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A central limit theorem for the variation of the sum of digits
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Abstract. We prove a Central Limit Theorem for probability measures defined via the variation of the
sum-of-digits function, in base b > 2. For r > 0 and d € Z, we consider (") (d) as the density of integers n € N
for which the sum of digits increases by d when we add r to n. We give a probabilistic interpretation of (") on
the probability space given by the group of b-adic integers equipped with the normalized Haar measure. We
split the base-b expansion of the integer r into so-called “blocks”, and we consider the asymptotic behaviour
of (") as the number of blocks goes to infinity. We show that, up to renormalization, ;") converges to the
standard normal law as the number of blocks of r grows to infinity. We provide an estimate of the speed of
convergence. The proof relies, in particular, on a ¢-mixing process defined on the b-adic integers.

Résumé. On prouve un Théoréme Central Limite pour des mesures de probabilités définies grace a la
variation de la somme des chiffres en base b > 2. Pour r > 0 et d € Z, on considére u(r)(d), la densité des
entiers n € N pour lesquels la somme des chiffres augmente de d quand on ajoute r & n. On donne une
interprétation probabiliste de p(") sur Pespace de probabilités donné par le groupe des entiers b-adiques muni
de la mesure de Haar renormalisée. On décompose ’écriture en base b d’un entier r en ce que l'on appelle
des “blocs”, et nous considérons le comportement asymptotique de p(™) quand le nombre de blocs tend vers
'infini. On montre qu’a renormalisation prés, u(™) converge vers une loi normale centrée réduite quand le
nombre de blocs de r tend vers 'infini. Nous fournissons une estimation de la vitesse de convergence. La
preuve repose, entre autre, sur un processus ¢g-mélangeant défini sur les entiers b-adiques.

Keywords. Sum of digits, Central Limit Theorem, b-adic odometer, ¢-mixing.
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1 Introduction

Throughout this article, integers mean elements of the set N := {0,1,2,---}, and b denotes a fixed integer,
b>2.
For an integer n, we consider the associated sequence of digits (ni) € {0,--- ,b — 1}, finitely many of
them being strictly positive, such that
n= Z nkbk.

k>0

For n # 0 and ¢ := max{k : ny # 0}, we introduce the notation mg---ng := n, which generalises the usual
way we write numbers in base 10, and which we refer to as the (base b) exzpansion of n. By convention, we
set 0 := 0. Then, we define the sum-of-digits function (in base b) as

s(n) = Z N

k>0
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A central object in our paper is the variation of the sum of digits when we add a fixed integer r to n: for
r,n € N, we set

A (n) = s(n+1) — s(n). (1)

An interesting feature of A is that it gives the number of carries created during the addition n +r in base
b. To be more precise, if ¢ is the number of carries then

AT (n) =s(r) —e(b—1). (2)

Bésineau [1] proves that, for every d € Z, the following asymptotic density exists

pw(d) == Nl_i}rilw% {n < N:AM(p) = d}’

and he studies these asymptotic densities through their correlation function. Actually, since ) ;, p"(d) =
1, the function x(") defines a probability measure on Z.

Morgenbesser and Spiegelhofer [7] show an amazing property: the measure p") remains the same if we
reverse the order of the digits in the expansion of . They call it the reverse property.

In the particular case b = 2, Emme and Prikhod’ko [5] show that the variance of (") is bounded from
above and below by a constant multiplied by the number of blocks of 1’s in the binary expansion of r. In
Section 3, we extend this result to each b > 2.

Also in the binary case, Emme and Hubert [4] show that, for almost every sequence of integers (7, )nen
written in binary and defined via a balanced Bernoulli process, the sequence of measures (,u(”))neN7 after
renormalization, converges in distribution to the standard normal law. The proof is done by computing
all the moments of (") and by showing that, after renormalization, they converge to the moments of the
standard normal law. In our paper, we prove a more accurate and more general Central Limit Theorem
(CLT).

To do so, we study the variations of the sum of digits in the context of an appropriate probability space.
We consider the compact additive group (X, +) of b-adic integers. The space X is endowed with the Borel
o-algebra and its normalized Haar measure P.

We extend A almost everywhere on X and show in Section 2 (Proposition 2.2) that, for every d € Z

p(d) =P <{x eX:AM(z) = d}) :

To state our main result, we have to define the notion of blocks in the base b expansion of an integer 7.
Definition 1.1. A block in the expansion 777 of an integer r € N is defined as follows: it is either

1. a mazimal sequence of consecutive digits equal to 0 (“block of 0’s”) or

2. a mazimal sequence of consecutive digits equal to b—1 (“block of (b—1)’s”) or

3. when b > 3, a digit between 1 and b — 2 (“single-digit block”).

We also define the quantity p(r) as the number of blocks in the base b expansion of r.

b=10 b=2
r=7000999900229 r=11000111010101
1 B 1 HEOE111
I single-digit block block of 0’s [l block of (b—1)’s

Figure 1: Examples of the decomposition in blocks in decimal and binary bases. On the left-hand side,
p(r) = 7. On the right-hand side, p(r) = 9.



We specify that a block of 0’s or of (b — 1)’s of length 1 is not considered, in this paper, as a single-digit
block.

The following theorem, which generalizes Emme and Prikhod’ko’s result, states that the number of blocks
p(r) controls the variance of (™).

Theorem 1.2. For every integer r > 1
b (r) 2
ip(r) < Var(u'™) <2b%p(r).

Now, we need to introduce, for an integer r > 1, the standard deviation o, := y/Var(u(")) > 0 and the
renormalized measure fi(") which is the measure on R concentrated on the points of the form Ui (d € Z) and
which satisfies

vd € Z, ﬁ<r><d) = p(d).

o

Our main result states that, for an integer r > 1, the renormalized measure ;") converges in distribution to
the standard normal law as the number of blocks tends to infinity.

Theorem 1.3. We have the convergence

i —2 s N(0,1).
p(r)—+o0

Theorem 1.3 can be seen as a direct consequence of the following theorem, which furthermore provides
an estimation of the speed of convergence.

