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SRDAN PAKOVIĆ 1, SIYI ZHOU1, DAVID GONZÁLEZ-OVEJERO 1 (Senior Member, IEEE),
SANTI CONCETTO PAVONE 2 (Senior Member, IEEE), ANTHONY GRBIC 3,4 (Fellow, IEEE),

AND MAURO ETTORRE 1 (Senior Member, IEEE)
1Univ Rennes, CNRS, Institut d’Électronique et des Technologies du numéRique, UMR 6164, 35000 Rennes, France

2Department of Electrical, Electronics, and Computer Engineering, University of Catania, 95125 Catania, Italy

3Radiation Laboratory, Department of Electrical Engineering and Computer Science, University of Michigan at Ann Arbor, Ann Arbor, MI 48109, USA

4Center for Photonic and Multiscale Materials, University of Michigan at Ann Arbor, Ann Arbor, MI 48109, USA
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ABSTRACT In this work, we study the use of Bessel–Gauss beam launchers for wireless power transfer
(WPT) applications. The power transfer efficiency between two radiating apertures is investigated in the
radiative near field. A spectral Green’s function approach is used to derive the power efficiency under
a simultaneous conjugate impedance match. The transverse electromagnetic (TEM) mode of a coaxial
cable, as well as Bessel beam (BB) and Bessel–Gauss beam (BGB) field distributions, are considered as
aperture distributions. Numerical results demonstrate that a BGB field distribution is the optimal choice
for WPT due to its limited spectrum and reduced diffraction of the radiated beam. We synthesized a
Bessel–Gauss launcher that exhibits power efficiency exceeding 50% for distances larger than 30λ. These
results show that non-diffracting beams can pave the way toward efficient near-field WPT systems with
extended operating ranges.

INDEX TERMS Bessel–Gauss beams, non-diffracting beams, wireless power transfer, Bessel beams, horn
antennas.

I. INTRODUCTION

THE CONCEPT of wireless power transmission was
introduced by Tesla in the 1890s [1]. The basic idea

involves transferring electrical power without a wired con-
nection between the transmitter (Tx) and the receiver (Rx).
In recent years, the topic of WPT has been revived due
to the surge in portable electronic devices and limited bat-
tery capacity. The possibility to recharge wirelessly will truly
‘unplug’ such devices. The coupling mechanism used in cur-
rent WPT systems is based on an electromagnetic interaction
between the Tx and Rx in their reactive near-field or far-field
regions.
Reactive near-field WPT systems are generally based

on an inductive or capacitive coupling mechanism with

operating frequencies in kHz and MHz range. The oper-
ating distance of such systems is on the order of the lateral
size of the Tx and therefore much smaller than the free space
wavelength [2], [3]. Far-field WPT systems use a radiated
wave to transfer energy, and thus their operating distances
can be much larger. On the other hand, such an approach
suffers from low efficiency [4], [5].
Today, near-field WPT systems are employed to recharge

electronic accessories [6], [7]. A charging pad is generally
used and the operating range is limited to a few centimeters.
In order to extend the operating distance, the power transfer
efficiency over distance must be improved [6].
In [8], power transfer efficiency was studied in the

Fresnel zone between two radiating apertures under a
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FIGURE 1. Graphical representation of the considered WPT configuration. The
radiating apertures are located in infinite metallic ground planes that form a PPW
environment between the two apertures.

paraxial approximation. The transfer efficiency was treated
as an eigenvalue problem to derive the optimal aper-
ture field that maximizes power transfer efficiency. An
optimal aperture was found to be a spheroidal func-
tion for the case of linear-polarized rectangular apertures.
The proposed solution is valid in the Fresnel zone of
the radiating apertures, but does not consider the mutual
interaction between the two apertures. In [9], the possi-
bility of employing Bessel beams [10] for power transfer
was investigated and efficient power efficiency was demon-
strated. In [11], [12], a Green’s function approach was
adopted to study wireless power transfer between small
radiators.
In more recent work [13], the power transfer efficiency

