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NONPARAMETRIC ESTIMATION FOR I.I.D. PATHS OF A MARTINGALE
DRIVEN MODEL WITH APPLICATION TO NON-AUTONOMOUS FRACTIONAL
SDE

NICOLAS MARIET

ABsTrACT. This paper deals with a projection least square estimator of the function Jy computed
from multiple independent observations on [0, T of the process Z defined by dZ; = Jo(t)d(M)¢ + dM,
where M is a centered, continuous and square integrable martingale vanishing at 0. Risk bounds are
established on this estimator and on an associated adaptive estimator. An appropriate transformation
allows to rewrite the differential equation dX; = V(X¢)(bo(t)dt + o(t)dB;), where B is a fractional
Brownian motion of Hurst parameter H € (1/2,1), as a model of the previous type. So, the second part
of the paper deals with risk bounds on a nonparametric estimator of by derived from the results on the
projection least square estimator of Jp. In particular, our results apply to the estimation of the drift
function in a non-autonomous extension of the fractional Black-Scholes model introduced in Hu et al.

[15].
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1. INTRODUCTION

Since the 1980’s, the statistical inference for stochastic differential equations (SDE) driven by a Brow-
nian motion has been widely investigated by many authors in the parametric and in the nonparametric
frameworks. Classically (see Kutoyants [18]), the estimators of the drift function are computed from one
path of the solution to the SDE and converge when the time horizon T > 0 goes to infinity. The existence
and the uniqueness of the stationary solution to the SDE are then required, and obtained thanks to

Key words and phrases. Projection least square estimator ; Model selection ; Fractional Brownian motion ; Stochastic
differential equations ; Fractional Black-Scholes model.
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restrictive conditions on the drift function.

Since few years, a new type of parametric and nonparametric estimators is investigated ; those computed
from multiple independent observations on [0, T of the SDE solution. Indeed, this functional data analysis
problem is already studied in the parametric framework (see Ditlevsen and De Gaetano [14], Overgaard et
al. [21], Picchini, De Gaetano and Ditlevsen 22|, Picchini and Ditlevsen [23]|, Comte, Genon-Catalot and
Samson [6], Delattre and Lavielle [10], Delattre, Genon-Catalot and Samson [9], Dion and Genon-Catalot
[13], Delattre, Genon-Catalot and Larédo [8], etc.) and more recently in the nonparametric framework
(see Comte and Genon-Catalot [4, 5], Della Maestra and Hoffmann [11], and Marie and Rosier [19]). In
[4, 5], the authors extend to the diffusion processes framework the projection least squares estimators
already well studied in the regression framework (see Cohen et al. [2] and Comte and Genon-Catalot [3]).
Our paper deals with a nonparametric estimation problem close to this last one.

Consider the stochastic process Z = (Z;)e(o,7], defined by

M z= | Jo(s)d(M), + My 3 Vi € [0,7),

where M = (Mjy)ejo,1) # 0 is a centered, continuous and square integrable martingale vanishing at 0, and
Jo is an unknown function which belongs to L2([0, T],d(M);). By assuming that the quadratic variation
(M) of M is deterministic for every ¢ € [0, 7], our paper deals with the estimator jm, ~ of Jy minimizing
the objective function

T s ) (/ J(s)2d00, _2/ (s M)

on a m-dimensional function space S,,, where M*, ..., MY (resp. Z',...,Z") are N € N* independent
copies of M (resp. Z) and m € {1,...,N}. Precisely, risk bounds are established on J,, xy and on the
adaptive estimator Jg n, where

m=arg min {Ymn(Jmn)+pen(m)} with pen(.) :=cca~ and My C{1,...,N}.

meMn ’ ’ N

Now, consider the differential equation

t
(2) Xi=ao+ [ V(X)) (bo(s)ds+o(s)dB,) ; t € [0,T),

0

where zg € R*, B is a fractional Brownian motion of Hurst parameter H € (1/2,1), the stochastic
integral with respect to B is taken pathwise (in Young’s sense), and V : R - R, o : [0,7] — R* and
by : [0,T] — R are regular enough. An appropriate transformation (see Subsection 4.1) allows to rewrite
Equation (2) as a model of type (1) driven by the Molchan martingale which quadratic variation is t2~2#
for every t € [0, T]. Our paper also deals with a risk bound on an estimator of by/o derived from J,, n.
Finally, let us consider a financial market model in which the prices of the risky asset are modeled by the
following equation of type (2):

t 2
3) St =S —|—/ Su <<bo(u) - JQU2H1> du + adBu) ;6 €[0,T]
0

where Sy, 0 € (0,00) and by € C°([0, T];R). This is a non-autonomous extension of the fractional Black-
Scholes model defined in Hu et al. [15]. An estimator of by is derived from jm, ~ at Subsection 4.3.

