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We investigate the effect of a single spin flip preceding a global quench between translationally
invariant local Hamiltonians in spin- 1

2
chains. The effect of the localised perturbation does not fade

away however large the distance from the perturbation is. In particular, translational invariance is
not restored and the infinite time limit depends on whether the spin was flipped or not. We argue
that this phenomenon is more general than the particular example considered and we conjecture
that it is triggered by topological properties, specifically, the existence of “semilocal charges”.

Introduction. In its simplest acceptation, “quantum
quench” is a modern term indicating the time evolution
of the ground state of some physically meaningful Hamil-
tonian of a quantum many-body system after a sudden
change of a Hamiltonian parameter. The quench was
dubbed “global” (presumably around the appearance of
Refs [1, 2]) when the parameter is coupled to an exten-
sive operator in such a way that the initial state has a
significant overlap with an exponentially large number
(with respect to the system size) of excited states. Prob-
ably the first analytical study of such dynamics in a spin
chain dates back to 1970, with Ref. [3]. Global quenches
have attracted a lot of attention in the last two decades
for being a bridge between nonequilibrium and equilib-
rium physics [4–9]. A global quench results in complex
dynamics, but at long enough time most of the details be-
come negligible and the local properties of the state fit in
the domain of statistical theories originally conceived to
describe systems at equilibrium[10, 11]. Arguably, most
of our intuition about global quenches comes from stud-
ies of translationally invariant systems. Translational in-
variance significantly reduces complexity, and analytical
studies in particularly simple models become feasible.
In this respect, integrable models have been playing a
key role [12–18], both for providing a clue of which phe-
nomena could be observed in a nonequilibrium quantum
many-body system and for the exceptional, exotic physics
they personify. Integrable systems do not thermalise:
they approach generalised Gibbs ensembles (GGE) [19–
24]. Subtleties aside, this is now established, and it
has strongly influenced the recent theoretical attempts
to relax the hypothesis of translational invariance. Lo-
calised defects (see, e.g., [25–30]) and more global in-
homogeneities (see, e.g., [31–38]) in the Hamiltonian on
one side and inhomogeneities in the initial state (see, e.g.,
[39–44]) on the other are often explained by establishing
a connection with the accepted phenomenon of local re-
laxation to a GGE. When this approach does not work,
it means that something is still not fully understood. For
instance, we remind the reader of the failure [45–48] of
the original formulation [49–51] of GGE in the Heisen-
berg XXZ chain, which unveiled the importance of so-
called quasilocal conservation laws [23, 52–54]; or the fail-
ure [55] of the GGE constructed with mode occupation

numbers in noninteracting chains [19], which unveiled the
importance of conservation laws that do not belong to a
complete set of charges [55–58].

In this Letter we report another piece of the puzzle
that has been overlooked. We consider a global quench
from a very simple initial state that is translationally
invariant everywhere except for a finite region. Time
evolution is generated by a translationally invariant local
spin-chain Hamiltonian. Normally, we would expect the
weak translational-symmetry breaking in the initial state
to be irrelevant at large times and distances. We show
that this is not the case.
The example. We consider a spin chain described by

the Hamiltonian

H =∑
L

j=1
σxj−1(Jx1 − Jyσ

z
j)σ

x
j+1 + Jzσ

z
j , (1)

where periodic boundary conditions are understood.
This model is dual to the Heisenberg XYZ one, so it
is integrable. The duality transformation is manifest in
terms of the auxiliary Pauli matrices

τ zj = −
L−1

∏
n=j

σznσ
y
L , τxj =

⎧⎪⎪
⎨
⎪⎪⎩

−σy1∏
L−1
n=2 σ

z
nσ

y
L, j = 1

σxj−1σ
x
j , j > 1 .

(2)

The Hamiltonian can indeed be written as follows

H =

L

∑
′

j=1

(Jxτ
x
j τ

x
j+1 + Jyτ

y
jτ

y
j+1 + Jzτ

z
jτ

z
j+1) (3)

where we introduced the notation

L

∑
′

j=1

Oj ∶=
1+Πx

τ

2

L

∑
+

j=1

Oj
1+Πx

τ

2
+

1−Πx
τ

2
τ z1

L

∑
−

j=1

Ojτ
z
1

1−Πx
τ

2
, (4)

with Πα
τ =∏

L
j=1 τ

α
j and ∑

± standing for the sum in which
τ y,zL+1 = ±τ

y,z
1 . Note that the projectors into the distinct

sectors can be easily written in terms of the σ operators,

indeed we have Πx
τ = Πz

σ and τ z1
1−Πx

τ

2
= iσxL

1−Πz
σ

2
. We

warn the reader that duality transformations affect the
notion of locality and, in turn, the physical properties of
a system: (1) does not describe the Heisenberg model.

