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Abstract. We prove a Central Limit Theorem for probability measures
defined via the variation of the sum-of-digits function, in base b > 2. For r > 0
and d € Z, we consider ;") (d) as the density of integers n € N for which the sum
of digits increases by d when we add r to n. We give a probabilistic interpretation
of (") on the probability space given by the group of b-adic integers equipped
with the normalized Haar measure. We split the base-b expansion of the integer
7 into so-called “blocks”, and we consider the asymptotic behaviour of (") as
the number of blocks goes to infinity. We show that, up to renormalization,
1" converges to the standard normal law as the number of blocks of r grows to
infinity. We provide an estimate of the speed of convergence. The proof relies,
in particular, on a ¢-mixing process defined on the b-adic integers.

Keywords. Sum of digits, Central Limit Theorem, b-adic odometer, ¢-
mixing.
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1 Introduction

Throughout this article, integers mean elements of the set N := {0,1,2,---},
and b denotes a fixed integer, b > 2.

For an integer n, we consider the associated sequence of digits (ny) €
{0, ,b— 1}, finitely many of them being strictly positive, such that

n = anbk.

k>0
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For n # 0 and ¢ := max{k : ny # 0}, we introduce the notation 7y ng := n,
which generalises the usual way we write numbers in base 10, and which we
refer to as the (base b) expansion of n. By convention, we set 0 := 0. Then, we
define the sum-of-digits function (in base b) as

s(n) := Z ng.

k>0

A central object in our paper is the variation of the sum of digits when we
add a fixed integer r to n: for r,n € N, we set

AT (n) == s(n+7) — s(n). (1)

An interesting feature of A(") is that it gives the number of carries created
during the addition n + r in base b. To be more precise, if ¢ is the number of
carries then

A (n) = s(r) — e(b—1). (2)

Bésineau [1] proves that, for every d € Z, the following asymptotic density exists

1

= o <300 =)

and he studies these asymptotic densities through their correlation function.
Actually, since Y ;, 1" (d) = 1, the function u(") defines a probability measure
on Z.

Morgenbesser and Spiegelhofer [6] show an amazing property: the measure
1" remains the same if we reverse the order of the digits in the expansion of
r. They call it the reverse property.

In the particular case b = 2, Emme and Prikhod’ko [4] show that the variance
of (") is bounded from above and below by a constant multiplied by the number
of blocks of 1’s in the binary expansion of 7. In Section 3, we extend this result
to each b > 2.

Also in the binary case, Emme and Hubert [3] show that, for almost ev-
ery sequence of integers (1, )nen written in binary and defined via a balanced
Bernoulli process, the sequence of measures (M(T"))nGN; after renormalization,
converges in distribution to the standard normal law. The proof is done by
computing all the moments of (") and by showing that, after renormalization,
they converge to the moments of the standard normal law. In our paper, we
prove a more accurate and more general Central Limit Theorem (CLT).

To do so, we study the variations of the sum of digits in the context of an
appropriate probability space. We consider the compact additive group (X, +)
of b-adic integers. The space X is endowed with the Borel o-algebra and its
normalized Haar measure P.

We extend A(") almost everywhere on X and show in Section 2 (Proposition
2.1) that, for every d € Z

4 (d) =P ({x eX: AN (z) = d}) .



To state our main result, we have to define the notion of blocks in the base
b expansion of an integer r.

Definition 1.1. A block in the expansion Ty ---1¢ of an integer r € N is defined
as follows: it is either

1. a mazimal sequence of consecutive digits equal to 0 (“block of 0’s”) or

2. a mazximal sequence of consecutive digits equal to b—1 (“block of (b—1)’s”)
or

3. when b > 3, a digit between 1 and b — 2 (“single-digit block”).

We also define the quantity p(r) as the number of blocks in the base b expansion
of r.

b=10 b=2
r=7000999900229 r=11000111010101
1 B 1 HEO 111
I single-digit block block of 0’s [l block of (b—1)’s

Figure 1: Examples of the decomposition in blocks in decimal and binary bases.
On the left-hand side, p(r) = 7. On the right-hand side, p(r) = 9.

We specify that a block of 0’s or of (b — 1)’s of length 1 is not considered, in
this paper, as a single-digit block.

The following theorem, which generalizes Emme and Prikhod’ko’s result,
states that the number of blocks p(r) controls the variance of p(").

Theorem 1.2. For every integer r > 1

b

1P(r) < Var(u) < 20%p(r).
Now, we need to introduce, for an integer r» > 1, the standard deviation

o, := y/Var(u(M) > 0 and the renormalized measure 7i") which is the measure

on R concentrated on the points of the form g% (d € Z) and which satisfies

vd € Z, ,7<T><d> = u"(d).

Or

Our main result states that, for an integer 7 > 1, the renormalized measure (")
converges in distribution to the standard normal law as the number of blocks
tends to infinity.

Theorem 1.3. We have the convergence

i —L 5 N(0,1).
p(r)—-+o0



Theorem 1.3 can be seen as a direct consequence of the following theorem,
which furthermore provides an estimation of the speed of convergence.

Theorem 1.4. Let h: R — R be a thrice differentiable function with ||| <
0. Let Z be a random variable following i) and Y a standard normal random
variable. Then

E<h<Z>>—E<h(Y>>]— 0 ( ! ) 3)

 p(r) oo p(r)

Furthermore, if we denote by F, (respectively F') the cumulative distribution

function of (") (respectively N'(0,1)), then there exists K > 0 such that for
every integer r > 1

sup |[Fy.(t) — F(1)] < —.
teR p(r)s

(4)

A result in the same spirit has recently been published by Spiegelhofer and
Wallner [7]. In the case of the base 2, they give a very accurate estimation of
the measure p(")(d) for every d € Z

a2

1 _
et T, 0 (o) log(p(r)"). (5)

Their result is proved using a combination of several techniques such as recur-
rence relations, cumulant generating functions, and integral representations. It
seems possible but extremely difficult to generalize (5) to other bases. It also
implies a CLT when p(r) tends to infinity: using (5), it is possible to show that
for every real numbers a < b

p(d) =

1 b —t2
_ — e 2 dt
p(r)—o0 \/27T/a

log” (p(r))
I
)2
get a speed of convergence of F,.(t) to F'(t). On our side, we use a drastically
different approach which applies directly in any base, relying on the concept of
¢-mizing process and on a result from Sunklodas [8].

