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ASYMPTOTICS OF THE DISTRIBUTION AND HARMONIC
MOMENTS FOR A SUPERCRITICAL BRANCHING PROCESS IN
A RANDOM ENVIRONMENT

ION GRAMA, QUANSHENG LIU, AND ERIC MIQUEU

ABSTRACT. Let (Z,,) be a supercritical branching process in an independent and
identically distributed random environment £. We deduce the exact decay rate
of the probability P(Z,, = j|Zy = k) as n — oo, for each j > k, assuming that
P(Z; = 0) = 0. We also study the existence of harmonic moments of the random
variable W = lim,, ﬁ under a simple moment condition.

RESUME. Soit (Z,) un processus de branchement surcritique en environnement
aléatoire £ indépendant et identiquement distribué. Nous donnons un équivalent
de la probabilité P(Z, = j|Zy = k) lorsque n — oo, pour tout j > k, sous la
condition P(Z; = 0) = 0. Nous étudions également 'existence des moments har-
moniques de la variable aléatoire limite W = lim,,_, o ﬁ, sous une hypothese
simple d’existence de moments.

1. INTRODUCTION

A branching process in a random environment (BPRE) is a natural and impor-
tant generalisation of the Galton-Watson process, where the reproduction law varies
according to a random environment indexed by time. It was introduced in Smith
and Wilkinson [19] to model the growth of a population in an unknown exogenous
environment. For background concepts and basic results concerning a BPRE we re-
fer to Athreya and Karlin [5, 4]. In the critical and subcritical regime the branching
process gets extinct and the research interest is mostly concentrated on the survival
probability and conditional limit theorems, see e.g. Afanasyev, Boinghoff, Kersting,

Vatutin [1, 2], Vatutin [21], Vatutin and Zheng [22], and the references therein. In
the supercritical case, a great deal of current research has been focused on large de-
viations, see Bansaye and Berestycki [7], Bansaye and Boinghoff [3, 9, 10], Béinghoff
and Kersting [12], Huang and Liu [15], Nakashima [18]. In the particular case when
the offspring distribution is geometric, precise asymptotics can be found in Béinghoff
[11], Kozlov [16].

An important closely linked issue is the asymptotic behavior of the distribution
of a BPRE (Z,,), i.e. the limit of P(Z, = j|Zy = k) as n — oo, for fixed j > 1
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when the process starts with & > 1 initial individuals. For the Galton-Watson
process, the asymptotic is well-known and can be found in the book by Athreya
and Ney [0]. Concerning the lower large deviation principle of a BPRE, Bansaye
and Boinghoff have shown in [10] that, for any fixed 7 > 1 and k£ > 1 it holds

n~tlogP(Z, = j|Zy = k) — —p as n — oo, where p > 0 is a constant. This
result characterlzes the exponential decrease of the probability P(Z, = j|Zy = k)
for the general supercritical case, when extinction can occur. However, it stands
only on a logarithmic scale, and the constant p is not explicit, except when the
reproduction law is fractional linear, for which p is explicitly computed in [10].
Sharper asymptotic results for the fractional linear case can be found in [11]. In
the present paper, we improve the results of [10] and extend those of [11] by giving
an asymptotic equivalent of the probability P(Z, = j|Zy = k) as n — oo, provided
that each individual gives birth to at least one child. These results are important
to understand the asymptotics of the process, and are useful to obtain sharper

asymptotic large deviation results. We also improve the result of [15] about the
existence of the harmonic moment of the limit variable W = lim,,_, E(g Gl and
closes a gap in [13] on this topic.

Let us explain briefly the findings of the paper. Assume that P(Z; = 0) = 0.
From Theorem 2.4 of the paper it follows that when Z; = 1,

P(Zn=3) ~ "¢ with y=P(Z =1)>0, (1.1)

where ¢; € [0,400) can be computed as the unique solution of some recurrence
equations, and ¢; > 0 if and only if ]P(Z = j) > 0 for some n > 0; moreover, the
generating function Q(t) = 332, ¢;t/ has the radius of convergence equal to 1 and
is characterized by the functional equation

’)/Q(t) = ]EQ(fO(t))7 te [07 1)? (1'2)

where fo(t) = 352, pi(&)t is the conditional generating function of Z; given the
environment. These results extend the corresponding results for the Galton-Watson
process (see [0]). They also improve and complete the results in [10] and [11]: it was
proved in [10] that logP(Z, = j) — log~, and in [11] that P(Z, = 1) o~ ¢
in the fractional linear case.

In the proofs of the above results we make use of Theorem 2.1 on the harmonic
moments of W, which shows that: a) for any integer £k > 1, E[W~*|Zy = k] < 0o

for some a > 0 under a simple moment condition on m(()p ) = >, iPpi (&) for some
p > 1, b) for any fixed a > 0,

E[W™|Z =k < oo if and only if E [pf(&)m] <1, (1.3)

under a boundedness condition on mg = Y72, ip;(§o) and m{. Part a) corrects an
error in an earlier work [13, Theorem 1.2] where the case Zy = 1 was considered,

and improves the corresponding result in [15] where a boundedness condition on mg

and m? was required; part b) extends Theorem 1.4 in [15] where the case k = 1

was treated.
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The proof of Theorem 2.1 is based on the method developed in [17, Lemma 4.1]
which enables to obtain the decay rate of the Laplace transform ¢ (t) = E[e*W|Z, =
k| as t — oo, from a functional inequality of the form

o(t) < gEo(Yt) + O, (1.4)

where Y is a positive random variable. Such an equality is obtained by a careful
analysis using a recursive procedure and a bound of the quenched p-th moment
E[W?[E].