At the initial time we prepare the system in the state

∣Ψ(0)⟩ = ∣↑1 ⋯ ↑L−1↓L⟩σ ≡ ∣⇑↓L⟩σ , (5)
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where the subscript σ means that we are representing the
spins with the Pauli matrices σ, ⇑ (⇓) stands for a string
of ↑’s (↓’s) of whatever length. The last spin is flipped to
eventually simplify the boundary conditions in the dual
representation, but we stress that this is completely irrel-
evant in the thermodynamic limit, as the Lieb-Robinson
bounds [59] rule out any effect in the bulk, provided that
t≪ L. We then flip a spin in the bulk, let’s say, at posi-
tion 1 ≪ ` ≪ L. This is achieved by applying σx` to the
state; we then have

∣Ψ(0+)⟩ = ∣⇑↓`⇑↓L⟩σ . (6)

This state is in the sector with Πz
σ = 1, and hence Πx

τ = 1,
and in the τ -representation has the form of a cat state:

∣Ψ(0+)⟩ = 1
√
2
(∣⇑`⇓⟩τ + ∣⇓`⇑⟩τ) . (7)

where the subscript ` indicates that the string ends at `.
Since Πx

τ = 1, Hamiltonian (3) is equivalent to

H̃ =∑
L

j=1
(Jxτxj τxj+1 + Jyτ yjτ yj+1 + Jzτ zjτ zj+1) , (8)

where periodic boundary conditions are understood. We
are interested in the expectation values of local (in the
σ-representation) operators O. Since the initial state
is eigenstate of Πz

σ and the latter commutes with the
Hamiltonian, operators anticommuting with Πz

σ have
zero expectation value. We can therefore restrict to op-
erators that commute with Πz

σ ≡ Πx
τ . Such operators are

local also in the τ -representation. Since ∣⇑`⇓⟩τ and ∣⇓`⇑⟩τ
are macroscopically different (in the τ -representation),
the off-diagonal matrix elements of the aforementioned
operators between ∣⇑`⇓⟩τ and ∣⇓`⇑⟩τ vanish. In addition,
since ∣⇑`⇓⟩τ = Πx

τ ∣⇓`⇑⟩τ , the diagonal matrix elements
match, thus we have

⟨Ψ(t)∣O∣Ψ(t)⟩ = ⟨⇓`⇑ ∣eiH̃tOe−iH̃t∣ ⇓`⇑⟩τ . (9)

We now take the thermodynamic limit by fixing the po-
sition of the flipped spin at a finite value ` and moving
the boundaries to ±∞ (for example, index j in (8) now
runs from −∞ to ∞). Eq. (9) is the expectation value of
a local operator after a quench from a domain-wall state
in an integrable model, which is nowadays studied in the
framework of generalised hydrodynamics (GHD) [40, 41].
Given the GGEs describing the system outside the light-
cone, which in our case correspond to the homogeneous
global quenches with initial states ∣⇓⟩τ and ∣⇑⟩τ , GHD al-
lows us to characterise the state inside the lightcone. In
interacting systems GHD relies on the assumption that
at large times the state becomes locally equivalent to a
macro-state characterised by the (quasi)local integrals of
motion. In some specific instances the GHD predictions
have been confirmed by numerical simulations, but here
we need to be particularly prudent because the theory is
somehow blind to localised perturbations (in the domain-
wall scenario they are hidden in the ambiguity of how the

states are joined), which we are instead questioning if po-
tentially relevant. Let us then focus on the case Jz = 0.
This corresponds to the quantum XY model, which is a
noninteracting system where generalised hydrodynamics
was shown to be exact [60, 61]. The initial state is a
Slater determinant (in terms of the usual Jordan-Wigner

fermions c†
j = τ+j ∏n<j τ

z
n) and the behaviour in the limit

of large time is captured by first-order generalised hy-
drodynamics. In the low-inhomogeneity limit the state
becomes locally equivalent to a stationary state that
is completely characterised by the occupation numbers
⟨n(k)⟩ = ⟨b†

kbk⟩ of the Bogoliubov fermions b†
k diagonal-

ising the Hamiltonian [62]. At the leading order one finds
⟨n(k)⟩x,t ≍ ⟨n(k)⟩x−v(k)t,0, where x is the coarse-grained

position of O and v(k) is the velocity of the quasiparticle
excitation with momentum k. In our specific case v(k) =
−4JxJy sin(2k)/[(Jx + Jy)