of a WPT link using cylindrical vector beams was studied
using an approach similar to [8]. It was concluded that Bessel
and Bessel–Gauss beams could be a good choice for WPT
systems compared to Gaussian beams. The BGB is essen-
tially a Bessel beam truncated by a Gaussian profile, which
exhibits nearly diffraction-free properties up to a certain dis-
tance called the non-diffractive range (NDR) [14]–[17]. The
main advantage of BGBs to BBs is that the radial modula-
tion tapers the aperture fields, reducing the on-axis ripples
caused by edge diffraction. In [17], the authors numerically
obtained an expression for the NDR of BGBs and demon-
strated that their NDR depends heavily on the width of the
Gaussian window, i.e., apodization factor. More precisely,
the NDR of BGBs is either less or equal to the NDR
of BBs. Therefore, by tuning the apodization factor, we
can reduce the edge diffraction without affecting the non-
diffractive range. However, the radial modulation enforced
by the Gaussian window may affect the self-healing prop-
erty peculiar to Bessel beams, which is mostly associated to
its outer rings [18]. In literature, several works compare the
non-diffractive performance of Gaussian beams, BBs, and
BGBs [19]–[21] with similar findings.
In this paper, we investigate the use of Bessel–Gauss beam

launchers for WPT. We have extended the work in [9], [13]

by evaluating the power transfer efficiency between two
radiating apertures in their near-field zone considering their
mutual interaction. We approximate the mutual interaction
by assuming a parallel-plate waveguide (PPW) environment
formed by the two infinite ground planes supporting the aper-
tures. We use the spectral Green’s function of the PPW to
solve the electromagnetic problem of two coupled apertures.
An equivalent circuit representation of the system based on
an admittance matrix is then proposed. The power trans-
fer efficiency is derived assuming a simultaneous conjugate
impedance match. The results are validated by deriving the
transmitted and received power using the Poynting vector
of the radiated fields, as in [8]. We have presented and
compared three types of aperture fields for WPT: the TEM
mode of a coaxial cable, BB, and BGB aperture. We demon-
strate that the BGB is the optimal choice for WPT due to
its narrow spectrum and reduced diffraction of the radiated
beam. Applying the procedure introduced in [22], we syn-
thesized a BGB launcher. We have shown that the launcher
is capable of transferring power wirelessly over several tens
of wavelengths with high efficiency (60% over 30λ). We
have also shown that the WPT efficiency exhibits large fluc-
tuations for longer distances. Finally, we have introduced a
frequency tuning technique to smooth out these fluctuations
in efficiency.

II. GEOMETRY OF THE PROBLEM
The geometry of the problem considered is shown in Fig. 1.
Two circular apertures of the same radius are placed onto
parallel and infinite ground planes. The infinite ground
planes form a PPW environment between the two aper-
tures. The apertures correspond to the Tx and the Rx of
the WPT system. The Tx aperture is perpendicular to the
z-axis and centered at the origin of a cylindrical coordi-
nate system. The Rx aperture is parallel to the Tx aperture
and located at a distance z = L. Both apertures are
azimuthally symmetric and axially aligned. In this paper,
vectors will be denoted by bold characters, unit vectors by
bold characters with a caret, and matrices by bold charac-
ters underlined by double bars. An ejωt time dependence
is assumed, where ω is the angular frequency. In order to
derive the power transfer efficiency, a spectral Green’s func-
tion approach is employed. Specifically, the radiated and
received fields are calculated once a tangential field distri-
bution is imposed over the radiating apertures. Throughout
this paper, three aperture distributions are considered, namely
the field profile of the TEM mode of a coaxial cable, BB,
and BGB distributions. It is worth noting that in the fol-
lowing, we will consider Transverse Magnetic (TM) modes
without loss of generality. Indeed, Section V will vali-
date the analysis with a launcher based on a Transverse
Electric (TE) mode. Nevertheless, the non-diffractive range
is determined solely by the radial spectral wavenumber
and the aperture size, not the polarization, as demonstrated
in [22, Sec. VI].
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A. SPECTRUM OF THE APERTURE FIELDS
The spectrum of the transverse equivalent magnetic current
distribution of the TEM distribution can be expressed as

