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In these studies the VOF momentum equation integrated a 
‘Hele-Shaw’ sink term reproducing the shear stress at the 
walls. Thus, their predicted velocity field was the equivalent 
of a gap-averaged one under the hypothesis of Poiseuille 
flow within the gap. The goal of the present study is to 
obtain a 3D description of the velocity field about the bub-
ble and to compare it with the 2D description existing in the 
literature. This will provide a deeper understanding of the 
strengths and limitations of the 2D approach, which is less 
complete but simpler to achieve. In addition, the knowledge 
of the flow profile within the gap could be useful to discuss 
2D numerical models including walls effects.

The 3D velocity field can be measured from the images 
of tracer particles in a volume taken simultaneously from 
several cameras, using triangulation to obtain the particles’ 
positions in space. This procedure requires a preliminary 
calibration using a three-dimensional target (Maas et al. 
1993). Malik et al. (1993) developed such an approach to 
track individual particles in time, resulting in a Lagrangian 
description of the 3D velocity field (3D Particle Tracking 
Velocimetry (PTV)). With such a measurement method, the 
particle density must be low enough to avoid the presence 
of ghost particles (i.e. of particles found by triangulation 
but not corresponding to real particles) and allow particles 
recognition between two time steps. A different approach 
consists in obtaining an Eulerian description based on cross-
correlation analysis of elementary volumes as in Tomo-
graphic Particle Image Velocimetry (Tomo PIV, see for 
instance Elsinga et al. 2006 and Scarano 2013). In that case, 
particles are not tracked individually but a greater particle 
density is necessary to validate measurements.

Recently, a high-density Lagrangian particle tracking 
method named Shake-the-Box (STB) has been developed 
(see Schanz et al. 2013b) and implemented in DaVis soft-
ware from LaVision GmbH. This method allows to obtain 
particle trajectories resolved in time in three-dimensional 
space at high particle densities (typically 0.05 particles per 
pixel (ppp)) relying on an accurate iterative triangulation 
method (IPR, Wieneke 2013). The key point is that it takes 
advantage of the information of existing particle tracks to 
predict particle positions in the following time-step and uses 
this information to obtain an initial guess of the particle 
spatial distribution, that is afterwards refined to match the 
recorded images. New particles are detected by triangula-
tion from the residual image of each camera that consists in 
the difference between the projected image from the recon-
structed volume and the actual image. The residual images 
have a remarkably lower particle density than the original 
images and can thus be handled by standard triangulation 
techniques. A detailed description of the method, as well 
as a test on synthetic and experimental velocity fields, is 
given in Schanz et al. (2016), where the technique is success-
fully applied to synthetic images with particle densities up 

to 0.125 ppp in the case of noise-free images and 0.075 ppp 
when noise is added, and also in experiments with a particle 
density of 0.05 ppp. A critical requirement for the method 
to give accurate results is to have a calibration of high preci-
sion. The calibration procedure consists in taking one image 
of a three-dimensional calibration target (or several images 
of a two-dimensional target successively positioned at differ-
ent known positions in space). Then, the information of the 
calibration target provides a mapping from the world planes 
coordinates to the camera sensor coordinates for all cameras. 
To this end, a pinhole model or a polynomial based one (see 
Soloff et al. 1997) might be used, the latter having the advan-
tage of automatically taking into account the refraction of 
light rays through the different media that might be present 
between the calibration target and the cameras (for example, 
the fluid and the walls of the container). On the other hand, 
the polynomial method requires the calibration target to span 
a large part of the field of view of the cameras, which can be 
critical for confined systems. In general, sub-pixel accuracy 
is required (typically lower than 0.1 pixel) since the recon-
struction method relies on triangulation from the images of 
pixel-sized particles in several cameras. Usually the quality 
of the calibration using the target is not good enough; in that 
case, a volume self-calibration (Wieneke 2008) using several 
images of the tracers is used to improve the quality of the 
mapping. This procedure has also the advantage that, after 
performing the self-calibration, the Optical Transfer Func-
tion (OTF) can be calculated from the particles’ images (see 
Schanz et al. 2013a). This is important as the OTF character-
izes the shapes of the particles’ images in different regions of 
the observation volume as viewed by the different cameras. 
Those shapes, depending on the nature and geometry of the 
different mediums between the particles and the cameras 
(multiple refractions and associated optical aberrations), are 
essential for particle tracking purposes. Indeed, the knowl-
edge of the OTF helps to improve the reconstruction from 
the cameras’ images (Wieneke 2013).

