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ABSTRACT
The cataclysmic explosions of massive stars as supernovae are one of the key ingredients of galaxy formation. However, their
evolution is not well understood in the presence of magnetic fields or cosmic rays (CRs). We study the expansion of individual
supernova remnants (SNRs) using our suite of 3D hydrodynamical (HD), magnetohydrodynamical (MHD) and CRMHD
simulations generated using RAMSES. We explore multiple ambient densities, magnetic fields, and fractions of supernova energy
deposited as CRs (χCR), accounting for CR anisotropic diffusion and streaming. All our runs have comparable evolutions until
the end of the Sedov-Taylor phase. However, our CRMHD simulations experience an additional CR pressure-driven snowplough
phase once the CR energy dominates inside the SNR. We present a model for the final momentum deposited by supernovae
that captures this new phase: pSNR = 2.87 × 105(χCR + 1)4.82

(
n

cm−3

)−0.196
M� km s−1. Assuming a 10 per cent fraction of SN

energy in CRs leads to a 50 per cent boost of the final momentum, with our model predicting even higher impacts at lower
ambient densities. The anisotropic diffusion of CRs assuming an initially uniform magnetic field leads to extended gas and
CR outflows escaping from the supernova poles. We also study a tangled initial configuration of the magnetic field, resulting
instead in a quasi-isotropic diffusion of CRs and earlier momentum deposition. Finally, synthetic synchrotron observations of
our simulations using the POLARIS code show that the local magnetic field configuration in the interstellar medium modifies the
overall radio emission morphology and polarization.

Key words: MHD – methods: numerical – cosmic rays – ISM: supernova remnants.
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IN T RO D U C T I O N

assive stars undergo processes throughout their life cycle that
eposit energy and momentum in their vicinity. Their cataclysmic
xplosions as supernovae (SNe) are central to galaxy formation
nd evolution, where SNe are often invoked as a central feedback
echanism, particularly dominant at the low-mass end of the galaxy

opulation (see e.g. Naab & Ostriker 2017; Vogelsberger et al. 2020).
ithout the energy injection from SNe into the interstellar medium

ISM), the runaway gravitational collapse of gas (Kay et al. 2002;
obbs, Burkert & Pringle 2011; Hopkins, Quataert & Murray 2011;
asker 2011 ) turns the majority of baryons into stars (Somerville &
rimack 1999; Springel & Hernquist 2003), in clear disagreement
ith observations (e.g. Behroozi, Wechsler & Conroy 2013). In
rder to regulate star formation, SNe need to be efficient enough
o drive galactic winds that eject gas from galaxies. Observations
ave shown that energetic large-scale outflows from galaxies are
biquitous [see Veilleux, Cecil & Bland-Hawthorn (2005) for a
eview on galactic outflows], which provides an explanation for the
bserved metal enrichment of the intergalactic medium (Booth et al.
E-mail: francisco.rodriguezmontero@physics.ox.ac.uk
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012). Modelling these stellar and active galactic nuclei (AGNs)
eedback mechanisms in simulations requires following physics from
ub-pc scales all the way to the intergalactic scales above kpc.
s this cannot be captured in one single simulation, galactic and

osmological simulations rely on sub-grid models.
However, different simulations have showcased the inefficiency of

N feedback to halt star formation, which has lead to the development
f alternative models with the aim to provide closer results to
bservations (see e.g. Rosdahl et al. 2018; Smith, Sijacki & Shen
018 for a comparison of methods). Because SNe primarily occur
ithin regions of cold and dense gas, where radiative cooling is
ore effective, the low resolution of cosmological simulations is

ot enough to adequately resolve this phase (Vogelsberger et al.
020). Solutions to this non-physical over-cooling include disabling
he cooling of the affected gas for a limited amount of time (e.g.
tinson et al. 2006; Teyssier et al. 2013), employing a stochastic
nergy deposition (e.g. Dalla Vecchia & Schaye 2012), or applying
as ‘kicks’ in analytic momentum-driven winds (Murray, Quataert &
hompson 2005; Kimm et al. 2015). The use of hydrodynamically
ecoupled wind particles is required in many large volume cosmolog-
cal simulations to reproduce realistic outflows (Springel & Hernquist
003; Oppenheimer et al. 2009; Vogelsberger et al. 2013; Pillepich
t al. 2018). The attention has now been shifted towards the study
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f physical components unaccounted for by simulations that have
he potential to affect the deposition of energy and momentum by
Ne. Feedback agents such as radiation (Hopkins et al. 2011; Aumer
t al. 2013; Emerick, Bryan & Mac Low 2018; Rosdahl et al. 2018),
yman-α pressure (Dijkstra & Loeb 2008; Kimm et al. 2018), or
osmic rays (CRs; e.g. Wadepuhl & Springel 2011; Uhlig et al. 2012;
alem, Bryan & Hummels 2014; Hopkins et al. 2021) are explored

n addition to the suggested better treatment of star formation (Kimm
t al. 2015; Hopkins et al. 2018; Semenov, Kravtsov & Gnedin 2018;
artin-Alvarez et al. 2020) and the physics of the ISM (Smith,

ijacki & Shen 2019).
Multiwavelength signatures of CR acceleration have been ob-

erved in supernovae remnants (SNR; e.g. Vink et al. 2008;
houdam & Hörandel 2012; Dermer & Powale 2013), suggesting

hat approximately 10 per cent of the explosion energy is converted
nto CR energy (Morlino & Caprioli 2012; Helder et al. 2013).
urthermore, the contribution to the energy density from CRs in

he Solar Neighbourhood is on the order of the magnetic, thermal,
nd gravitational energies (e.g. Webber 1998; Ferrière 2001). This
pparent equipartition positions CRs as a non-negligible ingredient in
he dynamics of the Galactic disc. In fact, evidence of high CR energy
ensity has been found in regions of high star formation in other
alaxies (Acciari et al. 2009; Persic & Rephaeli 2010; Mulcahy et al.
014), as well as a tight correlation between the radio synchrotron
mission of CRs and the far-infrared emission of highly obscured
tar formation in spiral galaxies (Liu & Gao 2010).

As CR particles are effectively collisionless, their interactions with
he thermal gas component are dictated by the ambient magnetic
eld and kinetic instabilities (Zweibel 2017). CRs excite Alfvén
aves via the streaming instability while travelling along magnetic
eld lines, from which they scatter reducing their bulk velocity.
hrough this interaction, CRs can effectively transfer energy and
omentum to the thermal gas (Kulsrud & Pearce 1969). This is

he underlying assumption in the macroscopic description of CRs
s a relativistic fluid with a softer adiabatic index (γ CR = 4/3,
nstead of the γ = 5/3 for a monatomic thermal gas). The direct
onsequences are that: (i) CRs experience lower adiabatic losses due
o expansion, (ii) the cooling time-scales are longer, so they maintain
heir energy density for a longer period of time, and (iii) their rapid
iffusion, along magnetic field lines, enables CRs to escape dense
nd compact regions, reaching the diffuse gas where they have the
otential to drive fast and steady galactic outflows (e.g. Everett et al.
008).
Based on the acceleration of CRs by SNe shocks, the implemen-

ation of CRs in galaxy and ISM simulations has been generally
one by employing SNe as sources of CR energy density (see also
.g. Sijacki et al. 2008; Ruszkowski, Yang & Zweibel 2017; Ehlert
t al. 2018, for implementations in AGN feedback). These models
nject a fraction of the original SNe energy in the form of CR energy
o the surrounding gas in addition to the original thermal and/or
inetic feedback mechanism of each SN. After injection, CRs are
volved following CR dynamics. In early works, streaming at the
ocal sound speed and isotropic diffusion was the way in which CR
ransport was implemented (e.g. Jubelgas et al. 2008; Uhlig et al.
012). This showed that including CR as a separate fluid provided
mechanism to drive powerful winds in low-mass galaxies Uhlig

t al. (2012) with high-mass-loading factors (Salem et al. 2014),
nd thickened gaseous discs (Booth et al. 2013). However, a more
ealistic treatment of CR transport has recently become possible
argely due to advances in magnetohydrodynamical (MHD) codes.

ultiple new implementations have been developed for the physics
escribing CR anisotropic diffusion and streaming, their coupling
NRAS 511, 1247–1264 (2022)
ith the thermal gas and cooling due to hadronic, Coulomb, and ion
osses (e.g. Girichidis et al. 2014; Dubois & Commerçon 2016; Chan
t al. 2019), as well as their acceleration at shocks (Pfrommer et al.
017; Dubois et al. 2019). In state-of-the-art CR numerical methods,
t is now common to find that including CRs results in the formation
f powerful and steady outflows (Ruszkowski et al. 2017; Girichidis
t al. 2018; Hopkins et al. 2021), the suppression of star formation
Jubelgas et al. 2008; Pfrommer et al. 2017; Hopkins et al. 2021;
ashyan & Dubois 2020), or the ejection of large fractions of the
aryons found in the galaxies out to their virial radii (Pfrommer et al.
007; Pakmor et al. 2016). Overall, simulations that included CR
ransport and studied their effect on wind launching found that CRs
ncreased the mass loading of winds, making them also colder and
enser.
Despite their obvious importance, the effect of CRs on the

volution of SNRs is not yet fully understood. Early implementations
f CR pressure in the solution of the blast wave problem (Chevalier
983) suggested that its addition does not cause the evolution of
upernova remnants to significantly deviate from the self-similar
olution. More recently, numerical methods that include CR physics
ave been used in 3D simulations of spherical blast waves (Pfrommer
t al. 2017; Pais et al. 2018; Dubois et al. 2019), suggesting instead
Sedov-Taylor solution with an effective adiabatic index of 7/5.
irichidis et al. (2014) studied the dynamical impact of CRs during