2 cos2 k + (Jx − Jy)
2 sin2 k]1/2.

The simplest observable that is local in both represen-
tations and has a nonzero expectation value is σzn, which
is mapped into τ znτ

z
n+1. The latter is a 4-fermion opera-

tor and its expectation value in a Gaussian state can be
computed using the Wick’s theorem. We finally find

⟨⇑0⇓ ∣eiH̃tτ znτ
z
n+1e

−iH̃t
∣ ⇑0⇓⟩τ

n∼t→∞
ÐÐÐÐ→ A2

(n
t
) −B2

(n
t
)

(10)
with

A(ζ) =∫
dk

2π

θH(ζ2 − v2(k))

1 + (
Jx−Jy
Jx+Jy

)2 tan2 k

B(ζ) =∫
dk

2π

sgn(v(k)) sin(2k)θH(v2(k) − ζ2)

2(cos2 k + (
Jx−Jy
Jx+Jy

)2 sin2 k)1/2
.

(11)

Consequently, in the thermodynamic limit we have

⟨⇑↓`⇑ ∣eiHtσzne
−iHt

∣ ⇑↓`⇑⟩σ
∣n−`∣∼t→∞
ÐÐÐÐÐÐ→

A2
(n−`
t

) −B2
(n−`
t

) , (12)

which has the usual lightcone structure characterising the
spreading of a localised perturbation in integrable sys-
tems [14, 59] but, contrary to typical cases, it does not
decay in time – Fig. 1. Note that this is a macroscopic
effect, in the sense that also the total magnetisation in an
arbitrarily large subsystem is affected, provided that the
time is at least comparable with the subsystem’s length.
In the limit of infinite time the expectation value ap-
proaches a negative value

⟨⇑↓`⇑ ∣eiHtσzne
−iHt

∣ ⇑↓`⇑⟩σ → −(
Jx+Jy

πmax(Jx,Jy)
)
2 . (13)

This is different from the infinite-time limit without the
initial spin flip, which instead matches the value reached
outside the lightcone

⟨⇑ ∣eiHtσzne
−iHt

∣ ⇑⟩σ → (
Jx+Jy

2max(Jx,Jy)
)
2
∶ (14)

Even if we are just interested in the behaviour at late
times, the spin flip is still a relevant localised perturba-
tion. Fig. 2 shows the validity of the prediction.
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FIG. 1. Time evolution of ⟨σzn⟩ in a chain with 600 spins with
Jx = 1, Jy = 0.5, and Jz = 0 from the initial state ∣⇑↓`⇑↓L⟩σ.

FIG. 2. The discrepancy between the time evolution shown
in Fig. 1 and the asymptotic prediction (12). The lightcone is
well visible because we truncated GHD at the first order [60].

Semilocal charges. We have provided a counterexam-
ple to the belief that localised perturbations in the ini-
tial state do not survive the limit of infinite time after
a global quench; we have not yet clarified why generally
this is not the case. What is so special in the model
described by H? In this respect, the duality transforma-
tion is again helpful. We have indeed an almost perfect
knowledge of H̃ with Jz = 0. In particular we know
that the model is non-abelian integrable [55, 56] and
the local conservation laws are linear combinations of
τ zj and operators of the form ταj ∏

j+n−1
m=j+1 τ

z
mτβj+n, where

α,β ∈ {x, y} [63, 64]. In order to have a local σ-
representation, they should commute with Πx

τ , but this
happens only if they consist exclusively of operators for
which (α = β ∧ n is odd) ∨ (α ≠ β ∧ n is even). This is
realised only in a subset of the local conservation laws.
In fact, such charges are completely irrelevant in the de-
scription of the long time limit: they have the same ex-
pectation value on both sides of the junction and do not

affect the emerging locally quasi-stationary state. We are
therefore left with charges that are local only in the τ -
representation. In the σ-representation they have instead
the following form (in the thermodynamic limit):