Theorem 1.4. Let h : R — R be a thrice differentiable function with ||h"||cc < co. Let Z be a random
variable following i) and Y a standard normal random variable. Then

B(h(2) - BWY)| = O (;()) . ®

Furthermore, if we denote by F, (respectively F) the cumulative distribution function of M (respectively
N(0,1)), then there exists K > 0 such that for every integer r > 1

sup| Py (1) — F(t)] < ——.
teR p(r)s

(4)

A result in the same spirit has recently been published by Spiegelhofer and Wallner [8]. In the case of
the base 2, they give a very accurate estimation of the measure p(" (d) for every d € Z

a?

p(d) = o \1/56_202 T o500 (p(r) =" (log(p(r))*) - )

Their result is proved using a combination of several techniques such as recurrence relations, cumulant
generating functions, and integral representations. It seems possible but extremely difficult to generalize (5)
to other bases. It also implies a CLT when p(r) tends to infinity: using (5), it is possible to show that for
every real numbers a < b

1 b —t2
") ([a, b]) —— —/ ez dt
O t) —— o= |
with a speed of convergence of 10%1(7?(;)). However, it is not clear how we can get a speed of convergence of
p(r)2

F,.(t) to F(t). On our side, we use a drastically different approach which applies directly in any base, relying
on the concept of ¢-mizing process and on a result from Sunklodas [9].



Roadmap

Section 2 is devoted to placing the study of the measures (™) in the context of the odometer on the set X
of b-adic integers. We extend A(") almost everywhere on X and we show that the convergence

1
Jim 5 3 A0 m) = [ Fa@)are)
n<N
(where P is the normalized Haar measure on X) is satisfied for functions f : Z — C of polynomial growth
(Proposition 2.2) and, more generally, for functions f such that f o A" is integrable (Proposition 2.6). We
deduce from Proposition 2.2 that (" (d) = P({x € X : Al (z) = d}) and that u() has finite moments. In
particular, we show that (") is of zero-mean.

In Section 3, we focus on the second moment of u("). First, we establish in Proposition 3.1 an inductive
relation between the measures in the spirit of Bésineau’s result [1, p.13]. From that, we deduce an inductive
relation on the variance of the measures (Lemma 3.3). Then, we prove the estimation of the variance stated
in Theorem 1.2.

In Section 4, we build a finite sequence of random variables associated to the addition of some integer r
that will be used to prove Theorem 1.4. We estimate the ¢-mixing coefficients for this sequence.

The last section is devoted to the proof of Theorem 1.4. We show how we can apply a result from
Sunklodas [9, Theorem 1] giving a speed of convergence in the CLT for ¢-mixing process.

Acknowledgment
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2 Odometer and sum-of-digits function

2.1 Unique ergodicity of the b-adic odometer

We define X as the space of b—adic integers, that is the space {0,---,b — 1}". Coordinates of a b-adic
integer x € X are interpreted as digits in base b: elements of X can be viewed as “generalized integers having
possibly infinitely many non zero digits in base b”. To comply with the usual writing of numbers in base 10,
an element x = (z,,)nen € X will be represented as a left-infinite sequence (--- ,x1,x¢), zo being the units
digit. The space X is compact for the product topology. The set of integers N can be identified with the
subset of sequences with finite support. More precisely, using the inclusion function

i:ng~-~n0€N%>(~-',0,ne,"',n17n0)€X

we identify N and i(N).

X is equipped with an addition which extends the usual addition on N and turns X into an Abelian group.
Forax = (.- ,xz¢9)and y = (- ,y0) in X, (x +y) is determined recursively by the following process, in which
we generate a sequence of carries (c¢)e>o € {0, 1}V

e Initialisation:
if xg + yo < b then we set (z + y)o := 29 + yo and ¢y := 0,
else we set (x +y)o := 2o +yo — b and ¢y := 1.

e Induction step: once, for some £ > 1, we have computed (z + y); and ¢; for i =0,--- , £ — 1,
if xp + yo + co—1 < b then we set (z +y)p := x¢ + ye + co—1 and ¢ := 0,
else we set (x +y)p:=ax¢+yr+ co—1 — b and ¢, := 1.

Now, since 1 belongs to N C X, we can consider the application 7" : X — X

T:zx—T(x):=x+1,



which is usually refered to as the b-adic odometer. It is well-known that T is a homeomorphism and so (X, T)

is a topological dynamical system [6]. For ¢ > 0 and for integers r¢,--- ,r9 € {0,--- ,b — 1}, we define the
cylinder Cy,...r, as the set of sequences x such that x; = r; for ¢ = 0,--- ,£. We observe that the image by
T of a cylinder is another cylinder : for integers r¢, -+ ,rg € {0,--+ ,b — 1}, if there exists a minimal index

i € {0,---,£} such that 7; # b — 1 then TC,,..., = Cyp ..., (14r,)0i, Otherwise TC,,..,, = Cpet1. Also, we
define the Rokhlin tower of order £ > 0 as the family

bZ+1

(Coe+1,TCOe+1, -, T _1COZ+1>

where (T7 Coe+1)o<j<pe+1—1 form a partition of X. We commonly represent this family as a tower as shown
in Figure 2.

Figure 2: Behavior of T on the Rokhlin tower of order 0.

It is classical (see the survey [3]) that the sequence of towers can be constructed with the so-called
Cut-and-Stack inductive process, as illustrated in Figure 3.
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Figure 3: How to construct the tower of order 1 of T from the tower of order 0 in base b = 4.

By looking at the behavior of T" on these towers, one can show that if P is a T—invariant probability
measure on (X,7T), then P gives the same measure to each level in a given tower: for every ¢ > 0 and



ros e € {0, b— 1}

1

]P)(CT‘@...’I‘U) = W'

Since the cylinders generate the Borel o-algebra, P is uniquely determined by these values on the cylinders,
hence (X, T') is a uniquely ergodic dynamical system. We observe that choosing z in X according to the unique
T-invariant law P means choosing its digits independently according to the uniform law on {0,--- ;b — 1}.
We also note that P is the normalized Haar measure on X.
For z in X, we define the sequence of empirical probability measures along the (beginning of the) orbit
of x: for every N > 1, we set
S

0<n<N

(where ¢, denotes the Dirac measure on y € X).

Since the space of probability measures on X is compact for the weak-* topology, every subsequential limit
of (en(x)) is a T-invariant probability measure. By the uniqueness of the T-invariant probability measure,
for every x € X we have ey(x) — P. In other words, we have the convergence

Vo e X, Vf e C(X), Z F(T") > [ fdP. (6)
0<n<N X
We will be interested here in the special case x = 0 because N = {T™0 : n € N}. Then (6) becomes
1
viee®. g Xt g [ s 7)
0<n<N

Equation (7) shows that, for a continuous function f, averaging f over N (for the natural density) amounts
to averaging over X (for P). The next section shows how this convergence can be extended to some non-
continuous functions related to the sum-of-digits function.

2.2 Sum of digits on the odometer

For every integer k, we define sy, : X — Z as the sum of the first (k + 1) digits function, that is to say
sp() =g+ -+ + .
Let » € N. We define the functions A,(:) : X — Z by
A () = si(x + 1) — si(2).