he early adiabatic phase of the expansion of individual SNRs using
heir implementation of anisotropic transport of CRs. They found
n effective acceleration of cold gas in the ambient medium above
hat expected from the thermal solution. Furthermore, since CRs
ave longer cooling times, they undergo significantly lower radiative
osses than thermal gas during the pressure-driven snowplough
hase. This provides an extra source of energy that fuels further
xpansion (Diesing & Caprioli 2018). Hence, the inclusion of CRs
n SNR modelling could affect the final energy and momentum
eposition. Additionally, the nature of magnetic field structure in
NRs has been highly debated (see Reich 2002, for a review), since
bservations of synchrotron polarized emission suggest a transition
rom a mainly turbulent field in early SNRs (Gaensler 1997; DeLaney
t al. 2002), to a tangential field in older ones (Reynolds & Gilmore
993). Modelling the effects of CRs in different magnetic fields
ithin SNRs could help understanding these polarization signatures

nd account for the low (∼2–8 per cent) polarization fraction
e.g. Reynoso, Hughes & Moffett 2013; Reynoso, Velázquez &
ichowolski 2018).
To address these issues, in this work, we perform a detailed study

o quantify the effects of magnetic fields and CRs on the dynamical
volution of SNRs expanding in a homogeneous medium with a
epresentative range of densities. We explore different magnetic field
trengths, as well as configurations, including uniform and tangled
nitial conditions (ICs). We account for anisotropic diffusion and
treaming of CRs, where we vary the initial energy fraction residing
n CRs as well. This paper is organized as follows: in Section 2
e explain the CRMHD numerical methods employed and our

hoice of ICs that explore a significant region of the parameter
pace where SNe are typically found. In Section 3, we study the
eparate effects of magnetic fields and CRs for an aligned magnetic
eld, proposing an updated model for the momentum deposition
f SNe that captures the effects of CRs. In Section 4, we explore
n initially tangled magnetic field configuration instead. Section 5
eviews the observational signatures of CRs and the magnetic
eld configuration in mock synchrotron observations. Finally, in
ections 6 and 7, we present the discussion and main conclusions of
ur work.
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Table 1. ICs of the uniform ambient medium gas for individual SN
simulations, reproducing Iffrig & Hennebelle (2014). From left to right:
number density n, temperature T, and the corresponding plasma β for the
different magnetic field initial strengths.

n (cm−3) T (K) β
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N U M E R I C A L M E T H O D S A N D I N I T I A L
O N D I T I O N S

n this work, we run simulations of individual SNe generated using
he MHD code RAMSES (Teyssier 2002; Fromang, Hennebelle &
eyssier 2006),1 extended by Dubois & Commerçon (2016) and
ubois et al. (2019) to model CRs. The full set of CRMHD equations

s the following:

∂ρ

∂t
+ ∇ · (ρ �u) = 0, (1)

∂ρ �u
∂t

+ ∇ ·
(

ρ �u�u + P −
�B �B
4π

)
= 0, (2)

∂e

∂t
+ ∇ ·

(
(e + P )�u −

�B( �B · �u)

4π

)

= −PCR∇ · �u − ∇ · �FCR,d + Lrad, (3)

∂ �B
∂t

− ∇ × (�u × �B) = 0, (4)

∂eCR

∂t
+ ∇ · (eCR �u + (eCR + PCR)�ust)

= −PCR∇ · �u − ∇ · �FCR,d + Lst + Lrad,CR, (5)

here ρ is the gas mass density, �u is the gas velocity, �ust = �uAsign(�b ·
eCR) is the streaming velocity (where �uA is the Alfvén velocity and

� = �B/| �B| the magnetic unit vector), �B is the magnetic field, e =
/2ρu2 + eth + eCR + B2/(8π ) is the total energy density, eth is
he thermal energy density, and eCR is the CR energy density, P =
th + PCR + Pmag is the sum of the thermal Pth = (γ − 1)eth, CR
CR = (γ CR − 1)eCR and magnetic Pmag = 0.5B2/4π pressures, with
diabatic indexes γ = 5/3 and γ CR = 4/3 for an ideal non-relativistic
nd relativistic gas, respectively. The terms on the right-hand side
f equation (3) and (5) are treated as separate source terms from
he left-hand side, which one is solved with the MUSCL-Hancok

ethod with total-variation diminishing scheme using the minmod
lope limiter and the Lax-Friedrich approximate Riemann solver.
PCR∇ · �u is the CR pressure work, �FCR,d = −D0 �b(�b · ∇eCR) the

nisotropic diffusion term, with D0 the diffusion coefficient, and
rad = Lrad,th + Lrad,CR->th the total radiative loss composed by the

hermal Lrad,th and the CR radiative loss term Lrad,CR->th, in which the
eating of the thermal component by CR radiative losses Hrad,CR is
ccounted for, with Lrad,CR->th = Lrad,CR + Hrad,CR. Furthermore, Lst

s the gas heating due to CR scattering off Alfvén waves:

st = −sign(�b · ∇eCR)�uA · ∇PCR. (6)

As we are particularly interested in the late-time evolution of the
NR, as well as its deposited momentum in the ambient medium,
e focus on resolving the end of the Sedov-Taylor, the pressure

nowplough and the momentum snowplough phases. We run cubic
oxes with 225 pc length per side for a minimum duration of at
east 1 Myr and up to 6 Myr. The low level resolution of the
rid is fixed to a uniform distribution of 643 cells, which yields a
esolution for the ambient medium of 	x � 3.52 pc. For the adaptive
esh refinement (AMR), we refine on relative gradients higher than

.2 for gas density, velocity, thermal pressure, and CR pressure,
eaching a minimum cell size of 0.44 pc. In addition, we enforce the
wo neighbouring cells to each refined cell to also be refined. This
rovides a smoother transition between different levels of resolution
round large gradients.
https://bitbucket.org/rteyssie/ramses/src/master/

o
(
o

Our ICs (shown in Table 1) follow those of Iffrig & Hen-
ebelle (2014) for uniform media with typical thermodynamical
haracteristics of the ISM. The radiative cooling of the gas is
odelled using interpolated CLOUDY cooling tables (Ferland et al.

998) above 104 K and following Rosen & Bregman (1995) below
04 K. The CR radiative losses are given by Lrad,CR = −7.51 ×
0−16(ne/cm−3)(eCR/erg cm−3) erg s−1 cm−3 (ne is the electron num-
er density), with a re-injected rate into the thermal component of

rad,CR = 2.63 × 10−16(ne/cm−3)(eCR/erg cm−3) erg s−1 cm−3 fol-
owing Guo et al. (2011). The energy of the SN is fixed across
ll simulations to the canonical value of ESN = 1051 erg, dis-
ributed among the eight central cells of the box at the start of the
imulation.

When included, magnetic fields are exclusively seeded as a part
f the ICs of our simulations and they are subsequently evolved
elf-consistently employing ideal MHD. We explore two different
ypes of initial configurations of the magnetic field. The first type is
uniform magnetic field with strength B0 and its direction aligned
ith the z-axis of the computational domain. The second type is a

angled magnetic field that follows a magnetic energy spectrum with
pectral index nB. The tangled magnetic ICs (Martin-Alvarez et al.
n prep.; but also similar to those employed in Katz et al. 2021)
re produced by modulating the spectrum of the vector potential
t each Fourier wavelength k and requiring the magnetic energy
pectra produced by its curl to have a spectral slope nB. All our
agnetic ICs assume nB = 3/2 to reproduce a Kazantsev spectrum

Kazantsev 1968) corresponding to the magnetic inverse-cascade
haracteristic of a tangled ISM (Bhat & Subramanian 2013; Martin-
lvarez et al. 2018). The computation of our magnetic ICs in the

orm of the curl of a vector potential field ensures a null divergence
y construction. Finally, we renormalize the strength of the magnetic
eld in these ICs so that the total magnetic energy in the simulated
ox matches that of our uniform magnetic field runs. We identify
he normalization of each of these sets of ICs, Beff, using the value
f B0 of the corresponding aligned magnetic field run with the same
otal magnetic energy. The eight cells initially containing the SN
mploy the same type of magnetic field configuration as the rest of
he domain (i.e. no magnetic energy is injected with the SN). The
bserved magnetic field in the ISM and in giant molecular clouds
ypically ranges from 1 to ∼ 10μG for n = 1 − 100 cm−3 (Beck
001; Crutcher et al. 2010). Consequently, the majority of our suite
f simulations explore magnetic fields with strengths of 1 and 5 μG
see values of plasma beta in Table 1). We further consider the case
f weak magnetization (B = 0.1μG).
MNRAS 511, 1247–1264 (2022)

https://bitbucket.org/rteyssie/ramses/src/master/


1250 F. Rodrı́guez Montero et al.

a
c
t
1
2
i
r
o
s

i
s
s
e
T

3
F

3

T
e
n
n
o
p
u
s
t
a
w
t

w
w
t
f
e
h
t
o
F
c
t
t
v
r
s
(
d
g
r
a

a
i

2

u
c

Table 2. Summary of all the simulations studied in this work (40 in total). All
simulations use a box size of 225 pc, except the M01HD1CR10b run, marked
with an asterisk (∗), which has a box size of 900 pc. All simulations have a
maximum resolution of 0.44 pc. Columns show for each simulation: initial
ambient particle number density (n), initial magnetic field strength (B0), initial
fraction of ESN injected as CR energy (χCR), and whether the simulations
have been evolved until the total deposited momentum converged during the
momentum conserving phase (pSNR convergence). Simulations with a dagger
symbol (†) employ tangled magnetic field ICs, while the ones with a diamond
(	) are not included in the analysis of this paper. Our fiducial simulations are
highlighted with bold face.