In the proof of Theorem 2.4, the equivalence relation (1.1) and the recursive
equations for the limit values (g;) come from simple monotonicity arguments. The
difficulty is to characterize the sequence (g;) by its generating function ). To this
end, we first calculate the radius of convergence of () by determining the asymptotic
behavior of the normalized harmonic moments EZ_," /9™ as n — oo for some r > 0
large enough and by using the fact that 322, j7"¢; = lim, .o EZ;"/9". We then
show that the functional equation (1.2) has a unique solution subject to an initial
condition.

The rest of the paper is organized as follows. The main results, Theorems 2.1 and

2.4, are presented in Section 2. Their proofs are given respectively in Sections 3 and
4.

2. MAIN RESULTS

A BPRE (Z,) can be described as follows. The random environment is repre-
sented by a sequence & = (&, &1, ...) of independent and identically distributed ran-
dom variables (i.i.d. r.v’s), whose realizations determine the probability generating
functions

fu(t) = f(&nst) = ipi(gn)ti> te [07 1]7 pi(§n) =0, ipz(fn) =1 (2.1)

The branching process (Z,)n>0 is defined by the relations
Zn
Zpi1 =Y Nu; for n=0, (2.2)
i=1

where N,,; is the number of children of the i-th individual of the generation n. Con-
ditionally on the environment &, the r.v’s Zy, N,,; (n > 0,7 > 1) are all independent
of each other, each NN, ; has the probability generating function f,,. For simplicity,
we only consider the case where 7 is a constant.

In the sequel we denote by P¢ the quenched law, i.e. the conditional probability
when the environment £ is given, and by 7 the law of the environment £. Then
P(dx,d§) = Pe(dz)T(d€) is the total law of the process, called annealed law. The
corresponding quenched and annealed expectations are denoted respectively by [
and E. When Z;, = 1, for n € N, the quenched and annealed probability generating
function of Z,, are respectively

Gu(t) = foo...0 fo1(t) =Ee(t?| Zy = 1),
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G,(t) =E[t*| Zy=1=E[fyo...0 fa1(t)] = E[ga.(t)], (2.3)
with the convention that go(t) = t. When the process starts with & individuals, we
denote by P, and E; the annealed probability and expectation, that is,

Py()=P(|Zy=k) and Ei()=E(|Zy=k), keN-

It follows from (2.2) that the annealed probability generating function of Z,, starting
with £ individuals is

Gin(t) = Ext” =& |gh(1)], keN* neN. (2.4)

Define, for any environment sequence & = (&, &1, - ), any integer n > 0 and any
real number p > 0,

mgzp) = mgp)@) = Zippi(gn)a My = my(§) = mgzl)(g)a
=0

[lp=1 and I, =1L,(&) =172y ifn > 1.

Then m{P) = E¢[N? ] is the conditional p-th moment of the offspring distribution at
generation n, when the environment ¢ is given, and II,, = I1,,(¢) = E¢[Z,|Z, = 1].

Let
W, = Zn n>=>0 (2.5)
n - Hn7 = Y °
be the normalized population size. It is well known that under P, as well as under

PP, the sequence (W,,),>0 is a non-negative martingale with respect to the filtration
Fo=0( Ny, 0<j<n—14i=1,2...),

where by convention Fy = ¢(§). Then the limit W = lim,, ., W,, exists P - a.s. and
EW < 1.
We shall assume that
p = Elogmg € (0,00),

which implies that the BPRE is supercritical (see e.g. [19, 5, (]) and that
v:=P(Z,=1)€][0,1). (2.6)
With the extra condition E|log(1—py(&))| < 0o, the population size tends to infinity
with positive probability (see [19]). We also assume in the whole paper that each
individual gives birth to at least one child, i.e.
po(§) =0 as. (2.7)

In particular, my > 1 a.s., and P(mo = 1) < 1. Consequently, under the condition
A
E= logt Z, < oo, (2.8)
mo
the martingale (W,,) converges to W in L'(P) (see e.g. [20]) and
P(W >0)=P(Z, - o0) = 1.

Our first result concerns the harmonic moments of the r.v. W. As usual, we write
||p1]lcc = esssup p; for the essential supremum of p; = p;(&p).
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Theorem 2.1. a) Assume that there are some constants p > 1 and € > 0 such that

m[()p)
P

Emg < oo and IEI(
Mo

) <o (2.9)

Then there exists a > 0 such that
E,W™* < o0.
b) Assume that there are some constants py € (0,1) and c1,p, ¢, > 1 such that
pi(&) <p1, caa<my and my(p) <c as. (2.10)
Then for any a > 0,
EW™ < oo if and only if E [p’f(fo)mg} <1

Notice that the two moments conditions in (2.9) are implied by the single one
]E(m(()p ))E < oo; in practice it is in general easier to verify the condition on the

m(()p)

normalized p-th conditional moment of the offspring distribution, rather than

on the non-normalized one m?.