Up to our knowledge, only Comte and Marie [7] deals with a nonparametric estimator of the drift function
computed from multiple independent observations on [0, 7] of the solution to a fractional SDE.

At Section 2, a detailed deﬁmtlon of the projection least square estimator of Jy is provided. Section
3 deals with risk bounds on Jm ~ and on the adaptive estimator Jm ~. At Section 4, the results of
Section 3 on the estimator of Jy are applied to the estimation of by in Equation (2) and then of by in
Equation (3). Finally, at Section 5, some numerical experiments on Model (1) are provided when M is
the Molchan martingale.
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2. A PROJECTION LEAST SQUARE ESTIMATOR OF THE MAP Jy
In the sequel, the quadratic variation (M) = ((M)¢):e[o,7) of M fulfills the following assumption.
Assumption 2.1. The (nonnegative, increasing and continuous) process (M) is a deterministic function.
For some results, (M) fulfills the following stronger assumption.

Assumption 2.2. There exists p € C°((0,T];R,) such that 1/ is continuous from [0,T) into Ry, and
such that

(M), :/0 w(s)ds ; ¥t € [0,T].

2.1. The objective function. In order to define a least square projection estimator of Jy, let us consider
N € N* independent copies M!,..., M" (resp. Z',...,ZN) of M (resp. Z), and the objective function

Ym,n defined by
T
: d(M?%), —2 7!

for every J € S, where m € {1,... ,N}, Sm = span{<p1, .oy om} and @1,..., N are continuous func-
tions from [0, 7] into R such that (¢1,...,¢x) is an orthonormal family in L2([0, T, dt).

Remark. Note that since ¢ € [0,7] — (M), is nonnegative, increasing and continuous, and since
the ¢;’s are continuous from [0, 7] into R, the objective function v, n is well-defined.

For any J € S,,,

0

:/OT(J() Jo(s /Jo )s-

Then, the more J is close to Jy, the more E(v,, n(J)) is small. For this reason, the estimator of Jy
minimizing v, n is studied in this paper.

T T T
E(ym v (J) = / J(s)2d(M), — 2 / J(5)To(s)d(M), — 2E ( / J(s)dMs>

2.2. The projection least square estimator. Consider the estimator

4 J, = i J

(4) m,N 1= arg N Y, v (J)

of Jy. Since S,, = span{¢1,...,om}, there exist m square integrable random variables 51, ceey é\m such
that

Then,

1 N mo T ) T )
Vv () = <N2<229k | eitesanr, -2 [ ms)dZ;)) .
] je{1,....m}

.....

Therefore, by (4), necessarily

where

T 1 M T )
v, = </ (pj(s)%’k(s)d<M>S> and  zy, N = (NZ/ g%-(s)dZé) '
0 gke{l,...,m} i=1"0 je{l,...,m}
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3. RISK BOUND AND MODEL SELECTION

In the sequel, the space L2([0,T],d(M);) is equipped with the scalar product (., () defined by

T
evhan = [ o)),
0
for every o, € L2([0,T],d(M);). The associated norm is denoted by ||.||(ns

First, the following proposition provides a risk bound on fm, N for a fixed m € {1,...,N}.

Proposition 3.1. Under Assumption 2.1,

2m

T 2 : 2
(5) E(|Jm,n — Joll{ary) < Join [ = Joll{ary + N

Note that Inequality (5) says first that the bound on the variance of our least square estimator of Jy is
of order m/N, as in the usual nonparametric regression framework. Under Assumption 2.2, the following
corollary provides a more understandable expression of the bound on the bias in Inequality (5).