A" ([a, b))

with a speed of convergence of . However, it is not clear how we can

Roadmap

Section 2 is devoted to placing the study of the measures u(") in the context of
the odometer on the set X of b-adic integers. We extend A(") almost everywhere
on X and we show that the convergence

fim 5 3= FA0) = [ FAV@)apG)

N—o00
n<N



(where P is the normalized Haar measure on X) is satisfied for functions f : Z —
C of polynomial growth (Proposition 2.1) and, more generally, for functions f
such that f o A(") is integrable (Proposition 2.4). We deduce from Proposition
2.1 that u("(d) = P({z € X : A")(z) = d}) and that (") has finite moments.
In particular, we show that u(") is of zero-mean.

In Section 3, we focus on the second moment of ;("). First, we establish
in Proposition 3.1 an inductive relation between the measures in the spirit of
Bésineau’s result [1, p.13]. From that, we deduce an inductive relation on the
variance of the measures (Lemma 3.3). Then, we prove the estimation of the
variance stated in Theorem 1.2.

In Section 4, we build a finite sequence of random variables associated to the
addition of some integer r that will be used to prove Theorem 1.4. We estimate
the ¢-mixing coefficients for this sequence.

The last section is devoted to the proof of Theorem 1.4. We show how we
can apply a result from Sunklodas [8, Theorem 1] giving a speed of convergence
in the CLT for ¢-mixing process.

Acknowledgment

We thank M. El Machkouri for fruithful discussions and references about the
speed of convergence in CLT for mixing sequences.

2 Odometer and sum-of-digits function

2.1 Unique ergodicity of the -adic odometer

We define X as the space of b—adic integers, that is the space {0,--- ,b — 1}N.
Coordinates of a b-adic integer = € X are interpreted as digits in base b: elements
of X can be viewed as “generalized integers having possibly infinitely many non
zero digits in base b”. To comply with the usual writing of numbers in base
10, an element z = (2, )nen € X will be represented as a left-infinite sequence
(--+,x1,20), Tp being the units digit. The space X is compact for the product
topology. The set of integers N can be identified with the subset of sequences
with finite support. More precisely, using the inclusion function

i:mg g €EN— (- ,0,np,-- ,n1,n9) €X

we identify N and ¢(N).

X is equipped with an addition which extends the usual addition on N and
turns X into an Abelian group. For z = (--- ,29) and y = (--- ,y0) in X,
(x +y) is determined recursively by the following process, in which we generate
a sequence of carries (c;)r>0 € {0, 1}V,

e Initialisation:
if xg + yo < b then we set (x + y)o := zo + yo and ¢¢ := 0,
else we set (. 4+ y)o := xo +yo — b and ¢p := 1.



e Induction step: once, for some ¢ > 1, we have computed (z + y); and ¢;
fori=0,---,0—1,
if 2+ yo + co—1 < b then we set (x + y)¢ := x¢ + Yo + co—1 and ¢ := 0,
else we set (v +y)p:=a¢ 4+ yr + co—1 — b and ¢p := 1.

Now, since 1 belongs to N C X, we can consider the application 7 : X — X
T:zr—T(x):=x+1,

which is usually refered to as the b-adic odometer. It is well-known that T is a
homeomorphism and so (X, T) is a topological dynamical system [5]. For £ > 0
and for integers ry,--- ,rg € {0,--- ,b—1}, we define the cylinder C,,...,, as the
set of sequences x such that x; = r; for i =0,--- ,£. We observe that the image
by T of a cylinder is another cylinder : for integers ry,--- ,r9 € {0,--- ,b—1}, if
there exists a minimal index ¢ € {0, --- , ¢} such that r; # b—1 then TC,,...,, =
Chryerig1(147:)07 5 Otherwise TC,.,....,; = Cyera. Also, we define the Rokhlin tower
of order £ > 0 as the family

(Cotz+1 JTChet1y - 7Tb£+17100£+1>

where (T Coe+1)o<j<pe+1-1 form a partition of X. We commonly represent this
family as a tower as shown in Figure 2.

Figure 2: Behavior of T' on the Rokhlin tower of order 0.

It is classical that the sequence of towers can be constructed with the so-
called Cut-and-Stack inductive process, as illustrated in Figure 3.
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Figure 3: How to construct the tower of order 1 of T' from the tower of order 0
in base b = 4.

By looking at the behavior of T' on these towers, one can show that if P is a
T'—invariant probability measure on (X,T'), then P gives the same measure to

each level in a given tower: for every ¢ > 0 and r¢,--- ,7¢ € {0,--- ,b—1}
1
P(Cry..re) = BT

Since the cylinders generate the Borel o-algebra, P is uniquely determined by
these values on the cylinders, hence (X,T) is a uniquely ergodic dynamical
system. We observe that choosing x in X according to the unique T-invariant
law P means choosing its digits independently according to the uniform law on
{0,---,b—1}. We also note that P is the normalized Haar measure on X.

For z in X, we define the sequence of empirical probability measures along
the (beginning of the) orbit of x: for every N > 1, we set

1
en(z) := N Z Orng

0<n<N

(where d, denotes the Dirac measure on y € X).

Since the space of probability measures on X is compact for the weak-* topology,
every subsequential limit of (ey(x)) is a T-invariant probability measure. By
the uniqueness of the T-invariant probability measure, for every x € X we have
en(z) — P. In other words, we have the convergence

vreX, VfecC(X), % > f(T”x)—>/deIP’. (6)

N—+oco
0<n<N



We will be interested here in the special case = 0 because N = {T™0 : n € N}.
Then (6) becomes

Viee®. § X ) e [ s @
0<n<N

Equation (7) shows that, for a continuous function f, averaging f over N (for
the natural density) amounts to averaging over X (for P). The next section
shows how this convergence can be extended to some non-continuous functions
related to the sum-of-digits function.

2.2  Sum of digits on the odometer

For every integer k, we define s; : X — Z as the sum of the first (k + 1) digits
function, that is to say

sp(z) :=mo+ -+ + xp.
Let r € N. We define the functions A,(f) : X —Z by
Ag) () := sp(x + 1) — sp(x).

The functions Ag') are well-defined, continuous (and bounded) on X. By (7),
we have

L (") () — (r) o (r)
¥ ;VAk (n) =+ ;vAk (T"0) 5= XAk dP. (8)

Although the sum-of-digits function s is not well defined on X, we can extend
the function A(") defined in (1) on the set of z € X for which the number of
different digits between x and x + r is finite. This subset contains the b-adic
integers x such that there exists an index k > max({¢ : r, # 0} such that
xr # b — 1. So, except for a finite number of b-adic integers, we can define

A (x) := klim Al(:) (x).
—00

Remark 1. Let t > u be two integers. For every integer k we have the decom-
position formula

AT = AP L A o T, 9)
So, taking P-almost everywhere the limit when k tends to infinity, we get
At = A L AW o T (Pog-s.). (10)
Then, by induction on t, we deduce

A = AD L AW o 4o AD o T (Poges). (11)



We observe that A" also satisfies (2): for each z € X for which A" (x) is
well defined, we have

A () = s(r) —e(b—1), (12)

where ¢ := ), c¢ < 0o is the total number of carries generated during the
computation of z + 7.