In the present study we performed STB Lagrangian track-
ing of the flow surrounding a single confined high-Re bub-
ble. In order to capture the bubble-induced velocity pertur-
bation expanding over a large region of the cell plane, we 
explore a measurement volume that is strongly anisotropic, 
thin as the cell gap and large in both other directions. Typi-
cally the volume of observation is 64 × 107 × 3mm3 . For 
data processing we used DaVis software. Difficulties consist 
in performing an accurate calibration and in measuring all 
the velocity components, all across the gap, in a flow con-
figuration expected to be parallel to the walls except near 
the bubble.

The structure of the paper is as follows. In Sect. 2 the 
experimental setup, the calibration procedure and the param-
eters regarding the Shake-the-Box calculation are described. 
In Sect. 3 a validation of the STB technique is presented. 













approximately 12 particles per mm3 corresponding to 0.058 
tracked particles per pixel which is again within the accepted 
limits of the STB technique (Schanz et al. 2016). A compari-
son of the kinematics of this bubble with the scaling laws 
introduced for this range of non-dimensional numbers by 
Filella et al. (2015) shows good agreement, even if the exten-
sion of the cell plane is reduced in the present study. Indeed 
V∞ is 7% higher than the predicted terminal velocity and the 
mean value of � is 12% higher than the predicted value but 
they are within the limits of data scattering. The amplitudes 
of the shape and path oscillations are also comparable to 
those measured by Filella et al. (2015) under data scattering.

Up to now, the 3D structure of the flow around the con-
fined bubble has never been explored. The perturbation 
induced in the liquid has been characterized by the 2D2C-
PIV technique using a camera placed in front of the cell and 
volume enlightening of the cell. This technique provided a 
measurement of the velocity of the liquid discussed as being 
averaged over the gap width h (Roudet et al. 2011). Despite 
its limitations, the technique revealed the strong exponential 
attenuation of the wake due to confinement and the associ-
ated specific dynamics of the vortex street (Roig et al. 2012; 
Filella et al. 2015). In this section, STB velocity measure-
ments are first analyzed to estimate a gap-averaged veloc-
ity field. This allows a direct comparison with the velocity 
field obtained from 2D2C-PIV applied to reconstructed front 
views. We will therefore discuss precisely the robustness of 
PIV measurements that have been performed up to now and 
that are still much easier to perform. Then, we will use STB 
velocity measurements to explore the 3D structure of the 
flow. We will also discuss the limitations of the measure-
ments resulting from the strong contrast between in-plane 
velocities and the z-component of velocity.

4.1  Discussion of the flow around the confined 
bubble with velocities averaged 
through the gap

We first discuss a comparison between (1) an Eulerian 
velocity field obtained with the 2D2C-PIV technique and 
(2) the reprojection on an Eulerian grid of the Shake-the-
Box Lagrangian measurements of particle velocities that
are averaged through the gap. 2D2C-PIV is performed on
projected images reconstructed from the tomogram. In this
discussion we consider velocity vectors reduced to x- and
y-components. This first part allows to discuss the quality
of a flow characterization using a gap-averaged measure-
ment of the velocity. It also helps to check the quality of the
reprojection of STB information on an Eulerian grid, which
is used for vorticity measurements.