Corollary 3.2. Under Assumption 2.2,

~ _ _ m
E(||Jm.n = Jol13) < I~ oo llps,, (1 (12 J0) — 12 Jo13 + 2|| 1Hoo,TN

where

Sm(p) = {0 € L2([0,T],dt) : 3p € Sy, V£ € (0,T], o(t) = p(t)/2p(t)}.

For instance, assume that S,,, = span{®,,...,9,,}, where

/ / 2 t
WOT P (t 7Tj and  Py;44(t) = WO sin (27r] T)

for every t € [0,7] and j € N* satisfying 2j + 1 < m. The basis (¢1,...,9m) of Sy, orthonormal in
L2([0,T], dt), is obtalned from (@y,...,%,,) via the Gram-Schmidt process. Consider also the Sobolev
space

W2 ([0,T)) := {Lecﬂ1([0,T];R);/TL<B>(t)2dt<oo} ; B €N*,
0

and assume that there exists 1o € W5([0,T]) such that 1o(t) = u(t)/2Jy(t) for every t € (0,T]. Then,
by DeVore and Lorentz [12], Theorem 2.3 p. 205, there exists a constant ¢ 7 > 0, not depending on m,
such that

1PS,, (o (172 0) = 12 To13 = [IP5,, (1 (t0) = toll3 < cgmm ™.

Therefore, by Corollary 3.2,

7 2m
(1T = ) < i (7m0~ + 5.
Finally, consider my € {1,...,N}, My :={1,...,my} and
’//T\L = arg mrélji\fllN{'}/nL,N(j;n,N) + pen(m)} with pen(_) = ccalﬁ,

where c.,; > 0 is a constant to calibrate in practice via, for instance, the slope heuristic. In the sequel,
the ¢;’s fulfill the following assumption.

Assumption 3.3. For every m,m’ € {1,...,N}, if m > m’, then S,y C Sp,.

The following theorem provides a risk bound on the adaptive estimator j;n\ N-
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Theorem 3.4. Under Assumptions 2.1 and 3.3, there exists a deterministic constant ¢34 > 0, not
depending on N, such that

~ ) ~ 1
(1T — Jolfan) < caa (min (B0 = Jolla) + pen(m)} + ).
Moreover, under Assumption 2.2,

= _ . m 1
E(| T = Jol13) < ca.alli™ for (mﬂg {0, 82 00) = 201+ 2+ cea) 7 f + N) -

As in the usual nonparametric regression framework, since pen(m) is of same order than the bound on
the variance term of J,, y for every m € My, Theorem 3.4 says that the risk of our adaptive estimator
is controlled by the minimal risk of J_ n on My up to a multiplicative constant not depending on N.

4. APPLICATION TO DIFFERENTIAL EQUATIONS DRIVEN BY THE FRACTIONAL BROWNIAN MOTION

Throughout this section, V' : R — R is twice continuously differentiable with bounded derivatives,
o :[0,T] — R* is y-Hoélder continuous with v € (1 — H, 1], and by : [0,7] — R is continuous. Under these
conditions on V', o and by, Equation (2) has a unique solution which paths are a-Ho6lder continuous from
[0,T] into R for every « € (1/2,H) (see Kubilius et al. [17], Theorem 1.42). The maps V and o are
known and our purpose is to provide a nonparametric estimator of bg.

4.1. Auxiliary model. The model transformation used in the sequel has been introduced in Kleptsyna
and Le Breton [16] in the parametric estimation framework. Consider the function space

Q := {Q : the function t — t'/277Q(t) belongs to L' ([0, T], dt)},

let Qp : [0,7] — R be the map defined by
_bo(?)
Qo(t) i O'(t)

and assume that Qg € Q. Consider also the Molchan martingale M defined by

; vVt € [0,T],

t
M, ::/ 0(t,s)dBs ; Vt € [0, T,
0

where
Lt s) == cHsl/Q_H(t - 3)1/2_H1(0,t)(3) ; Vs, t € [0,T]
with

o I'(3—2H) 12
A= \2HT(3/2—HPL(H+1/2))
and the process Z defined by

¢ tdX
Zy = [ L(t,s)dY, with Y, ::/ ——
‘f / (t,5) v ) VX e )

for every t € [0,T]. Then, Equation (2) leads to
Z = iQu)(0) + M,
(6) = [ @, + an,
where
HQW = [ 119 T@ = @260