Simulation n B0 (μG) χCR pSNR convergence

HD1 1 0.0 0.0 �

HD10 10 0.0 0.0 �

HD100 100 0.0 0.0 �

M01HD1 1 0.1 0.0 �

M01HD10 10 0.1 0.0 �

M01HD100 100 0.1 0.0 �

M1HD1 1 1.0 0.0 �

M1HD10 10 1.0 0.0 �

Mag1HD10† 10 1.0 0.0 �

M1HD100 100 1.0 0.0 �

M5HD1 1 5.0 0.0 �

M5HD10 10 5.0 0.0 �

M5HD100 100 5.0 0.0 �

M01HD1CR1 1 0.1 0.01 �

M01HD1CR5 1 0.1 0.05 �

M01HD1CR10 1 0.1 0.1 �

M01HD1CR10b∗ 1 0.1 0.1 �

M01HD10CR1 10 0.1 0.01 �

M01HD10CR5 10 0.1 0.05 �

M01HD10CR10 10 0.1 0.1 �

M01HD100CR1 100 0.1 0.01 �

M01HD100CR5 100 0.1 0.05 �

M01HD100CR10 100 0.1 0.1 �

M1HD10CR1 10 1.0 0.01 �

M1HD10CR5 10 1.0 0.05 �

Mag1HD10CR5† 10 1.0 0.05 �

M1HD10CR10 10 1.0 0.1 �

M1HD10CR20	 10 1.0 0.2 �

Mag1HD10CR10† 10 1.0 0.1 �

M1HD100CR1 100 1.0 0.01 �

M1HD100CR5 100 1.0 0.05 �

M1HD100CR10 100 1.0 0.1 �

M1HD100CR20	 100 1.0 0.2 �

M5HD1CR1 1 5.0 0.01 �

M5HD1CR5 1 5.0 0.05 �

M5HD1CR10 1 5.0 0.1 �

M5HD10CR1 10 5.0 0.01 �

M5HD10CR5 10 5.0 0.05 �

M5HD10CR10 10 5.0 0.1 �

M5HD100CR1 100 5.0 0.01 �

M5HD100CR5 100 5.0 0.05 �

M5HD100CR10 100 5.0 0.1 �
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In all our simulations, we assume the bulk of CRs to be accelerated
t sub-pc scales, and thus inject a CR energy ECR, inj = χCRESN in the
entral eight cells. Here, χCR is the CR fractional contribution to the
otal energy of the SN. Non-relativistic shocks can channel as much as
0–20 per cent of their bulk energy into CRs (Caprioli & Spitkovsky
014). We explore χCR = 0.01, 0.05, and 0.1,2 hence injecting
nitially total CR energies equivalent to 1049, 5 × 1049 and 1050 erg,
espectively. We fix the diffusion coefficient D0 to 3 × 1027 cm2 s−1,
pting for a low value to account for possible confinement at smaller
cales (e.g. Nava et al. 2016; Brahimi, Marcowith’ & Ptuskin’ 2019).

We set the metallicity equal to the solar metallicity, and do not
nject additional metals with the SN ejecta. Boundaries have been
et as outflowing, i.e. gas that crosses the boundaries escapes the
imulation domain. Considering our box size Lbox of 225 pc, we
stimate the earliest escape of CRs at tesc � (Lbox/2)2/D0 � 1.27 Myr.
he list of all our studied simulations is shown in Table 2.

R ESULTS WITH UNIFORM MAGNETIC
IELDS

.1 Morphologies of SNRs

he HD evolution of SNRs in a uniform medium has been extensively
xplored (e.g. Cioffi, McKee & Bertschinger 1988; Iffrig & Hen-
ebelle 2014; Kim & Ostriker 2015; Li et al. 2015). Analytical and
umerical models can accurately predict the evolution and properties
f the SNR during the different phases of its expansion. We first
erform a qualitative and comparative analysis of the SNRs in a
niform medium at 0.25 Myr in Fig. 1. The first row shows thin
lices of the HD simulation with n = 10 cm−3 across the XZ plane
hat cuts through the centre of the SNR, showing the gas density
nd temperature. By using equation (7) in Kim & Ostriker (2015),
e estimate the formation of the dense, radiative shell to occur at

dsf ≈ 0.012 Myr. The presented SNR at 0.25 Myr is thus depicted
ell beyond the end of the Sedov-Taylor phase. Nevertheless, the
ell-known features of a SNR can be easily distinguished even at

his late time: a dense shell formed behind the forward shock is
ollowed by a low-density and high temperature bubble. The outer
dge of the shell shows a slight increase in temperature, due to shock
eating of the ambient gas. However, the density of the shell at this
ime is shaped by efficient radiative cooling, resulting in about four
rders of magnitude lower temperature than the low-density bubble.
urthermore, the shape of the shell has diverged from its spherical
onfiguration, now exhibiting multiple irregularities. At this stage of
he SNR evolution, the shell has become thick enough so that the
hin shell approximation of the Sedov-Taylor solution is no longer
alid. The formation of the shell is followed by the emergence of a
adiative reverse shock, which results in a shell that is bounded by
hocks on both sides. This results in the growth of shell instabilities
e.g. Vishniac 1983; Blondin et al. 1998; Kim & Ostriker 2015),
riven by simulating the radial expansion of the gas on a Cartesian
rid. The size of these perturbations reaches ∼10 per cent of the SNR
adius, in agreement with 2D simulations of Blondin et al. (1998)
nd the 3D simulations of Kim & Ostriker (2015).

In the second row of Fig. 1 we include the equivalent density
nd temperature slices for the MHD simulation with B0 = 1μG,
ncluding an additional slice for the ratio of the thermal (Pth) to total
We have also explored the case of χCR = 0.2, but we leave the simulations
sing this CR injection fraction out of our analysis. Including them does not
hange our conclusions.
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ressure which in general is composed of the following terms:

tot = Pth + Pmag + Pram + PCR, (7)

here Pmag = | �B|2/(8π ) is the magnetic pressure and Pram = ρ|�v|2
s the ram pressure, with �v the gas velocity vector. The ambient
edium in this simulation is magnetically dominated (see Table 1).
he immediate effect of adding magnetic fields is a morphological
ifference with respect to the HD simulation: the shell is wider in the
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Figure 1. XZ plane slices of the HD (first row), MHD (second row), and CRMHD (third row) SNe simulations, with initial ambient number density n =
10 cm−3, uniform magnetic field B0 = 1μG, and the CR energy injection fraction χCR = 0.05. First column: gas density with overplotted streamlines depicting
the orientation of the magnetic field; second column: gas temperature; third column: ratio of thermal (Pth) to total (Ptot) gas pressure; and fourth column: ratio
of CR (PCR) to total gas pressure. All slices are shown at 0.25 Myr. The HD simulation presents the archetypal SNR structure of the shocked, dense shell with
an internal low density, high temperature bubble. The SNR is shown well after the end of the Sedov-Taylor phase, when the difference between the ambient
and bubble pressure has decreased sufficiently (allowing for the grid-based instabilities of the shell to grow). In the MHD simulation, these instabilities are
suppressed due to magnetic pressure. Instead, the figure depicts the onset of shell widening along the x direction (i.e. perpendicular to the initial magnetic field)
due to a high magnetic pressure. For the CRMHD simulation, the anisotropic configuration of the magnetic field sets the axial direction as that preferred by
escaping CRs, forming elongated cones of high CR energy at the poles. The widening of the shell in the x direction is enhanced due to the additional contribution
of CR pressure.
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quatorial direction (perpendicular to the initial magnetic field) than
t the poles (parallel to the initial magnetic field). We find this effect
o be more pronounced at later times. The black coloured streamlines
verlaid on the density slice show the magnetic field direction �B in the
lane. Field lines are bent by the shock front of the shell, as expected
or the frozen-in condition of ideal MHD. The addition of significant
agnetic pressure explains why the shell has a lower Pth/Ptot. In turn,

his additional pressure suppresses instabilities in the shell when
ompared to the HD case as the bending of magnetic field lines
s opposing gas fragmentation. It is only as we approach the inner
dge of the shell that Pth becomes dominant. The shell departs from
he relatively thin and condensed shell of the HD simulation in the
quatorial regions. The faster travelling forward and reverse shocks
llow for the magnetic pressure to further widen the shell as it moves
o the low density bubble. This widening of the shell results in a hot
ubble with significantly lower volume (≥25 per cent at this time, but
t reaches three times lower volume at 1 Myr) than the HD simulation
nd slightly higher (∼33 per cent) temperature (see Section 3.2 for a
ore complete discussion). The shell-widening effect on the volume

f the bubble provides a mean for re-compression of the hot gas at
hese late times, once the magnetic energy of the shell becomes higher
han its thermal energy. These morphological differences with HD
imulations are in good agreement with previous work on individual
Ne in a uniform magnetized medium (e.g. Ferriere, Mac Low &
weibel 1991; Hanayama & Tomisaka 2006; Hennebelle & Iffrig
014; Kim & Ostriker 2015).
MNRAS 511, 1247–1264 (2022)
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The last row of Fig. 1 shows equivalent slices for the CRMHD
imulation with an initial fraction of CR energy χCR = 0.05. Similarly
o the MHD case, an initially uniform magnetic field introduces
n asymmetry, which is now even more pronounced due to the
R pressure. Furthermore, the CRMHD simulation displays new

eatures at the SNR poles, not present in the HD and MHD cases.
pecifically, there is a strong conical disturbance dominated by the
R pressure (see last column) which also exhibits higher ram and
agnetic pressure. These enhanced pressures push the high-density

hell further along the z-axis with the entire region of the shell in
he inner ∼5 pc around the z axis displaying an outward blowout.
uch ‘inflating’ blisters have been observed in SNRs, like Vela
Meaburn, Hartquist & Dyson 1988), and attributed to the rupture
f the shell by the growth of Vishniac instabilities (Pittard 2013).
he gas density drops directly above the poles of the remnant. The
nisotropic morphology of this CRMHD run resembles the findings
y Girichidis et al. (2014) and Dubois & Commerçon (2016), and
e will examine its origin in more detail in the next section.