Unfortunately, A is not continuous like the functions Ag), it is not even
bounded on X, but we have the following result about functions with polynomial
growth.

Proposition 2.1. Let r > 1 and f : Z — C. Assume that there exist a > 1
and C in R such that for every n € Z

|f(n)] < Cln|* +|£(0)]. (13)

Then f o A" € L' (P) and we have the convergence

fim 5 3 FAO0) = [ F(A@)aRG)
= Jim [ F(AD (@)aP@),

Corollary 2.2. For every d € Z

lim % {n<N:A(T)(n):d}’

N—o00

:]P’({xeX:A(T)(x) :d}). (14)

") (d)

Moreover, A" has zero-mean and has finite moments.

In particular, we recover Bésineau’s result on the existence of the asymptotic
density and the fact that Y ., u("(d) = 1.

Remark 2. Using trivial arguments, Proposition 2.1 and Corollary 2.2 are also
true when v = 0. We observe that p(®) = §.

Before proving this proposition and its corollary, we need the following
lemma.

Lemma 2.3. Letr > 1. For N € N*, for k € N and d,d’ € Z, we have the
inequality

+ < N @0@m), A0 () = (4}

(15)
<rb IP’({:E eX: (AM(2), AV (2)) = (d, d’)}) .
In particular, we have
% (<N a0 = )| <rvB(frex:aV@=a)).  (6)



Proof. Of course, (15) implies (16) so we just need to prove (15). We fix k € N.
For every £ € N, let V; be the set of the values reached by the couple (A, A,(:))
on the first b1 — r levels of the Rokhlin tower of order ¢ (see Figure 4). Of
course, if Tt — 7 < 0 then V; := ). Otherwise, we observe that V; is a finite
set. Indeed, the first bT! — r levels correspond to the b-adic integers = such
that, when we add r, the carry propagation does not go beyond the first £+ 1
digits. Since these digits are fixed on a level of the Rokhlin tower of order ¢,
except for the last r levels, A" and A,(:) are constant on each such level. We
observe that the sequence (V7),>¢ is increasing for the inclusion.
Now, for d,d’ € Z, there are 2 cases.

1. If (d,d’) & Up>oVi, then for each n € N we have (A (n), A,(:) (n)) #
(d,d"). Indeed, for each n € N, there exists a smallest integer ¢ such that n
is in the first 5! —r levels of the tower of order ¢, hence (A (n), A,(:) (n))
€ Vp. In this case, (15) is trivial.

2. If (d,d") € Up>oVe then there exists a unique ¢ > 0 such that (d,d’) €

V,\Vi_1 (with the convention V_; := (}). Since (A("), A,(CT)) is constant on
each of the first b**1 — r levels of the tower, it takes the value (d,d’) on
at least one whole such level of measure be% So, we have

1

P({o e X: (A0 (@), AL (@) = (d.d)}) = 77

Also, since the couple (d,d’) does not appear in the first levels of the
previous tower ((d,d’) ¢ V;—1), we claim that, for every N > 1

{n < N (A0(m), A () = (d, d)} < I

¥
N bt

Indeed,

(a) If > b*, then the inequality is then trivial.

(b) If r < b® then, since (d,d’) is not in V;_1, (d,d’) can only appear
inside the r highest levels of the tower of order ¢ — 1. So, if we note
C' the union of these r highest levels, using the fact that 0 is in the
first level of the tower, we have

% {0<n < N:(AD(n), A (n)) = (d,d)}

IN

1
N\{O§n<N:T"OEC}|
"

ﬁ.

IN

Combining both inequalities gives (15).

10
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Y
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1 in ,_; Cut and Stack
(A A](:)) on the tower (A Ag)) on the tower
of order £ — 1 of order ¢
Figure 4: Visual description of Vp_1, V; and V; \ Vo_1.
Proof of Proposition 2.1. Let € > 0. For any integer k, we have
1
¥ 2 SA0 @) - [ A @)P@)| < A1 + A2+ s
N n<N X

where

)

A= 30 A0 0) - Al w)

n<N

A2 =

9

¥ 2 A0 - [ AP @)ew)

n<N

Avi= [ |1a0@) = 16 @) aP).

11



For A;, using Lemma 2.3, we get

_ % >y ‘f(j) - f(j'))]l(j,j’) (A(T)(”)’Ag)(n))

n<N j,j'€Z

= > ]f(j)— Z]l(m (A0 ), A0 ()
J,J' €L
<rb Y |f6) - (M)( ) =580 () = 7)
J,3' €L
=rb / j FIAD () — F(A"( ))‘d]P’(a:):rbAg.

Hence, controlling Ag also enables us to control A;. For this, we note that the
integrand in Az converges P-almost everywhere to 0, therefore it is enough to
show that the dominated convergence theorem applies. To find a good dominant
function, we write using (13)

[Foal@)| < clal@)|" +| ).

We get from (9)
A AP L AP o4 AP o1
then we use the multinomial theorem (we can suppose a € N) to write

A](Cl)(x) _|_ e _|_ Ag) (@] T’r‘il(l‘)’a = Z (]0 . ]7‘ 1) H ’A

Jot...+ir—1=a

We now use Young’s inequality to get

H ‘A(l) Tz

T2i

Z ’A(l) o TZ

Then, we define, for i =0,--- ,r — 1, g;(z) := supyey \Afﬁl) o T%(z)| in order to
get the inequality

r=1(
Feafl@<c Y Z(J“"';J"l gi(x

Jot+jr—1=ai=0

Y7+ | £(0).

Moreover, when it is well defined, we have A" o T = klim A,(:) o T" therefore,
—00

we also get |A(T) o Ti’ < g; which yields the similar inequality

[foal@|<c 3 iw
T

Jot+rir_1=a i=0

gi(@) + | £(0)].

12
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We just need to show that g:j ’ is integrable for the measure P. It is equivalent

to show that > P ({z € X : g;(z)"¥* > m}) is a convergent series. We have

gi(z) > m7 < sup |AY o Ti(2)| > m™
keN

s IkeN, [AD(TZ)>m.