for every @ € Q and almost every ¢ € [0,T]. Note that the Molchan martingale M fulfills Assumption
2.2 with p(t) = t'=2H for every t € (0, 7).
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4.2. An estimator of Qy. In Model (6), for any m € {1,..., N}, the solution j\m,N to Problem (4) is a
nonparametric estimator of J(Qp). So, this subsection deals with an estimator of Qg solving the inverse
problem

o~

(7) J(@) = Jm,N-
Let us consider the function space
t
J = {L : the function ¢ € [0, T] — / s'72H (s)ds belongs to ISJ/FQ_H(Ll([O,T],dt))} ,
0
3/2—H

where Zy," 7 (.) is the Riemann-Liouville left-sided fractional integral of order 3/2 — H. The reader can
refer to Samko et al. [25] on fractional calculus.

In order to provide an estimator of Q¢ with a closed-form expression, let us establish first the following
technical proposition.

Proposition 4.1. The map J : Q — J(Q) is one-to-one from Q into J. Moreover, for every . € J and
almost every t € [0, T,

T Hp)(t) = cutt /2 /t(t — s)H=3/26172H () ds
0
with
2—2H
T (3/2— H)'(H —1/2)°

g =

By Proposition 4.1, if ¢1,...,om € J, then

t
Qum.n(t) :=cytH—1/2 / (t —s)H=3/2172H T\ (s)ds ; t € [0,T]
0

is the solution to Problem (7) in Q. Note that even if the ¢;’s don’t belong to J, since these functions

are continuous from [0, 7] into R, @m ~ is well-defined but not necessarily a solution to Problem (7). A
simple vector subspace of J is provided at the end of this subsection.

The following proposition provides risk bounds on @m, N, m € {1,...,N}, and on the adaptive esti-
mator Qm N

Proposition 4.2. If the ¢;’s belong to J, then there exists a deterministic constant cs21 > 0, not
depending on N, such that

A 2 . 2 my o
E([|Qm,~n — Qoll2) < 121 (}ggl lle = J(Qo)lI{ary + N) ;vme{l,... N}

If in addition the ;’s fulfill Assumption 3.3, then there exists a deterministic constant c422 > 0, not
depending on N, such that

- 1
e _ 2 < M 1 _ 2 E N .
E(|@m.n — Qollz) < caz (mrg;;IN {rgén le = J(Qo)lltary + N} + N)

Proposition 4.2 says that the MISE of @m,Na m e {l,...,N}, (resp. @;,\LN) has at most the same bound
than the MISE of J,, v (resp. Jm n)-
Finally, the following proposition provides a simple vector subspace of 7.

Proposition 4.3. The function space

J:= {L e C*[0,T;R) = lim t=2H,(t) and lim t'727)/(t) exist and are ﬁnite}
t—0+ t—0+t

s a subset of J.
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Consider m € {1,..., N} and 1, ..., 9, € C1([0,T];R) such that (1, ...,%,,) is an orthonormal family
of L%([0,T)],dt). In particular, note that 1, ...,1,, are linearly independent. Moreover, assume that
S = span{®,,...,,,} with B;(t) := t*¢;(t) for every j € {1,...,m} and ¢ € [0,T]. The basis
(01, 9m) of Sy, orthonormal in L2([0, 7], dt), is obtained from (@, ...,®,,) via the Gram-Schmidt
process, and the ¢;’s belong to J C J. For every ¢ € S,,, there exist a1(t), ..., an(t) € R such that

=3 st —
j=1
where v(t) := t7+1/2 for every t € [0, T], and

7= Z a;j ()Y €Sy, with Sy, :=span{y1,...,¥n}
j=1

So, by assuming that J(Qo) € J, the bound on the bias term of fm ~ in the inequalities of Proposition
4.2 can be controlled the following way:

min o= J(Qo)[fyy = min [[v@— v i 2I(Qo))I13
< T2 min (|7 = 7J(Qo) 3 = llps,, (7 (Qo)) — 7T (Qo)I3
where, for every t € (0,T],
A(t) = v(t) " p(t)/? = 72

