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Spatial dispersion and the sign of the imaginary part of the permeability

In this paper, arguments are provided to support that, in passive media, the imaginary part of the permeability can take positive and negative values. These arguments are based on the analysis of two different situations: i) the hydrodynamical model and ii) the spatially dispersive effective parameters of a multilayered structure. In addition, the electromagnetic energy is considered in a medium described by a spatially dispersive permittivity tensor.

I. INTRODUCTION

Magnetodielectric media can be described using two different models. The magnetodielectric properties can be defined by a dielectric permittivity ε(ω) and a magnetic permeability µ(ω) depending on the frequency ω, or by a permittivity tensor ε(k, ω) depending on the frequency ω and the wave vector k [START_REF] Landau | Electrodynamics of Continuous Media[END_REF][START_REF] Agranovich | Spatial dispersion and negative refraction of light[END_REF][START_REF] Veselago | Negative refractive index materials[END_REF]. These two descriptions are related. For example, in the case of an isotropic medium, the permittivity tensor ε(k, ω) can be decomposed onto its longitudinal and transverse components, ε(k, ω) = ε lg (k, ω)P lg + ε tr (k, ω)P tr , where

P lg = kk k 2 , P tr = 1 - kk k 2 , (1) 
and the permittivity and permeability can be retrieved (for bulk infinite media) according to the well-known relations [START_REF] Landau | Electrodynamics of Continuous Media[END_REF][START_REF] Agranovich | Spatial dispersion and negative refraction of light[END_REF] 

ε(ω) = lim k→0 ε lg (k, ω) , 1 ωµ(ω) = 1 ωµ 0 + lim k→0 ωε lg (k, ω) -ωε tr (k, ω) k 2 . ( 2 
)
Although these two descriptions of magnetodielectric media seem to be interchangeable, the introduction of spatial dispersion and the gathering, in the permittivity tensor, of all the magnetic and dielectric properties of the materials, break the symmetry between the fields E and H in the Maxwell's equations. However, the symmetry between these fields and between the permittivity and permeability is widely used in textbooks of classical electrodynamics [START_REF] Landau | Electrodynamics of Continuous Media[END_REF][START_REF] Jackson | Classical Electrodynamics[END_REF][START_REF] Van Bladel | IEEE Press Series on Electromagnetic Wave Theory[END_REF]. In particular, the Kramers-Kronig relations and the passivity requirement for the permittivity are generally also considered as valid for the permeability: for instance, it is generally considered that the imaginary part of the permittivity is positive [1, section 80],

Im µ(ω) ≥ 0 for ω ≥ 0 .

(

Nevertheless, it turns out that the behaviors of the permittivity and the permeability are different in the static regime [START_REF] Landau | Electrodynamics of Continuous Media[END_REF][START_REF] Jackson | Classical Electrodynamics[END_REF]: unlike the static permittivity ε(0) [i.e. ε(ω) at the limit ω → 0], which always takes real value greater than ε 0 , the static permeability µ(0) [i.e. µ(ω) at the limit ω → 0] can take real values either greater (paramagnetic media) or less (diamagnetic media) than µ 0 . This alternative for the static permeability seems in contradiction with the causality principle and the passivity. Indeed, the Kramers-Kronig relations applied to the permeability imply

µ(0) = µ 0 + 2 π ∞ 0 dν Im µ(ν) ν , (4) 
which requires for µ(0) to be greater than µ 0 if Im µ(ω) ≥ 0 for all positive real frequency ω [START_REF] Markel | Can the imaginary part of permeability be negative?[END_REF]. In the textbook [START_REF] Landau | Electrodynamics of Continuous Media[END_REF], this contradiction is explained by the frequency range where the macroscopic magnetic permeability makes sense, which is limited to the relatively low frequencies. Consequently, it is specified in [1, section 82] that the Kramers-Kronig relations and derived expressions like (4) must be modified for the magnetic permeability. Hence the requirement on the imaginary part of the permeability, Im µ(ω) ≥ 0, has been confirmed in reference [START_REF] Landau | Electrodynamics of Continuous Media[END_REF].

The introduction of metamaterials and negative index materials with effective permeability led to revisit these statements. Indeed, it has been found that the effective parameters of metamaterials present anomalous dispersion as in [START_REF] Koschny | Resonant and antiresonant frequency dependence of the effective parameters of metamaterials[END_REF]: "the resonant behavior of the effective magnetic permeability is accompanied by an antiresonant behavior of the effective permittivity" and "the imaginary parts of the effective permittivity and permeability are opposite in sign". These numerical results first generated some controversy [START_REF] Depine | Comment i on "Resonant and antiresonant frequency dependence of the effective parameters of metamaterials[END_REF][START_REF] Efros | Comment ii on "Resonant and antiresonant frequency dependence of the effective parameters of metamaterials[END_REF], but next the anomalous dispersion and the possibility for negative imaginary part of the effective permeability have been confirmed by several studies, which generated a series of investigations. For instance, fundamental questions on the Poynting vector and the energy have been adressed [START_REF] Markel | Can the imaginary part of permeability be negative?[END_REF][START_REF] Silveirinha | Poynting vector, heating rate, and stored energy in structured materials: A first-principles derivation[END_REF], the validity of the Kramers-Kronig relations for the magnetic permeability has been examined [START_REF] Silveirinha | Examining the validity of kramers-kronig relations for the magnetic permeability[END_REF], the validity of the causality principle and the physical meanining of the metamaterials constitutive parameters have been analyzed [START_REF] Alù | Restoring the physical meaning of metamaterial constitutive parameters[END_REF][START_REF] Alù | Causality relations in the homogenization of metamaterials[END_REF].

