choose an element i € I for which £,(2(i)) > 0 where 2(i) = {j € I s.t. (i,7) € Z}.
Observe that by construction, ¢ € Iy for some N > 1. Thus by Lemma the largest strongly
connected component S(i) C I containing 7 is necessarily given by S(i) = Iy, and

ZLH(8@0) = L4 (In) > 0.
Moreover, the fact that Z(S(i) N 2(i)) = 0 yields
LI\ S(i) > 0,
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and our standing assumption that the interaction topology is a disjoint union of strongly connected
components further means

a(k,l) =0 for £, -almost every (k,1) € S(i) x I\ S(i).

Then, by defining the non-trivial vector z € €+ as in (111), we can conclude that the condition
A2(L,) = 0 is violated, which ends the proof of our claim. O

Remark 5.4 (On the lower-bound ((100]) imposed on the canonical eigenvectors in Theorem |4.13)). By
applying Theorem on every strongly connected set I, while using (112]), it can be checked that

0< mx\g(lh%) < zireli Op, (i),

where Ly, = M,, L, € L(L*(I,,R%)) denotes the restriction of the weighted graph-Laplacian to I,
for each n > 1. Thus, the lower-bound (100) holds whenever there exists a constant v > 0 such that

A2(Ly,) > Vfl_ll(jn):

for each m > 1. This condition — that is in fact reminiscent of — heuristically means that the total
amount of interactions occurring within each of the countably many strongly connected components
must be comparable to their size.

5.2 Equivalence between L?- and L*-consensus for strongly connected graphons

In this section, we prove an interesting and quite unexpected feature of consensus formation in graphon
models, namely that convergence towards consensus in the L?-norm topology implies convergence in

the L°°-norm topology as soon as an average version of the lower-bound on the in-degree function
imposed in Definition [4.5}(b) holds.

Theorem 5.5 (Equivalence between L?- and L*-consensus formation). Let 20 € L®(I,R%) be such
that || ° [ zoc(rrey< R for some R > 0, assume that hypotheses |((GD)| hold, and denote by z(-) €

Lipje(Ry, L2(I,R?)) the corresponding solution of (I8). Moreover, suppose that there exists a pair of
coefficients (7, ) € RY x (0, 1] such that the persistence condition

1 t+1
—/ /a(s,i,j)djds >, (113)
T Jt 1

holds for all times t > 0 and Z&I—almost every 1 € I. Then, one has that

[2(t) — 2% Lo (1,Re) 3o O if and only if |2(t) — 2% || L2 (1 Ry e O (114)

for any given element z>° € C(x).

Proof. The direct implication in (114]) is trivial since the L2-norm is bounded from above by the
L*°-norm on the compact set I := [0, 1]. Hence, we only need to prove the converse implication. To
this end, we define for every € > 0 and .Z'-almost every ¢ > 0 the sets

L(t) = {i € I sit. |a(t,i) — 2| < e},

and observe that by Chebyshev’s inequality (see e.g. [1, Remark 1.18]), one has that
1
LLUNLW) =LY ({i € Tst |alti) — 2| > €}) < 7/ |z (t,d) — 2 2di,
€ JI

for every ¢ > 0. Hence by the L?-convergence posited in the right-hand side of (114)), there exists a
time horizon T, > 0 such that .i”l_l](I \ I(t)) < € for £ -almost every t > T.. Recalling that z(-) is a

37



solution of the graphon dynamics (T8, it also holds
laltyi) = 2P = [ altsis ) (t,i) — o(t, D)o (t,0) — 0%, a(t,1) — (1, )]
=~ ( [att.i.0)(a(t,i) - 2(t. DDA ) olt.d) - 2P
+ [alti. ot ) = at. D) a(t,) = 2%, a(t.5) = a)dj
<~ [ att.i3)d5 ) ot i) - o

N[
O-“Q.

oo [ laltd)=a®ii+ [ Jaltd) - 21 late, ) - 5]
I.(t) I\I(t)