If (¢1,...,%m) is the m-dimensional trigonometric basis, and if there exists 1o € W5 ([0,7]) such that
o(t) = t72H J(Qo)(t) for every t € (0,T], then

min e = J(Qo)ll2ary < T+ 162, (10) — t0ll3 < e 7T,

LEom

4.3. Example: drift estimation in a non-autonomous fractional Black-Scholes model. Let us
consider a financial market model in which the prices process S = (S¢);e[o,] of the risky asset is defined
by

t 2
Sy := Spexp (/ (bo(u) - UQUQH_1> du + (TBt) ; Vt €10, T,
0

where Sy, 0 € (0,00) and by € CY([0, T];R). This is a non-autonomous extension of the fractional Black-
Scholes model defined in Hu et al. [15]. Thanks to the change of variable formula for Young’s integral,

¢ 2
S, =Sy +/ Su <(b0(u) - ”Zu”“) du + adBu> ; Vt € [0, T).
0
Then, S is the solution to Equation (2) with V = Idg, o(.) = ¢ > 0 and
_ 0’2
bo(t) = bo(t) — ?tzH* ; Yt € [0, 7).

Consider N independent copies S, ..., SN of S. For every i € {1,...,N} and t € [0, T], consider also

. [t u1/2—H(t _ u)l/Q—H .
Zy = — Si as;,.
0 Jo

u

If the volatility constant ¢ is known, thanks to Subsection 4.2, a nonparametric estimator of by is given
by

~

2 o~
Do(m, N t) := %tQH’l + 00 n(t) s te0,T),
where

t
Qu,n (1) :=cyt"1? / (t—s)H 325120 ] (5)ds 1 t € [0, ]
0
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and
~ 1 & T T 4
Jm, = arg min {N Z} (/0 J(s)?s'2Hds — 2/0 J(s)dzg> } .
Since - B
[Boom, ;) = ol = %Gy — Qoll3 - with Qo =2,

if the ¢,’s belong to J, then Proposition 4.2 provides risk bounds on by(m, N;.), m € {1,..., N}, and

on the adaptive estimator by(m, N;.).

5. NUMERICAL EXPERIMENTS

Some numerical experiments on our estimation method of Jy in Equation (1) are presented in this
subsection when M is the Molchan martingale:

t i
M, = / {(t,s)dBs = (2 — 2H)1/2/ sY2=Haw, st € [0,1]
0 0

with H € {0.6,0.9} and W the Brownian motion driving the Mandelbrot-Van Ness representation of the
fractional Brownian motion B. The estimation method investigated on the theoretical side at Section 3
is implemented here for the three following examples of functions Jy:

Jo1:t€0,1] 1062, Jog:t € (0,1] = 10(—log(t)/? and Josz:t € (0,1] — 20679,

These functions belong to L?([0, 1],d(M);) as required. Indeed, one the one hand, J ; is continuous on
[0,1] and

_/01 log(t)d(M), = —/01 log(t)t' =2 dt

1 ! 1
= lim 1 a2 L) = ———— < 0.
2_2H <sir51+ og(e)e™ " + | @_2H)Z =

On the other hand, for every « € (0,1/2) such that H € (1/2,1 — «),

1 1
/ t72ad<M>t _ / t172a72Hdt
0 0

1 . 2(l—a—H 1
= M(“ﬂ&“ )) “i—a-m =
Since for every ¢t € (0,1], Jo3(t) = 20t~ with o = 0.05, and since H € {0.6,0.9} C (0.5,0.95) in our
numerical experiments, .Jy 3 is square-integrable with respect to d(M);.

Our adaptive estimator is computed for Jy = Jy1, Jo2 or Jpz on N = 300 paths of the process Z
observed along the dissection {k/n ; k = 1,...,n} of [1/n,1] with n = 100, when (¢1,...,®m) is the
m-dimensional trigonometric basis for every m € {1,..., N}. This experiment is repeated 100 times, and
the means and the standard deviations of the MISE of j\;ﬁ ~ are stored in Table 1. Moreover, only for
H = 0.9, 10 estimations (dashed black curves) of Jy 1, Jo.2 and Jy 3 (red curves) are respectively plotted
on Figures 1, 2 and 3.