˜M(kρ) = j2π
V0
(
J0(kρb) − J0(kρa)

)

ln(b/a)kρ
φ̂ (1)

where φ̂ is the azimuthal unit vector; V0 is the amplitude of
the distribution, referred to as “voltage” [23]; a is the outer
radius of the coaxial cable and b is the radius of the inner
conductor (please refer to Fig. 1); kρ is the radial spectral
wavenumber and Jn(·) is the n-th order, first kind Bessel
function.
The spectrum of truncated Bessel field distribution is given

by [24]

˜M(kρ) = a

k2
1 − k2

ρ

[
kρJ0(kρa)J1(k1a)

− k1J0(k1a)J1(kρa)
]
φ̂ (2)

where a is the radius of the circular aperture (refer to
Fig. 1), and k1 = x0n/a, where x0n is the zero of the
Bessel function (or its derivative) of the corresponding
Bessel beam [25], [26]. The non-diffractive range of BBs
is given by

zBBndr = a

√(
k

k1

)2

− 1. (3)

As for the spectrum of the Bessel–Gauss distribution,
it is a finite Hankel transform which is typically hard to
express analytically and computationally expensive to calcu-
late. However, the Bessel–Gauss distribution tends to zero
at infinity. If the apodization width w0 < a, the spectrum of
the Bessel–Gauss distribution can be approximated with the
infinite Hankel transform, as

˜M(kρ) = w2
0

2
e−

w2
0(k21+k2ρ )

4 · I1
(
w2

0k1kρ
2

)

φ̂ (4)

where In(·) is the modified Bessel function of the first kind
of order n. The NDR of BGBs is given by [17]

zBGBndr =

⎧
⎪⎪⎨

⎪⎪⎩

zBBndrw̃0
√

ln 4, w̃0 <
1√
ln 4

,

zBBndr, w̃0 ≥ 1√
ln 4

,

(5)

where zBBndr denotes the NDR of the corresponding untapered
BB (see Eq. (3)), and w̃0 = w0/a. Hence, depending on the
choice of w0, the NDR of the BGB can be either less or
equal compared to the NDR of the corresponding BB.

III. POWER TRANSFER EFFICIENCY
In this section, power transfer efficiency is derived using
three different approaches based on a spectral Green’s func-
tion formulation. We will refer to them as “equivalent
network approach”, “power flow approach”, and “T-factor
approach”, respectively.

FIGURE 2. Equivalent 2-port network representation of the two radiating apertures.

In the equivalent network approach, the two radiating aper-
tures are modeled as a 2-port network. Knowledge of the
fields radiated and received by the apertures is used to derive
an admittance matrix representation of the 2-port network.
The power transfer efficiency of the network is obtained
through network analysis.
The power flow approach uses the fields radiated and

received by the apertures to derive the ratio of the power
accepted by the receiving aperture over the power radiated
by the transmitting one.
The T-factor approach is based on the transmission

coefficient proposed in [27] and employed in [8], [13].
Here, the transmission coefficient is a function of the total
electromagnetic field generated by the two apertures.

A. EQUIVALENT NETWORK APPROACH
The 2-port network representation of the system is shown
in Fig. 2. In particular, we are interested in the admittance
matrix representation of the system [28],

Y =
[
Y11 Y12
Y21 Y22

]
. (6)

Assuming equal apertures and reciprocity, the admittance
matrix simplifies to Y11 = Y22 and Y12 = Y21.
By following the steps outlined in [28], [29] the elements

of the admittance matrix can be derived as

Y11(22) = 1

V2
ref

1

(2π)2

∫ ∞

−∞
∣
∣M̃φ

∣
∣2GHM

φφ (kρ, z = 0)kρdkρ, (7)

Y12(21) = 1

V2
ref

1

(2π)2

∫ ∞

−∞
∣∣M̃φ

∣∣2GHM
φφ (kρ, z = L)kρdkρ, (8)

where Vref is the reference voltage associated with the aper-
ture field, as defined in [30]; M̃φ is the Hankel transform of
the equivalent magnetic current distribution along φ; GHM

φφ (z)
is the spectral Green’s function of the PPW environment
describing the φ-component of the magnetic field due to a
φ-oriented magnetic current.