< —fyR</Ia(t,i,j)dj>]x(t, i) — 22 + cyeR(1 + €R),

for #1-almost every t > T, and .£!;-almost every i € I, where we recall that ¢, = sup,cp L 9(r) < 400
and yg = min,cpp g #(2r). Then by Grénwall’s lemma, one further has

t
|lz(t,4) — 2°°|* < |2(T.,i) — 2°°|% exp < - 273/ /a(s,i,j)djds>
Te JI

t t
+ cyeR(1 + €R) / exp ( - 273/ /a(a, i,j)djda) ds,
Te s JI
and by using the persistence condition ([113)) while repeating the computations of , we obtain
z(t, 1) — 2°°|* < R%exp ( — 2ypu(t — T, — T))

1 —exp (— 2vpu(t — TE))>
TRI

+ cgeR(1 + €R) exp(yrpuT) ( (115)

< R¥exp (= 2ypu(t = T. — 7)) + "2 e e R(1 + €R),

for all times ¢ > T, and .Z\_ll—almost every ¢ € I. Thus given a parameter § > 0, we can choose ¢ > 0
and then ¢ > T¢ in such a way that

2 2
exp(YRKT) g 2 _ o g
S cpeR(1 4+ €R) < > and R exp( 2vpu(t — T 7’)) < 5

which means that we can find a time horizon Ty > T, for which
|x(t, i) — x> < d for £ ;-almost every i € I,

whenever ¢ > Tj. This is equivalent to stating that [|2(t) — 2°°|| e (; ray goes to 0 as t — +oo, which
concludes the proof of our claim. O

Remark 5.6 (On the persistence assumption ) It can be checked that the lower-bound
on the average value of the in-degree function holds true e.g. when the algebraic connectivity is itself
persistent — as in Theorem [{.11] or Theorem [[.13 —, or more generally if the interaction topology is
algebraically persistent as in Theorem[4.8. This is a again a consequence of the min-maz theorem, as

we recall that by (112)), it holds that
Ao(Ly,) < inf {)\ ER st N € aeSS(Lf,ym)}

_int  ofodals. A
if | v(@)a(i, 7)d]

e ol o int [ a1
< [[0lleqr ) inf [ alig)ds

for L -almost every t > 0. Here, v € L>(I, R% ) is the canonical eigenvector given either by Theorem
[4.7 if the topology is a disjoint union of strongly connected components, or by v =1 if the topology is
either balanced or symmetric.
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5.3 Numerical illustrations

In this last section, we provide illustrations of our results on a series of relevant examples. We start by
showing positive exponential consensus results, first for a topology with persistent scrambling, then
for a balanced topology with positive connectivity, and finally for a symmetric nonlinear topology that
is algebraically persistent. We conclude by an example of balanced topology with null connectivity
for which a non-exponential consensus only with respect to the L?-norm seems to arise numerically.

Exponential consensus under persistent scrambling. In the following paragraphs, we start
by exemplifying the consensus result established in Theorem of Section To this end, we fix
a real parameters T > 0 and an integer n > 1, and for any time ¢ > 0 we introduce the notation
t:=t— [t/T]| € [0,T). We then define the interaction function a € L*°(R; x I x I,]0,1]) by

. 2nt+ T‘ o . _
1-2n|j — ———— if je |t | and t e |0,21T),
a(t,i,j) := J 2nT J {T T ] [ n ) (116)
0 otherwise,
for all times ¢ > 0 and every i,j € I.

t=0 t=4 t=8

0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

Figure 5.1: Representation of the interaction function (t,i,7) € Ry x I x I — a(t,i,7) € [0,1] defined in (116)
with T =mn =10 at times t =0 (left), t =4 (center) and t = 8 (right).