From (12), this condition is true if and only if the addition 7%z + 1 creates
mTth +1
: b—1
we add 1 to 7"z, the number of carries created by the addition is the number
of (b—1)’s at the right-hand side of the expansion of T%z. So, because of the
T-invariance of P

sufficently many carries: strictly more than | |. But, we know that when

P({$€Xigi(m)>m@})§(z>L s

The right quantity is the general term of a convergent series which shows that
TJi

9.7 € L'(P). So the dominated convergence theorem can be applied and, for &
large enough, A; + A3 < § for every N > 1.
Now, once we have fixed such a k, for N large enough, Ay is bounded by §

because of (7) and the continuity of A,(;) and of f. The convergence in the
statement is thus proved.
Note that the argument of the dominated convergence theorem also proves

that f o A € L!(P) and [, fo ACP = lim [, foA[dP. O
— 00

Proof of Corollary 2.2. We just apply Proposition 2.1 with particular functions
f. First, for d € Z, we use the function f = 14;. It gives

u"(d) =P ({x eX:AM(z) = d}) .

Then, we take f as the identity function on Z for which (13) is clearly satisfied.
Also, for every integer k, we have by T-invariance of P

/Aff)dIP’ = / sp o T"dP — / spdP = 0.
X X X

We then deduce that

> dp™(d) :/A(T)dIF’: lim [ AP =o. (17)
ez X TeoUX

Finally, we use, for every j > 2, the function f(n) = n’/ which satisfies (13).
This gives the existence of moments of order j for A", O

More generally, we have the following convergence.

13



Proposition 2.4. Let r > 1 and f : Z — C be such that f o A" ¢ LY(P).

Then
lim — Z F(AD (n /f (AT (2))dP(x).

N—oco N
n<N

Proof of Proposition 2.4. By (12), the values reached by A() are of the form
al(:) =s(r) —k(b—1), k > 0, and we have

/Xf(A(”) ) Zf( ““’)P({IEX;A(T)( )—ak>}> (18)

k>0

On the other hand, we write

zt;vf <A<r)(n)) = ]1[7;\/f (A(T) (n)) ,C%:O]l{“;f)} (A(r)(n)>
= Zf (CL,(J)) % Z ]l{aiﬂ} (A(T) (n)) .
k=0 n<N

=UN K

We conclude by applying the dominated convergence theorem in the metric
space (1 (N) endowed with the counting measure to show

Yk s S (o) (o e A0 =)
k>0

1. The pointwise limit on N of uy  is f (ag)) P ({x eX: A (z) = agﬂ)})
by (14).

2. A dominant function is given using Lemma 2.3: for all £k and N we have

un g < g(k) = ‘f (a,(:))‘rb P({a: eX: A (z) = q) )})

By (18) and the hypothesis that foA() is integrable, 3 g(k) is convergent.
O

We have shown that, for any integer r, A(") has finite moments. The next
section will focus on the second moment, which is the one we are most interested
in for our CLT.

3  Variance of u")

3.1 Inductive relation on the measures

Given r € N, there exist 7 € N and 0 < rg < b — 1 such that » = br + .
The integer 7y is actually the units digit of the expansion of r and, if r > b,

14



7 corresponds to the integer whose expansion is obtained by erasing rg in the
expansion of . The expansion of 7 is then one digit shorter than the expansion
of r. If r < b then, of course, ro = r and ¥ = 0. First of all, we have a well
known inductive relation on the length of the expansion of r.

Proposition 3.1. Forre N, 0<rg<b—1anddeZ

_ b— 7
(O (d) = Tmu(ﬁ(d — o) + %)M(T-&-l)(d +b—rp). (19)

Proof. Let x = (--- ,x1,20) € X. We define Z := (--- ,x1). Let us consider the
computation of the digits of x + r, where r :=br +rg =77 79

) “en xr1 X0
+ re - T ro
= (x.’-/p)o

If 29 +79 < b, no carry is created and A®T70) (1) = ro+ A (F). Otherwise,
o + 19 > b and we have to subtract b from the units digit of the result: we are
left with the addition of ¥ and 7+ 1: so AT+70)(2) = ry — b4+ ATHD(F). To
sum up, we have

ACTHTO gy = 0T AD(@) if @o + 1o <0,
Tl ro = b+ ATH)(@)  otherwise.

Now, let d € Z. We partition the set {x € X : A®T+70)(3) = d} according to
the value of zq
~ b*’l"gfl
{x e X: AlTH) (3) = g} = U {reX:zo=jand AD(F) =d—ry}
3=0
b—1 -
U U {reX:zo=jand ACTV@E) =d+b—ro}.

j=b—ro

We observe that if x is randomly chosen with law P, then z is independent of
xo and also follows P. We just need to take the measure to conclude. O

If we apply finitely many times (19), we can express u(")(d) as a convex
combination of the measures x(®) and p") evaluated on particular points. We
recall that p(®) = &y (Dirac measure on 0). We can also compute (1.

Lemma 3.2. For everyd € Z

V() = % —gr fd=1—k(b—1) for somek €N
' 0 otherwise.

Proof. We use again the notation ag) =1-—k(b-1).
By (12), it is trivial that if d # o\ for all k € N then (! (d) = 0. Otherwise,
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we recall again by (12) that for all & € N, AWM (z) = al(;) if and only if the
right-hand side of the expansion of z is exactly a block of (b — 1)’s of length k.
Thus, if k > 1

u(l) (a,(cl)):]P’({xeX:xo:-~-:xk_1:b—landxk<b—1})
_b—-1
T opk+L
And,if k=0

p) (algl)) = ]P’({:c eX:izyg<b— 1}) = b_Tl

be 1 a(ll) (lfz1
Crs| af)
b—1
b
o |
Co a(()1)

Figure 5: Values of A®) on the levels of the Rokhlin tower of order 0, and the
corresponding P-measures.

3.2 Inductive relation on the variance, first results

Emme and Hubert [3, Theorem 3.1] give an explicit formula for the variance
in base 2. It is possible to adapt their methods in order to find a similar
expression in any base. However, here we just need some basic estimations
about the variance. We first deduce from Proposition 19 an inductive relation
on the variance.
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Lemma 3.3. Forr € N and 0 <rg <b—1, we have the relation

b

Var(p(b7+70)) = JVar(um) + %OVar(,u(?H)) +70(b—10).

Proof. We compute using (17) and (19)

Var (br+r0) Z d2 br+r0

dezZ
—Zd2< — 10,0 (d - r0)+7£u(F+1)(d+b—ro)>
deZ
_ b*'ro Z d/+1"0)2 (r) d/ 0 Z d/+b 2 (F+1)(d/)

dez dez
Using again (17), we get

b

Var(u0770)) = 2220 (Var(u®) 4 13) + 5 (Var(u™) + (b = 70)?)
b— To

T Var(p™) + %OVM(M(FH)) +7o(b = 70).