Under simultaneous conjugate impedance match, the
power transfer efficiency η is maximized and is equal to [31]

η = �{ZL}
�{Zin}

∣∣∣∣
Z21

Z22 + ZL

∣∣∣∣

2

(9)

with Z12 and Z21 being the elements of the impedance matrix
representation (Z = Y−1) of the 2-port network and both
the source (ZS) and the load (ZL) impedances satisfying the
condition of the simultaneous conjugate match.
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B. POWER FLOW APPROACH
In the power flow approach, the power transfer efficiency is
defined as the ratio of the power accepted by the receiving
aperture to the power radiated by the transmitting one. The
electromagnetic problem is solved to derive the electric and
magnetic fields radiated and received by the two apertures
with TEM, BB, and BGB aperture distributions.
The first step is to derive the total electromagnetic field

between the two apertures. By total electromagnetic field, we
refer to the field generated when one aperture is excited and
the other is terminated with a load. To do so, the radiating
apertures are replaced by equivalent magnetic currents over
a ground plane. The spectral Green’s function of the PPW
is then used to derive the radiated fields. In particular, the
total magnetic and electric spectral field distributions can be
expressed as

˜Htot(kρ, z) =
[
VAM̃φG

HM
φφ (kρ, z)

+ VBM̃φG
HM
φφ (kρ, z− L)

]
φ̂, (10)

˜Etot(kρ, z) =
[
VAM̃φG

EM
ρφ (kρ, z)

+ VBM̃φG
EM
ρφ (kρ, z− L)

]
ρ̂, (11)

where ˜H(˜E)tot is the total magnetic (electric) spectral field
distribution; VA and VB are the equivalent voltages of the
transmitting and the receiving aperture and M̃φ [23] is the
Hankel transform of the considered equivalent magnetic cur-
rent as given in Section II; GEM

ρφ is the spectral Green’s
function of the PPW describing the radial component of
the magnetic field due to the φ-oriented magnetic current.
In (10) and (11), the total electromagnetic field is expressed
as the sum of two components. Each component represents
the contribution of each aperture to the total field. Let us
consider the total magnetic field as an example. In (10),
the first component of the sum, VAM̃φGHM

φφ (kρ, z), corre-
sponds to the contribution of the transmitting aperture. On
the contrary, the second term VBM̃φGHM

φφ (kρ, z − L) is the
contribution of the receiving aperture. The equivalent volt-
ages VA and VB are related by the admittance matrix Y
mentioned in the previous subsection, as

[
IS
0

]
=
[
Y +

[
YS 0
0 YL

]][
VA
VB

]
. (12)

In (12), YL = Z−1
L and YS = Z−1

S are the source and
the load admittance satisfying the simultaneous conjugate
matching condition as explained before. IS is an arbitrary
current source representing the excitation of the transmitting
aperture. By combining (10), (11) and (12), the total electro-
magnetic field in the spectral domain is obtained. Then, we
obtain the field distribution in the spatial domain by applying
an inverse Hankel transform.
The time averaged Poynting vector S is thus derived as

S = 1

2
�[Etot ×H∗

tot

]
, (13)

FIGURE 3. Numerical results for the power transfer efficiency between apertures.
The numerical results shown in the figure are obtained using the equivalent network
approach. The dashed, dotted and solid curves correspond to TEM, BB, and BGB
distributions, respectively.

in which Htot is the magnetic field in the spatial domain.
The time averaged Poynting vector S is integrated over two
infinite planes (SA and SB) perpendicular to z-axis as shown
in Fig. 1. SA and SB are very close (less than one tenth of
the wavelength) to the transmitting and receiving aperture,
respectively. The power leaving the transmitting aperture,
or, equivalently, the power passing through SA towards the
receiving aperture, is derived as