.2 Radial structure of SNRs

e now move beyond the qualitative analysis to study the radial
tructure of the SNR and its time evolution. In particular, under-
tanding the distribution of energies and densities across the shock
rovides us with a valuable insight into the physics driving the
eposition of SN momentum. To this end, Fig. 2 compares our
ducial set of HD, MHD, and CRMHD simulations (i.e. with n =
0 cm−3, B0 = 1 μG, and χCR = 0.05) at t = 0.25 Myr, where
ass-weighted average radial profiles of specific energies (left and
iddle columns) together with radial gas density profiles (rightmost

olumn) are shown.
The Rankine–Hugoniot relations for a strong adiabatic shock of

n ideal gas with γ = 5/3 predict ρ2/ρ1 ≈ 4, with ρ2 and ρ1 being
he post-shock density and the pre-shock density, respectively. In the
ightmost panel of the first row of Fig. 2, the HD simulation has
jump in the gas density of �4, due to the fact that at 0.25 Myr,

he shell has become radiative, and a higher compression can be
eached. The position of the density jump coincides with the jump of
as kinetic energy (i.e. the shell), followed by a jump of about four
rders of magnitude in thermal energy. This high thermal energy
egion spans the same range as the drop in the gas density, and it
orresponds to the inner hot bubble. These profiles provide a shell
adius estimate of ∼19 pc at 0.25 Myr for this HD run.

The MHD case is shown in the second row of Fig. 2 confirming the
isual impression shown by Fig. 1; i.e. the presence of an initially
ligned magnetic field in the medium where the SN takes place
enerates an expanding SNR with a clear anisotropy. Magnetic
nergy is amplified in the x direction (perpendicular to the magnetic
eld), but not in the z direction (parallel to the magnetic field). The
agnetosonic shock travels faster in the x and y direction, while

xpansion in the z direction is dictated by the sound speed as in
he HD simulations. As the shock travels in the transverse direction,
agnetic field lines are compressed, increasing the magnetic pressure

ehind the outer shell. This extra pressure provides the means for the
everse shock to compress the hot gas of the bubble further. These
eviations from the HD case are already present at 0.25 Myr and
ecome more prominent with time. This supports the claim that
agnetized media affect the evolution of SNRs when the magnetic

ressure in the shell is comparable to the thermal pressure (e.g.
erriere et al. 1991; Iffrig & Hennebelle 2014; Kim & Ostriker
015). The broadening of the shell, along the x and y directions,
oincides with a region of enhanced magnetic energy. This is
NRAS 511, 1247–1264 (2022)
ollowed by another peak in the kinetic energy profile, corresponding
o the reverse shock. Due to the additional magnetic energy in the

direction, this inward shock carries higher momentum and has
ravelled further towards the centre of the SNR than in the HD case.
his additional momentum, while not being important for the total

adial momentum, could feed higher turbulence in the bubble.
We now turn to the analysis of our fiducial CRMHD run. The
ost significant feature is the fact that the CRs dominate the energy

udget inside the SNR by ∼2 orders of magnitude (recall that χCR =
.05 is the fractional energy contribution of CRs at the start of the
imulation). This is expected due to CRs expanding with a lower
diabatic index. The dominance of CRs inside the SNR increases
ith time as shown at 2.5 Myr in the bottom row of Fig. 2.
In the CRMHD run, the density profiles in the x and z direction

third row, rightmost panel of Fig. 2) present a clear anisotropy, much
ore pronounced than for the MHD case. This anisotropic expansion

s not limited to the gas properties alone. As explained in Section 1,
he diffusion and streaming of CRs is mediated by magnetic field
ines, which means that we expect a more significant flow of CRs
hrough the poles (z direction) than through the equatorial region, as
hown in Fig. 1. While the density profile in the x direction resembles
he MHD case, in the z direction it shows a much lower shock
iscontinuity which is also lagging ∼1 pc behind the MHD case.
iffusion of CRs creates an extended pressure gradient that increases

he kinetic energy of the ambient gas and disrupts the morphology
f the shell. This effect was previously observed by Dubois et al.
2019) in the context of a simulated turbulent and inhomogeneous
SM. This effect becomes stronger with time such that at 2.5 Myr
Fig. 2, bottom row) the shock in the z direction has become a smooth
ump in the density profile. Therefore, momentum is imparted to the
mbient medium by the expanding shell, as well as by the CRs
iffusing along the poles. The pressure exerted by the escaping CRs
s not just affecting the structure of the shock, but is also reducing
he gas density ahead of it. Thus, it becomes more difficult for the
hell to accumulate gas.

In order to study further the impact of CRs, we compare in
ig. 3 the thermal- (solid lines) and CR-specific energy (dashed

ines) profiles for the CRMHD run, for our run with the highest
xplored value of χCR = 0.1. Each profile is normalized to the
verage specific thermal energy of the ambient medium 〈εamb

ther 〉 at
hat time and the curves are colour-coded according to the simulation
ime. Both thermal and CR energy profiles show how, as the bubble
olume increases with time, the specific energy decreases due to
diabatic expansion. However, while the thermal energy profile keeps
ecreasing as time progresses, the CR energy profile appears to stall,
eaching equipartition at ∼0.04 − 0.07 Myr. After 0.07 Myr, CRs
egin to dominate the energy budget of the bubble and the shell. We
ill review this important change in dynamics in Section 3.3.

.3 Time evolution of the SNR momentum deposition

e now turn to study the total radial momentum of SNRs and
ompare our findings with the classical understanding of SNR
xpansion in a uniform medium. In Fig. 4, we show the time evolution
f radial linear momentum of the shell and bubble combined,
easured as �pSNR = �pout + �pin ( �pout and �pin are the outwards and

nward radial momentum vectors of the gas, respectively) for our set
f fiducial simulations. We show the evolution from t ≥ 0.01 Myr,
hortly before the estimated radiative, dense shell formation time tdsf

their equation (7) Kim & Ostriker 2015). pSNR is normalized by
he initial momentum p0 = √

2mejESNe for a single SN of ESNe =
051 erg and ejecta mass of mej = 2 M�, following Naab & Ostriker



Momentum of SNe with cosmic rays 1253

Figure 2. Comparison of radial specific energy and density profiles for the HD, MHD, and CRMHD simulations with n = 10 cm−3, initially uniform magnetic
field of 1 μG and χCR = 0.05. The first two columns show the energy profiles along the x and z directions, respectively. The rightmost column shows the
density profiles along the x (dashed line) and z (solid line) directions. Line colours in the energy profiles indicate different components (see legend at the top
left). All simulations are compared at 0.25 Myr in the first three rows. We also include profiles at 2.5 Myr for the CRMHD run (bottom row). For the MHD run,
the specific magnetic energy profile, along the z-axis, shows a decrease with respect to the ambient medium, both in the shell and in the bubble, while in the
x direction there is an enhancement of the specific magnetic energy within the dense shell. CRMHD profiles in the z direction show a smaller SNR, smoother
thermal profiles and an increased kinetic energy density of the ambient gas. The contribution of CRs to the energy density in the bubble exceeds the other
energies in both x and z directions. At 2.5 Myr, the density profiles for the CRMHD run show that the SNR has grown from ∼19 to ∼39 pc in the x direction
with an overall decrease of the thermal and kinetic energies of the shell and bubble.
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2017). The value of tdsf is the time at which cooling effects of the
as become non-negligible, and is a good estimate for the end of
he Sedov-Taylor phase (Kim & Ostriker 2015). The black solid
ine shows the data for the HD simulation with n = 10 cm−3. For
> 0.04 Myr momentum increases mildly, due to the start of the
diabatic pressure-driven snowplough, stabilizing to its final value at
0.5 Myr in the momentum-conserving phase.
We now turn to examine the momentum deposited in the MHD

uns, which displayed an axisymmetric expansion of the shell. In
ig. 4, we show pSNR for the MHD simulations with ambient density
= 10 cm−3 and two initial magnetic field strengths: B0 = 0.1,
μG. Both MHD simulations follow closely the momentum gain of

he HD simulation, with only ∼3–4 per cent higher momentum at
Myr. These results indicate that the addition of an initially uniform
agnetic field does not strongly influence the final radial momentum

f a SNR, in agreement with previous work (e.g. Iffrig & Hennebelle
014; Kim & Ostriker 2015).
We contrast these results with our findings for the CRMHD runs,

here we vary both magnetic field strength and the fraction of SN
nergy that goes into CRs, χCR. Before the inflection point at around
MNRAS 511, 1247–1264 (2022)
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Figure 3. Time evolution of specific thermal (solid lines) and CR (dashed
lines) energy profiles in the x direction (i.e. perpendicular to direction of the
initial magnetic field) for the CRMHD simulation with n = 10 cm−3, B0 =
1μG, and χCR = 0.1. Profiles are normalized to the average specific thermal
energy of the ambient medium 〈εamb

ther 〉 at each time. The solid lines show the
decrease of the central thermal energy as the SNR expands. Before 0.07 Myr,
thermal energy dominates over CR energy inside the bubble. However, at
later times, this power relation is swapped, with CR energy dominating over
thermal energy both in the bubble and the shell.

Figure 4. Evolution of the total radial momentum of the SNR p with time for
the simulations with n = 10 cm−3, B0 = 0, 0.1, and 1 μG and χCR = 0, 0.01,
0.05, and 0.1. For CRMHD simulations, the inner line colour indicates the
strength of the initial magnetic field in purple shades (darker shades indicating
stronger magnetic fields) and the outer contour colour indicates the value of
χCR in green shades (darker shades corresponding to higher χCR). After
∼0.1 Myr, the evolution of pSNR strongly depends on the contribution of CRs
to the energy budget of the SNe (e.g. ∼ 50 per cent increase with respect
to the HD simulation for M1HD10CR10). Once shell fragmentation due
to instabilities begins, we extrapolate the final momentum, represented by
dashed lines. The vertical dashed line indicates the point where CRMHD
runs surpass in momentum the HD run, tdiv, and the doted line is tdsf from
equation (7) of Kim & Ostriker (2015). A higher magnetic field and/or χCR

delays fragmentation.
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.07 Myr, CRMHD runs have mildly lower momentum than their HD
nd MHD analogues. Since CRs have a lower adiabatic index, the
edov-Taylor phase with CRs will always have a lower momentum

han an ideal gas without CRs (Sedov 1959). At early times, during
he adiabatic phase, and shortly after, the self-similarity of the Sedov-
aylor solution is conserved, in agreement with analytical studies
hevalier (1983).
After ∼0.08 Myr, we find the CRMHD simulations to experience

new phase of renewed momentum growth previously unobserved
n numerical simulations, predicted by the semi-analytical work by
iesing & Caprioli (2018). After this period, CRMHD runs diverge

rom the snow-plough plateauing of the HD and MHD runs (see
ection 3.4 for more details). At later stages, the simulations with
Rs continue to gain momentum. This increase in the gained mo-
entum is faster and larger for a higher χCR but largely independent

rom the magnetic field strength. We find 7 per cent, 27 per cent, and
0 per cent more radial momentum than in the HD case at 4 Myr, for
CR = 0.01, 0.05, and 0.1, respectively.