O

Even if we do not need an explicit formula of Var(u(") for a general r € N,
we will need one in some specific cases. First, we are interested in the variance
of u") when the expansion of r is one digit long.

Lemma 3.4. If0<r <b—1 then
Var(u™) =r(1+b—r).

Proof. We recall that u(®) = &y so Var(u(®)) = 0. Then, if » = 1, Lemma 3.3
gives
b

-1 1
Var(p) = T Var(u®) + 3 Var(u ) + (b - 1).

It follows
Var(pM) = b.

Finally, if 2 <7 < b —1, again from Lemma 3.3, we have

b—r

Var(p(") = Var(p(©) + %Var(,u(l)) +rb=—r)=r(1+b-r).

O

Now, we are interested in the variance of (") when the expansion of r has
a rightmost block of (b — 1)’s of length m > 1 that is to say when there exists
7 € N such that r = ™7 + b™ — 1.
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Lemma 3.5. For 7€ N and m > 1, the variance of u(bm?“‘bm_l) 8

1 1

ma, pm = 1 N
Var(p0" T+ 1)) = = Var(u™) + (1 - bm> Var(u™) + b — 1

Remark 3. We observe that, if we take 7 = 0, then we find the variance of
p'") where the expansion of r is composed of only one block of (b—1)’s. Thus,
with Lemma 3.4, we now have the exact value of the variance of u") when the
expansion of v is composed of exactly 1 non-zero block:

oy _ Jri+b—7r) difr=1,--,b-2,
Var(p )_{2b—b,,?1 ifr=0b"—1(m>1).

Proof. We prove the lemma by induction on m > 1.
1. If m = 1 then, from Lemma 3.3

1

_ 1 b _
Var(pt7H0=1) = gVar(u(r)) + TVar(u(r"'l)) +(0-1).

That is what we want.

2. If we assume that the lemma is true for m — 1 then we consider the integer
b7 + b™ — 1. We observe the trivial identity

VIE O™ —1=bx (b (0" 1))+ (b—1)

It follows from Lemma 3.3

T 1 g (b b—1 et
Var(p(0" 7+ _1))=gVar (,u(b Lo (b 1_1))>+ . Var(u®" D))

+(b—1).
We use the induction hypothesis and the fact that @™ F+D) = ,F+D)
(Lemma 19)
m—l1s, (pm—1_ 1 N 1 »
Var (u(b (b 1))) = bm71Var(u( ) + (1 — bml) Var(u(TD)
1
+ b - m.

Combining both gives the result for m.
O

Finally, we consider the case where the expansion of r has a units digit 1,
possibly with a block of 0’s on its left. This corresponds to the existence of
7€ N and m > 1 such that r = 07 + 1.

Lemma 3.6. For 7 € N and m > 1, the variance of p®" 71 is

mo 1 s 1 -
Var(p®" ™) = (1 - bm> Var(p™) + b—mVar(urH)) +b— =y
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Proof. We show by induction on m > 1.
1. If m = 1 then, from Lemma 3.3

= b—1 =~ 1 =
Var(p™+1)) = TVar(u(T)) + gVar(u(Hl)) +(b-1).

That is exactly what we want.

2. If we assume that the formula is true for m — 1, then we consider the
integer b7 + 1. We have again by Lemma 3.3

Var<u(b"”?+1)) _ Var(u(bxbm’l?+1))
b

D SVar (") + %Var(u(bm_l?“)) +(0-1).

We use the induction hypothesis.

1

m—1 1 P Y 1
Var(u® 1r+1)) - (1 - bm1> Var (™) + bmilVar(u(”‘l)) +b—

pm—2"

Combining both gives the result for m.

3.3 Upper and lower bound of the variance

Since Var(,u(o)) = 0, the case r = 0 is irrelevant and we suppose r > 1. We wish
to find an upper and a lower bound of the variance of (") depending on p(r),
the number of blocks of r defined in Definition 1.1. For convenient reasons, it
is better to think in terms of non-zero blocks. We define, for an integer r, the
quantity A(r) which corresponds to the number of non-zero blocks.

Example 3.7. We use again the example of Figure 1.

b=10 b=2

229 r=11000111010101
(] 1] I

I single-digit block block of 0’s [l block of (b—1)’s

r =7000 9999 00
1 .

Figure 6: On the left-hand side, p(r) = 7 and A(r) = 5. On the right-hand side,
p(r) =9 and A(r) = 5.

Of course, there is a relation between A(r) and p(r) (we recall that r > 1):

A(r) < p(r) < 2X(r). (20)

We first give an upper bound of Var(;(")) depending on ().
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Proposition 3.8. For anyr > 1
Var(u(™) < b2A(r). (21)
We need the following lemma.
Lemma 3.9. Forr > 1, we have the following inequality
[Var(u") — Var(u™)| < b.

Proof. We recall that ro € {0,---,b— 1} is the units digit of r and the relation
r = br + rg. Let us prove

[Var (D) = Var(u(?)|
b

ar — Var < +b—1.
[Var (") = Var(u™)| b-1

Indeed, there are two cases.
1. If ro =b—1, then r = br + (b — 1) and using twice Lemma 3.3, we get
Var(u" ) — Var(u)) = Var(u*T+1) — Var (u7+0=1)

_ Var(u) — Var(u®)
_ : B

(b-1).

2. If ro €{0,---,b— 2} then, using the same tools, we compute

Var (D) — Var(u(™)) = Var(u®™+70D) — Var(u0770))

_ Var(u™") = Var(u™)

b +b—2’l"0—1

We observe that |b—2rg — 1] < b— 1.

Then, we conclude by an easy induction on the number of digits of  and by
checking that

[Var(u1) — Var(u®)|

[Var (D) = Var(u")] < +b-1

b
b
<-4+b-1=0.
=3 +
O
Proof of Proposition 3.8. Observe that we have

> >j(1+b—j) forallj=1,---b—1, (Co)
b2 > 20, (C1)
> >jb forall j=0,---,b—1. (Cy)

We proceed by induction on A(r) > 1.
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1. Initialisation: if A(r) = 1 then we have two cases depending on the type
of blocks we are considering. However, from Lemma 3.4, Lemma 3.5 and
Conditions (Cp) and (C4), we can deduce that in both cases we have
Var(u(™) < b2,

2. Inductive step: we let n > 1 and we assume that if A\(r) < n then
Var(p(") < b?A(r). We now assume that our r € N satisfies A(r) = n + 1.
Let £ > 0, 7 € N and B; a non-zero block such that we can write the
expansion of r as follow

7 By 0%,

We can assume ¢ = 0 but 7 may have a rightmost block composed of 0’s.
We discuss on the type of Bj.