2D2C-PIV calculation was performed on the tomo-
reconstructed frontal images with a window size length 

dx = dy = 1.286 mm (see Sect. 2.4). The STB reprojection 
was achieved on exactly the same (x, y) grid and, for each 
grid element, it provides an average velocity of all the parti-
cles distributed across the whole gap whose (x, y) positions 
are inside the grid element. The tracers seeding ensured on 
average 48 particles per grid element with a very small vari-
ation as the rms value of the number of particles per element 
was 7.

4.1.1 � Respective meaning of the velocity 
obtained by volume‑illuminated 2D2C‑PIV 
and of the gap‑averaged velocity obtained 
by the STB technique

When calculating a gap-averaged velocity �STB from the 
STB technique or when measuring by volume-illuminated 
2D2C-PIV a velocity �PIV as in Filella et al. (2015), it is 
evident that both types of measured velocities depend on the 
particle distribution across the gap as there are large velocity 
gradients in the gap direction. But for a uniform distribution 
of tracers across the gap, as it is the case in our measure-
ments (see Fig. 4), the gap-averaged velocity �STB obtained 
from STB technique is unambiguously defined and mean-
ingful. For uniform distributions of tracers, mean velocity 
obtained from 2D2C-PIV is nevertheless still ambiguous 
due to the large velocity gradients through the gap. Indeed, 
tracers have different velocities depending on their positions 
within the gap, and, as a consequence, the shape of the dis-
placement correlation peak is expected to be broad. It can 
be thus difficult to find a clear maximum of the correla-
tion, and even if it is possible, the meaning of the associated 
velocity �PIV as a gap-averaged one is not obvious a priori. 
This is why Roudet et al. (2011) had to check in situ under 
which conditions the PIV measurement could be associated 
to a gap-averaged velocity before exploring confined bub-
ble wakes. In the present contribution, we provide a direct 
comparison of both types of velocity measurements starting 
with the examination in Fig. 6 of the displacement correla-
tion obtained by PIV. For simplicity, we use in this figure 
experimental data from the experiment of cell emptying. In 
this configuration, tracers have the same vertical descend-
ing direction whatever their positions through the gap, and 
the true gap-averaged velocity is known from the motion 
of the gas–liquid interface (blue dashed line in the figure). 
Two 2D2C-PIV velocities are calculated from two different 
frontal views obtained by tomographic reconstruction of the 
particle distribution. One is calculated from the particles in 
the whole gap volume and we can consider that it is repre-
sentative of an attempt to measure the gap-averaged velocity. 
The other frontal view is reconstructed from particles that 
are in a layer of 1 mm thickness in the centre of the gap 
where the flow is uniform. It is interesting to compare the 
shapes of the correlation peak. A contrast transformation 



was applied to the tomographic reconstructed and projected 
raw images in order to have all particles at similar intensi-
ties. This is necessary because, otherwise, brighter particles 
would dominate the cross-correlation, and since different 
particles have different velocities depending on their posi-
tion within the gap, this would result in a noisy velocity 
field dominated at each grid element by the velocities of 
the brightest particles. The correlation peaks are shown in 
Fig. 6 in a square of 64 × 64 pix centred at (x, y) = (7.85 
mm, −14.2 mm) at the beginning of the emptying (between 
the images at t1 = 0.053 s and t2 = 0.070 s). The results are 
compared with the mean downward velocity measured from 
the front positions between those two instants, and with the 
maximum and average downward velocities obtained with 
the STB measurement in the same region for the same time 
interval.