The functions Ag') are well-defined, continuous (and bounded) on X. By (7), we have
1 )y, (r)
¥ ;Ak ;VA 0) XAk dP. (8)

Although the sum-of-digits function s is not well defined on X, we can extend the function A defined in
(1) on the set of x € X for which the number of different digits between = and = + r is finite. This subset
contains the b-adic integers x such that there exists an index k > max({¢ : r¢ # 0} such that 3 # b— 1. So,
except for a finite number of b-adic integers, we can define

AD(z) = lim A (2).
Lemma 2.1. Let t > 1. We have P-almost surely the following identity

AD = AL L AD o 40 4 AQ) o1 (9)



Proof. For every integers k and u, we have the decomposition formula
AT = AP L AM o7, (10)
So, taking P-almost everywhere the limit when k tends to infinity, we get
Al = A® L AW ot (Pass.). (11)
An induction on ¢ gives (9). O

We observe that A(™) also satisfies (2): for each x € X for which A(")(z) is well defined, we have
AM (2) = s(r) — (b — 1), (12)

where ¢ :=)",., ¢, < 0o is the total number of carries generated during the computation of x + r.

Unfortunately, A is not continuous like the functions A,(:), it is not even bounded on X, but we have the
following result about functions with polynomial growth.

Proposition 2.2. Letr > 1 and f : Z — C. Assume that there exist « > 1 and C in R such that for every
nez

[f(n)] < Cln|* +[£(0)]. (13)
Then fo A € L' (P) and we have the convergence

fim 5 3 A ) = [ FA0@)ap@)

N—oco N
n<N

= lim (r) €T x).
- /X FAD ())dP(x)

k—o0

Corollary 2.3. For everyd € Z
1
(r) = A -
p"(d) := lim I {n<N.A (n) d}‘
=P ({x eX:AM(z) = d}) . (14)

Moreover, A") has zero-mean and has finite moments.

In particular, we recover Bésineau’s result on the existence of the asymptotic density and the fact that
> dez p"(d) = 1.

Remark 1. Using trivial arguments, Proposition 2.2 and Corollary 2.3 are also true when r = 0. We
observe that (9 = 6.

Before proving this proposition and its corollary, we need some lemmas.

Lemma 2.4. Letr > 1. For N € N*, for k € N and d,d’ € Z, we have the inequality

< N @O, AP M) = (@)

(15)
<rb P({x €X: (AN (2), A (2)) = (d, d’)}) .
In particular, we have
% [ < N2 A0 @) = a)] < b Bz e X: AO(@) = a)) (16)



Proof. Of course, (15) implies (16) so we just need to prove (15). We fix k € N. For every £ € N, let V

be the set of the values reached by the couple (A, A,(:)) on the first b1 — r levels of the Rokhlin tower
of order ¢ (see Figure 4). Of course, if b**1 —r < 0 then V; := (). Otherwise, we observe that V} is a finite
set. Indeed, the first b'** — r levels correspond to the b-adic integers x such that, when we add r, the carry
propagation does not go beyond the first £ + 1 digits. Since these digits are fixed on a level of the Rokhlin
tower of order ¢, except for the last r levels, A" and A,(:) are constant on each such level. We observe that
the sequence (V7)¢>0 is increasing for the inclusion.

Now, for d,d" € Z, there are 2 cases.

1. If (d,d") ¢ Up>oVi, then for each n € N we have (A" (n),Ag)(n)) # (d,d"). Indeed, for each n € N,
there exists a smallest integer ¢ such that n is in the first b1 — 1 levels of the tower of order ¢, hence

(A (), A (n)
€ V4. In this case, (15) is trivial.
2. If (d,d") € Ug>oVe then there exists a unique ¢ > 0 such that (d,d") € Vp\Vi—1 (with the convention

V.1 :=0). Since (A Al") is constant on each of the first b*+1 — r levels of the tower, it takes the
value (d,d’) on at least one whole such level of measure ;4. So, we have

P(fr € X: (A0 @), AP (@) = (A d)}) 2 7y

Also, since the couple (d,d’) does not appear in the first levels of the previous tower ((d,d') ¢ Vp_1),
we claim that, for every N > 1

Indeed,

(a) If r > b’ then the inequality is then trivial.

(b) If r < b’ then, since (d,d’) is not in V;_y, (d,d’) can only appear inside the 7 highest levels of the
tower of order £ — 1. So, if we note C' the union of these r highest levels, using the fact that 0 is
in the first level of the tower, we have

0 <n< N @00, AD ) = (@)}

<=|{0<n<N:T"0 e C}|

-‘ﬁz‘r—l

IA
<

Combining both inequalities gives (15).
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Figure 4: Visual description of Vy_1, V; and V; \ Vo_1.

We also need the following lemma.

Lemma 2.5. Let i € N. For every x € X, we define the function

gi(x) = sup| ALY o T'(z)].
keN

Then, for any N € N, gN € LY(P).

Proof. 1t is equivalent to show that -, P ({z € X : g;(z)" > m}) is a convergent series. We have

gi(x) > m¥ & sup |A,(cl) o T (z)| > m~
keN

sIkeN, AN (T)>m7.

From (12), this condition is true if and only if the addition 7%z + 1 creates sufficiently many carries: strictly
m% +1

b—1 :
is the number of (b — 1)’s at the right-hand side of the expansion of T"z. So, because of the T-invariance of
P

more than | |. But, we know that when we add 1 to Tz, the number of carries created by the addition

P({zeX:gi(a) >m¥}) < (1) {#J .

The right quantity is the general term of a convergent series which shows that g¥ € L(P). O

Proof of Proposition 2.2. Let € > 0. For any integer k, we have

<A+ Az + As,

1 ") () — ) (AP
¥ 2 10w = [ a0 @)apa)

n<N




where

)

Z A M) - F(AL ()

n<N
Ag = Zf AL (n /f AV (2))dP(z)|,
Avi= [ 1A @) - 1AL @) dP ).

For A;, using Lemma 2.4, we get

iy y ]f(j) — 1|t (A ). A7 )

n<N j,j'€Z
=3 o)~ Zlow( () 87
J,J' €L
< Y \f(y)—f( | B(A0m) = 5.8 () = )
J)j' €L

= b [ (A0 @) = £ (@) [4P(a) = rbs

Hence, controlling As also enables us to control A;. For this, we note that the integrand in Az converges
P-almost everywhere to 0, therefore it is enough to show that the dominated convergence theorem applies.
To find a good dominant function, we write using (13)

Feal@|<c|al@| +|ro)]

We get from (10)
A=A L AD o AP ot

then we use the multinomial theorem (we can suppose a € N) to write

“_ 1) pig o |7
B Z <j07- 7.]! 1> H‘A T '

Jo+...+jr_1=a =

AP @)+ 4+ A o T ()

We now use Young’s inequality to get

rJi

r—1 . -1
. i ]_ .
T2l er@)|" < -3 [al o 7i(a)
0 =0

1=

Then, using the function g; defined in Lemma 2.5, we get the inequality

foal@|<c > Zl(aia)

Jot - tjr—1=c i=0

gi(@) + | (0)].