A first observation is that the value of a(t, i, j) defined in is independent of ¢ € I, so that all
the agents follow the same subset of elements at all times ¢ > 0. As illustrated in Figure this is a
natural generalisation to the graphon setting of leader-follower dynamics (compare with the leftmost
example in Figure , in which the leaders are modelled as a time-varying subset of agents with
positive measure. Moreover, notice that the signal ¢t € Ry +— a(t) € L>®(I x I,]0,1]) is T-periodic,
and that the graphon is completely disconnected whenever t € (%T, T). In this context, we can
explicitly compute the scrambling coefficients, since

T
n(A()) = iglefl/lmin{a(t,i,k),a(t,j, D} = inf [ a(t,i, bk = oo
whenever ¢ > 0 is such that t € [0,217). On the other hand, it is clear that n(A(t)) = 0 if
t e [%T, T). Thus for every parameter 7 > T'/n, one can check that for all times ¢ > 0, it holds

T (r=T/n) nrT —
T s = 7 s = TS,

T -

n—1)T/n 27n?

so that the persistence condition of Theorem is satisfied. Therefore, we expect that the system
will converge exponentially to consensus with respect to the L°°-norm, a fact that is illustrated by the
numerical simulations displayed in Figure [5.2] below. Therein, we fix the parameters T'=n = 10 and
start from the initial configuration z° : i € I + sin?(44) € [0, 1].
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Figure 5.2: Snapshots of the solution i € I — x(t,i) € [0,1] generated by the communication weights (116)
at different instants (left) along with the time-evolution of the L?- and L*°-distance to the consensus point in

natural scale (center) and log scale (right).

Exponential consensus for a balanced topology with positive connectivity This time, we
consider a stationary balanced interaction topology which is defined as follows. Let ¢ € C°(]0,1]) be
the function defined by

£(s):=(1— 43)]1[0 y (s) for each s € [0, 1],

4
and, by a slight abuse of notation, denote again by ¢ € C°(R,[0,1]) its 1-periodisation over the real
line. Then, we consider the constant-in-time interaction kernel a € L>(I x I, [0, 1]) defined by

a(i7j) = f(l_])a (117)

for every i,j € I, which is illustrated in Figure [5.3] This particular choice of interaction function
encodes the notion of directed cycle at the level of graphon models (draw a comparison with the
leftmost topology in Figure , where the neighbours are represented by small clusters of agents
with positive measure.

Figure 5.3: Representation of the interaction function (i,7) € I x I — a(i,j) € [0, 1] defined in (L117]).

It can be readily verified that the interaction kernel a € L*°(I x I,]0,1]) defined as in ([117)
generates a balanced topology, since

[ atiidi= [ ¢ti- s = /Oifu'—j)dﬁ/ila(i—wl)dj

i .
:/0 g(S)dSJr/ilg(SI)dS/:/Olf(s)ds:/la(j,i)dj, 118
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where we used the fact that (-) is 1-periodic and applied the the changes of coordinates s =i — j and
s’ =144 — j in the first and second integral respectively. We now prove that the topology is strongly
connected in the sense of Definition It can be verified straightforwardly by using (118]) that

1 1/4 1
inf/a(i,j)dj :/ &(s)ds :/ (1 —4s)ds = -,
i€l JT 0 0 8

so that the condition of Definition (b) holds. Moreover, for every pair 4,5 € I with i < j, define
the finite sequence of indices (Ix)1<k<s by

lh=1 and lk+1:min{lk+é,j} for k € {1,...,7},

and observe that j = Ik, for some K; € {1,...,7} with a(lg,lxr1) > 3 for each k € {1,...,K; — 1}.
Therefore, the conditions of Definition (a) are satisfied, and the interaction topology is strongly
connected. Hence by Theorem it holds that A2(L) > 0 and the system should converge exponen-
tially towards consensus in the L?-norm. In addition, because the sufficient condition of Theorem
is satisfied, the convergence should also occur in the L°-norm topology. The simulations made with
the initial datum 2% : i € I + sin?(44) € [0,1] and displayed in Figure confirm these assertions.
In addition, let it be noted that the convergence with respect to the L°°-norm also seems to be expo-
nential, which could suggest that a stronger variant of Theorem stating the equivalence between
exponential convergences towards consensus may in fact be true.