In this paper, arguments are provided to support that, in passive media, the imaginary part of the magnetic permeability µ(ω) can take both positive and negative values, i.e. that the relation ( 3) is not valid [START_REF] Gralak | Negative index materials: at the frontier of macroscopic electromagnetism[END_REF]. These arguments are based on the analysis of two different situations: i) the hydrodynamical model and ii) the spatially dispersive effective anisotropic permeability of a multilayered structure.

II. THE HYDRODYNAMICAL MODEL

The simple hydrodynamical model [START_REF] Boardman | Electromagnetic Surface Modes[END_REF] is considered with the permittivity tensor expression

ε(k, ω) = ε 0 -ε 0 Ω 2 ω 2 + iωγ -ω 2 0 -v 2 k 2 P lg -ε 0 Ω 2 ω 2 + iωγ -ω 2 0 P tr . (5) 
Using the relation (2), it is possible to define from this model the following magnetic permeability

1 ωµ(ω) = 1 ωµ 0 -ωε 0 Ω 2 v 2 (ω 2 + iωγ -ω 2 0 ) 2 , (6) 
and to obtain, for its imaginary part at real frequency ω,

Im 1 ωµ(ω) = ε 0 2γΩ 2 v 2 ω 2 (ω 2 -ω 2 0 ) [(ω 2 -ω 2 0 ) 2 + ω 2 γ 2 ] 2 . ( 7 
)
This expression clearly shows that the imaginary part of the obtained permeability can take both positive and negative values, depending on ω 2 is smaller or larger than ω 2 0 . In addition, from the expression (6) of the permeability, the following identity, similar to the relation (4), can be derived

∞ 0 dν Im 1 νµ(ν) = π 2 1 µ(0) - 1 µ 0 = 0 , (8) 
where it has been used that µ(0) = µ 0 to obtain that the integral vanishes. This last identity confirms that the imaginary part of the permeability (6) must take positive and negative values.

III. THE EFFECTIVE PERMITTIVITY TENSOR OF A MULTILAYERED STRUCTURE

The possibility for the imaginary part of the permeability to take positive and negative values is also investigated through the effective permeability of a stack of non-magnetic homogeneous layers (see Fig. 1, left part). Indeed, the simplicity of such a structure makes it possible to define exactely, using the retrieval method [START_REF] Gralak | Negative index materials: at the frontier of macroscopic electromagnetism[END_REF], effective anisotropic permittivity ε eff (k , ω) and permeability µ eff (k , ω) for all frequencies ω and wave vectors k parallel to the interfaces (see Fig. 1, right part).

In this paper, the exact expressions of these effective anisotropic parameters are derived and their properties are analyzed [START_REF] Gralak | Negative index materials: at the frontier of macroscopic electromagnetism[END_REF]. In particular, it is shown that the parameters ε eff (k , ω) and µ eff (k , ω) are analytic functions in the half plane of complex frequencies ω with positive imaginary part [START_REF] Gralak | Negative index materials: at the frontier of macroscopic electromagnetism[END_REF]. Then, a relation similar to the equations ( 4) and ( 8) is derived for the effective permeability µ eff (k , ω) at k = 0:

1 µ eff (0, 0) = 1 µ 0 + 2 π ∞ 0 dν Im 1 νµ eff (0, ν) . ( 9 
)
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Fig. 1: Left: the considered multilayered structure with a plane of symmetry described by the frequency dependent and isotropic permittivity ε(x, ω). Right: the equivalent effective medium described by the effective permittivity ε eff (k , ω) and permeability µ eff (k , ω).

Next, using that the starting multilayered structure is non-magnetic, the quasistatic limit provides µ eff (0, 0) = µ 0 and the relation ( 9) becomes [START_REF] Gralak | Negative index materials: at the frontier of macroscopic electromagnetism[END_REF] 

∞ 0 dν Im 1 νµ eff (0, ν) = 0 . (10) 
This last equation leads to the conclusion that the imaginary part of the effective permeability µ eff (0, ν) must take positive and negative values. Finally, the electromagnetic energy is considered in a medium described by a spatially dispersive permittivity tensor ε(k, ω) and the passivity requirement on this permittivity tensor is derived.

IV. CONCLUSION

In this paper, it has been shown in two situations that the passivity requirement on imaginary part of the magnetic permeability, Im µ(ω) ≥ 0, is not valid. In contrast, these arguments support that the Kramers-Kronig relations make sense for the permeability µ(ω). These results appear in contradiction with the electrodynamics based on the symmetry between, in one hand, the electric field E and the permittivity ε(ω) and, in the other hand, the magnetic induction field H and the permeability µ(ω). Hence the description of magnetodielectric media by a permittivity tensor ε(k, ω) depending on the frequency ω and the wave vector k appears as the most appropriate.
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