(a) If By is a block of (b — 1)’s of length m then r = b™7 4 b™ — 1 and
we have the trivial equality

Var(u(") = Var(u7) + (Var(u") = Var(u"*))
_ (Var(u(?)) _ Var(,ﬁ“))) .
Using Lemma 3.9, the inductive hypothesis and Condition (Cy)
Var(p() < v®n+b+b < b (n+1).

(b) If By is a single-digit block rg then r = bF + ro and with we have
another trivial equality

Var(u") = Var(u™) + 3 Var(u"7) — Var(u®™51).
k=1

Then, using Lemma 3.9, the inductive hypothesis and Condition
(Cy3), we find

Var(u™) < b?n +rob < b2(n + 1).

This concludes the inductive step and the proof.

O
We also have a lower bound depending on A(r).
Proposition 3.10. For anyr >1
Var(u) > 2A(r). (23)
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Proof. Observe that

TS min{io—g) =11, ()
T<-1, ()
F<min{io—j-3) =101} (©5)

Of course, some of these conditions are redundant but we keep them all for
simplicity because each one will be used in the proof. We prove the result using
induction on A(r) > 1.

1. Initialisation: if A(r) = 1 then we have two cases depending on the type
of blocks we are considering. However, from Lemma 3.4, Lemma 3.5 and
Conditions (C3) and (Cy), we can deduce Var(u(™) > 2.

2. Inductive step: we let n > 1 and we assume that if A\(r) < n then
Var(p(?) > bX(r). We now take r € N such that A\(r) = n + 1, and
we write

r=0br+ro.

Without loss of generality, we can assume that rq # 0. Indeed, if ro = 0
then Var(u(™) = Var(u(?) and \(r) = \(7).
From Lemma 3.3, we get

b— _
Var(u")) = = Var(u?) + 2Var(u ) 4 ro(b o). (25)

We discuss about the value of A(7") which can be either n or n + 1.

(a) If A(7) = n, which means that 7o #b—1 or r; # b — 1: we use the
induction hypothesis to get Var(u™) > 2A(F) = 2, and it follows
that

: b— .
Var(p(™) > TT()n + %OVar(u(’H)) +79(b—10).

We now observe that n —2 < A(7+1) < n+1. The reader is referred
to Figure 7 (with 7 instead of ) for more details. We consider two
cases.

i. If A(74+1) = n+1 then we cannot apply the induction hypothesis.
In this case 7 is a multiple of b if b > 3 and even b?> when b = 2
(see Figure 7). So, there exists 7 € Nand m > 1 (or 2 if b = 2)
such that

r=0"r and b7

We can apply Lemma 3.6

1
pm—1-

> 1 = 1 -
Var(p(™D) = (1 — bm> Var(u(™) 4 b—mVar(u(TH)) +b—
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Since ™ = ™ and A(F) = n, we deduce from the induction
hypothesis and (25) that

- b—r ro | b 3 b
b 3
b
Zz(n-‘rl).

ii. f A(7+1) #n+1 then we can apply the induction hypothesis.

b—TQ To

Var(u") > T ?(n —2) +719(b—10)
b T
> " 50 +10(b — o).
Thanks to (C)
7 b

To(b— To) - ?0 > Z

And so 5 5
Var(p(M) > Mt = —(n+1)

We conclude the case A(F) = n.

If A(7) = n+ 1: it means that the rightmost block in the expansion
of r is a block of (b — 1)’s of length m > 2. So, there exists 7 € N
such that r = b™7 + b™ — 1 and the rightmost digit in the expansion
of 7 is not (b — 1), that is to say b /7 + 1. We are in the context of
Lemma 3.5, we have

1
pm—1 '

1 . 1 -
Var(u") = b—mVar(u(T)) + (1 — bm) Var(p™V) + b —

Since A(F) =nand n—1 < A7+ 1) <n+1 (¥ does not start with
a block of (b—1)’s so A\(F+ 1) # n — 2, see Figure 7), we have now

n 1 = 1
Var(u") > i (1 - bm> Var(u™) +b — pmo1- (26

We discuss about the possible values of A(7+ 1).

i. If A(F+1) = n+ 1 then it is just as in the point (a)i. of this
proof, it means that 7 starts with a block of 0’s. So we let m’ > 1
(2if b = 2) and 7 € N such that 7 = b7 = and b/7. We are
again in the context of Lemma 3.6

1 = 1 = 1
T +1
o ) Var(p(™)+ G Var(p™ ) 45— T

Var(p(™D) = (1 -

23



ii.

We observe )\(;"A\) =Ar)=nandn—2< /\(%4— 1) < n (again, it
cannot be n + 1 because 7 does not start with a block of 0’s).
So we have

From (26) we deduce

b 1 3 1

We observe that

b 26m' 1 =
as well as
1 b
> —.
pm—1 = 4

So we can write

b
Var(u(™) > i(n +1).

If M(¥+ 1) # n+ 1 then we can apply the induction hypothesis.

n 1\b 1

b 1\ b 1
“n—(1-—)VZap_ ——
1" ( bm>4+ 1

Y

We observe that
1 1\b_ b
Y (I TR B
b pm—1 ( bm>4:_4:7

b b b
Var(u") > Zn—k 1= Z(n—&— 1).

SO

It concludes the case A\(r¥) = n+ 1. The statement is thus true when
Ar)=n+1.

O

The following figure shows how the number of blocks behaves of an integer
when we add 1 to it.
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b=2

Rightmost block(s) Ar+1) = A(r)
of r
1 if length()>2
0 if length(")=1
0 if length(")>2
| =
—1iflength(l )=1
b>3
Rightmost block(s) Ar+1) = A(r)
of r
1
il 0
Tt W=0_2 block of 0’s
] | e
0 otherwise . .
[ | single digit
| 0 between 1 and b — 2
[ 0 [ | block of (b—1)’s
(| | -1
(11 —1
1] —21fl:'572
—1 otherwise

Figure 7: Variations of the number of non-zero blocks when we add 1.