Part a) improves Theorem 2.2(i) of [15], which states that E[W~*|Z; = 1] < oo

for some a > 0 if the boundedness conditions on m, and mép ) in (2.10) hold. Instead

of these boundedness conditions, here only a simple moment condition is used. Part
b) gives the critical value for the existence of harmonic moments of W under the
boundedness condition 2.10; it extends the corresponding result in [15, Theorem
1.4] where the case k = 1 was treated. Proving the critical value without the
boundedness condition 2.10 seems very delicate. Fortunately, for the usual study
of large and moderate deviations as we studied in [15, 13, 23], the existence of the
harmonic moment of some order is enough.

Remark 2.2. It is stated in Theorem 1.2 (or Theorem 3.1) of [13] that E[W~*|Z, =
1] < oo for all 0 < a < ayg, for an explicitly calculated ag > 0, provided that Em§ <
oo for some € > 0. Unfortunately, the proof of this claim in [13] contains an error:
on p.1261, the inequality of the last line cannot be obtained from the inequality of
line 3 from the bottom, because there is the common term ¢r,¢ in the factors of
the product therein (so that these factors are not independent); consequently, Eq.
(2.7) of that paper is not proved. We are grateful to the referee who pointed out
the error in an earlier version of the present paper, originated from [13]. Part a) of
Theorem 2.1 is a corrected version of Theorem 1.2 (or Theorem 3.1) of [13], with

p
my

(P)\e
the conditional moment condition E(ngps) < 00 (which holds for € = 1 when (A2)

of [13] holds, and for ¢ = 1/p when (A04) of [13] holds), and the slightly modified
conclusion that E[W~%|Z, = 1] < oo for some a > 0 (which is enough for the
purposes in [13, 23]). Due to this result, the gap in the proof of Theorem 1.2 [13]
does not have impact on the results on Berry Esseen’s bound and large and moderate
deviations stated in [13, 23].

From Theorem 2.1 we get the following corollary.
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Corollary 2.3. Assume (2.10). If P(p; = 0) = 1, then E,W~* < oo for all a > 0.
If P(p; = 0) < 1, then the equation

E[pymg*] =1 (2.11)
has a unique solution ay on (0,00), and
ExW~* < oo for a€|0,ay),
E,W™=00 for a € |aj, ).
This indicates that the solution ay of the equation (2.11) is the critical value for
the existence of harmonic moments of the r.v. W.
The next result gives an asymptotic equivalent as n — oo of the probability

Py (Z, =3j) = P(Z,=j|Zy=k), for integers j,k > 1. Assume P(p; = 0) < 1.
Then for k£ > 1,

Vi = Pu(Z, = k) = Ept > 0. (2.12)
Define 7 as the unique solution on (0, 00) of the equation
e = Emg ™. (2.13)

Notice that if P(0 < p; < 1) > 0, then ~ is strictly decreasing, and ry is strictly
increasing. As usual, we write a, T a or a = lim,_,o, T @, to mean that (a,) is
increasing and its limit is a.

Theorem 2.4. Assume P(py =0) <1, and let k > 1 be a fized integer.

a) For any j > k, we have, as n — 0o,

Moreover, qir = 1, and for each j > k, qi; > 0 if and only if the state j is
accessible in the sense that Py(Z, = j) > 0 for some n > 0.

If additionally P(0 < py < 1) > 0, then q,; < oo, whose values are uniquely
determined by the recurrence relation

J
Telhy = D Qrip(i,7)  with p(i,j) =P(Z1 = j|Zy = 1), >k, (2.15)
i=k
with the initial condition q i, = 1; the recurrence relation reads also
1 = S
Qrj = Yoarip(i,g), J >k (2.16)
Ye — V5 i=k
b) Assume (2.10). Then
aryj=o00 and > j g <oo Vr>ry (2.17)
j=k j=k

In particular the radius of convergence of the power series

“+oo
Qu(t) = quyt’ (2.18)
=k
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s equal to 1.
c) For allt € [0,1), we have,

Ekizn T Qr(t) as n— oo, (2.19)
Ve
d) The power series Qy(t) satisfies the functional equation
NWQk(t) = E[Qr(fo(t))] (2.20)

for t € [0,1), with the initial condition Q;k)(O) = kl. Moreover, under the condi-
tion P(0 < p1 < 1) > 0, the functional equation (2.20) together with the initial
condition Q,(Ck)(O) = k! characterizes the power series Qi (t) in the following sense:
Zka(t) =270 r.j7 is a power series with Gy ; € C and i, = 1, which converges
and satisfies

Ww@i(t) =K [Qk(fo(t))}
fort > 0 small enough, then Q) coincide with Qy.

Part a) sheds light on the bound P (Z,, < j) < n/y™ obtained in [7] (Lemma 7) for
a BPRE with P(Z; = 0) = 0. Furthermore, Theorem 2.4 extends the results of [0]
for the Galton-Watson process, with some significant differences. Indeed, when the
environment is random and non-degenerate, we have, for k > 2, Gy, (t) = Eff(t) #
G%(t) in general, which implies that Qx(t) # Q*(t), whereas we have the relation
Qr(t) = QF(t) for the Galton-Watson process.