Pin =
∫∫

SA
S · ẑdS. (14)

Similarly, the power passing through SB and flowing
towards the receiving aperture, is derived as

Pout =
∫∫

SB
S · ẑdS. (15)

It is worth observing that, since SA(SB) is very close to the
transmitting (receiving) aperture, the normal component of
the Poynting vector vanishes outside the area of the trans-
mitting (receiving) aperture. Therefore, the derived power
can be considered flowing exclusively through the radiating
apertures.
The power transfer efficiency is then derived as

η = Pout
Pin

. (16)

C. T -FACTOR APPROACH
In [8], [13], [27], the power transfer efficiency or the
transmission coefficient (T-factor) is derived by using the
following expression

T = |〈A,B〉|2
16PAPB

(17)

where 〈A,B〉 is the electromagnetic reaction between the
transmitting and receiving apertures, yielding

〈A,B〉 =
∫∫

SA

(
Etot,B ×Htot,A +Htot,B × Etot,A

) · ẑdS (18)

with E(H)tot,A being the radiated electric (magnetic) when
the transmitting aperture is excited; E(H)tot,B being the elec-
tric (magnetic) field when the receiving aperture is excited
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FIGURE 4. Power transfer efficiency. The solid, dotted, and the circle lines are obtained using the equivalent network, the power flow, and T-factor approach, respectively.
(a) TEM, (b) BB, and (c) BGB field.

(for simplicity the radiated fields are derived over SA in (18));
PA(B) is the power radiated by the transmitting (receiving)
aperture when the transmitting (receiving) aperture is excited.
Since the two apertures under consideration are the same,
we have

PA(B) = Pin (19)

As a result, combining (17), (18) and (19), the transmis-
sion coefficient is obtained.

D. DISCUSSION
The equivalent network approach is the most computationally
efficient and provides a network representation of the link
which is useful for a practical implementation of the feeding
system and for matching purposes. On the other hand, the
equivalent network approach does not provide information on
the electromagnetic field distribution between the radiating
apertures which gives useful insight on the power transfer
phenomenon. In particular, the power flow approach and
the T-factor approach’ approaches can be used to retrieve
the field behavior between the transmitting and receiving
apertures. The three approaches provide the same results, as
we demonstrate in the following Section.

IV. NUMERICAL RESULTS AND ANALYSIS
In this section, numerical results of the power transfer effi-
ciency between two radiating apertures are presented and

discussed. In the following, TEM, BB, and BGB field
distributions are considered.
For the TEM field distribution, the outer radius a and

the inner radius b are arbitrarily chosen equal to 4λ and
0.4λ, respectively (refer to Fig. 1). For BB and BGB field
distributions, we have chosen a circular aperture with a radius
of 4λ and a TE01 BB distribution. The apodization width
w0 of the BGB is 3.38λ. Such value of the apodization
factor corresponds to the minimum value of w0 in which
zBBndr = zBGBndr . The non-diffractive range of both distributions
is equal to 24λ and k1 ≈ 0.15k0. The operating frequency
f0 is arbitrarily set to 2.5 GHz.
Fig. 3 shows the WPT performance of the analyzed beams

in a short range of distances, namely from 2.25λ to 3.75.
The power transfer efficiencies shown in Fig. 3 are derived
using the equivalent network approach. In Fig. 4, we com-
pare the WPT efficiency obtained using the three different
methods described in the previous section. The results are
in very good agreement validating the proposed approaches.
According to Fig. 3, the BGB exhibits much higher power
transfer efficiency than the TEM and slightly higher effi-
ciency than the BB. Moreover, the BGB efficiency profile is
much smoother compared to the two. This is attributed to the
limited spectral content of its Fourier transform and lower
diffraction around the edges of the aperture, as explained
later. Several dips are evident in the efficiency figure (Fig. 3).
As an example, let’s consider the local minimum for the
Bessel–Gauss distribution at L ≈ 2.94λ. As previously
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FIGURE 5. (a) Normalized Hankel transform of TEM (dashed line), BB (dotted line),
and BGB (solid line) field distributions. kρ/k0 represents the spectral wavenumber
normalized to the free space wavenumber. (b) Magnitude of the spectral Green’s
function component GHM