On average, the MISE of our adaptive estimator is higher for the three examples of functions Jy when
H = 0.6 than when H = 0.9. This is related to the fact that the more the Hurst parameter H is close to
1, the more the paths of B are regular. The standard deviation of the MISE of j/,,\, ~ is also higher when

’ J();H H J011;0.6 ‘ J012;0.6 ‘ J0?3;0.6 H J071;0.9 ‘ J072;0.9 ‘ J073;0.9 ‘
Mean MISE 0.084 0.162 0.079 0.028 0.036 0.022
StD MISE 0.023 0.029 0.022 0.006 0.006 0.005

TABLE 1. Means and StD of the MISE of jm,N (100 repetitions).
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H =0.6.

For both H = 0.6 and H = 0.9, on average, the MISE of j\fn\’N is higher for Jy 2 than for Jy; and Jy 3.
This is probably related to the fact that Jy2(¢) goes faster to infinity when ¢ — 0T than Jo 3(¢), and of
course than Jy1(¢) which goes not.

Our estimation method seems stable in the sense that for a fixed H (0.6 or 0.9), the standard deviation
of the MISE of our adaptive estimator is almost the same for the three examples of functions Jy. This
can be observed on Figures 1, 2 and 3.

FIGURE 1. Plots of Jo; and of 10 adaptive estimations (m = 51.28).

FIGURE 2. Plots of Jy 2 and of 10 adaptive estimations (m = 72.86).

6. PROOFS

6.1. Proof of Proposition 3.1. For every J, K € S,,,

() = v () = 1 agy = KTy = 5 Z [ - Kz

= 17 = TolFary — N = Tolary ~ NZ / K(s))dM.
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FIGURE 3. Plots of Jy 3 and of 10 adaptive estimations (m = 39.64).

Moreover,

~

’Vm,N(Jm,N) < ’Ym,N(J) N vJ e S,,.
So,

N T
~ 2 ~ i
v = Jollary < 1 = Jollfnsy + 37 > /0 (Jm,x(5) = J (5))dM
i=1

for any J € S,,,, and then
1T
7 2 2 7 i
E([[Jm,~ = Joll{ary) < I = Joll{ary + 2E <N ;/0 Jm,N(S)dMs> :

Consider jo = ({©;, Jo)(ar))j=1,...m, and € = (ey, ..., €,,)* such that

N T
1 i .
€ = E /0 w;(s)dM; ; Vi e {l,...,m}.
i=1

Since e is a centered random vector,

N T N ) m N N T .
E (}V > / Jm,N<s>dM;> ~E (@ Ey| ms)dM;)

j=1

= E((0, €)2.m) = E(e* ¥, (jo + €)) = E(e" ¥, 'e).

Moreover, since M1, ..., My are independent copies of M, and since ¥, is a symmetric matrix,

m m T
Be'wyle) = 3 (¥ Bl = 5 2 10T | e,

Therefore,
2m

T 2 : 2
E(|[Jm,n = Joll{ary) < Join I = Joll{ney + N
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6.2. Proof of Corollary 3.2. Under Assumption 2.2,

: . 2 /271 2 : 172 712
in |lJ = Jol[{yy = min [lp’=(J J0)||2—J€r§ﬁm||<7 = Jollz

with
Sp(p) = {t € L2([0,T),dt) : Jp € S, ¥Vt € (0,T7], 1(t) = pu(t)/2p(t)}.
Since S, (1) is a closed vector subspace of 1.2([0, 71, dt),

(8) jamin T =il = s, 0

(12 Jo) = ' Jo3.

Moreover, since 1/p is continuous from [0, 7] into Ry under Assumption 2.2,
1T = Joll3 = 12 (T, = Jo) [Far

9) < N Mool Ton,w — Jo||<M>-

Equality (8) together with Inequality (9) allow to conclude.

6.3. Proof of Theorem 3.4. The proof of Theorem 3.4 relies on the following lemma, which is a
straightforward consequence of a Bernstein type inequality established in Revuz and Yor [24], p. 153, for
continuous local martingales vanishing at 0.

Lemma 6.1. For every ¢ > 0 and every p € L2([0,T],d{(M),),

Ne2
dM’ <exp| ————5— 1.
(NZ/ ) ( w%m)

The proof of Theorem 3.4 is dissected in three steps.