Theorem 2.4 also improves the results of [10] (Theorem 2.1), where it has been
proved that for a general supercritical BPRE

1 .
lim ﬁlog]P’;,C (Z,=j)=—p<0. (2.21)
In the case where P (Z; = 0) = 0, our result is sharper by giving an equivalent of
Py (Z, = j). Moreover, also in the case where P(Z; = 0) = 0, it has been stated
mistakenly in [10] that lim, % logPy (Z, = j) = klog~y, whereas the correct as-
ymptotic is
1
lim —log Py (Z, = j) = log .

n—oo n,

Now we discuss the particular fractional linear case. The reproduction law of a
BPRE is said to be fractional linear if

(1 — ao)(]_ — bo)
bo

that is, when the generating function of the offspring distribution {px(&) : k¥ € N}
is

by for k=1, (2.22)

Po(fo) = Qo, pk(fo) =

(1 —ag)(1 — byt
1 — byt ’

fo(t) = ag +
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where ag € [0,1), by € (0,1), with ag + by < 1, are random variables depending on
the environment &y. In this case, the mean of the offspring distribution is given by

1—ap
mo = by
The constant p in (2.21) was computed in [10]: with X = logmy,
—log E[e™ ] if E[Xe*]>0 (intermediately and
p= strongly supercritical case),

—loginfysoEle ¥] if E[Xe *] <0 (weakly supercritical case).
Moreover, precise asymptotic results for the strongly and intermediately supercriti-
cal case can be found in [11], where the following assertions are proved:

(1) if E[Xe *] > 0 (strongly supercritical case),

n

P(Zy = 1) ~v (Ele])";
(2) if E[Xe *] = 0 (intermediately supercritical case),
P(Z, = 1) ~ 0 (E[e™])" 1(n)n =0,

with 0, v, s positive constants and [(-) a slowly varying function. In the particular
case where ay = 0, Theorem 2.4 recovers Theorem 2.1.1 of [ 1] with p;(&) = 1/my,
X =logmy >0 and E [X e X } > (). Therefore the process is strongly supercritical
and P(Z, = 1) ~ v (E[e*XDn = ~". However, since we assume P(Z; = 0) = 0,
our result does not highlight the previous two asymptotic regimes stated in the

particular case when the distribution is fractional linear. The study of the general
case is a challenging problem which still remains open.

3. HARMONIC MOMENTS OF W

In this section we prove Theorem 2.1. Denote the quenched Laplace transform of
W under the environment & by

de(t) = Ee [e ™| Zo = 1] (3.1)
when the process starts with one initial particle, and the annealed Laplace transform
of W by

o(t) = E [¢f(t)] = By [e ], (3.2)
when the process starts with k individuals.

The following lemma is the key technical tool to study the exact decay rate of the
Laplace transform of the limit variable W.

Lemma 3.1 ([17], Lemma 4.1). Let ¢ : Ry — Ry be a bounded function and let Y
be a positive random variable such that for some constants g € (0,1), a € (0,00),
C>0andty >0 and all t > tg,

6(t) < qES(Y't) + Ct.
If qE(Y %) < 1, then ¢(t) = O(t™%) as t — oo.
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We will use the following bound for the quenched p-th moments of W.

Lemma 3.2. Forp € (1,2],
1 m,(f)

<12 mf

EW? <1+ Z (3.3)

Proof. We shall use the following elementary inequality due to Assmussen and Hering
[3, p41]: if S =37, X, is the sum of N independent random variables X; > 0, and
h:[0,00) — [0,00) is concave and non-decreasing, then

E[Sh(S)] < Y E[X;h(X;)] + (ES)R(ES). (3.4)
i=1
From the definition of the branching process, we have the decomposition

Zn
Zn+1 o 1 Nn,i
- T )
HnJrl Hn i=1 my

Wn+1 = n 2 0.

Applying inequality (3.4) with this sum and the conditional expectation E¢(-| F,),
together with h(t) = t*~!, and using the fact that E¢(W,,11|F,) = W, we get

Z, m(p)
E [ n+1|]: ] Hp
Taking expectation with respect to P¢, we obtam for n > 0,
1 m(p)

E&[Wf;—&-l] < - —— +E£Wp

By induction, this gives for n > 0,

z”: 1 m,(f) (3.5)
EW? , <14+5 — T 3.5
e e VR

which implies (3.3). O

(p)
We remark that (3.3) remains valid if ";j;p; is replaced by the p-th centered mo-
ments > 5o, |min — 1Ppr(&,), multiplied by a constant B, depending on p. This can

be seen from inequality (2.1) of [15], and can be checked using the Bukholder, Davis
and Gundy inequality for martingales.

(p)
Proof of Theorem 2.1. We can suppose that the moment condition E(25%-)° <
0

oo holds for some p € (1,2], since the normalized conditional LP-norm mq(p)*/? /mq
is increasing in p. In the following, we assume p € (1,2]. We proceed in six steps.