.4 Modelling the momentum deposition of SNe with CRs

ig. 4 provided us with evidence that the SNR momentum deposition
as some dependence on the fraction of SN energy initially contained
n CRs. To quantify this result using our entire simulation suite (all
n Table 2, except runs with tangled magnetic field ICs), we show in
ig. 5 the total radial linear momentum as a function of the ambient
umber density, providing an update of Naab & Ostriker (2017; see
heir fig. 5). Different panels show the value of pSNR/p0 at 1, 2, 3,
nd 4 Myr. Simulations with low ambient density (n = 1 cm−3) are
ot included after 2 Myr since our computational domain is not large
nough to capture their evolution.

Focusing first on the HD simulations (black crosses), we find
hey are in good agreement with previous numerical studies (open
rey circles; data compiled by Naab & Ostriker 2017). The final
omentum decreases with increasing ambient density, according

o the Sedov-Taylor solution (Sedov 1959) and in agreement with
revious studies (e.g. Cioffi et al. 1988; Kim & Ostriker 2015;
ffrig & Hennebelle 2014; Martizzi, Faucher-giguère & Quataert
015). The increase of momentum from tdsf to 1 Myr is about
40 per cent, in agreement with the final momentum deposition

ncrease of 50 per cent found by Kim & Ostriker (2015). The
omentum at tdsf, pdsf, (their equation 7 Kim & Ostriker 2015) and

he momentum at 1 Myr p(t = 1Myr) as measured in our simulations
an be fitted by the following power laws:

dsf = 1.94 × 105 M� km s−1
( n

cm−3

)−0.13
(8)

(t = 1 Myr) = 2.68 × 105 M� km s−1
( n

cm−3

)−0.16
. (9)

he momentum at 1 Myr, while having a slightly lower dependence
n the ambient number density n, is consistent with the results of
im & Ostriker (2015) and Iffrig & Hennebelle (2014).
As discussed in Section 3.3, the effect of an initially aligned
agnetic field on the radial momentum of the SNR is negligible.
his is confirmed for all the ambient number densities explored in

his work, and illustrated in Fig. 5 by the circles filled with purple
olours, where the momentum gain with respect to the HD runs
s within 10 per cent. However, in the presence of CRs, the total

omentum changes noticeably, especially at later times. The data
oints diverge accordingly from the locus in the pSNR/p0 − n plane
ccupied in the absence of CRs. This departure is most significant for
he largest values of χCR and intermediate ambient number densities

art/stab3716_f3.eps
art/stab3716_f4.eps
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Figure 5. Total radial momentum of the SNR (i.e. bubble and shell combined, with pSNR = pout − pin), as a function of the ambient number density n for HD
(crosses), initially uniform MHD (circles) and CRMHD (green outlined circles) simulations. Each of the four panels shows a different time (i.e. 1, 2, 3, and
4 Myr from top left to bottom right, respectively). Simulations that did not reach the 3 and 4 Myr marks are excluded from the corresponding panels. Purple
colours used for the circles filling indicate the initial magnetic field strength. The green outline of each circle indicates the value of χCR for its corresponding
CR run. pSNR is normalized by the Kim & Ostriker (2015) momentum p0 = 14 181 M� km s−1 for ESN = 1051 erg. Empty grey circles correspond to previous
works compiled in fig. 5 of Naab & Ostriker (2017; see references therein). Our markers are manually displaced by a small amount, along the x-axis depending
on their magnetic field strength to facilitate reading. Our HD simulations lie close to the results of previous works, not showing any significant evolution from
1 to 4 Myr. While MHD and CRMHD runs have similar values to the HD runs at 1 Myr, they exhibit a significant evolution across the four panels. MHD runs
gain an additional 8–10 per cent momentum with respect to their HD counterparts at n = 10 cm−3 and ∼5 per cent at n = 100 cm−3. This increase is significant
for 1 μG, but not for 0.1 or 5 μG. However, the introduction of CRs increases the deposited momentum across all densities and initial magnetic fields, with
higher χCR monotonically yielding a higher momentum increase. This difference in the CRMHD runs is time dependent, reaching a value of ∼50 per cent with
respect to their MHD counterpart.
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e explored. However, it seems unaffected by the strength of the
nitial magnetic field.

Based on our CRMHD simulations, we propose an updated version
f the deposited momentum law that accounts for the dependence on
he CR contribution to the energy of the SNe:

SNR(n, χCR) = A(χCR + 1)γ
( n

cm−3

)α

, (10)

here A, γ , and α are parameters obtained by fitting our results.
owever, when exactly to measure the deposited momentum is not

o clear for the CRMHD runs. For the well-studied HD case, this is
 F
one when the remnant reaches the momentum conserving phase, as
t has been done in multiple analytical and numerical studies (e.g.
ioffi et al. 1988; Thornton et al. 1998; Hennebelle & Iffrig 2014;
i et al. 2015; Kim & Ostriker 2015). Figs 4 and 5 show that the
RMHD runs with density 10 cm−3 do not show an unequivocal
attening trend, except for the runs with χCR = 0.01, for which
SNR/p0 appears not to grow by more than a few per cent after ∼2 Myr.
his lack of plateauing in the radial momentum is not ubiquitous
cross our CRMHD runs: for n = 100 cm−3 the final momentum is
ell approximated by its value already at around 1 Myr, as shown by
ig. 5. As discussed in Section 3.3, the additional momentum growth
MNRAS 511, 1247–1264 (2022)
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Table 3. Fitting parameters for the final radial momentum pSNR power laws.
The parameters are described by equation (10). For direct comparisons, we
also provide the results for the HD simulations.

Run type A (M� km s−1) γ α

HD 2.68 × 105 - −0.160
CRMHD 2.87 × 105 4.82 −0.196
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or the CRMHD runs is due to the change of energy dominance
nside the bubble of the SNR, from thermally to CR dominated.
ince at the same density and magnetic field, runs with higher χCR

onserve a higher CR energy budget inside the bubble, this turnover
ccurs earlier with a higher CR fraction. On the other hand, previous
orks showed that for HD simulations (e.g. Naab & Ostriker 2017)

ingle SN in a higher density ambient medium experiences a higher
adiative cooling. This means that for higher densities, SNRs become
R dominated earlier. Thus, we expect that the growth in momentum
bserved at lower densities will eventually be halted and lead to
omentum flattening in the same manner as we found for the high-

ensity runs.
Our model is based on the ansatz that SNRs with CRs experience

n additional evolutionary phase. Thus, to model the momentum
volution, the first step is finding the moment when the momentum
f the CRMHD run overcomes that of its corresponding HD run at
he same ambient density. As an example, the start of this phase for
he runs with n = 10 cm−3 appears at ∼0.09 Myr (see dashed vertical
ine in Fig. 4), with a small dependence on χCR. Following this, our
odel finds the point of inflection where the curvature changes to

oncave down. Since the momentum evolution is a smooth function
f time, we apply a cubic spline interpolation for a better estimation.
e consider this as the point at which the acceleration due to the CR

nergy density starts to decrease, which would in turn be followed
y the turnover of the momentum gain towards the final momentum
n this final CR pressure snowplough phase. Finally, after finding
he inflection point where the curvature changes to concave down,
e look for the maximum momentum achieved in the CRMHD runs

hat have converged. If no final convergence has been captured but
he final inflection point has been reached, we estimate the expected

aximum momentum by assuming no further acceleration occurs.
n Appendix A and Fig. A1, we present examples of the computation
or the final momentum when convergence is not being captured, and
he final results are given in Table 3. Contrary to the results obtained
y Diesing & Caprioli (2018) in their semi-analytical modelling of
NRs with CRs, our findings have a stronger boost for lower ambient
ensities. Additionally, we find an overall smaller boost: e.g. for n =
cm−3 and χCR = 0.1 we obtain a boost of a factor of ∼1.7, while

heir model is closer to 2–3.

R ESULTS WITH TANGLED MAGNETIC
IELDS

n previous sections, we have explored the evolution of individual
Ne in a uniform medium with an initially uniform magnetic
eld aligned along the z axis. This configuration provided us with
simple starting point where the influence of different physical

omponents, such as thermal, magnetic, and CR energies, can be
istinguished. However, this setup can be improved to provide a
etter approximation to the realistic evolution of a SNR in the ISM
e.g. Iffrig & Hennebelle 2014; Walch & Naab 2015; Geen et al.
016). The large-scale distribution of the Galactic magnetic field has
NRAS 511, 1247–1264 (2022)
een extensively explored through rotation measures and polarized
ynchrotron emission (e.g. Sun et al. 2008; Jansson & Farrar 2012;
olderman, Haverkorn & Jaffe 2020). Coherent magnetic fields
ay lead to e.g. a bipolar morphology for the radio emission

West et al. 2016). However, observations find turbulent magnetic
elds to dominate the magnetic energy budget (Beck 2007, 2015).
hese turbulent, small-scale magnetic fields may even dominate

he evolution of young remnants (Rand & Kulkarni 1989; Ohno &
hibata 1993).
The magnetic field configuration is crucial for the propagation

f CRs. While our uniform magnetic field leads to anisotropic
iffusion along the magnetic field initial direction, the turbulent
agnetic fields in the ISM provide a more isotropic evolution of CRs.
herefore, in this section, we explore an initial configuration of the
agnetic field that better represents magnetic fields in the ISM. Our
agnetic ICs follow a Kazantsev energy spectrum, characteristic of

urbulent dynamo amplification in the ISM of galaxies (Schekochihin
t al. 2002; Federrath et al. 2014). This inverse-cascade spectrum
oncentrates magnetic power at small scales and provides an effective
iffusion coefficient one third lower than the maximum value in the
ligned case, D0.