Step 1. As established in the proof of Proposition 3.1, for every J, K € S,,,

N T
2 i
Y, N (J) = Y8 (K) = 1T = JollTary = 1K = Jollfary — N Z/O (J(s) — K(s))dM;,.
i=1

Moreover,

o~

Yo (T ) + Den(i) < Yon, v () + pen(m)
for any m € My, and then

YN (S, n) = Ym N (Jm,N) < pen(m) — pen(in).
So, since 2ab < a? + b? for every a,b € R, and since S,, + S C S,y under Assumption 3.3,

s = Jollty < 1 = ol 2 / Trv(8) = Ty ()M + pen(m) = pen(i)
< oy = Jollag + 310 = Tonv g

+4

2
sup IVN(w)I] —p(m,m) | + pen(m) + 4p(m,m) — pen(m),
pe m,m

+

where
Ccal mVmM

N

Binm = {9 € Smvms : lolluy <1} and p(m,m’) =

for every m’ € My, and

1 N
':NZ/ s)dM!
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for every ¢ € L2([0,T],d(M);). Therefore, since (a + b)? < 2a% + 2b? for every a,b € R, and since
4dp(m,m) < pen(m) + pen(m),

2
(10) 1 Tm,n = Jollfary < 3l Tmn = Jollfary + 4pen(m) + 8 sup |VN(<P)|1 —p(m,m)

PEBm m

+
Step 2. By using Lemma 6.1, and by following the pattern of the proof of Baraud et al. [1], Proposition
6.1, the purpose of this step is to find a suitable bound on

2
E sup |VN(‘P)|] - p(m,m’) ;m' € My.

weB

m,m’

+
Consider &g € (0,1) and let (J,)nen= be the real sequence defined by

Op := 0027 " ; Vn € N,

Since S,y is a vector subspace of L2([0, 7], d(M);) of dimension m \V m/, for any n € N, there exists
T, C Byy,me such that |T;,| < (3/5n)me’ and, for any ¢ € By, e,

Afn € Tot [l = full(ary < -

In particular, note that

f0+z fnl

Then, for any v > 0 and any sequence (A,)nen of elements of (0,00) such that A :=3" n < 00,

nEN

2
P sup un(p)| > v2A?
PEB

=P <3(fn)n€N € H Tn : VN(fO) + ZVN(fn - fn71> > UA)

n=0 n=1

<P <3(fn)neN € H T, : vn(fo) > vAg or [In € N* : un(fr, — fro1) > UA,J)

n=0

< Z (VN(fO UA() —|— Z Z P(”N(fn - fn—l) > UAn)

fo€To n=1(fn_1,fn)€Tn

with T,, = T},_1 x T, for every n € N*. Moreover, ||f0||%M> < 62 and

an - fn71||%M) < 2672171 + 26721 = 671 1

for every n € N*. So, by Lemma 6.1,

2
NU2A2
P [ sup VN(@)] > vPA? ZGXP( 2||fOH2 )
(M)

LPEBmYm/ fo€To
Nv2A2
Y e (‘2||f — il )
=1 (fo-1,fa)€Tn T Inmtiin
Nv2AZ = Nv2iA?2
(11) < exp (ho— 253 ) —&—;exp (hn1+hn— 502, )
with h,, = log(|T,|) for every n € N. Now, let us take Ag such that
Nv2A2
ho — Y 20 _ —(mvVm' +x) with v,z >0,

200
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which leads to

262 12
Aoz{ O(m\/m’—i—x—i—ho)} ,

v2N
and for every n € N*| let us take A,, such that
Nuv2A2
o1+ hp — # =—(mvVvm +x+n),
56n—1
which leads to
552 1/2
A, = [U;’]\fl(me’erJrhn_l —l—hn—l—n)] .