Step 1: we first establish a bound of ¢¢(¢) uniformly in ¢ for which E;W? is
bounded. Notice that the function ¢t — (e™" — 1 + ¢)/t? is bounded on (0, 00), so
that there is a constant C' > 0 such that for all ¢ > 0,
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Using this inequality with ¢ replaced by tW and taking expectation with respect to
P¢, together with the fact that E;W = 1, we obtain, for all ¢ > 0,

Pe(t) < 1 —t+ C(EWP)E/p. (3.7)
Therefore, if E.WP < K for some constant K > 0, then for all ¢ > 0,
Pe(t) <1 —t+ CKtP /p =: g(t).
At tg := (CK)~Y/®=1 the function g attains its minimum
B i=ming(t) = g(tx) = 1 — (1 = 1/p)tx < 1.
Therefore
de(t) < de(ti) < gltx) = B if t > ti and EW? < K. (3.8)

Step 2: we next obtain a recurrence relation on ¢¢(t). It is well-known that ¢¢(?)
satisfies the functional relation

Pe(t) = fo (¢T§ (nfm)) ; (3.9)

where fo(t) = 322, pr(&)tF is the generating function of the offspring distribution
{pr(&) : k € N}, T is the shift operator of the environment sequence defined by

T(&0. &1, ---) = (&1, -..). Using (3.9) and the fact that ¢f, <mio) D ( ) for
all £ > 2, we obtain

6e(t) < pr(&0ore (=) + (L= mlea)ot (7 ) (3.10)

In particular, ¢¢(t) < ¢re ( ) By iteration, this implies, for any ¢ > 0,

Pe(t) < Pre (;(J) < Qg ( ! ) <o K Qe (Tfn) , n=>=1, (3.11)

momy

where 7™ denotes the n-fold iteration of 7. Taking the k-th power in (3.10), using the
binomial expansion and the fact that ¢2k ‘ (Wio) ¢k+1 ( : ) foralli € {0,...,k—

mo

1}, we get
Ge(t) = p1(§0)¢T§< ) - Z ( ) pil6)'(1 = pa(o)) 0 <>

<zﬂ@wag;) (1= bkt ()
= b (o) [phien) + 1= hinere ()] (3.12)

By iteration, this together with (3.11) leads to

okt < dhe (i )[[(m &)+ (1=ph(ENore (7)) kn>1l (13
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Step 3: we establish a recurrence relation on ¢(t) = E [(b’g(t)} = Eg {e‘tw}.
From (3.13) and (3.8) applied to ¢r,¢(t/11,,), we obtain, for any ¢t > 0 and n > 1,

o0 < dhee (1) ] 1_1 (Phi&) + (1 = PH(€))Bx) (314
+ + ¢]:€rng (é) LiEpnewr>K}s

where 1.} denotes the indicator function of the set {-}. Taking expectation and using
the independence between T,§ and (&, -+ ,§,-1) and the fact that 1(g,..wr>x) <
ErmeW? /K, we obtain, for any n > 0,¢t > 0 and n > 1,

o) < E[m () T (i) + 1~ pite i)

7=0

B[ () ety + . (3.15)

We will now find a suitable bound of E

(ang( )(ET%W}’) ] To this end the

difficulty is that there is a dependence between (ang and (EpneW?). To overcome
this difficulty we will use an explicit bound of (E7n=¢WW?) and the recurrence relation

(p)
(3.11). Let n € (0,1] be small enough such that E(Tnmop

0
the sub-additivity of the function x +— 2", we have

)77 < 0o. By Lemma 3.2 and

(p) n
(EqneWP)" < 1+ Z (T"Q) : (3.16)

oy n£)< W(T8)

From (3.11), we have ¢pne () < drrsipng (
bound of (E=eW?)" we obtain

m) Therefore from the preceding

O (1) ErneW?) < b (1) + Z e (1) H;(f_l)i(Tng) (Wﬁk)g’g)
o ( .
< One (th> + kz:%d)?wws (Hk +1(ng)r[n(g)> H,(f_l)i(Tng) (TZf;(TTné(?m

Since T*+1*7¢ is independent of (&)icryn (this is why we passed from T"¢ to
THHIFn¢) taking expectation in the above inequality leads to

ol () ] <3 (1) S o[ o) (i 2y

(3.18)
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Therefore, coming back to (3.15) we obtain the following inequality on ¢y:

onlt) < E[on (1 )r;[(pl &)+ (1 pk(E))Bx) |

+ +E{E¢k (én) +ZE[¢1€ (treme) (w;;ﬁ;)((Tné))"]},

=0 P~ 7(T,¢) T.)
(3.19)

(P)\ e

Step 4: we prove that if Em{ < oo and ]E(”;fjp ) < 0o for some € > 0, then
0

d(t) < Cte (3.20)

for some constants C,a > 0 and all ¢ > 0, which implies that E /W < oo for all
b € (0,a) (the implication is a standard result, and can be easily checked e.g. by
using the formula E,; Wb = 1 % dp(t)t*"1dt, where T'(b) = [3° e 107 1dt).