Moreover, when it is well defined, we have A(") o T% = klim A,(g') o T therefore, we also get |A(M o T?| < g;
—00

which yields the similar inequality

r—=1 (. Q.
’foA(r)(x)‘SC’ > Z(“"“j”)gi(z

Jo+-Fjr1=a i=0

)7+ | (0.

10



As proved in Lemma 2.5, girj'i € L'(P) thus the dominated convergence theorem can be applied and, for k
large enough, A; + Az < § for every N > 1.
Now, once we have fixed such a k, for N large enough, A is bounded by § because of (7) and the continuity

of Ag') and of f. The convergence in the statement is thus proved.
Note that the argument of the dominated convergence theorem also proves that f o A" ¢ L'(P) and

Jy o AMdP = lim [, fo A" ap. m

Proof of Corollary 2.3. We just apply Proposition 2.2 with particular functions f. First, for d € Z, we use
the function f = 14y. It gives

I (d) =P ({x eX: A (x) = d}) .

Then, we take f as the identity function on Z for which (13) is clearly satisfied. Also, for every integer k,

we have by T-invariance of P
/ Al ap = / sp o T"dP — / spdP = 0.
X X X

> dp(d) = / AP = lim | AP = 0. (17)
dez £ I

We then deduce that

Finally, we use, for every j > 2, the function f(n) = n? which satisfies (13). This gives the existence of
moments of order j for A("), O

More generally, we have the following convergence.

Proposition 2.6. Let 7 > 1 and f : Z — C be such that f o A") € LY(P). Then

lim 57 FAOm) = [ FAD(@)dP(@).

n<N X

Proof of Proposition 2.6. By (12), the values reached by A(") are of the form a,(:) =s(r)—k(b—1), k>0,
and we have

/X f (M) (x)) dP(z) =S f (a,(:)) P ({x eX:AM(z) = a;”}) . (18)

k>0

On the other hand, we write

;fg;vf (A(r>(n)) = Jb%f (A(r) (n)> ,;0 ]l{agp} (A(T) (n)>
=3 (6) 5 X 1oy (A0)
k=0 n<N

=UN K

We conclude by applying the dominated convergence theorem in the metric space £!(N) endowed with the
counting measure to show

S ume o X4 (o) B (o € X 60) = o).
k>0 k>0

1. The pointwise limit on N of un x is f (a,(:)) P ({x eX: A (z) = a,(:)}) by (14).

11



2. A dominant function is given using Lemma 2.4: for all £ and N we have

unk < g(k) == ‘f (a,(:)) ‘ rb P({x eX:AM(z) = a,(:)}) :

By (18) and the hypothesis that f o A(") is integrable, 3" g(k) is convergent.
O

We have shown that, for any integer r, A(") has finite moments. The next section will focus on the second
moment, which is the one we are most interested in for our CLT.

3 Variance of ("

3.1 Inductive relation on the measures

Given r € N, there exist ¥ € N and 0 < rg < b — 1 such that » = br + ro. The integer rq is actually the
units digit of the expansion of r and, if r > b, 7 corresponds to the integer whose expansion is obtained by
erasing 1o in the expansion of r. The expansion of 7 is then one digit shorter than the expansion of r. If
r < b then, of course, rg = r and ¥ = 0. First of all, we have a well known inductive relation on the length
of the expansion of r.

Proposition 3.1. ForreN,0<ro<b—1anddeZ

p 70 () = b_TTOM(F)(d — o) + %M(FJrl)(d +b—19). (19)

Proof. Let . = (-+- ,x1,x9) € X. We define Z := (- ,x1). Let us consider the computation of the digits of
x4, where 7 :=br +1r9 =77 1o

Ty e T oy
+ re T T
— e (l‘ _|_ T)O

If 29+ ro < b, no carry is created and AC™70) () = ro + AP(Z). Otherwise, zo + 79 > b and we
have to subtract b from the units digit of the result: we are left with the addition of z and 7+ 1: so
ACTETO) () = g — b+ ATTD(ZF). To sum up, we have

- ™z if b
(bF+10) _ ) Tot A (562 it zg + 19 < 0,
A (z) { ro — b+ ATTD(F)  otherwise.

Now, let d € Z. We partition the set {z € X : A7+70) () = d} according to the value of z

b*Tofl
{z e X: AbTH) (3) = g} = U {reX:zo=jand AV (F)=d—r}
§=0
b—1 -
U U {reX:zo=jand ACTV@E) =d+b—ry}.
Jj=b—ro

We observe that if x is randomly chosen with law P, then 7 is independent of xg and also follows P. We just
need to take the measure to conclude. O

If we apply finitely many times (19), we can express u(")(d) as a convex combination of the measures
p© and p(M) evaluated on particular points. We recall that u(®) = §y (Dirac measure on 0). We can also
compute p(1).

Lemma 3.2. For everyd € Z

ptD(d) =

bik_bk% ifd=1—k(b—1) for somek € N
0 otherwise.

12



Proof. We use again the notation a](cl) =1-k(b-1).

By (12), it is trivial that if d # al(cl) for all k& € N then u(Y)(d) = 0. Otherwise, we recall again by (12) that
for all k € N, A1 (2) = a,(cl) if and only if the right-hand side of the expansion of z is exactly a block of
(b —1)’s of length k. Thus, if £ > 1

,u(l) (a,(cl)) :P<{IEX:x0:"':Ik_1 =b—1and z <b—1})
b—1
= ka.
And, if k=0
b—1
p (a,ﬁ”) = IP’({x eX:xog<b-— 1}) =
[
b—1
B2 b1
r—&i
Cor| alV) |af!
Coa| al"
b—1
b
o | aw
Co at()l)

Figure 5: Values of A() on the levels of the Rokhlin tower of order 0, and the corresponding P-measures.

3.2 Inductive relation on the variance, first results

Emme and Hubert [4, Theorem 3.1| give an explicit formula for the variance in base 2. It is possible to
adapt their methods in order to find a similar expression in any base. However, here we just need some basic
estimations about the variance. We first deduce from Proposition 19 an inductive relation on the variance.

Lemma 3.3. Forr e N and 0 < rg <b— 1, we have the relation

b*TO

Var(p(7+m0)) = Var(u™) + %OVar(u(FH)) +70(b—10).