Proof of Theorem 1.2. We use Proposition 3.8, Proposition 3.10 and (20) to get
the result. O

4 A ¢-mixing process

We work on the probability space (X, %(X),P). For a given integer r, A(") is
viewed as a random variable with law u(") by Corollary 2.2 (the randomness
comes from the argument x of A("), considered as a random outcome in X with
law P). Our purpose in this section is to study the asymptotic behaviour of ur)
as the number of blocks p(r) goes to infinity. For this, we will decompose A(")

as a sum
A(r)

=1

where A(r) is the number of non-zero blocks in the base-b expansion of r (see
Section 3.3), and (XY), e ,Xf\?z)) is a finite process defined in the next section.
We will prove and use some mixing properties of this process to get our result.
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4.1 The process

Again, the case r = 0 is irrelevant so we assume r > 1. For 1 < i < A\(r), we
will write B; as the i** non-zero block present in the expansion of r, starting
from the left-hand side of the expansion and ending at the units digit. We
now define r[i] as the integer whose base-b expansion is obtained as follows: for
k=i+1,---,X(r), we replace the block By by a block of 0’s of the same length
(see Figure 8 below). We observe that r[A(r)] = r.

r= 7000999 900 229
By By B3B4Bs

rl]=7 000 000 000 000

r2l=7 000 999 900 000

r8]=7 000 999 900 200

r[4 =7 000 999 900 220
r[5] = r
Figure 8: Example in base b = 10.

With the convention r[0] := 0, we observe the trivial equality
A(r)
r=> rfi]—rfi—1].
i=1
For 1 < i < A(r), we define almost everywhere on X (see Subsection 2.2)
X = ACT=rli=1]) o prli-1],

Since r[i] — r[i — 1] = B;0---0, the function XZ-(T) is a random variable corre-
sponding to the action of the i*"* block B; once the previous blocks have already

been taken into consideration. From (10), we deduce

A(r)
A =3 X0
i=1
A(r)
In particular, if € X is randomly chosen with law P, then Z XZ-(T) (x) follows
i=1
the law u("). Hence, the standard deviation o, of u(") defined in Theorem 1.4

satisfies
A(r)

o2 = Var ZXZ-(T)
i=1
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We first show that every moment of X Z-(T)

independent of 7 and 1.

is bounded from above by a constant

Lemma 4.1. For every k € N, there exists a constant Cy > 0 such that
k
>§@.

Proof. Let k € N. If Xi(r) corresponds to the action of a single-digit block, that
is the action of one digit a between 1 and b — 2, then its law is given by u(®)
whose moments are all finite (see Corollary 2.2). So, we have in this case

k k
E(’Xi(r) )gmaX{IEOA(a) ) :1§a§b—2}.

Now, if Xl-(r) corresponds to the action of a block of (b — 1)’s, there exist two
integers n < m such that r[i] — r[i — 1] = o™ — b". It follows from the definition
of Xi(T) and (10) that

VreN,V1<i<A(r), E (’Xi(’")

X = ACT) o 78 L ABTH) A" _ A o "

where < means the equality in distribution. Since p®") = p®™) = 1M we can
write Xi(r) as the difference of two dependent random variables following the
law 1! which has finite moments. So there exists a constant that depends only

on k such that E (\Xi(r)|k) is bounded by this constant. O

The next part is devoted to the estimation of the so-called ¢-mixing coeffi-
cients for the finite sequence (Xi(r))lgig)\(r)-

4.2 The ¢-mixing coefficients

There exist many types of mixing coeflicients (see e.g. the survey [2]| by Bradley).
Those we are working with are commonly called “¢-mixing coefficients”.

Definition 4.2. Let (X;);>1 be a (finite or infinite) sequence of random vari-
ables. The associated ¢-mixing coefficients ¢(k), k > 1, are defined by

¢(k) := sup sup [P4(B) —P(B)|
p>1 AB

where the second supremum is taken over all events A and B such that
e Aco(X;:1<i<p),
o P(A) >0 and
e Beo(X;:i>k+p).

By convention, if X; is not defined when i > k + p then the o-algebra is trivial.
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In the case of a finite sequence (X1, --,X,), the convention implies that
¢(k) = 0 for k > n. We now give an upper bound on the ¢-mixing coeflicients

for the process (Xi(r)) defined in Section 4.1.

Lemma 4.3. For r > 1, the mizing coefficients of (Xfr))lgig)\(r) satisfy

b—-1

£
VE>1, o(k)<2 (b) .

Proof. Let k and p be two integers. We observe that if £k = 1,2, the inequality
is trivial so we assume that k > 3. We call buffer strip the set of indices corre-
sponding to the positions of the digits between B, and By, (both excluded).
It depends on r, p and k so we denote it by Z, , .. We consider the event

C:={reX:3j e, with r; <b— 1 such that z; = 0}.

We are going to show that, for k large enough, C' is a high-probability event
and that, conditionned to C, two events A € o (Xi(r) 1< < p) and B €

o (Xi(r) i > k4 p) are always independent.

Buffer strip Z,p &

By By By Brip Bryp B

possibly some 0’s
between the blocks

Figure 9: Visualization of the buffer strip.

Denoting by C' the complement of C' in X, we have
— b—1\"
P(C) = (b) (27)
where t := |{j €L, pi : 7; #b— 1}’ We are going to show that

k
t> - —1. 28
> (25)
Indeed, there are kK — 1 non-zero blocks in the buffer strip. Let £ € N be the

number of blocks of (b—1)’s. Then there are k — 1 — ¢ single-digit blocks. There
are two cases.
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1. Iffgg,thenk—l—fzg—landweget (28).

2. Otherwise, ¢ > g Since the blocks of (b — 1)’s are separated using blocks
k

5 — 1 blocks of zeros of

of zeros or single-digit blocks, there are at least
single-digit blocks, which also yields (28).

So, we get from (27) and (28) that

[N

P(C)>1- (b;l) - > 0.

Now, let A € O’(Xi(r) 01 gigp) with P(4) > 0 and B € U(XZ-(T) 1> k+p).