φφ
of the equivalent PPW at z = 0 when L = 2.94λ.

stated, we approximate the radiating environment as a PPW
formed by the infinite ground planes supporting the apertures
at z = 0 and L = 2.94λ (see Fig. 1). The Hankel transform
of the equivalent magnetic current of the observed fields
and spectral Green’s function GHM

φφ of the PPW are shown in
Fig. 5. The Hankel transform for the observed TEM, BB, and
BGB peak at kρ = 0.14k0, kρ = 0.12k0 and at kρ = 0.11k0,
respectively, while the spectral Green’s function exhibits a
singularity at kρ = 0.12k0. We can associate such singularity
to a mode supported by the PPW environment excited by the
equivalent magnetic current distributions over the apertures,
and its position depends on the distance between the aper-
tures (i.e., walls of the PPW). Since the peaks of the spectra
of the observed beams overlap with the singularity of the
Green’s function, the mode is strongly excited. Therefore,
the power is travelling outward between the ground planes
and less power is captured by the receiving aperture. Such
a phenomenon explains the dips in power transfer efficiency
for the considered field distributions in Fig. 3. On the other
hand, for distances corresponding to efficiency peaks, the
singular point(s) of the relevant Green’s function do not
overlap with the spectrum of the magnetic current distribu-
tions of the observed fields. As a result, the resulting mode
is marginally excited and, hence, more power is delivered
to the receiving aperture.
Fig. 6 shows the electric field and the Poynting vec-

tor along the xz-plane, (refer to Fig. 1). Only the radial

FIGURE 6. Normalized amplitudes of the E-field and the z-component of the
Poynting vector in the x0z plane between two apertures when L = 3.15λ. The electric
field is plotted on the left, and the Poynting vector is plotted on the right. (a) TEM, (b)
BB, and (c) BGB distribution.

FIGURE 7. Dimensions of the realized BGB launcher normalized to the wavelength.
Inset: Synthesized metal horn.

component of the electric field is reported since the azimuthal
one is zero in the considered radiating environment. Besides,
the z-component of the electric field does not contribute to
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FIGURE 8. Normalized amplitude of the BGB electric field distribution at the
aperture of the launcher.

FIGURE 9. Normalized simulated amplitudes of the E-field of the BGB launcher in
the x0z plane between two apertures when L = 3.15λ.

the power flow towards the receiving aperture (z-direction).
For similar reasons, only the z-component of the Poynting
vector is reported. The non-diffractive nature of the BGB
can be appreciated in Fig. 6(c), in contrast to Fig. 6(a) for
the coaxial TEM case. As for the BB, the electric field pro-
file is distorted due to the diffraction around the edges of
the aperture and a wider spectrum that can potentially excite
higher-order modes of the radiating environment. Such dis-
tortion is much less present in the BGB, due to the radial
tapering and a narrower spectrum. The difference between
the considered field distributions is also evident from the
Poynting vector, shown in the right side of Fig. 6. As
shown in Fig. 6(c), the distribution of the Poynting vec-
tor remains stable for the BGB along the z-direction and
its transverse profile is very similar to the electric field
distribution.
Finally, we will comment on the choice of the normalized

apodization factor w̃0. In our analysis, we have considered
the border case of (5), i.e., w̃0 = 1/

√
ln 4. This value corre-

sponds to the minimum value of w̃0 in which the NDR of
the BGB is equal to the NDR of the BB, i.e., the maximum
width that does not reduce the non-diffractive range of the
radiated beam. Clearly, there is no benefit of using broader
apodization windows since we would only introduce stronger
edge components that can lead to more diffraction without
increasing the range of our WPT system. On the other hand,
narrower apodizations, despite reducing the NDR, can further
reduce the diffraction effects.