.1 Morphologies of SNRs with tangled magnetic fields

efore turning to a quantitative analysis of how this tangled magnetic
onfiguration affects the momentum deposition of the SNR, we
erform a brief qualitative review of the morphology of the resulting
NRs with Beff = 1 μG. In the top row of Fig. 6, we present slices of

hese MHD runs across the XZ plane. These are shown at ∼0.23 Myr,
ith the colourmap limits as in Fig. 1. The gas-density slice evidences

hat the asymmetry observed in the aligned MHD runs vanishes. In
act, the morphology of the SNR resembles the HD case (see top
ow of Fig. 1). The projected magnetic field lines in the ambient
edium clearly show twist and bends indicative of their tangled

ature.
As we have specified in Section 2, our tangled magnetic field

onfiguration is setup in an ambient medium of uniform gas density.
uch a configuration leads to the emergence of magnetically driven
erturbations, as shown by the middle and rightmost panels in the
rst row of Fig. 6. These panels show the gas temperature and the
atio of the thermal (Pth) to the total pressure (Ptot), respectively. The
ew ambient medium is filled with patches where either the thermal
ressure (dark blue) or the magnetic (green/white) dominate. We
lso find regions of few parsecs within the bubble where the thermal
nergy is subdominant. The shell thickness is also reduced compared
o the aligned MHD case, and consequently thin shell instabilities
re triggered, similar to the case of the HD simulations. The angle of
he magnetic field lines to the shock normal changes, along the shell
erimeter and the exact dependence of CR acceleration efficiency on
his angle, remains an open question (Pais et al. 2018; Dubois et al.
019). Regardless of any differences in the appearance of the SNR,
n Section 4.2 we show that our tangled magnetic field setup does
ot affect the momentum deposition of the SNR, which is the main
ocus of this paper.

The volume of the hot bubble in the SNR simulated with a uniform
agnetic field is maximal at ∼1 Myr. Afterwards, this volume

ecreases as the horizontal compression due to magnetic pressure
vercomes the volume increase due to the SNR expansion. This
eduction in the volume fraction of hot gas agrees with previous
orks (e.g. Hanayama & Tomisaka 2006; Hennebelle & Iffrig 2014;
im & Ostriker 2015). In contrast, the hot bubble in the run with

angled magnetic fields follows a similar evolution to the HD run.
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Figure 6. Slices in the XZ plane for the MHD (top row) and CRMHD (bottom row) SN simulations with magnetic ICs. The ambient density is initialized to n =
10 cm−3, Beff = 1 μG, χCR = 0.0 (top row), and 0.05 (bottom row). Slices are shown 0.23 Myr after the start of the simulation. First column: gas density with
overlaid streamlines showcasing the magnetic field lines projected on to the XZ slice. Second column: gas temperature. Third column: thermal to total pressure
ratio. Fourth column: CR to total pressure ratio. The isotropic distribution of the magnetic field in the ambient medium at large scales generates a spherical SNR,
resembling the result of the HD simulation. There is a clear separation between a dense, highly magnetized shell and a low-density, hot bubble. Within the hot
bubble, there are some magnetically dominated patches with lower temperatures. In contrast to the strongly anisotropic diffusion of CRs in the aligned CRMHD
runs, the CR pressure is now isotropic and dominates both in the bubble and the surrounding medium.
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he volume of this bubble is in fact almost six times larger at 2 Myr
han the peak volume of the hot bubble in the aligned case.

Having reviewed the general effects that a tangled magnetic field
onfiguration has on our SNR in the absence of CRs, we now move
o consider the CRMHD case. In the bottom row of Fig. 6, we show
lices of the CRMHD run with n = 10 cm−3, Beff = 1 μG, and χCR =
.05, at 0.25 Myr. CRs do not affect the tangled topology of magnetic
elds noticeably and as in the case without CRs there is no significant
agnetic shell widening. There are, however, some deviations in the

hape and position of the shell irregularities suggesting that these
isturbances are affected by the presence of CRs. Similarly to the
ase of aligned magnetic fields, magnetic and ram pressure dominate
n the shell. CR pressure extends beyond the SNR and a halo of high
R pressure surrounds the shell.

.2 Momentum deposition of SNRs with tangled magnetic fields

n this section, we examine the effect of a tangled magnetic field
onfiguration on the momentum deposition of SNRs in our MHD
nd CRMHD simulations. We employ our region selection code
see Appendix B for further details) in the following analysis to
etter separate the non-homogeneous ambient medium from the SNR
tself. Fig. 7 shows the evolution of the total radial momentum of the
NR (bubble and shell; top panel) and of the whole simulated box
bottom panel) for simulations with n = 10 cm−3, Beff = 1μ G, and
CR = 0, 0.05, and 0.1. To facilitate comparison, we have included in
his figure the matching HD, uniform MHD, and uniform CRMHD
uns, which are shown by curves of same colour but with a lower
pacity (legend as for Fig. 4).
First, we confirm again the result found with an aligned magnetic

eld configuration: the final momentum deposition is not affected
y inclusion of magnetic fields, i.e. MHD runs both with aligned
nd tangled magnetic fields follow closely the evolution of the HD
un. As for the uniform case, the final total radial momentum of the
NRs rises as we increase the fraction of initial SN energy deposited

nto CRs. When accounting solely for the momentum found in the
ubble and shell, our runs with CRs and tangled magnetic fields have
systematically lower momentum gain than in the matching runs
ith uniform magnetic fields. None the less, the total momentum
eposited is higher in the tangled case when accounting for the
omentum deposited in the immediate surroundings of the remnant

lower panel of Fig. 7). This increase of about 10 per cent with respect
o the uniform magnetic field runs is due to the acceleration provided
y escaping CRs to the ambient gas beyond the SNR. While CRs
mpart more momentum to the shell in the case of uniform magnetic
elds, in the tangled case the isotropic escape of CRs leads to a larger
omentum transfer to the ambient gas. These runs have not reached
omentum convergence by the final time of our simulations, and
e expect additional momentum gains at later times. Therefore, it

s worth stressing that all our simulations with CRs, irrespective of
MNRAS 511, 1247–1264 (2022)
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Figure 7. Top: time evolution of total radial momentum of the SNR in
the MHD and CRMHD simulations with a tangled initial configuration of
the magnetic field. We show runs with n = 10 cm−3, Beff = 1μG, and
χCR = 0.0, 0.05, and 0.1. For comparison, we include in the background
lines corresponding to the uniform magnetic field runs with equal magnetic
field strength and ambient density. These are shown as lower opacity lines
following the colour legend of Fig. 4. Bottom: same as the top panel, now
including the gas in the whole simulated box. The transition from solid
to dashed lines indicates the onset of shell fragmentation. Fragmentation
takes place earlier in the HD and tangled MHD runs. The SNR momentum
gain of tangled runs falls below the matching uniform magnetic field cases
when only accounting for the contributions from the bubble and shock shell.
However, when the momentum of the ambient medium is included in ptot, the
momentum gain in tangled magnetic ICs runs exceeds the uniform magnetic
field runs by ∼10 per cent.
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he magnetic field topology, have higher final momenta for the same
nitial SN energy than simulations without CRs.

MOCK O BSERVATIONS OF SIMULATED
NRS

n this section, we make use of the publicly available code POLARIS3

Reissl, Wolf & Brauer 2016; Reissl et al. 2019) to generate mock
adio synchrotron observations of our SNRs. To produce these maps,
e provide POLARIS with all the required data interpolating our

imulation into a POLARIS grid with double the local AMR resolution.
n order to account for unresolved magnetic amplification (Ji et al.
016) and magnetic energy below the scale of the grid (Schekochihin
t al. 2002), we boost the magnetic field strength by 2 dex. This yields
maximum magnetic field of ∼mG, comparable with observations

Inoue, Yamazaki & Inutsuka 2009). For those quantities not included
https://www1.astrophysik.uni-kiel.de/polaris/

a
h
(

NRAS 511, 1247–1264 (2022)
n our simulations, we follow an approach similar to Reissl et al.
2019). We bound the electronic CRs Lorentz factor between γ min =
(Webber 1998) and γ max  1 (γ max = 300). Similarly, we fix the

ower-law index to p = 3 (Miville-Deschênes et al. 2008), where this
ower-law index is related with the spectral index α as α = (p − 1)/2.
inally, we use the CR2 model by Reissl et al. (2019) to obtain the
nergy density distribution of electronic CRs ee−,CR , which assumes
nergy equipartition with the local magnetic energy.