— L2 norm
——L* norm

0 0.2 0.4 0.6 0.8 1 0 50 100 150 200 0 50 100 150 200

Figure 5.4: Snapshots of the solution i € I — x(t,i) € [0,1] generated by the communication weights (117)
at different instants (left) along with the time-evolution of the L?- and L*°-distance to the consensus point in
natural scale (center) and log scale (right).

Exponential consensus for an algebraically persistent symmetric nonlinear topology.
Next, we turn our attention to a nonlinear symmetric and time-dependent interaction kernel which
defines disconnected topologies at all times ¢ > 0, but which is algebraically persistent in the sense
defined in Theorem 4.8 Given a real parameter 7' > 0 and an integer n > 1, we introduce the notation
t:=t— [t/T]| € [0,T). We then define the interaction function a € L*°(R; x I x I,]0,1]) by

1 if i,j€[%%+1] and te [0, (%1)T),
a(t,i,j) =<1 if i,j€[%1U[0,2+L-1] and t€ [(=1)T,T), (119)
0 otherwise,

for all times t > 0 and every ¢,j € I. The latter is symmetric for all times ¢ > 0 by construction, and
is illustrated in Figure We also consider the nonlinear Cucker-Smale type kernel given by
1

o) =

for each r > 0, and consider the solution z(-) of with initial condition 2° : i € I ~ sin?(44) € [0, 1].

It is quite clear from its definition in (119) that in our example, the interaction topology is dis-
connected at each instant. However, the average of the interaction function over any time window of
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03 07 0.3 07 03 0.7
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0.7 03 0.7 03 0.7 03

08 02 0.8 02 0.8 02

09 o1 0.9 0.1 0.9 . - 01
1 0 1 ! ' ' 0 1 ' ' 0

0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

Figure 5.5: Representation of the interaction function (t,i,7) € Ry x I x I — a(t,i,7) € [0,1] defined in (119)
with T =40 and n =4 at timest =0 (left), t = 10 (center) and t = 30 (right).

1 0.25
0.1 '

0.2

03[

04+

0.5

061

0.7

e

0.2 0.4 0.6 0.8 1

Figure 5.6: Representation of the average over of time-window of length 7" = 10 of the interaction function
(t,i,7) € I x I — a(t,i,5) € [0,1] defined in (119).

length T" defines the counterpart for graphon models of an undirected cycle, which is illustrated in
Figure (to be compared with the central picture in Figure . Indeed, for all i, j € I satisfying

VES {max{o,i - %},min{l,iJr %}},

1 4T . 1
T/t /ICL(S,Z'J)djds = T/o /Ia(s,i,j)djds > =

for all times ¢ > 0, where we used the fact that signal ¢t € Ry +— a(t) € L>(I x I,[0,1]) is T-periodic.
Therefore by Theorem [5.2] the algebraic connectivity of the averaged interaction topology is positive,
and the hypotheses of Theorem are satisfied. Thus, as confirmed by the results displayed in Figure
we expect that the system exponentially converges to consensus in the L?-norm topology. In
addition, it can be readily verified that the in-degree function satisfies the persistence condition of
Theorem [5.5] so that convergence towards consensus also holds with respect to the L>°-norm.

it can be verified that

Non-exponential consensus for a symmetric topology with null connectivity. In this last
paragraph, we provide an interesting limit example of the theory developed in this article, which
highlights several of our results. To this end, we consider the stationary interaction kernel defined by

1 ifeitherie [0,2] and £ <j <2 or i,j €[5, 1],
ais ) = 0.2 and 3 <7< N (120)
0 otherwise,

for every 7,7 € I, and which is illustrated in Figure [5.8|

42



— L2 norm
—L norm

0.4

0 50 100 150 200 250 300 350 400

Figure 5.7: Snapshots of the solution i € I — x(t,1) € [0,1] generated by the communication weights (119)
at different instants (left) along with the time-evolution of the L?- and L*°-distance to the consensus point in
natural scale (center) and log scale (right).

L L
0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.8: Representation of the interaction function (¢,7) € I x I — a(i,j) € [0, 1] defined in ([120).