13



Proof. We compute using (17) and (19)

Var errro E d2 br+rg)

dez
=> d <bbroum(d —70) + %Ou(?“)(d +b— m))

deZ

b—ro ’ 2, (P (g To ' (r+1) '
== D[ +r0)?u V(@) + D (d +b—ro)u ()

d'ez d'ez
Using again (17), we get

- b—r T =
Var(p(t7+70)) = 5 -0 (Va (™) + 7“8) + ?O (Var(u(ﬂ'l)) +(b— 7“0)2)
b— To

Var(u™) + %OVar(p(FH)) + 7o(b—10).

O

Even if we do not need an explicit formula of Var(u(r)) for a general r € N, we will need one in some
specific cases. First, we are interested in the variance of x(") when the expansion of r is one digit long.

Lemma 3.4. If0 <r <b—1 then
Var(u™) =r(14+b—r).

Proof. We recall that (0 = 6y so Var(u(?)) = 0. Then, if 7 = 1, Lemma 3.3 gives

Var(u)) =

— 1Var(,u(0)) + %Var(,u(l)) +(b-1).

It follows
Var(p™M) = b.

Finally, if 2 <r < b — 1, again from Lemma 3.3, we have
(my_ b7 oy . " 8
Var(p'™) = TVar(p )+ gVar(u Y+rb—r)=r(l+b—r).

O

Now, we are interested in the variance of ;(") when the expansion of r has a rightmost block of (b — 1)’s
of length m > 1 that is to say when there exists 7 € N such that r = ™7 + 0™ — 1.

Lemma 3.5. For 7 € N and m > 1, the variance of p(b" 7" =1 s

LT m 1 o —~
Var(p®" 70" 1) = b—mVar(,u(T)) <1 - b) Var(u™V) + b — o=

Remark 2. We observe that, if we take ¥ = 0, then we find the variance of 1) where the expansion of r is
composed of only one block of (b—1)’s. Thus, with Lemma 3.4, we now have the exact value of the variance
of u") when the expansion of v is composed of exactly 1 non-zero block:

Var(u(r)):{r(1+br) Zf’f':l,"',b*Q,

26— 2+ ifr=b"—1(m>1). (20)

Proof. We prove the lemma by induction on m > 1.

1. If m =1 then, from Lemma 3.3

R 1 _ 1 R
Var(p7 00y = EVar(,um) + Var(u™ D) + (b - 1).

That is what we want.

14



2. If we assume that the lemma is true for m — 1 then we consider the integer b7 + 0™ — 1. We observe
the trivial identity
VT —1=bx (0" (0" 1))+ (b—1)

It follows from Lemma 3.3
Var(‘u,(bm?‘kbmfl)) = %Var (M(bm_l?+(bm_lil)>> +

+(b—1).

b— 1Var(u(bm—1(?+1)))

We use the induction hypothesis and the fact that p®" +D) = 4,7+ (Lemma 19)

m—la, (pm—1 1 . 1 _

1
tb- s
Combining both gives the result for m.

O

Finally, we consider the case where the expansion of r has a units digit 1, possibly with a block of 0’s on
its left. This corresponds to the existence of 7 € N and m > 1 such that r = b™7 + 1.

Lemma 3.6. For 7 € N and m > 1, the variance of p(®" ™1 is

e 1 - 1 -
Var(p® 7)) = < - bm) Var(p™) + W\/ar(ur“)) +b—

1
pm—1 !

Proof. We show by induction on m > 1.

1. If m =1 then, from Lemma 3.3
- b—1 . 1 =
Var(p™H)) = TVar(u(T)) + gVar(,u(TH)) +(b-1).

That is exactly what we want.

2. If we assume that the formula is true for m — 1, then we consider the integer b7 + 1. We have again
by Lemma 3.3

Var(u(b""?-&-l)) — Var(u(bXb7’L71?+1))
b1
T

m—1 1 m—1n
Var(u(® TU+EWHW@ Y4 (b-1).

We use the induction hypothesis.

1

~ = 1
)Vt ) -

pm—2"

m—1z=
Var(u®" ) = (1 L

Combining both gives the result for m.

3.3 Upper and lower bound of the variance

Since Var(u(o)) = 0, the case r = 0 is irrelevant and we suppose r > 1. We wish to find an upper and a
lower bound of the variance of (") depending on p(r), the number of blocks of r defined in Definition 1.1.
For convenient reasons, it is better to think in terms of non-zero blocks. We define, for an integer r, the
quantity A(r) which corresponds to the number of non-zero blocks.

15



Example 3.7. We use again the example of Figure 1.

b=10

r=7000999900229
I .

B single-digit block

block of 0’s

b=2

r=1100011101010

1
L N

Il block of (b—1)s

Figure 6: On the left-hand side, p(r) = 7 and A(r) = 5. On the right-hand side, p(r) =9 and A(r) = 5.

Of course, there is a relation between A(r) and p(r) (we recall that r > 1):

A(r) < plr) < 2A(r).

We first give an upper bound of Var(;(")) depending on \(r).

Proposition 3.8. For anyr > 1

Var(p(™) < b2 X(r).

We need the following lemma.

Lemma 3.9. For r > 1, we have the following inequality

|Var(ut™+) = Var(u®)| < b.

(21)

Proof. We recall that ro € {0,--- ,b— 1} is the units digit of  and the relation r = b7 + r¢. Let us prove

|Var (u") — Var(u™))|

Indeed, there are two cases.

_ Var(ut™D) — Var(u)]

+0—-1

b

1. if ro = b—1, then r = b + (b — 1) and using twice Lemma 3.3, we get

Var(u"+1) = Var(u”) = Var(u®7+1)) — Var(u70=)

_ Var(u(t) — Var(u™)

b

2. If ro €{0,---,b— 2} then, using the same tools, we compute

—(b-1).

Var(u") = Var(u")) = Var(u"™70 %) — Var(u7+7))

We observe that |b—2rg — 1| < b— 1.

Then, we conclude by an easy induction on the number of digits of » and by checking that

[Var(u) = Var(u®)|

_ Var(u) - Var(u)

<

<

[Var(u(1) = Var(u®)|

b

+b—27’0—1.

S o

b
+b—-1=0.

16
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Proof of Proposition 3.8. Observe that we have
b22j(1+b*j) forall j=1,---b—1, (
b% > 2b,
B> >jb forall j=0,---,b—1.

SICIS

We proceed by induction on A(r) > 1.