POLARIS generates fixed resolution maps for each Stokes vector
omponent �S = (I , Q, U, V )T , where I is the total intensity, Q and

characterize the linearly polarized intensity, and V the circularly
olarized intensity. We present in Fig. 8 the results for the fiducial
RMHD runs in the 1.4 GHz radio band, with the colourmap showing

he total intensity I, and colour scale limits shared across all panels.
he polarization information is represented as black quivers that
ample regions of ∼2 pc. Their inclination is given by the direction
f the linearly polarized emission:

tan 2θ = U

Q
, (11)

nd their lengths to the linear polarization fraction:

l =
√

U 2 + Q2

I
∈ [0, 1]. (12)

he direction of these polarization vectors is thus perpendicular to the
ocal orientation of the magnetic field. We only show this polarization
uivers in those regions where I is above 25 per cent of its maximum
alue. To better reproduce real radio interferometry observation,
e convolve our emission maps with a synthesized beamwidth

HPBW Gaussian beam. We match the Very Large Array (VLA)
adio interferometry telescope specifications in its B configuration
VLA Observational Status Summary 2021A (Momjian 2017)). We
ssume a distance to the SNR of ∼3 kpc. Note that at 0.25 Myr we
re observing a significantly older SNR compared with the typical
opulation of radio observations (e.g. West et al. 2016, 2017).
Fig. 8 shows a decrease of luminosity of the equatorial rims as

CR increases from left to right. This decrease reaches ∼16 per cent
or χCR = 0.1. This is due to the lower magnetic field, along the
direction, as higher CR pressure provides supports against shock

ompression. Thus, the CR2 model from Reissl et al. (2019) yields
ower CR electron density and synchrotron luminosity. In runs with
Rs, the CR-driven outflows, along the magnetic axis, have only a
inor imprint on the emission close to the polar caps. Differences

re below a per cent of the MHD value in these tips for the run with
CR = 0.01, but grow to ≥10 per cent with χCR = 0.1. Outflows
ave negligible emission in this radio waveband due to low-density
nd magnetic energy. Our fiducial MHD and CRMHD runs all
eproduce the bipolar morphology observed in old SNe such as e.g.
N1006 (e.g. Gaensler 1997; Reynoso et al. 2013; Katsuda 2017),
nd integrated luminosities of ∼1 Jy, comparable to those obtained
y VLA studies in the 1.4–1.49 GHz range (e.g. Reynolds & Gilmore
993; Reynoso et al. 1997; Reich 2002).
The spatial resolution of our simulations is not enough to capture

ignificant turbulent amplification. Thus compression is the dominant
echanism driving magnetic field growth behind the shock. As the
R2 model assumes equipartition between magnetic energy and
lectronic CRs, it follows that the emission in our mock maps
s dominated by the shock and post-shock regions. The linear
olarization angle in Fig. 8 tilts along the shell and remains radially
ligned. This indicates a tangential magnetic field wrapping the shell,
ence reproducing the radial polarization seen in previous work
Fulbright & Reynolds 1990; West et al. 2017). The polarization

art/stab3716_f7.eps
https://www1.astrophysik.uni-kiel.de/polaris/
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Figure 8. Synthethic synchrotron radio emission projections at 1.4 GHz for our fiducial MHD and CRMHD runs with an initially uniform magnetic field at
∼0.25 Myr. Radio emission is convolved with a Gaussian of width equal to the VLA beam-width in its B configuration. We show our runs with ambient density
of 10 cm−3, magnetic field of 1 μG, and increasing χCR = 0.0, 0.01, 0.05, 0.1 from left to right, respectively.
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raction Pl appears to remain practically constant when including
Rs, although approaching the theoretical maximum of 70 per cent

arely seen in observations (e.g. Gaensler 1997; DeLaney et al. 2002).
We also review mock synchrotron observations for our simulations

mploying tangled ICs for the magnetic fields in Fig. 9. The
NR shell is the main contributor to the synchrotron emission, as
bserved when compared with the density slices of Fig. 6 (leftmost
olumn). These projections also display a decrease in luminosity
ith increasing χCR, making this result independent of the ambient
agnetic field configuration. The synthetic observations present
laments and patches of emission emerging from the post-shock
egion, evidencing that the tangled magnetic field ICs imprint sig-
atures on the synchrotron emission morphology and its luminosity.
esides these peculiarities, the shell emission remains approximately

adially polarized, albeit to a lesser extent than for the uniform case.
hus, the magnetic field remains as before, wrapped approximately

angentially around the SNR shock, matching observations (e.g.
ilne et al. 1987; Anderson, Keohane & Rudnick 1995; Reynoso

t al. 1997). This agrees with the conclusions of West et al. (2017), in
hich a random magnetic field configuration and quasi-parallel CR

njection still produce radial polarization along the shell of SNR due
o the CR distribution tracing the projected magnetic field. Opposite
o what was found for the aligned runs, these maps present Pl of
he order of a few per cents. Therefore, these maps argue in favour
f a significant fraction of the magnetic energy in SNRs residing in
turbulent component (Reynolds & Gilmore 1993; DeLaney et al.

002; West et al. 2017).

D ISCUSSION AND CAVEATS

e have reviewed the late-time evolution of SNRs when accounting
or CRMHDs. We have explored various values of ambient number
ensity, initial magnetic field strengths, and configuration, as well as
nitial fraction of SN energy in CRs. While we account for additional
hysics frequently not included in standard SNR simulations, our
odels still have some limitations. We discuss these and the main

aveats of our work here.
Our tangled magnetic field ICs provide a more realistic setup

or the propagation of CRs in and around an evolving SNR than the
niform magnetic field setup. However, they are evolved in a uniform
ensity and static environment, in which magnetic inhomogeneities
ill drive turbulent perturbations with time. The evolution of indi-
idual SNR has been studied in inhomogenoeus media, e.g. adopting
wo-phase ICs (Kim & Ostriker 2015) or supersonic turbulence
Iffrig & Hennebelle 2014; Martizzi et al. 2015). The momentum
eposition of SNe was found to depend weakly on environmental
roperties, consistent with previous work in homogeneous ambient
edia (Chevalier 1974; Cioffi et al. 1988; Blondin et al. 1998).
owever, these studies only considered simulations of SNRs without
Rs. Our CRMHD runs find that a significant contribution to the
omentum deposited by the SN comes from escaping CRs travel-

ing through the ambient medium. CRs suffer lower hadronic and
oulomb cooling energy losses in a low-density medium. Similarly,
ur uniform CRMHD simulations have shown that their boost to the
omentum is more significant at lower densities. Equally, the impact

f escaping CRs will depend on ambient instabilities and structure.
onsequently, modelling of a realistic ISM may be important for the
eposition of momentum by CRs in the ambient medium while being
econdary for the SNR momentum. Furthermore, our parameter-
pace is limited to one metallicity. As cooling functions depend on
as metallicity, this quantity influences the evolution of the SNR.
igh metallicities increase gas radiative cooling and hence reduce

he final SNR momentum (e.g. Martizzi et al. 2015). Regardless,
e expect the overall behaviour observed with metallicity to remain
nchanged by CRs.
Numerical simulations have evolved isolated individual SNRs to

tudy their effects at late times in their surrounding ISM. Neverthe-
ess, the efficiency of SNe feedback depends on the pre-processing
f the ambient medium by radiation (Geen et al. 2014; Walch &
aab 2015), stellar winds (Geen et al. 2014), and previous SNe

Hennebelle & Iffrig 2014; Walch & Naab 2015). These processes
nteract with each other in a non-trivial manner, affecting the condi-
ions of the ambient medium in which SNRs evolve. Additionally,
hile classical SNRs are limited to influence the region reached
y their forward shock, our CRMHD simulations show that CRs
riginated in the SN influence the ambient gas ahead and far from the
hock, accelerating gas and smoothing out ambient inhomegeneities
n the process. We show that CRs are able to drive further expansion
f SNRs at late times, in agreement with theoretical predictions
Diesing & Caprioli 2018). Our work suggests that CRs extend the
MNRAS 511, 1247–1264 (2022)
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Figure 9. Projected synthethic synchrotron radio emission in the 1.4 GHz band for our fiducial MHD and CRMHD runs with a tangled initial configuration of
the magnetic field at ∼0.23 Myr. Maps are convolved with a Gaussian of width equivalent to the VLA beamwidth in its B configuration. Panels show our runs
with 10 cm−3, Beff = 1μG, and with χCR = 0.0 (left), 0.05 (centre), and 0.1 (right).
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nfluence of SNRs beyond their immediate vicinity, which will play
role in the evolution of neighbouring SNe, as well as affect larger
alactic scales (Hanasz et al. 2013; Salem et al. 2014; Chan et al.
019; Dashyan & Dubois 2020).
We initially inject CRs altogether with thermal energy in the SNe

t the centre of the grid. There are two main reasons justifying
his method. First, that the scales in which CR acceleration takes
lace are below our grid resolution (e.g. for a proton with an energy
f ∼1 GeV in a magnetic field of 1 μG the gyroradius is ∼10−6

c). Secondly, the shock is less efficient in the acceleration of
igh energy CRs at the times studied here (e.g. Ferriere & Zweibel
991; Caprioli & Spitkovsky 2014). Furthermore, hydrodynamical
imulations of young SNRs with CRs (e.g. Pfrommer et al. 2017; Pais
t al. 2018; Dubois et al. 2019) have shown that the self-similarity
f Sedov-Taylor solution also applies in this early evolution when
onsidering a gas formed by a thermal-CR mixture. This is consistent
ith our CRMHD simulation results. However, the late-time effects
f CR acceleration in shocks have not been explored in previous
umerical simulations. Diesing & Caprioli (2018) have found in
heir semi-analytical work that the late-time CR acceleration at the
hock drives further expansion of the SNR, reaching an increased
omentum deposition of a factor of ∼2–3, much higher than the

nes found in this work. CR acceleration can affect the characteristics
f the shock (e.g. Ferriere & Zweibel 1991; Girichidis et al. 2014;
frommer et al. 2017; Dubois et al. 2019), which in turn could
ffect the acceleration of the SNR at late times. This suggests the
eed for the exploration of CR acceleration well after the Sedov-
aylor phase self-consistently injecting CRs by employing a shock
nder similar to those used by Pfrommer et al. (2017) and Dubois
t al. (2019). Also, we restrict ourselves to the low end of diffusion
alues probed by galaxy formation simulations (e.g. Uhlig et al. 2012;
ooth et al. 2013; Salem et al. 2014; Girichidis et al. 2016; Chan
t al. 2019; Dashyan & Dubois 2020). However, the complexity
f CR transport models used in numerical experiments remains
nconstrained by existing observations, which are still consistent
ith a simple isotropic diffusion model with D0 ∼ 1028 cm2 s−1 (e.g.
voli, Aloisio & Blasi 2019, and references therein). Additionally,
NRAS 511, 1247–1264 (2022)
he CR diffusion rate is unlikely to be constant. For example, regions
f high star-formation permeated with significant turbulence driven
y stellar feedback have stronger and turbulent magnetic fields at
cales below those resolved by galaxy formation simulations. Such
agnetic turbulence would lead to an enhanced confinement of CRs,

nd thus a local reduction of D several orders of magnitude below the
alactic average (Schroer et al. 2021; Semenov, Kravtsov & Caprioli
021). Our value of D0 = 3 × 1027 cm2 s−1 is hence a compromise
etween this small-scales suppressed value and the galactic average.
one the less, it remains interesting to explore lower/higher diffusion

oefficients and how they may affect the momentum deposition of
Ne with CRs.