It is clear that the gap-averaged velocity obtained by the 
STB technique (plotted in magenta) is very similar to the 
velocity of the gas–liquid interface (in blue). This meas-
urement of a gap-averaged velocity is robust due to the 
homogeneous distribution of tracers. The PIV correlation 
peak associated to the 1 mm centred layer is plotted in green 
color. At the time of measurement, the velocity profile in the 
1 mm centred layer can be regarded as uniform (see Fig. 5a). 
The correlation peak is thus also well-defined, symmetrical, 
and, as expected, the measured velocity using the 2D2C-PIV 
technique agrees with the maximum velocity measured by 

STB (plotted as a black vertical dashed line). On the con-
trary, the correlation peak associated to the full gap (plot-
ted in red color) is quite elongated in the y-direction of the 
motion. This is the signature of the presence of contrasted 
y-components of the velocity in the region of PIV inter-
rogation. As can be observed in particular in the insert, the
position of the maximum of correlation (red cross) provides
a velocity higher than the true gap-averaged velocity plot-
ted as a blue empty circle. The difference between �PIV and
�STB was observed to vary randomly with the position in 
the cell. This may be understood as due to the sensitivity to 
noise of the localisation of the maximum of correlation for 
broad peaks.

Those results confirm that the gap-averaged velocity 
measured by STB technique is robust and that volume-
enlightened PIV measurement provides a more ambiguous 
velocity measurement, as it leads to widespread correlation 
peaks in the presence of particles moving at different veloci-
ties in the same interrogation region.

In the following, a quantitative and statistical comparison 
of the velocity field obtained by 2D2C-PIV with the gap-
averaged velocity field obtained by the STB technique is 
provided for the motion generated by a confined bubble. It 
will show that, despite the more ambiguous meaning of the 
PIV measurement, 2D2C-PIV technique and STB technique 
both provide dynamical descriptions of the flow that are in 
rather good agreement and that are also in agreement with 
previous measurements (Roig et al. 2012; Filella et al. 2015).

4.1.2 � Comparison of averaged velocity fields 
past the bubble issued from the STB and 2D2C‑PIV 
methods

Figure 7 presents the comparison of both instantaneous 
velocity fields.

At first glance, on Fig. 7a, both fields look alike. The 
evolution along the three lines plotted on the velocity field 
(respectively in red, light blue and black colors) of the norm 
of the velocity vector |V| and of its orientation � with respect 
to the ascending vertical direction are reported in Fig. 7b. A 
closer examination of these profiles obtained either from 
STB reprojection or from 2D2C-PIV measurements shows 
that they are both nearly identical. The flow consists in a 
potential flow in front of the bubble and in a rapidly damp-
ened wake downstream, as already observed in Roig et al. 
(2012) and Filella et al. (2015). At the given time of observa-
tion, the potential flow in front of the bubble is nearly sym-
metrical (profiles along the light blue line) and the flow in 
front of the bubble, as well as in the wake, is nearly vertical 
(profiles along the red line). In the wake, along the trans-
verse black line, STB or PIV measurements are closely 
superposed and reveal a steep velocity profile that can be 
explained by the negligible in-plane momentum diffusion. 

Fig. 6   Example of a correlation peak between consecutive images at 
the beginning of the emptying. Red (resp. light green) corresponds 
to the frontal view of the tomographic reconstruction of the full gap 
(resp. centered layer of 1 mm thickness). A 2D view in grey level 
intensity of the region near the peak is also provided in the inserts. 
The axes were scaled using the spatial and temporal resolution to 
reflect velocities instead of pixel displacements. The dashed verti-
cal lines (or symbols in the 2D representations) correspond to the 
maximum velocity from the STB profile (black line/+ symbol), to the 
average velocity from the STB profile (magenta line/x symbol) and to 
the average velocity from differentiation of the gas–liquid front posi-
tion (blue line/empty circle). The red or light green crosses in the 2D 
representations correspond to the positions of the correlation peaks 
calculated with sub-pixel accuracy using a Gaussian peak fitting











