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Introduction

The Burgers' equation is considered in the following normalization

u t = αu xx -uu x (1) 
where the subscripts x and t denote partial derivatives, and α an arbitrary real number.

Bateman [START_REF] Bateman | Some recent researches on the motion of fluids[END_REF] introduced this equation (1) in 1915 in a quite similar form. This equation appears in gas dynamics [START_REF] Burgers | A mathematical model illustrating the theory of turbulence[END_REF], acoustics [START_REF] Sugimoto | Burgers equation with a fractional derivative: hereditary effects on nolinear acoustic waves[END_REF], heat conduction [START_REF] Bluman | The general similarity solution of the heat equation[END_REF], in soil water [START_REF] Su | Some recent researches on the motion of fluids[END_REF], in hydrodynamics turbulence [START_REF] Burgers | Mathematical examples illustating the relations occuring in the theory of turbulent fluid motion[END_REF][START_REF] Burgers | The non-linear diffusion equation: asymptotic solutions and statistical problems[END_REF][START_REF] Cole | On a quasi-linear parabolic equation occuring in aerodynamics[END_REF], in shock waves [START_REF] Whitham | Linear and nonlinear waves[END_REF],... Bateman [START_REF] Bateman | Some recent researches on the motion of fluids[END_REF] constructed the first solutions in 1915. A lot of methods have been used to solve this equation : the exp-function method [START_REF] Ebaid | Exact solitary wave solution for some nonlinear evolution equations via exp-function method[END_REF], the tanh-coth method [START_REF] Wazwaz | Multiple front solutions for the Burgers equation and the coupled Burgers equations[END_REF], the groups actions on coset bundles [START_REF] Wolf | Nonlinear differential equations as invariants under group action on coset bundles: Burgers and Korteweg de Vries equation families[END_REF], the Cole-Hopf method [START_REF] Hopf | The partial differential equation u t + uu x = u xx[END_REF][START_REF] Ohwada | Cole-Hopf transformation as numerical tool for the Burgers equation[END_REF][START_REF] Vaganan | Cole-Hopf transformation for higher dimensional Burgers equation with variable coefficients[END_REF], the homotopy perturbation method [START_REF] Srivastava | 1+ n)-Dimensional Burgers' equation and its analytical solution: A comparative study of HPM[END_REF],... Solutions to the Burgers' equation are constructed in this paper. We give solutions in terms of determinant of order N depending on 2N real parameters.

We study some patterns of the solutions in the (x, t) plane for orders 1 to 4.

2 Multi-parameter solutions to the Burger's equation

2.1 A first representation Theorem 2.1 The function v defined by v(x, t) = -2α∂ x ln det(f ij ) 1≤i≤N, 1≤j≤N , (2) 
where

f i1 = 1 + a i b i exp(-a i x + αa 2 i t), f ij = a j i (3)
is a solution to the Burgers' equation [START_REF] Bateman | Some recent researches on the motion of fluids[END_REF] 

depending on 2N real parameters a i , b i , 1 ≤ i ≤ N .

Another expression of the solutions of the Burgers' equation

We can expand the determinant in the preceding formula along the first column to give another expression of the solutions of the Burgers' equation. It is given in the following statement :

Proposition 2.1 The function v defined by v(x, t) = 2α N i=1 (-1) i+1 a 2 i b i exp(-a i x + αa 2 i t) 1≤l<k≤N, k =i, l =i (a k -a l ) j =i a j N i=1 (-1) i+1 (1 + a i b i exp(-a i x + αa 2 i t)) 1≤l<k≤N, k =i, l =i (a k -a l ) j =i a j , (4) 
is a solution to the Burgers' equation [START_REF] Bateman | Some recent researches on the motion of fluids[END_REF] 

depending on 2N real parameters a i , b i , 1 ≤ i ≤ N . Remark 2.1 By convention, for N = 1 or N = 2, 1≤l<k≤N, k =i, l =i (a k -a l )
will be equal to 1.

For N = 1, j =i a j will be equal also to 1.

parameters.

In all the following study, to construct solutions in the (x, t) plane, we choose the parameter α equal to 1. We present for orders 1 until 4 some figures depending on parameters. Unfortunately, no specific feature appears from this study.

The following expressions of the solutions to the Burgers' equation are given for the coefficient α equal to 1. These results are a consequence of the previous section. But it is also possible to replace the expression of the solution given in the proposition in the equation ( 1) and check that the relation is verified.

First order solutions

Proposition 3.1 The function v defined by x+ta1)

v(x, t) = -2 a 1 2 b 1 e a1(-
a 1 b 1 e (-x+ta1)a1 + 1 , ( 5 
)
is a solution to the Burgers' equation (1). 