TABLE 1. Control points of the spline profile defining the BGB launcher.

V. BESSEL–GAUSS BEAM LAUNCHERS FOR WPT
A. SYNTHESIZED LAUNCHER
We have demonstrated recently that circular metallic horns
can be shaped in such a way to allow radiation of Bessel
beams in a wide range of frequencies [22]. We have imple-
mented an ad-hoc tool based on mode matching [32] to
synthesize horns that convert a circular TE01 mode field
distribution at the input waveguide to a Bessel distribution
at the radiating aperture. We assume that we can generate
the circular TE01 field distribution using well-known mode
converters, e.g., [33], [34].
Applying a similar procedure, we have synthesized a cir-

cular metallic horn that converts a TE01 mode at the input to
a Bessel–Gauss field distribution at the aperture. The BGB
distribution is synthesized by optimizing the far-field distri-
bution of the horn to match the far-field distribution of the
target distribution, which is a TE01 mode with a prescribed
radius a windowed by a Gaussian function with a prescribed
apodization factor w0. In our case, the operating frequency
of the launcher is 2.5 GHz and its aperture radius, apodiza-
tion factor, and non-diffractive range correspond to those
mentioned in the previous section, i.e., 4λ, 3.38λ, and 24λ0.
Fig. 7 shows the synthesized launcher. The curved profile
is a cubical spline defined by its control points shown in
Table 1. Finally, Fig. 8 shows the E-field distribution at the
aperture.
Next, we simulated a WPT link that consists of two BGB

launchers from the previous subsection, with their apertures
aligned as sketched in Fig. 1. The distance between the two
launchers was arbitrarily set to L = 3.15λ. The simulation
was performed using time domain solver of CST Microwave
Studio [35] and the obtained power transfer efficiency is
close to 100%, corresponding to the value we obtained in
the previous section for the same distance between the two
apertures. Fig. 9 shows the simulated amplitude of the elec-
tric field of the WPT link along the x0z plane and the good
agreement with Fig. 6(c) validates the calculation method.

B. FREQUENCY TUNING
In Section IV, the maxima and minima of the power transfer
efficiency have been explained by studying the spectra of
the equivalent magnetic currents and the relevant component
of the dyadic Green’s function of the PPW environment. We
have concluded that the efficiency depends on the excitation
of the propagating modes supported by the PPW environment
formed by the two ground planes of the radiating apertures.
Fig. 3 and Fig. 10 show the efficiency of the BGB field
for distances ranging from 2.25λ to 30λ. When the distance
between the two radiating apertures is small (L ≈ 3λ), the
amplitude oscillations in power transfer efficiency are less
than 5%. However, when the distance increases, the effi-
ciency fluctuations become more evident and the oscillations
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FIGURE 10. Numerical results with (solid lines) and without (dashed lines) frequency tuning, and simulated results with frequency tuning for the power transfer efficiency
between two BGB apertures.

FIGURE 11. Comparison of the normalized Hankel transform of the BGB field
distribution (dashed line) and the magnitude of the spectral Green’s function
component GHM

φφ
(solid line) at z = 0, L = 14.7λ, f0 = 2.5 GHz. kρ/k0 represents the

spectral wavenumber normalized to the wavenumber in free space.

exceed 30% at L ≈ 21λ. One possible way to stabilize the
efficiency performance is to tune the operating frequency
of the WPT systems at each separation distance. This is an
approach typically used for resonant-inductive links [36].
The frequency tuning technique is based on knowledge of

the equivalent current spectrum distribution and the spectral
Green’s function of the radiating environment for the struc-
tures under consideration. The idea is to tune the operating
frequency to avoid the excitation of a guided mode of the
radiating environment. An example is provided next for the
BGB launcher from the previous section.
As shown in Fig. 10, the WPT efficiency versus distance

exhibits an oscillating behavior if no frequency tuning is
employed. However, we can suppress the oscillatory behavior
by employing a frequency tuning technique. Consider the
local minimum in efficiency at L ≈ 14.7λ. The spectrum of
the equivalent current distribution and of the spectral Green’s
function are shown in Fig. 11. It is clear from Fig. 11 that
two PPW modes are excited. The radial wavenumber kρ
associated with the modes is given by [23]

kρ
k0

=
√

1 −
(
nπ

Lk0

)2

(20)

where

n =
⌊
Lk0

π

⌋
,

⌊
Lk0

π

⌋
− 1 (21)