(p)
As in Step 3, let n € (0,1] be small enough such that IE(T;; )77 < o00. Let Y be a
0
positive random variable whose distribution is determined by

1

Elov)) = {E[s (i) 1j(p1 &)+ (1= ph(&)Bx) |

q
g(HkH(T’lLﬁ)Hn(ﬁ)) m(p)(Tng) g
P V7(T7,¢) ( an(Tnf) ) }} (3:21)

1 1 &
+mEg<m)+mZE

for all bounded and measurable function g, where ¢ is the norming constant (to
make E [¢(Y)] = 1 when ¢g = 1) defined by

B E[ (&) -0 =t f;"{l " éE[H,(f_I;(TnS) (njg(gng)n]}
— {E((plf(go) +(1 —Plf(go))ﬁKD]n + [;77{1 + - EnflLE(P—l)n _E<(n:’;();;)”)}.

Then from (3.15) and Markov’s inequality we obtain for all @ > 0 and ¢ > 0,

t5 (Emg)"

¢k(t) < qusz (Yt) + ta

(3.22)
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(p)
We choose a > 0 and 5 € (0, 1) small enough such that Em2® < oo and IE( )> <

0

»
o0, so that E(mo(mo)> < 00 by Cauchy-Schwartz’s inequality. Notice that
Mo

&y - £ 1_1 (Ph(&) + (1= ph())3x) |
B g iE [Hn<(T>§<)THs§O (n;y(%)”
= [ (ma(phteo) + (- pheonsn) )|
(Emg)" !

+

o (M(ms)" )}

1 .
Kn { +1_Ema(p—1)n+a < mh

By the dominated convergence theorem,

“ s oo 1 1 (p) n o
gEY @ 20 g noee )y ‘E (my”) K=o .
Kn 1— Emg(p—l)n pn

my

So we can choose K, n large enough and a > 0 small enough, such that ¢ < 1 and
qEY ~* < 1. Therefore, from (3.22) and Lemma 3.1, we get (3.20).

Step. 5: prove that under the boundedness condition (2.10),

Eptmd <1 =  ¢nt)=0(1t™) ast— . (3.23)
We follow the argument in [15] where the case k = 1 was treated. Notice that when
(p)

mo = ¢ > 1 and mg’ < ¢p, from Lemma 3.2 we see that there is a constant K > 0
such that E.W? < K for almost every environment . With such a K, from (3.14)
we get for all £ > 0,

(bg(t) < b?{ + 1{1_[157<tK}, where bK = ]51 + (1 _ﬁl)ﬂK
From (3.12) and this bound applied to ¢r¢, we get
t
oh(t) < (o) [phte) + (1= P60

< Cng( ) (pl (&o) + ) + 1{ L <tk} (3.24)

Taking expectation, we get for alln > 1 and t > 0,

Bi(t) < Eabk( )[p1(£o>+b”}+IP’(

<t
Hn+1 K)

1% (E””Lo)n+1

nEo(Yit) + S

(3.25)
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where ¢ = E {p’f (&) + b}ﬂ, Y; is a positive random variable whose distribution is
determined by

Eg(Y) = -E[g(-) (ph60) + i)

for any bounded and measurable function g. Notice that ¢ — E[p’f(fo)] <1 as
n — oo, and

QEY, = E|mf (pf (%) + Vi) | == E[mip(&)] < 1.

Therefore we can choose n large enough such that ¢; < 1 and ¢;EY; “ < 1. So from
(3.25) and Lemma 3.1, we conclude that ¢ () < Ct~* for some constant C' > 0 and
all £ > 0. This ends the proof of the implication (3.23).

Notice that when Epfmg@ < 1, we can take ag > a close to a such that Epfmg° < 1.
Applying the implication (3.23) with a replaced by ag, we get ¢ (t) < Ct~ for some
constant C' > 0 and all ¢ > 0, which implies that E, /W =% < co. So we have proved
the implication

Epimi <1 = EW *< oo, (3.26)
under the boundedness condition (2.10).
Step 6: prove that for any a > 0,
E V™ < 0o = Eph(&)md < 1. (3.27)

Assume that E,WW~* < co. Note that the r.v. W admits the well-known decompo-
sition

where the r.v’s W (i) (¢ > 1) are i.i.d. and independent of Z; under P¢, and are
also independent of Z; and &, under P. The decomposition can be easily seen from
the definition of the branching process, by considering the sub branching processes
starting from the particles i of the first generation, and by taking W (i) as the
corresponding limit variable of the fundamental martingale of the branching process
starting from 4. The conditional probability law of W (i) satisties Pe(W (i) € ) =
Pre(W € ). Since Py(Z; > k+ 1) > 0, we have

Z1 —a
BV > Ekm8<z W(z’)) 1{Z1 = k} = Bp(&o)m BV 2, (3.28)

i=1

which implies that Ep¥(&)md < 1.
Combing the results proved in Steps 4-6, we obtain the conclusions of Theorem
2.1 : in fact, Part a) is proved in Step 4, while Part b) is proved in Steps 5 and 6.
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4. SMALL VALUE PROBABILITY IN THE NON-EXTINCTION CASE
In this section we prove Theorem 2.4.
a) We start with the proof of part a). For £ > 1 and j > k, define
T P (Zn :7‘7;20 =R with v = Pu(Z = k) = Ept. (4.1)
By the Markov property, we have
Pr(Zpi1=7) 2P (Z1=k)Pp (Z, =) .
n+1

Dividing by 7.7 leads to

Qkjnt+1 2 Qk,jn- (4.2)
Therefore, the limit of gy ;,, exists as n — oo:
Qg = Hm 7T qpjn € [0, 00].
We shall prove that g ; satisfies the properties claimed in the theorem.