1. Initialisation: if A(r) = 1 then we have two cases depending on the type of blocks we are considering.
But the variance is given at (20). Using Conditions (Cp) and (C7), we can deduce that in both cases
we have Var(u(") < b2,

2. Inductive step: we let n > 1 and we assume that if A(r) < n then Var(u(") < b?A(r). We now assume
that our r € N satisfies A(r) =n+1. Let £ > 0, 7 € N and B; a non-zero block such that we can write
the expansion of r as follow

7 By 0%
We can assume £ = 0 but 7 may have a rightmost block composed of 0’s. We discuss on the type of
Bi.

(a) If By is a block of (b — 1)’s of length m then r = b™7 + ™ — 1 and we have the trivial equality
Var(u") = Var(u?) + (Var(u?) = Var(u+1))
— (Var(u?) = Var(u™ 1))
Using Lemma 3.9, the inductive hypothesis and Condition (C4)
Var(u™) <b?n+b+b<b*(n+1).
(b) If By is a single-digit block rg then r = bF + ro and with we have another trivial equality

o
Var(u™) = Var(u™) + Y~ Var(u"™ ) — Var(p7H+1).
k=1

Then, using Lemma 3.9, the inductive hypothesis and Condition (Cs), we find
Var(u(T)) <b?n+rob < b (n + 1).

This concludes the inductive step and the proof.

O
We also have a lower bound depending on A(r).
Proposition 3.10. For any r > 1
@y > Y
Var(p'"™) > Z)\(r). (24)
Proof. Observe that
b ry oL
g Swmin{j(b—j):j=1,--b-1}, (Cs)
b
Z < (b - 1)7 (04)
b Ny N N
TEminjo—j—5) i =101}, ()

Of course, some of these conditions are redundant but we keep them all for simplicity because each one will
be used in the proof. We prove the result using induction on A(r) > 1.
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1. Initialisation: if A(r) = 1 then we have two cases depending on the type of blocks we are considering.

However, using (20), Conditions (C3) and (Cj), we can deduce Var(u(™) > %.

. Inductive step: we let n > 1 and we assume that if \(r) < n then Var(u(") > 5X(r). We now take
r € N such that A(r) = n + 1, and we write

r=br+rg.

Without loss of generality, we can assume that 7o # 0. Indeed, if 79 = 0 then Var(u(") = Var(u™)
and A\(r) = A(7).
From Lemma 3.3, we get

b*TO
b

Var(p(") = Var(u™) + %Var(u(ﬂl)) +70(b—10). (26)

We discuss about the value of A(7) which can be either n or n + 1.

(a) If A(7) = n, which means that rqg # b — 1 or r; # b — 1: we use the induction hypothesis to get
Var(p(™) > 2A(7) = 2, and it follows that

h— N
Var(p") > T”’n + %OVar(u(r+1)) +7(b — 70).

We now observe that n —2 < A(74+ 1) < n+ 1. The reader is referred to Figure 7 (with 7 instead
of r) for more details. We consider two cases.

i. HA(F+1) = n+1 then we cannot apply the induction hypothesis. In this case 7 is a multiple
of b if b > 3 and even b? when b = 2 (see Figure 7). So, there exists 7 € N and m > 1 (or 2 if
b = 2) such that
r=b"r and bfT.

which means A(7) = A(7) = n and A(F+ 1) < n+ 1 since the rightmost digit of 7 is not 0 (see
Figure 7). We can apply Lemma 3.6

= 1 o 1 .
Var(u ) = (1= 1) Var(u®) 4 gV ) 40— o

Since p™ = p™ and \(7) = n, we deduce from the induction hypothesis and (26) that

Var(u(") > L;TOTH— o {bn—i-b— 3 ] +

b
b |4 2pm—1| " 4

b 3
> 2(n41 1———

> g(n+ 1).

ii. AT+ 1) #n-+1 then we can apply the induction hypothesis.

b—’l"o To

Var(p(") > 1 n+ 5(n—2)+ro(b—ro)
b T
> Zn— 50 +10(b —19).
Thanks to (C5)
T b

rolb—ro) = 02 2.

And so b b
Var(u) > e + i= -(n+1)



We conclude the case A(F) = n.

(b) If A(¥) = n+ 1: it means that the rightmost block in the expansion of r is a block of (b — 1)’s of
length m > 2. So, there exists 7 € N such that » = b™7 4 b™ — 1 and the rightmost digit in the
expansion of 7 is not (b— 1), that is to say b /7 + 1. We are in the context of Lemma 3.5, we have

1
pm—1-

1 r .
Var(u(") = b—mVar(,u(T)) + (1 — b) Var(u™H) + b —

Since A(7) = n and n—1<Ar+1) <n+1 (r does not start with a block of (b — 1)’s so
AT+ 1) # n — 2, see Figure 7), we have now
n 1 ~ 1
r 7+1
Var(u(™) > YT <1 - bm) Var(p™H)) + b — T (27)

We discuss about the possible values of A\(7+ 1).

1.

ii.

If M(7+ 1) = n+ 1 then it is just as in the point (a )i. of this proof, it means that 7 starts

with a block of 0’s. So we let m’ > 1 (2 if b = 2) and 7 € N such that 7 = b™'F = and b)(r
We are again in the context of Lemma 3.6

_ 1 = 1 =
Var(u™+)) = <1 - bm’> Var(p™) + WV&r(M””) +b— ——

r

We observe )\(%) =A7r)=nandn—-2< )\( + 1) < n (again, it cannot be n + 1 because
does not start with a block of 0’s).

So we have
b 1 1
(7+1) _
Var( ) (1 bm’> 4n—|— pTr (n—2)+0b T
3
T
From (27) we deduce
- b 1 3 1
Var(y’( )) > -n+ (1 - W) (b 2pm/ 1) pm—1
We observe that 5
b 2b7n’—1 — 0
as well as
b 1 S b
pm—1 = 4°

So we can write )
Var(p(") > 1+,

If A\(T+ 1) #n+ 1 then we can apply the induction hypothesis.

. 1 b 1

4
b 1\0b 1
Zzn_ <1_b7n)4+b_b7n—1

‘We observe that

SO



It concludes the case A(7) = n + 1. The statement is thus true when A(r) = n + 1.

The following figure shows how the number of blocks behaves of an integer when we add 1 to it.

b=2
Rightmost block(s) Ar+1) = A(r)
of r
1 if length(" )>2
0 if length(’  )=1
0 if length(")> 2
[ =
—1 if length( )=1
b>3
Rightmost block(s) Ar+1) = A(r)
of r
1
(] 0
-1ifl=0-2
- 0 otherwise
[ | 0
[ 0
(1| -1
(11 —1
HEIm —2if B=b-2

—1 otherwise

Proof of Theorem 1.2. We use Proposition 3.8, Proposition 3.10 and (21) to get the result.