following the scaling law discussed in Filella et al. (2015) 
for the gap-averaged velocity that behaves as exp(−2.5t∕�) 
(with � = h2∕4� the viscous time). The velocity near the wall 
( z = 1.3 mm) is, as expected, smaller than the other measure-
ments, but still follows globally the same trend of decrease 
at large times. Looking at the orientation � , it appears that 
the velocity vector changes significantly its orientation dur-
ing the bubble passage and the generation of a vortex in the 
vicinity of the point of observation (Fig. 14b). Indeed the 
temporal sequence corresponding to the strong variation of 
the angle occurs over the time scales of the bubble passage 
�tB = d∕V∞ and of the period T of the vortex array. At times
larger than 1 or 2 s, the ratio between velocities measured at
a given z position and at z = 0 mm no longer evolves with
time, and the orientations � of the motions of all the slices
also converge to a unique value ( ±5o ). Differential rotation
of the slices is thus dampened and the z-profile dampens as
a whole.

It is also possible to post-process the velocity data to fol-
low specific events in the flow, slice by slice. The line of 
maximum velocity introduced in Sect. 4.1.2 was determined 
for a slice centered in z = 0 and is plotted (light blue line) 
in Fig. 9 for comparison with the results obtained from the 
gap-averaged PIV or STB methods. A similar behavior is 

observed, indicating that this characterization of the wake is 
robust. It is also interesting, in particular, to analyze vortices 
released in the wake of the bubble that have their axis ini-
tially in the z-direction. The idea is to investigate how these 
large vortices evolve in the z-direction. Again, the volume 
of investigation was divided into slices of thickness �z and, 
for each of them, vortex detection and tracking were per-
formed with the same algorithms of post-processing used 
in Sect. 4.1. The characteristics (trajectories and intensities) 
of the vortical structures detected for each slice can then be 
compared, along with those obtained from the gap-averaged 
velocity field. Vortex number 5 of Fig. 10 is selected for 
the following detailed discussion. At first, Figs. 15a and b 
show that, despite data scattering, it is possible to follow 
the same vortex that is mainly two-dimensional. Indeed, as 
can be observed in Fig. 15a, the trajectories of the vorti-
cal structures detected for each slice are quite similar, with 
small deviations no larger than 4 mm, which is smaller than 
the bubble diameter. They also nearly superpose on the 
path obtained from gap-averaged velocity measurements 
(plotted in red dots). The deviations between the different 
paths result from physical distortions of the vortex during 
its motion. Indeed, for all the vortices numbered 2, 3, 4, 5 
and 6 reported in Fig. 10 a general behavior was observed 
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Fig. 13   Superposition of velocity vectors projected on the (x, 
y) plane for various z positions in the gap (z = 0, ±0.4 , ±1 and
±1.4 mm for black, red, magenta, and blue-grey colors). The vectors
�2D(x, y, z, t) = vx�� + vy�� are calculated from the STB reprojec-

tion at t = 0.6 s for slices of thickness �z = 0.2 mm; symmetric slices 
with respect to z = 0 are averaged. In order to allow visual analysis, 
only one vector over 8 is plotted. a Global view of the wake, b and c 
zooms on the vortices







Compliance with ethical standards 

Conflict of interest The authors declare that they have no conflict of 
interest.

Appendix A: Analytical solution 
for the unsteady emptying of a vertical 
planar cell in laminar regime

The velocity profiles during emptying can be obtained by 
solving the following simplified momentum equation for a 
viscous incompressible flow far away from any inlet or outlet 
section.

where u is the vertical velocity that depends on time t and 
on z, the coordinate perpendicular to the walls, (P0−PL)

�L
 being 

a constant pressure gradient applied during emptying that 
ensures the required mass flow rate and � being the kine-
matic viscosity. This equation is solved for 0 ≤ y ≤ h and 
t > 0 with the initial condition

with U the front velocity, and the boundary conditions

whatever t ≥ 0 at boundaries z = 0 and h.
With U = v0∕12 and v0 =

(P0−PL)b
2

��L
 the solution can be 

found introducing variables � = z∕h and � = �t∕h2 by using 
the method of separation of variables (as in Bird et al. 2002). 
It can be expressed as

with

and
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