FIGURE 12. Comparison of the normalized Hankel transform of the BGB field
distribution (dashed line) and the magnitude of the spectral Green’s function
component GHM

φφ
(solid line) at z = 0, L = 14.7λ, f0 = 2.565 GHz. kρ/k0 represents the

spectral wavenumber normalized to the wavenumber in free space.

In (20) and (21), n is the order of a PPW mode. In this
context, the mode with the higher order (n = 30, the first
singularity in Fig. 11) is the dominant one and is strongly
excited. This results in a sharp drop in efficiency in the neigh-
borhood of L = 14.7λ. According to (20), the ratio of kρ/k0
becomes larger if k0 (operating wavenumber) increases. In
other words, the pole in Fig. 11 moves toward larger nor-
malized transverse wavenumber values and the excitation of
the mode of order 30 is avoided as k0 increases. At the same
time, an increase in frequency could potentially lead to the
excitation of the next, higher-order mode (of order 31, the
first singularity in Fig. 12). The k′0 at which the next mode
is excited can be obtained as

⌊
Lk0

π

⌋
+ 1 = Lk′0

π
(22)

Therefore, by properly tuning the k0, the excitation of the
PPW mode of order 30 and 31 can be avoided, as shown in
Fig. 12. As a result the WPT efficiency is increased to 88%
from 70% by tuning the operating frequency from 2.5 GHz
to 2.565 GHz.
The tuning procedure explained above can be applied at

each operating distance. Fig. 10 shows the WPT efficiency
under frequency tuning for the two radiating apertures of the
previous section. We also show simulated results for the effi-
ciency between the two launchers at distances of 6, 12, 18,
24, and 30λ under frequency tuning. The tuning band is set to
2.5−2.57 GHz. These results show that frequency tuning is
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a valid option to stabilize the efficiency over distances larger
than 30λ. The efficiency of the BGB launcher proves to be
higher than 60% within its non-diffractive range. Finally, it is
worth mentioning that, other than the trade-off between the
size of the launcher and the achieved non-diffractive range,
the design procedure has no particular limitations in terms
of non-diffractive range, as stated in [22, Sec. V]. Hence, the
procedure can synthesize BGB launchers capable of trans-
ferring power wirelessly over arbitrarily long distances with
high efficiency.

VI. CONCLUSION
In this paper, we proposed the use of Bessel–Gauss launch-
ers for WPT. Three approaches for characterizing power
transfer efficiency between two aligned radiating apertures
are presented. In one case, the equivalent network represen-
tation of the coupled system is derived to evaluate power
efficiency under a simultaneous conjugate impedance match.
In the other two approaches, the efficiency is derived by
resorting to the total electromagnetic field radiated by the
apertures. The proposed methods are used to evaluate power
transfer efficiency for two apertures facing each other, with
field profiles equal to a coaxial TEM, BB, and BGB aper-
ture fields. We have demonstrated that the BGB field exhibits
higher performance in terms of power transfer efficiency. The
higher efficiency is attributed to the non-diffractive nature of
the generated fields, reduced diffraction around the edges,
and its limited spectrum. We synthesized a BGB launcher
with power transfer efficiency exceeding 50% for distances
larger than 30 wavelengths, i.e., even beyond the NDR of
the generated beam. Calculated results are in good agree-
ment with full-wave simulations. A fluctuating efficiency
is observed for long distances of operation. Such fluctua-
tions are due to the excitation of guided modes between the
two radiating apertures. Frequency tuning is thus proposed
to stabilize the efficiency (reduce fluctuations) for large dis-
tances. The proposed system will enhance the power transfer
efficiency and operating range of current WPT systems.
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