Q =∑j
qjσ

z
j+1σ

z
j+2⋯ , (15)

where qj acts like the identity everywhere except for a
finite region ending at site j. By borrowing a terminol-
ogy used in field theory, we call them ‘semilocal’; note,
in particular, that their density qj∏

∞
n=j+1σ

z
n commutes

with any local operator with support to the left of the
support of qj but anticommutes with any local operator
to the right if the latter anticommutes with Πz

σ. We can
also define the corresponding semilocal currents, which,
due to the locality of the Hamiltonian, have the same
semilocal form Jj[q] = jjσ

z
j+1σ

z
j+2⋯. We believe that

one could capture the long-time dynamics directly in the
σ-representation by including the semilocal charges in the
generalised hydrodynamic theory, but this question will
be addressed in a separate investigation.
Interaction. In the following we provide an argument

that a similar phenomenology should be expected also in
the presence of interactions. To that aim we consider the
case Jx = Jy ≠ Jz, which corresponds to the XXZ Heisen-
berg model. We point out that this is not a genuine global
quench because the initial state is close to an eigenstate
of the Hamiltonian. This case study is more akin to in-
vestigations on geometric quenches [65–70] and on the
effects of localised perturbations in ground states with
symmetry breaking [71–73] or in jammed states [74, 75].
It is however also the arguably most studied domain-wall
quench in recent literature, so it could give an easily per-
ceivable clue; we will discuss later how to transmute it
into a global quench. Taking the duality transformation
into account, the potential semilocal charges of H should
be associated with charges of the XXZ model that an-
ticommute with Πx

τ . For Jz > Jx = Jy only one charge
of that kind is known: the component of the total spin
in the direction of the anisotropy. In that case, some
short-range correlators have been already studied [42].
In particular it was shown that, in the ballistic scaling
limit (also known as space-time scaling limit or Euler
limit) – cf. (10) – the sign of the magnetisation along
z in the states that are joined together at the initial
time affects only observables odd under spin flip z → −z.
Since τ zjτ

z
j+1 is an even operator and our domain wall

consists of two states that differ only in the sign of the
magnetisation, we argue that the phenomenon we are
describing does not present itself on the ballistic scale
when Jz > Jx = Jy. We do not exclude it to materi-
alise in a different scaling limit, but we leave it as an
open question, which we can also extend to generic sys-
tems with a single semilocal charge. There are instead
other choices of the coupling constants that are compat-
ible with a ballistic spreading. Besides the z compo-
nent of the total spin, indeed, an infinitely large family



4

of charges anticommuting with Πx
τ has been identified

at special values of the anisotropy, known as roots of
unity (Jz = cos(πq)Jx = cos(πq)Jy, with q a rational
number) [76, 77]. In addition, just as the XY model
considered before exhibits a non-abelian structure, so
does the XXZ model at those values of the coupling con-
stants [58, 78, 79]. Contrary to the case Jz > Jx = Jy,
for Jz < Jx = Jy also the observables commuting with Πx

τ

have a nontrivial profile in the quench from the domain
wall ∣⇓`⇑⟩τ [80]; in the end one finds a behaviour analo-
gous to the case Jx = Jy and Jz = 0, in which the profile
is qualitatively similar to that shown in Fig. 1, except for
the state not evolving outside the lightcone.

Topological properties. The typical properties of
nonequilibrium states that are locally stationary are gen-
erally fragile under global transformations of the initial
state [81]. We now show that the interacting quench
considered above can instead be easily transmuted into a
global one without changing the phenomenology. To that
aim, let us transform the initial ferromagnetic state ∣⇑⟩σ
with a unitary operator of the form eiW, where W is a
local, translationally invariant operator commuting with
Πz
σ and acting nontrivally on ∣⇑⟩σ. Since the profile of

local operators after the quench from ∣⇓`⇑⟩τ is expected
to be nontrivial, there must be a density qsl of a semilo-
cal charge satisfying ⟨⇑ ∣qsl∣ ⇑⟩τ (= − ⟨⇓ ∣qsl∣ ⇓⟩τ) ≠ 0. The
transformation eiW can be interpreted as time evolution
under −W for a unit of time. A necessary condition to
kill the effect would be ⟨⇑ ∣e−iWqsle