al) We first remark that ¢, = 1 and that for any j > k, gx; > 0 if and only if
the state j is accessible. In fact, when Zy = k, then Z,, = k if and only if Z; = k for
all j =0,---,n, so that

P(Z, = k|Zo = k) = [[ P(Z; = k|Zj—1 = k) = 7y,
j=1

which implies g, = 1. If 7 is accessible, that is, if there exists n > 0 such that
Pu(Z, = j) > 0, then qr; = qujn = Pu(Z, = j)/7% > 0; if j is not accessible,
that is, if Px(Z, = j) = 0 for all n > 0, then ¢, = 0 for all n > 0, so that
qk,; = hmn—>oo qkjn = 0.
a2) We next show that if P(0 < p; < 1) > 0, then for all j > k, we have
H(): quj <oo.

We do the proof by induction. For j = k, we have ¢, = 1, so that H(k) holds.
Assume that j > k + 1 and that H (i) is true for all £ < i < j — 1. By the total
probability formula, we obtain

— 4 J .
IP)k(Zﬂn——:-ll_ﬁ - iZHD(ZM—I = j|Zn = i) Mﬁil)7
Tk Tk iZk Vi
which is equivalent to
s
Qg = szp(iaj)qk,i,n + %qk,j,n], (4.3)

with p(i,j) = P(Z1 = j|Zo = i). Using the fact that g4, < Grjnt+1, We get by the
induction hypothesis that
j—1

sup Tojnt1 (e — ) < D@k p(i,j) < o0.
ne i=k
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Since P(0 < p; < 1) > 0, we have 7 —; > 0. Thus ¢;; < oo, so that H(j) remains
true. By induction H(j) holds for all j > k.

a3) We then prove the recurrent relation for ¢ ;. Taking the limit as n — oo in
(4.3), leads to

7—1
Qrj = kS [Z%,ip(’i,j) + ViGk.j |- (4.4)
Ve Lo
This gives the recurrent relation (2.15). Notice that this relation holds even if
P(0 < p; < 1) =0, although in this case we do not know whether g ; < co.
When P(0 < p; < 1) > 0, then v; < 7 for j > k, so that the recurrence relation
reads also

qu@p ij7), >k (4.5)
/7 _ryJ 1=k

We have therefore finished the proof of part a) of Theorem 2.4.

qkj =

b) Now we prove part b) of Theorem 2.4 about the moments and radius of con-
vergence of the power series Q(t), assuming P(p; = 0) < 1 and (2.10). Notice that
these conditions imply that P(0 < p; < 1) > 0.

The method that we developpe here is new even in the case of the Galton-Watson
process.

We start with a lemma about the harmonic moments of Z,,.

Lemma 4.1. Assume P(p; =0) < 1 and (2.10). Let k > 1 and let ry be the unique
solution on (0,00) of the equation v, = Emg"™. Then, for any r > ry, we have

E.Z,"

T

lim 1 < 0. (4.6)

Proof. By the Markov property,
i [Zoi1| = Bi [ Z,01120 = k| Pu(Z) = k) = wBe [2,7]

which proves that the sequence (Ej [Z,"] /7 )nen is increasing. We show that it
is bounded. For n > 1 and m > 0, we have the following well-known branching
property for Z,:

ZT?L

n+m Z Znnf)7 (4'7)

where, under P¢, the random variables Zfl?z) (i = 1) are i.i.d., independent of Z,,,
whose conditional probability law satisfies P (ZT(:Z) € ) = Prme (Z, € ). Intu-
itively, relation (4.7) shows that, conditionally on Z,, = i, the annealed law of the
process Z, ., is the same as that of a new process Z, starting with ¢ individuals.
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Using (4.7) with m = 1, the independence between Z; and Z,(le) (1 > 1) and the
fact that E; 7" < Ep1Z,," for all « > k + 1, we have

By |Z:01) = B |Zil|Z = k| Pu(Z1 = k)

(
+ Y E (Z Zﬁ%) Zy =i| Pp(Zy = 1)
i=k+1 h=1
< Yk {Z } + Egt1 [Z } . (4.8)
Therefore, by iteration,
B 2] _ BulZ) | Ban 1277
o+l < n + n+1 S
Yk Vk Tk
" B [ ol

< 1+Z

We shall use a change of measure, by modlfylng the distribution of the environ-
ment sequence. Let 75 be the common law of &,. Recall that the annealed law is
P(dx,d€) = Pe(dx)7(d€), where 7 = 75 is the product measure. For r > 0, let 7
be a new probability mesure on the environment space defined by
m(t)™"

¢

(4.9)

T-(dt) =

To(dt) with ¢, =Emg",

where m(t) = Y.;5¢ tpi(t) is the conditional mean of the offspring distribution {pj(¢)}
at 0 given the environment &, = t. Define the new annealed measure
P") (dx, d¢) = Pe(dx)T,(dE).