Solutions of order two

Proposition 3.2 The function v defined by 

v(x, t) = n(x, t) d(x, t) , (6) 
with n(x, t) = -2 a 2 a 1 (-a 1 b 1 e a1(-x+ta1) + a 2 b 2 e a2(-x+ta2) ) d(x, t) = -a 1 a 2 b 1 e (-x+ta1)a1 + a 1 a 2 b 2 e (-x+ta2)a2 + a 1 -

Solutions of order four

Proposition 3.4 The function v defined by 

v(x, t) = n(x, t) d(x, t) 2 , ( 8 
)
with n(x, t) = -2 a 1 a 2 a 3 a 4 (a 1 b 1 e a1(-x+ta1) a 3 a 4 2 -a 1 b 1 e a1(-x+ta1) a 3 2 a 4 -a 1 b 1 e a1(-x+ta1) a 2 a 4 2 + a 1 b 1 e a1(-x+ta1) a 2 2 a 4 +a 1 b 1 e a1(-x+ta1) a 2 a 3 2 -a 1 b 1 e a1(-x+ta1) a 2 2 a 3 -a 2 b 2 e a2(-x+ta2) a 3 a 4 2 + a 2 b 2 e a2(-x+ta2) a 3 2 a 4 +a 2 b 2 e a2(-x+ta2) a 1 a 4 2 -a 2 b 2 e a2(-x+ta2) a 1 2 a 4 -a 2 b 2 e a2(-x+ta2) a 1 a 3 2 + a 2 b 2 e a2(-x+ta2) a 1 2 a 3 +a 3 b 3 e a3(-x+ta3) a 2 a 4 2 -a 3 b 3 e a3(-x+ta3) a 2 2 a 4 -a 3 b 3 e a3(-x+ta3) a 1 a 4 2 + a 3 b 3 e a3(-x+ta3) a 1 2 a 4 +a 3 b 3 e a3(-x+ta3) a 1 a 2 2 -a 3 b 3 e a3(-x+ta3) a 1 2 a 2 -a 4 b 4 e a4(-x+ta4) a 2 a 3 2 + a 4 b 4 e a4(-x+ta4) a 2 2 a 3 +a 4 b 4 e a4(-x+ta4) a 1 a 3 2 -a 4 b 4 e a4(-x+ta4) a 1 2 a 3 -a 4 b 4 e a4(-x+ta4) a 1 a 2 2 + a 4 b 4 e a4(-x+ta4) a 1 2 a 2 ) d(x, t) = -a 1 3 a 2 2 a 3 a 4 b 3 e (-x+ta3)a3 +a 1 3 a 2 2 a 3 a 4 b 4 e (-x+ta4)a4 +a 1 3 a 2 a 3 2 a 4 b 2 e (-x+ta2)a2 - a 1 3 a 2 a 3 2 a 4 b 4 e (-x+ta4)a4 -a 1 3 a 2 a 3 a 4 2 b 2 e (-x+ta2)a2 + a 1 3 a 2 a 3 a 4 2 b 3 e (-x+ta3)a3 + a 1 2 a 2 3
-x+ta1)a1 + a 1 a 2 a 3 3 a 4 2 b 2 e (-x+ta2)a2 + a 1 a 2 a 3 2 a 4 3 b 1 e (-x+ta1)a1 -a 1 a 2 a 3 2 a 4 3 b 2 e (-x+ta2)a2 + a 1 3 a 2 2 a 3 -a 1 3 a 2 2 a 4 -a 1 3 a 2 a 3 2 + a 1 3 a 2 a 4 2 + a 1 3 a 3 2 a 4 -a 1 3 a 3 a 4 2 -a 1 2 a 2 3 a 3 + a 1 2 a 2 3 a 4 + a 1 2 a 2 a 3 3 -a 1 2 a 2 a 4 3 -a 1 2 a 3 3 a 4 + a 1 2 a 3 a 4 3 + a 1 a 2 3 a 3 2 -a 1 a 2 3 a 4 2 - a 1 a 2 2 a 3 3 + a 1 a 2 2 a 4 3 + a 1 a 3 3 a 4 2 -a 1 a 3 2 a 4 3 -a 2 3 a 3 2 a 4 + a 2 3 a 3 a 4 2 + a 2 2 a 3 3 a 4 - a 2 2 a 3 a 4 3 -a 2 a 3 3 a 4 2 + a 2 a 3 2 a 4

Conclusion

We have constructed multi-parametric families of solutions to the Burgers equation.

In particular, we have constructed explicit solutions to the Burgers equation of order 1 -4 and give some patterns of these solutions in the (x; t) plane. But, unlike other equations, the characteristics of the solutions cannot be identified according to the type of parameters.
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 1 Figure 1. Solution of order 1 to (1); on the left, a 1 = 1, b 1 = 1; on the right, a 1 = 1, b 1 = 10 3 .
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 2 is a solution to the Burgers' equation[START_REF] Bateman | Some recent researches on the motion of fluids[END_REF].
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 232333 Figure 2. Solution of order 2 to (1); on the left, a 1 = 1, a 2 = 2, b 1 = 2, b 2 = 0; on the right, a 1 = 1, a 2 = 2, b 1 = 100, b 2 = 0.
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 3 Figure 3. Solution of order 3 to (1); on the left, a 1 = 1, a 2 = 2, b 1 = 2, b 2 = 0; on the right, a 1 = 1, a 2 = 2, b 1 = 100, b 2 = 0.
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  is a solution to the Burgers' equation[START_REF] Bateman | Some recent researches on the motion of fluids[END_REF].
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 4 Figure 4. Solution of order 4 to (1); on the left, a 1 = 1, a 2 = 2, a 3 = 3, a 4 = 4, b 1 = 1, b 2 = 0, b 3 = 0, b 4 = 0; on the right, a 1 = 1, a 2 = 2, a 3 = 3, a 4 = 4, b 1 = 0, b 2 = 0, b 3 = 1, b 4 = 0.

Study of the patterns of solutions for the first ordersUnlike other equations like the NLS equation for example, the figures in the plane of the coordinates vary little according to the orders and the values of the