It is clear from its definition that a € L®°(I x I,[0,1]) defines a symmetric topology, but one can
readily check that inf;c; [; a(i, j)dj = 0, which implies that the interaction graphon is not strongly
connected in the sense of Definition By Theorem this implies in particular that the corre-
sponding algebraic connectivity satisfies A\o(IL) = 0, which means that even though the convergence
to consensus in the L?-norm may occur, it may not be exponential. Furthermore, the sufficient con-
dition of Theorem ensuring that L2- and L>°-consensus formation are equivalent is also violated,
which suggests that solutions of the graphon dynamics may not converge to consensus in the L*°-norm
topology. This intuition is supported by the fact that, in this precise example, the agent with label
¢ = 0 is not connected to any other agent in the system, and should not move.

The plots displayed in Figure are coherent with what was expected, in the sense that the L>°-
norm remains bounded from below by a constant, while a non-exponential L?-consensus formation
seems to arise. To understand why the latter appears — at least numerically — even though Ao(IL) = 0,
recall that the semi-discretisation of the graphon dynamics is given for any chosen integer N > 1 by

. 1
zi(t) = Y ai(zi(t) — @i(t),  xi(0) = af, (121)
j=1
for all times t > 0 and every i € {1,..., N}, where

a;j := N? a(k,l)dldk  and 20 := 20 (k)dk, (122)

(2i+1)/2N  7(2j+1)/2N (2i+1)/2N
/(2j—1)/2N ‘ (2i—1)/2N

(2i—1)/2N

for every i,5 € {1,...,N}. The key point here is to remark that the adjacency matrices Ay :=
(aij)i<ij<n € [0,1]Y — that are represented for different values of N in Figure — define strongly
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Figure 5.9: Snapshots of the solution i € I — x(t,i) € [0,1] generated by the communication weights (120)
at different instants (left) along with the time-evolution of the L?- and L*°-distance to the consensus point in
natural scale (center) and log scale (right).

connected interaction topologies with A\o(Ly) > 0 and min;eqy . vy % Z;-VZI a;; > 0. Therefore, at the
discrete level, we always observe the formation of £2- and /*°-consensus as illustrated in Figure [5.11]

t=0

t=0 P t=0 s s
0.1 09 0.1 09 0.1 " o2
o2 08 02 08 02 “Mos
e 07 03 07 03 “Mo7
4 06 04 06 0.4 “Mos
0.5 05 05 05 05 g |05
o8 04 06 04 0.6 04
07 03 07 03 0.7 03
o8 02 08 02 0.8 -02
o 04 09 0.1 0.9 104

! : : 0 1 0 1 : 0

0.2 04 06 08 1 0.2 04 0.6 08 1 . . .

Figure 5.10: Representation of the interaction matrices An = (aij)1<i,j<n Whose coefficients are defined by
(122) for N =10 (left), N =20 (center) and N = 40 (right).

041 0.2 03 0.4 0.5 0.6 0.7 0.8 09 1 0 0.2 0.4 0.6 08 1

Figure 5.11: Snapshots of the solution i € I — x(¢,4) € [0,1] generated by the communication weights (120) at
different instants for N = 10 (left), N = 20 (center) and N = 40 (right).

The fact that the exponential convergence to consensus of the sequence of approximating micro-
scopic problems is not a stable property as N — 400 can be further underpined by the following
observation. As amply discussed in a more general context in [74], only the discrete part of the spec-
trum of a graph-Laplacian operator can be faithfully described by the limits of eigenvalues of discrete
approximating graph-Laplacian matrices. In our example, the essential spectrum of the operator is
oess(L) = rg(d) = [0,1], and the sequence (A2(Ln))n>1 of algebraic connectivities of the discrete
models goes to 0 as N — 4o00. This induces a depreciation of the convergence rates as N gets larger,
which is illustrated for both norms in Figure [5.12
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Figure 5.12: Evolution of the long-time convergence rates to consensus of solutions the discrete systems (121)
with respect to the L?-norm (left) and the L>-norm (right) as N increases.
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