4 A ¢-mixing process

We work on the probability space (X, %(X),P). For a given integer r, A" is viewed as a random variable
with law (") by Corollary 2.3 (the randomness comes from the argument x of A("), considered as a random
outcome in X with law P). Our purpose in this section is to study the asymptotic behaviour of p") as the

block of 0’s

single digit
between 1 and b — 2

block of (b—1)’s

Figure 7: Variations of the number of non-zero blocks when we add 1.

number of blocks p(r) goes to infinity. For this, we will decompose A(") as a sum

where A(7) is the number of non-zero blocks in the base-b expansion of r (see Section 3.3), and (X l(r
is a finite process defined in the next section. We will prove and use some mixing properties of this process

to get our result.

4.1 The process

A(r)

i=1

)

x

]

(r)
X)\(r)

Again, the case r = 0 is irrelevant so we assume r > 1. For 1 < i < A(r), we will write B; as the ‘"

non-zero block present in the expansion of r, starting from the left-hand side of the expansion and ending

20
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at the units digit. We now define r[i] as the integer whose base-b expansion is obtained as follows: for
k=i+1,---,A(r), we replace the block By by a block of 0’s of the same length (see Figure 8 below). We
observe that r[A(r)] = r.

r= HZ 000 woo HZHHZHHO/
By B, B3B,4Bs

rJ=7 000 000 000 000

r2]=7 000 999 900 000

r[3]=7 000 999 900 200

r4=7 000 999 900 220

Figure 8: Example in base b = 10.

With the convention r[0] := 0, we observe the trivial equality

A(r)
r= rli] —rli — 1].
i=1

For 1 < i < A(r), we define almost everywhere on X (see Subsection 2.2)
X = ACT=ri=1) o prii=1],
Since r[i] — r[i — 1] = B;0- - - 0, the function XZ-(T) is a random variable corresponding to the action of the i*"
block B; once the previous blocks have already been taken into consideration. From (11), we deduce
A(r)

A =3 X0
i=1

A(r)

In particular, if z € X is randomly chosen with law P, then Z Xi(r)(ac) follows the law p(”). Hence, the
i=1
standard deviation o, of u(") defined in Theorem 1.4 satisfies

A(r)
o2 = Var Z x"
i=1

We first show that every moment of Xi(r) is bounded from above by a constant independent of r and 1.

Lemma 4.1. For every k € N, there exists a constant Cy > 0 such that
k
) < Ck.

Proof. Let k € N. If Xi(r) corresponds to the action of a single-digit block, that is the action of one digit «
between 1 and b — 2, then its law is given by x(® whose moments are all finite (see Corollary 2.3). So, we

have in this case i i
IE(‘X;T) ) Smax{E (’A(O‘) ) 01 Sagb—Q}.
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Now, if XZ-(T) corresponds to the action of a block of (b — 1)’s, there exist two integers n < m such that
r[i] —r[i — 1] = b™ — b™. It follows from the definition of Xi(r) and (11) that

X = AOT0) o b LAY o AT AGT) o 0"

where £ means the equality in distribution. Since p*") = p®™) = (M| we can write Xi(r) as the difference of
two dependent random variables following the law ©(!) which has finite moments. So there exists a constant

that depends only on k such that E (\Xi(r)|k) is bounded by this constant. O

The next part is devoted to the estimation of the so-called ¢-mixing coefficients for the finite sequence

(Xi(r))lgig)\(r)-

4.2 The ¢-mixing coefficients

There exist many types of mixing coefficients (see e.g. the survey [2] by Bradley). Those we are working
with are commonly called “¢-mixing coefficients”.

Definition 4.2. Let (X;);>1 be a (finite or infinite) sequence of random variables. The associated ¢-mixing
coefficients ¢(k), k > 1, are defined by

¢(k) == sup sup [Pa(B) —P(B)|
p>1 A,B

where the second supremum is taken over all events A and B such that
e Aco(X;:1<i<p),
e P(A) >0 and
e Beo(X;:i>k+p).
By convention, if X; is not defined when i > k + p then the o-algebra is trivial.

In the case of a finite sequence (X1, -, X,,), the convention implies that ¢(k) = 0 for k¥ > n. We now
give an upper bound on the ¢-mixing coefficients for the process (Xi(r)) defined in Section 4.1.

Lemma 4.3. For r > 1, the mizing coefficients of (Xi(r))lgig)\(r) satisfy

LR !
k> 1, ¢(k>s2<b;1> .

Proof. Let k and p be two integers. We observe that if kK = 1,2, the inequality is trivial so we assume that
k > 3. We call buffer strip the set of indices corresponding to the positions of the digits between B, and
Biyp (both excluded). It depends on r, p and k so we denote it by Z, , .. We consider the event

C:={reX:3j€Z , with r; <b—1 such that z; = 0}.

We are going to show that, for k£ large enough, C' is a high-probability event and that, conditionned to C,
two events A € o (XZ-(T) 1< < p) and B € o (XZ-(T) 1>k +p> are always independent.
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Buffer strip Z, 5k

Bl Bp Bp+1 Bkerfl Bk+p Bk(r)

possibly some 0’s
between the blocks

Figure 9: Visualization of the buffer strip.

Denoting by C' the complement of C' in X, we have
- b—1\'
re) - (45 (29)
where t := |{j € Z, p i : 7; # b— 1}|. We are going to show that

t>= 1. (29)

N |

Indeed, there are k — 1 non-zero blocks in the buffer strip. Let £ € N be the number of blocks of (b — 1)’s.
Then there are k — 1 — ¢ single-digit blocks. There are two cases.

L If¢<% thenk—1—¢>%—1and we get (29).

2. Otherwise, £ > % Since the blocks of (b—1)’s are separated using blocks of zeros or single-digit blocks,
there are at least % — 1 blocks of zeros of single-digit blocks, which also yields (29).

So, we get from (28) and (29) that

k1
P(C)>1— <b;1) > 0.

Now, let AEO’(XZ-(T) 01 gigp) with P(4) >0 andBEU(XZ-(T) :izkj—i—p).
Observe that A and C are independent. Indeed, C only depends on indices in Z,, , while A, by con-

struction of the random variables (X Zm)lgig A(r)» only depends on the subset of indices on the left-hand side
of the buffer strip. We deduce

P(ANC) =P(A)P(C) > 0. (30)

Observe also that, conditionned to C, A and B are independent. Indeed, when C' is realized, there exists
an index j in Z,,j such that r; # b — 1 and z; = 0. At this position, a carry cannot be created and,
furthermore, a carry propagation coming from the right-hand side will be stopped at this index. In other
words, when C is realized, the carries created by the blocks B;, i > k + p, never spread on the left-hand side
of the buffer strip. Moreover, we deduce that A and BN C are independent. Indeed, we compute

P(ANBNC)=Pc(ANB)P(C)

= Pc(A)Pc(B)P(C)
=P(A)PBNC). (31)
Now, we have
Pa(B) — P(B)| < |[Pa(B) — Panc(B)| + [Panc(B) — P(B)|. (32)
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But, using (30) and (31), we obtain

Panc(B) = P(ﬁ(zﬁg)@ = P(ﬁ(g)c) = Po(B).