iW∣ ⇑⟩τ = 0, but the
expectation value of a quasilocal operator (qsl is quasilo-
cal in the τ representation) is a smooth function of the
time, which generally vanishes at a set of times with zero
measure. Even if ⟨⇑ ∣e−iWqsle

iW∣ ⇑⟩τ = 0, we can mul-
tiply W by a constant and obtain something different
from zero. This proves that the lightcone structure is
not killed by the transformation eiW, which is nonethe-
less sufficient to make the quench global. This possibility
is exhibited in Fig. 3 for Jx = Jy and Jz = 0, which points
to the stability of the qualitative picture under a change
of the initial state. But there is much more.

Let us consider again the case Jz = 0 (but arbitrary Jx
and Jy) and imagine dressing the original perturbation
(spin flip) with a unitary operator U`, acting nontrivially
only around site ` and commuting with Πz

σ: σx` →U`σ
x
` .

This results in

⟨Ψ(t)∣O∣Ψ(t)⟩ = ⟨⇓`⇑ ∣U†
`e
iH̃tOe−iH̃tU`∣ ⇓`⇑⟩τ . (16)

If U` is Gaussian in the τ -representation, Ref. [61] sug-
gests that the local perturbation is not going to affect
the long time limit. In fact, it is reasonable to expect the
same conclusion also for non-Gaussian U` [82, 83]. Under
this assumption, we conclude that our prediction (12) is
stable under a change of the perturbation, provided that
the latter connects the sectors with a different value of
Πz
σ. We have checked it for a randomly generated Gaus-

sian unitary operator in the same system considered in

FIG. 3. Time evolution of ⟨σzn⟩ in a chain with 600 spins with
Jx = Jy = 1, and Jz = 0 after flipping the `-th spin in eiW ∣⇑↓L⟩,
where W is a randomly generated translationally invariant lo-
cal Hermitian operator that, in the τ -representation, is non-
interacting and commutes with Πx

τ .

Fig. 1. We do not show the plot just because, very short
times aside, it is practically indistinguishable from Fig. 1.
On the other hand, if we replace the spin flip resulting in
(6) by a unitary operator U` with the same properties as
above, we end up in the τ -representation with a global
quench from the state with all spins in the z direction af-
ter a localised perturbation. Again, this perturbation is
not expected to affect the long time limit [82, 83], so we
predict the restoration of translational invariance. From
this qualitative argument we argue:

⟨⇑ ∣V†
`e
iHtσzne

−iHtV`∣ ⇑⟩σ

∣n−`∣∼t→∞
ÐÐÐÐÐÐ→

1+δV
2

(
Jx+Jy

2max(Jx,Jy)
)
2
+ 1−δV

2
[A2

(n−`
t

) −B2
(n−`
t

)] , (17)

where V` can be any unitary operator localised
around site ` (in the σ-representation) and δV =
(⟨⇑∣Πz

σV†
`
Πz
σV`∣⇑⟩σ

+h.c.)/2 . Note that V` could also repre-
sent multiple perturbations in different positions, for ex-
ample V` = σx`−jσ

x
`+j . In that case there can be multiple

time scales in which lightcones emerge and merge. In the
end, however, only the parity of the number of perturba-
tions connecting the two sectors will be discriminating.
Discussion. We have shown that, even after global

quenches, localised perturbations to the initial state can
have macroscopic effects. We have proved it in a model
that can be mapped to noninteracting fermions and pro-
vided evidence that analogous behaviours can be seen in
the presence of interactions preserving integrability. We
traced the phenomenon back to the existence of semilocal
charges, which should be incorporated in the generalised
Gibbs ensemble, as well as in the generalised hydrody-
namic theory. How to do that remains an open question.
All the examples discussed in which we expect relevant lo-
calised perturbations are described by Hamiltonians with
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a non-abelian set of (quasi)local conservation laws. We
did not use this hidden structure in the case we solved
analytically, but we still wonder whether a duality trans-
formation mapping non-abelian integrable systems into
systems with (infinitely many) semilocal charges should
be generally expected.
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G. Zaránd, and G. Takács, Phys. Rev. Lett. 113, 117203
(2014).

[48] M. Mestyán, B. Pozsgay, G. Takács, and M. A. Werner,
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