C O N C L U S I O N S

n this work, we study HD, MHD, and CRMHD simulations
f individual SNe expanding in a uniform medium in order to
xplore the influence of CRs in their evolution and momentum
eposition. Our suite explores the parameter space across three initial
onfiguration variables: gas number density (from 1 to 100 cm−3),
agnetic field strength (0.1, 1, and 5 μG; exploring both uniform

nd tangled magnetic field configurations) and fraction of SN energy
njected as CRs energy (1 per cent, 5 per cent, and 10 per cent). Our
imulations capture the evolution from the start of the Sedov-Taylor
hase until the convergence of momentum deposition. We also review
he morphological appearance of our SNR in synchrotron emission

aps generated using the publicly available code POLARIS (Reissl
t al. 2016, 2019). Our main findings are as follow:

(i) In agreement with previous work, we find no significant
ifference in the final outward radial momentum of SNe when
ncluding an initially aligned magnetic field with respect to the pure
D simulations, regardless of its strength within our explored range.
one the less, increasing | �B| stabilizes and widens the SNR shell,

educing the volume of hot gas.
(ii) CRs affect the morphology of our SNRs depending on the

nitial configuration of the magnetic field. When employing a uniform
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agnetic field, we find CRs to escape along the poles of the remnants
nd accelerate the gas beyond the shell. SNRs in our simulations with
tangled initial magnetic field resemble the morphology of the HD

ase, with CRs escaping beyond the shock isotropically.
(iii) Once radiative losses become significant in the SN shell,

uns including CRs present a different evolution to HD and MHD.
he energy dominance in the bubble shifts from thermal to CRs,
nd we find an additional CR pressure-driven snowplough phase,
haracterized by a further gain in momentum of up to ∼50 per cent
n the run with χCR = 0.1 by 4 Myr. The total outward momentum
hen using our tangled magnetic field ICs is even slightly higher

han for the CRMHD runs with an aligned magnetic field.
(iv) We therefore revise the momentum deposition law, account-

ng for the ‘boost’ due to CR injection: p = 2.87 × 105(χCR +
)4.82

(
n

cm−3

)−0.196
M� km s−1. We find an inverse dependence with

he number density, in contrast with previous analytical studies
Diesing & Caprioli 2018).

(v) We find that an initially aligned magnetic field is able to
eproduce the bipolar, radially polarized emission structure of old
NRs. The dynamical effects of CR pressure in the equatorial shock
nd in the polar ‘outflows’ imprint reductions in the synchrotron
uminosity directly proportional to χCR. Our runs with a tangled
agnetic field configuration reproduce instead the radial polarization

f young SNRs, consistent with the results of West et al. (2017)
nd with a lower linear polarization fraction than the aligned
ase.

Overall, we find CRs to be a key factor in the late-time evolution
f SNRs. Their effects extend well beyond the SNR shock into the
NR surroundings and wider ISM. These results indicate that in
uture work it will be important to explore the additional deposi-
ion of momentum due local and escaping CRs at galactic scales
hich may affect significantly the thermodynamics of galaxy-scale
utflows.
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PPENDI X A : CASE EXAMPLE O F
O M E N T U M M O D E L L I N G

e show in Fig. A1 the full evolution of radial outward momentum
or the CRMHD runs with 0.1 and 1 μG, and χCR = 0.05 and 0.1
o at least 4 Myr and up to 6 Myr and normalized for clarity. This
s given by the solid coloured lines. These showcase magnetic field
trength increasing with darker shades of purple and SNe energy
raction in CRs as contours with darker shades of green. The figure
lso shows the temporal derivative of this data as the dashed lines.
he first significant point we search for is that when the maximum
rowth rate of the Sedov-Taylor phase is reached. We have shown
hat the addition of CRs does not alter the evolution with respect
o the HD runs during the classical Sedov-Taylor phase despite the
ransference of SN thermal energy to CR energy. Hence, the growth
uring the Sedov-Taylor phase should not depend neither on the
trength of the magnetic field nor the amount of CR energy for a given
mbient density. The maximum in the momentum time derivative is
epresented by blue points, which lie in top of each other, as predicted.
urthermore, the point when the momentum gain of the CRMHD
uns exceeds that of the HD runs happens earlier for higher χCR (see
ection 3.3). This is shown by the red points in Fig. A1. After this, our
lgorithm looks for the last point of inflection, which is depicted here
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Figure A1. Evolution of the total outward radial momentum of the SNR
(solid lines) with time for the CRMHD simulations with n = 10 cm−3,
| �B| = 0.1 and 1 μG, and χCR = 0.05 and 0.1. Colour scheme is as for
Fig. 4. Coloured dashed lines are the temporal derivative of pSNR and the
black dashed lines indicate the extrapolation until the point of convergence
in our model. Circles plotted on top of the simulation data correspond to
important moments in the momentum evolution: maximum growth rate during
Sedov-Taylor (blue), surpassing of HD momentum by each CRMHD run
(red), final inflection point towards convergence (yellow), and final maximum
momentum (green). Even when a momentum plateau is not reached during
the time over which we run the simulation, extending their evolution after
the final inflection point can be used to predict a smooth transition towards
the final value. There is only a slight dependence of the final momentum and
convergence time on the strength of the aligned magnetic field.
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Figure B1. Slices through the XZ plane of the HD run regions (i.e. ambient
medium, shell, and bubble) with n = 1 cm−3 at 1 Myr, showing the top-
right quadrant of the SNR. In the top left panel, rin (red circle) and rout

(blue circle) from the Method I of region selection. The rest of the panels, in
counterclockwise order, are: ambient medium, bubble, and shell.
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y the yellow points. The simulation data after these points does not
lways show clear convergence of momentum. For these cases, we
ake use of the spline interpolation to extend the evolution of pSNR

p until its maximum value. This is the time of plateauing, shown by
he green points (the information regarding which simulations have
eached this point is provided in Table 2). We evolved our 0.1μG runs
or two additional Myr to find the inflection point, which took place
t a later time than for the 1 μG runs. Consequently, runs with a lower
agnetic field appear to converge at a later time and with a slightly

igher momentum. We attribute this difference to the effects of the
agnetized medium on the morphology of the shell: when a higher
agnetic field is present, the widening of the shell is enhanced, and

he thinner shell at late times is less capable of confining CRs for
heir additional momentum deposition. Nevertheless, we find this
ifference to be below ∼10 per cent. In order to keep our CR model
s simple as possible, we ignore this minor dependence on magnetic
eld.

P P E N D I X B: SE PA R AT I N G R E G I O N S O F T H E
NR

NRs have been studied as a system in which the interplay of three
istinct regions was fundamental in its understanding: the inner
ubble, the thin shell, and the surrounding medium. Traditionally,
separation based in temperature and radial velocity has been used

e.g. Kim & Ostriker 2015), supported by the details inferred by
nalytical results. However, magnetic fields and CRs have different
hermodynamical effects depending on many of the initial parameters
hat we consider (e.g. ambient density, CR energy fraction, and

agnetic field configuration), so setting hard temperature and radial
hresholds would be a way of biasing our results. Alternatively, a
eometrical separation procedure would be suitable in the case of
near-perfect spherical symmetry, but, as we have detailed in our

esults, that is far from being the norm (e.g. shell-widening in MHD
nd CRMHD runs with aligned magnetic field). Considering these
ubtleties, we have developed two simple algorithms that separate the
ifferent regions of the SNR. The Method I is used for simulations
hat have near-spherical symmetry (i.e. HD and runs with tangled
nitial magnetic field):

(i) Using the average radial profiles in the x and z directions from
ection 3.2, compute the second derivative of the density profile.
(ii) Search for the changes in sign of the second derivative (i.e.

nflection points) in order to find the outer rout and inner rin limits of
he shell. Widen those limits by 10 per cent to allow for instabilities
nd magnetically induced perturbations to be capture as shell.

(iii) Select the bubble as: (a) all gas with density below the average
easured at rin and with radial distance larger than rin and smaller

han rout, or (b) all gas below rin.
(iv) The ambient gas is selected in the opposite way to the bubble:

a) all gas with density above the average measured at rin and with
adial distance larger than rin and smaller than rout, or b) all gas above
out.

(v) Shell is selected as all gas between rin and rout with density
igher than the average the average measured at rin, with radial
elocities >1 km s−1.

Fig. B1 shows the results of this algorithm for the HD run with
= 1 cm−3. In the top left panel, rin (red circle) and rout (blue circle)

re plotted in top of a thin slice of the top right quadrant of the
NR. The solid black line indicates the average radial distance of

he shell, showing how instabilities make the bounding of the shell
rom below and above a difficult task. The rest of the panels show
he selected ambient medium, shell, and bubble. The Method II is
sed for runs presenting axisymmetry (i.e. with an initially uniform
agnetic field):
MNRAS 511, 1247–1264 (2022)

art/stab3716_fA1.eps
art/stab3716_fB1.eps


1264 F. Rodrı́guez Montero et al.

p
ρ

p

d

t
M
v
a
r
v

d
s
r
r

T

M

o

(i) As for the previous method, using the average radial density
rofiles in the x and z directions, search for the minimum gas density
min, which is inside the SNR (i.e. radial distance smaller than the
eak in density of the shell rpeak).
(ii) By computing the second derivative of the density profile,

efine rout as the closest inflection point to rpeak with r > rpeak.
(iii) Select the bubble as everything below rout with density below

wice ρmin. We use this factor of 2 after finding that the majority of
HD and CRMHD runs with a uniform magnetic field present that

alue of density at the inner inflection point (i.e. limit between bubble
nd shell). We have explored variations of these factor, finding our
esults transparent to this parameter. Only small variations in bubble
olume are found (∼5 per cent).
NRAS 511, 1247–1264 (2022)
(iv) The canonical shell is selected as everything below rout with
ensity above or equal than twice ρmin. Additionally, in order to
elect the outflows found in Section 3.1, we add to the shell the
egions with density above or equal than twice ρmin travelling in the
adial direction with velocities >1 km s−1.
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