Observe that A and C are independent. Indeed, C only depends on indices
in Z, , r while A, by construction of the random variables (Xf’i))lgigkm, only
depends on the subset of indices on the left-hand side of the buffer strip. We
deduce

P(ANC) = P(A)P(C) > 0. (29)

Observe also that, conditionned to C, A and B are independent. Indeed,
when C is realized, there exists an index j in Z, ,j such that r; # b — 1 and
x; = 0. At this position, a carry cannot be created and, furthermore, a carry
propagation coming from the right-hand side will be stopped at this index. In
other words, when C' is realized, the carries created by the blocks B;, i > k+ p,
never spread on the left-hand side of the buffer strip. Moreover, we deduce that
A and BN C are independent. Indeed, we compute

P(ANBNC)=Pc(ANB)P(C)

=Pc(A)Pc(B)P(C)
=PAPBNC). (30)
Now, we have
[PA(B) —P(B)| < [Pa(B) — Panc(B)| + [Panc(B) — P(B)]. (31)

But, using (29) and (30), we obtain
P(ANBNC) P(BNC)

Panc(B) = FANC) ~ BO) Pe(B).
So, (31) becomes
[Pa(B) = P(B)| < [Pa(B) = Panc(B)| + [Pc(B) — P(B)]. (32)

Now, observe that for any event D, by the law of total probability,

|P(D) — Pc(D)| = |P(C)Pe(D) + P (C) Pa(D) — Pc(D)|
=P (C) |[Ps(D) — Pc(D)|.
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Since both terms are non negative and less than 1, we have
[P(D) — Po(D)| < 1.
It follows -
]IP’(D) - IP’C(D){ <P (C) .

These computations are also true replacing P by P4. We observe that the
measure P4 conditionned to C' is the measure P4n¢. So, coming back to (32),
we get

2aB) - E(B) <A (0) + 7 (©) =2 (@) <2 (1)

5 Proof of Theorem 1.4

5.1 A result from Sunklodas and first step of the proof

In this section, we state a result by Sunklodas [8] about the speed of convergence
in the Central Limit Theorem for ¢-mixing sequences. Actually, our formulation
is new but the proof is an immediate consequence of [8, Theorem 1].

We first need to introduce some notations. Let Y be a standard normal
random variable. Consider &1,---, £, a finite sequence of n random variables
with ¢-mixing coeflicients ¢(k) for k =1,2,---. Write

We need to add, for technical reason, some other notations.
/9 ZZZk\/(b(k') and @/ := max{,/@l/g,éfp}.
E>1

We observe that @, /; is defined by a sum on, actually, a finite number of non-
zero terms because we are in the case of a finite sequence of random variables.
Our formulation of [8, Theorem 1] is the following.

Theorem 5.1. Assume for i = 1,--- ,n that E(§) = 0 and E(§}) < co. Let
h:R — R be a thrice differentiable function such that ||h"||s < 0o. Then

)
[z

&
\%4

B(1(2) ~ h) | < 10l (3 +25%02) 3 (

mE— I\ &i &i
+ 1202 [[oo P12 ZE( Sé
~\|v v
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We are going to show that we can apply this result to prove Theorem 1.4.
We start with (3).

Proof of (3). Let r € N*. The variables (Xi(r))lgig/\(r) are of zero-mean and

have a finite moment of order 4. Lemma 4.3 gives a universal upper bound for
lr))1gig,\(r)- We observe
that, from (20), Theorem 1.2 and Lemma 4.1, for j = 2,3,4

P, /5. So we can apply Theorem 5.1 to the sequence (X.(

Ar) (7 _ o ,

SE X _ G 2]?3 p(r)%.

Pl Oy o3 bz

So, by Theorem 5.1, there exists K > 0 such that
AlT) 5-(r) m
X, K||h
E{n|d =] -ny)|| < LS LIS (33)

i=1 Or p(T)

It remains to prove (4).

5.2 Speed of convergence of the cumulative distribution
functions

Observe that for all t € R

A(r)
Fr(t) = F()=E | L_y | D

a.
i=1 "

X

1y (Y)

The idea is thus to find, for ¢ € R, a family of thrice differentiable function
(ht.e)e>0 with, for every € > 0, [|h; .|| < 00 and which converges pointwise to
the indicator funtion 1j_., ;) when ¢ tends to 0.

5.2.1 Approximation of the indicator function

There exists a function f : R — R € C3(R) satisfying the following conditions

FO)=f)=770)=f1)=F"0)=f"(1)=0,ft) =1ift <0, f(t) =0
ift >1and 0 < f(t) < 1, for all real t. Then we define the linear function
Orc:[t—e,t+e] = [0,1], u— 5-(¢ —t +u). Finally, we get our approximation
by

1 ifu<t—e,
hie(u) =< fobc(u) ift—e<u<t+e,
0 otherwise.
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t—e¢ t t+¢e
Figure 10: Graph of h ..

We have the following properties satisfy by hq .
Lemma 5.2. Letr > 1, let Y be a standard normal random variable.

1. Vt € R, the sequence of C3(R) functions (hi.)e converges pointwise to the
indicator function 1)_.o,;) when e tends to 0.

2. Ve >0, Vt € R, ||h:5”5||OO = Hfgsi,“"’ and, in particular, the upper bound is
independent of t.

3. Ve > 0, we have, for any random variable X

E (hte (X) = i (V)

sup IP’(X<L‘)—}P’(Y<t)‘ < sup
teR teR

4e
+ \/—2? (34)

5.2.2 Last step of the proof of (4)
Proof of (4). Let € > 0. From (33) and (34), we obtain

e (i (i“) e )|+ S

o (Kl | e
su
7te]11§ p(r) V2m

"

1 Moo
8e3

sup
teR

AT
IP’( St)]P’(YSt)‘gsup
o teR

Lemma 5.2 gives ||hy |[oc = . So, we obtain

"

Al B If oK | de
P<o—r St) P(Yg”lgsgsm+m

sup
teR
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1 4
e3/p(r) V2rm

Now, we choose € > 0 such that

and get the existence of a

constant K > 0 such that

]P’(A(T) <t> —IE”(Y<t)' K

sup
teR

IN

Or

It only remains to prove Lemma 5.2.

5.2.3 Proof of Lemma 5.2

Proof of Lemma 5.2. Let € > 0. The first point is trivial by construction of h; ..
The second point is also quite simple to show. We write

sup |yl (w) = sup |y’ (w)]
u€eR t—e<u<t+e
’ 3 "
= swp ol ()] £ o bhe(w)
t—e<u<t+e
1 f///( )
= — sup u ‘
8e3 g<u<i

For the last point, let ¢t and € R. Since
hi—ce() <1_oo)(2) < higee(®),
we deduce that for any random variable X
E (hi—ec (X)) < P(X < 1) <E (hyer (X)), (35)

Moreover,

t+2e 6%
E (bt e e(Y)) — B (hie o (V) = / (e () — hee o)) ey < =

—92¢ vV 2T m
<1
Hence, we get that
4de 4e
E (ht+s,s(Y)) - —<P (Y § t) S E (ht—s,s(Y)) + (36)

Vor © Vo

Then, we subtract (36) from (35) and we take the supremum over t € R |
observing that

sup
teR

E(htm (X) - hta,g(Y)> ’ = sup

B (trsee ()~ hsec 1) ’

We get (34). O
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