Denote the corresponding expectation by E(. For k > 1, set

PV =P |Zy=k) and EU()=E"(|Z =k).
Then

, Ex [IL"X
EIE:)[X] - M (4.10)
r

for any JF,,-measurable random variable X. It can be easily seen that under the new
probability measure P, (Z,) is still a superritical branching process in a random
environment. By (4.10), we obtain

Ers1 |Z,7] = BYL W, e (4.11)
It is known (see [15], Lemma 2.1) that
sup BT (W, 7] = B (W) (4.12)
Notice that
Em,

EO[ph (go)my) = 2L —

— = —— <1 forany r < riiq.
Emg" Em," Y i



18 ION GRAMA, QUANSHENG LIU, AND ERIC MIQUEU

So by Theorem 2.1 we get for any r < rpiq,

C(r) = By W] < oo. (4.13)
Coming back to (4.9) and using (4.11) - (4.13) , we get for r € (rk, rg+1),
E Zgr n J
e [nJJ <14 905 <C> < ¢ (4.14)
Tk Vi =0 Yk Ve — Cr

using the fact that v, = Emy"™ > Emg" = ¢,. Thus the sequence (Ex [Z,"] /72 )nen
is bounded and (4.6) holds for any r € (ry, rg4+1). Using the fact that Ey [Z_f;/l} <

n

Ex {Z;ll} for any r’ > r, the result follows for any r > 7y, which ends the proof of
the lemma. O

Remark 4.2. From the results stated above, with some additional analysis one can
obtain an equivalent of the harmonic moments EZ_ " for any r > 0. However, it is
delicate to have an expression of the concerned constant in the equivalence. See [1]
on this topic.

We can now show the moments results (2.17) about {gj ;}, which imply that the
radius of convergence R of the power series Q. (t) = 372, ;7 is equal to 1. Since
252k Pe (2, = j) = 1, we have

> Py (Zy = §) =%
=k

Passing to the limit as n — oo and using part a) of Theorem 2.4 and the monotone
convergence theorem, we obtain:

Z Qk,j = 00,
j=k
which proves that R < 1. We prove that R > 1 by showing that
+oo
> i Tk < o0
j=k

for r > r. Using again part a) of Theorem 2.4, the monotone convergence theorem
and Lemma 4.1, we have, for any r > ry,

400 B 400 o P Zn =9 . E Z;r
D ik =7 " lim T d - J) = lim 1 i = < 00. (4.15)
j=k j=k 7k 7k

This ends the proof of part b).
¢) We now prove part c¢) of Theorem 2.4. Since
Ektzn . Pk(Zn = j)tj

n n
Tk =k Tk

I

using part a) and the monotone convergence theorem, we get (2.19).
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d) We finally prove that the power series Qx(t) satisfies the functional equa-
tion (2.20), and that this equation characterizes the power series Q(t). Recall that
Ept? =352, p(k,7)t! = Ef§(t). By Fubini’s theorem, we have

B0 = B[S mafi()] = San8 [0
i=k i=k
= > i [tzl| Zp = Z] = qu; > pli,j)¥
i=k =k j=i
o Jj
= Z quz
j=k i=k
On the other hand, 7.Qx(t) = X524 Yiqr jt’. Therefore, by the recursive relation
(2.15), for all t € [0,1),

M Qr(t) = E [Qr(fo(1))] -

The above argument also applies to prove that this functional equation char-
acterizes the power series Q(t). Assume P(0 < py < 1) > 0. Suppose that
Qk(t) = X2 Gr.;t is a power series with gr; € C (a priori not necessarily real
or positive) and §xx = 1, whose radius of convergence is p > 0, which satisfies

k(1) = E [Qk(fO(t))}

for t > 0 small enough. We will prove that Qk coincide with Q). In fact, the same
argument used in the calculation of E [Qx(fo(t))] applies for E [Qk( fo(t))}, yielding
that for 0 <t < p,

E[Qu(fo(1)] = iﬁ% (i)

in the argument we can still use Fubini’s theorem, due to the fact that fo(t) < ¢ and
that the series Q(t) = 252 Gr,;t’ converges absolutely for t € [0, p). Therefore, by

comparing the coefficients, we see that 7,Qx(t) = E [@k( fo(t))} for all £ > 0 small
enough if and only if

J
Yk, = Z@k,z‘p(i7j), Vj = 0. (4.16)
From this relation, we can easily cheque by reduction on j that
gv; =0 Vj=0,--- k-1 (4.17)

Actually, for j = 0, Eq. (4.16) gives ydro = Grop(0,0); as v, = Ept < 1 = p(0,0),
this implies gro = 0. Assume that g, ; =0Vj =0,--- ,n with n +1 < k, then Eq.
(4.16) with j = n + 1 gives Ygr; = Grns1p(n + 1,0+ 1); as 3 = Epf > Epi™! =
p(n+1,n+ 1), this implies i ,+1 = 0. By induction, this proves (4.17).
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With (4.17) at hand, (4.16) implies

J
Wl = ¥ Qeap(isj), Vi =k, (4.18)
i=k
which reads also
S ) (119)
q\k7‘ = T~ N p i?] qk,?ﬁ ] > k' 4.19
’ E(Plf - PD i=k

Since Gyr = qrx = 1, from this relation and the same relation satisfied by (gx;),
it follows by an easy reduction argument that g, ; = qx; for all 7 > k. We have
therefore roved that Q(t) coincides with Q(%).

This ends the proof of Theorem 2.4.
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