So, (32) becomes
[Pa(B) = P(B)| < [Pa(B) — Panc(B)| + [Pc(B) — P(B)|. (33)
Now, one can show that for any event D,
|P(D) —Pc(D)| <P(C).

This general inequality is also true replacing P by P4. We observe that the measure P4 conditionned to C'
is the measure P4~¢. So, coming back to (33), we get

BA(B) - B(B)| <B4 (C) + B (C) = 2P () 32<”b1>2_ |

5 Proof of Theorem 1.4

5.1 A result from Sunklodas and first step of the proof

In this section, we state a result by Sunklodas [9] about the speed of convergence in the Central Limit Theorem
for ¢-mixing sequences. Actually, our formulation is new but the proof is an immediate consequence of [9,

Theorem 1].
We first need to introduce some notations. Let Y be a standard normal random variable. Consider
&1, , &, a finite sequence of n random variables with ¢-mixing coefficients ¢ (k) for k =1,2,---. Write

Var i and 7 = =,
(2¢) 2V
We need to add, for technical reason, some other notations.

@rppi= YO RVOE)  and By = max {85, 83),)

k>1

We observe that @45 is defined by a sum on, actually, a finite number of non-zero terms because we are
in the case of a finite sequence of random variables. Our formulation of [9, Theorem 1] is the following.

Theorem 5.1. Assume for i = 1,---,n that E(&) = 0 and E(&}) < co. Let h : R — R be a thrice
differentiable function such that ||h" ||es < 0. Then
3)

Jz=(el)

We are going to show that we can apply this result to prove Theorem 1.4. We start with (3).

&i

B(1(2) = b)) | < 10"l (5 +25%02) S ( :
i=1

§i

v

§i

+120[|h" || @1 2 ZE< v
=1
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Z-T))1§¢§ A(r) are of zero-mean and have a finite moment of order
4. Lemma 4.3 gives a universal upper bound for ®;,5. So we can apply Theorem 5.1 to the sequence

Proof of (3). Let r € N*. The variables (X(

(Xi(r))lgig/\(r)- We observe that, from (21), Theorem 1.2 and Lemma 4.1, for j = 2,3, 4
L (xO7\ o) _2ic;
E E = — < —=p(r)
=1 Or 0-% b§
So, by Theorem 5.1, there exists K > 0 such that
Ar) - (r) "
X, K||h"| 0o
Elh E ‘ —h(Y) || < 7” I (34)
i=1 Or p(?”)

It remains to prove (4).

5.2 Speed of convergence of the cumulative distribution functions
Observe that for all ¢t € R

A(r)
F.(t) - F(t)=E 1 o,t) Z

i=1

x{"

Or

- ]]-]—oo,t] (Y)

The idea is thus to find, for ¢t € R, a family of thrice differentiable function (h¢.).>o with, for every ¢ > 0,

|[htclloo < o0 and which converges pointwise to the indicator funtion 1)_,, ;) when € tends to 0.

5.2.1 Approximation of the indicator function

There exists a function f : R — R € C3(R) satisfying the following conditions f (0) = f (1) = f (0) =

ffay=r"0=r"a)y=0,ft)y=1ift <0, f(t) =0if t > 1 and 0 < f(t) < 1, for all real t. Then we
define the linear function 6, : [t —&,t+¢] — [0,1], u — 5= (¢ — t +u). Finally, we get our approximation by

1 ifu<t—e,
hie(u): =<4 fob(u) ift—e<u<t+e,
0 otherwise.
ht E(U)

t—e t t+¢
Figure 10: Graph of h; ..

We have the following properties satisfy by hq .

Lemma 5.2. Letr > 1, let Y be a standard normal random variable.
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1. Vt € R, the sequence of C3(R) functions (hic)e converges pointwise to the indicator function L)_ oy
when € tends to 0.

1”1

2. Ve >0, Vt €R, Hh;/:s||oo = I e and, in particular, the upper bound is independent of t.

8e3

3. Ve > 0, we have, for any random variable X

sup [P(X <t)-P(Y <) ’ <sup |E (hte (X) —hee (Y))

teR teR
de
+ —. 35
ors (35)
The proof of this lemma is given at the end of this paper.
5.2.2 Last step of the proof of (4)
Proof of (4). Let € > 0. From (34) and (35), we obtain
A A 4e
sup |P <t)]-PXY <t)|<sup|E|h —he(Y) )|+ —=
teﬂI%3 < or > < )‘_teﬂg ( tﬁ( oy ) e ))‘ V2m
o (EIRLL s
su
N teﬂg p(r) V2T
, v e ,
Lemma 5.2 gives |[h; .|[oc = s So, we obtain
Al ‘ 1" oo | de
sup |P <t|-PX <t)| < +
teﬂg ( Or ) ( ) 8e3y/p(r)  V2m
No hoose € > 0 such that ! ae and get the exist of a constant K > 0 such that
W, We C e uc = nd get the existence constan uc
e3\/p(r) V2xm 8
A K
supIF’( St)]P’(Ygt)‘g .
teR or p(r)s
O

It only remains to prove Lemma 5.2.

5.2.3 Proof of Lemma 5.2

Proof of Lemma 5.2. Let € > 0. The first point is trivial by construction of h; .. The second point is also
quite simple to show. We write

11’ 1"
sup |y (w)| = swp [ ()|
u€R t—e<u<t+e
! 3 11’
= s |0 |17 00w
t—e<u<t+e
. 1" (w)
= — sup u)l .
823 p<u<1

For the last point, let ¢ and € R. Since

ht—a,e(z) < ]]-]—oo,t] (I) < ht+s,e($)a
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we deduce that for any random variable X

E(ht—ce (X)) SP(X <t) SE(hyee (X)) (36)
Moreover,
f2e et 4e
E(hseo(Y)) —E(hyoo(Y)) = Bosee(y) — hoe. dy < ——.
(e o) =B e V) = [ (hrseel) = i) Sty < ——
<1
Hence, we get that
4e de
E(httee(Y)) — 7= <P(Y <) SE(h—ce(Y)) + —=. (37)

2T V2T

Then, we subtract (37) from (36) and we take the supremum over ¢ € R , observing that

sup
teR

]E(hts’s (X)— hts,E(Y)) ‘ = sup
teR

B (e ()~ hrscc (1) ‘

We get (35). O
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