For this appropriate sequence (A, )nen,

2 oo
P [ sup VN(@)] > 02 A2 < eiwe*(mvm/) (1 + Zen> < 1.6679067(me’)

LPEBm)m/ n=1

by Inequality (11), and

N 2
A? < ! [ﬁéo[(m vm' +z)V?% 4 hé/g] + \/52 Sp1[(mVm' + )% + (hy_1 + b + n)l/ﬂ]

vZN
n=1
F1E) 52 5 4 52
< UQN(me’+:c)+ N S TN (mvm' +x)

with

50 =2 (ﬂao +V5y. 6n_1> and 6 =2 (ﬂéohé/ P4 VB Gna(hn + )Y 2) :
n=1

n=1

So,

2
B 5 162 . s 4 52

P sup vn(p p(m,m x| < 1.6e e (mvm)
[WEB, ’ ( ) UQN

m,m

L2

and then, by taking v = (6 + §)/2 and y = 2/N,

2
P [ sup VN(@)] —p(m,m) >y | <1.6e"Nve(mvm),
peB ’

m,m

Therefore,

E [ sup VN(@)] —p(m,m’) =/OOOIF’ [ sup VN(sO)] —p(m,m’) >y | dy

PEB,, m! PEB,,
+

—(mvm/)
N

Step 3. By Inequality (12), there exists a deterministic constant ¢; > 0, not depending on m and N,
such that

(12) < 1.65

2 2
E sup IVN(w)I] — p(m,m) < ) E sup VN(@)] — p(m,m’)

PEBm,m / PEB
n m/eEMn m,m +

1.6 ' 1.6 / c
—(mvm”) —m —m 1
< N E e < — (me + E e > < N

m'EMn
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Therefore, by Inequality (10),

~ . ~ 8¢y
2 2
E([|J7m,5 — Joll{ary) < mrél/l\f[lN{?’]E(HJm,N = Joll{ary) +4pen(m)} + N

6.4. Proof of Proposition 4.1. First of all, recall that
Q = {Q : the function ¢ — t*/27HQ(t) belongs to L'([0,T],dt)}
and

t
J = {L : the function ¢ € [0, T] — / s'72H (5)ds belongs to IS’_/~_27H(L1([O,T], dt))} .
0

In the sequel, Zg, (.) (resp. D, (.)) is the Riemann-Liouville left-sided fractional integral (resp. derivative)
of order a > 0. Consider Q € Q. Then, the map Qy : t — /2 HQ(t) belongs to L'([0, T], dt),

J(Q)(t) _ CH tQH—la/Ot 81/2—H(t_ S)I/Q_HQ(S)CZS

2—2H ot
_ _%H H—1+3/2—H
= S r(32 - BRI Qa0

for almost every ¢ € [0,T], and J(Q) € J. Therefore, the map J is one-to-one from Q into J, and

T () = mrz@fmﬁ%gf—ff ( / | sleL<s>ds> 0

t
_ EHtHfl/Q/ (t _ S)H73/23172HL(S)dS
0
for every « € J and almost every ¢ € [0, 7.

6.5. Proof of Proposition 4.2. Since (M), = t>=2H for every t € [0,T] (see Norros et al. [20]),
the Molchan martingale M fulfills Assumption 2.2 with u(t) = t'=2# for every ¢ € (0,7]. Consider
v € JNL%[0,T],d(M);), and note that J~1(1) € Q thanks to Proposition 4.1. By Cauchy-Schwarz’s
inequality,

T t 2
T3 = Ei{/ 21 </ (t— s)H_B/Zsl_ZHL(s)ds> dt
0 0

T t
<& / 2 =10(t) / (t — s)H=3/251=2H (5)2dsdt
0 0
with

t
0(t) := / (t — s)H=3/251=2H g5 - vt € (0, T).
0

Note that 6 : t — t>1=10(¢) is bounded on (0, 7). Indeed, for every t € (0,7,

\H3/2 /2 P\ 12H gt
21 (> / s172H g + <> / (t — s)H*S/st

2 0 2 t/2
_ n 1 f H-3/2 f 2—2H . 1 f 1-2H f H-1/2
B 2—-2H \ 2 2 H—1/2\2 2

1 1 1 Ho1/2
T 2l/2-H (2—2H * H—I/Q)t oo

0t))]

N
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So, by Fubini’s theorem,

1T WIE < & [Bloc.r / / 322 ()21, (1)t
T b
= CH||9||oc,T/ 1720, ()2 / (t — )" =3/2dtds
0 s

T
(H - 1/2)_1E%ITH_1/2||§HOO,T/ s172H (5)%ds.

0
Then, J~'(:) € QN L2([0,T],dt) and
(13) 177113 < ealllifary, with o = (H = 1/2) G TH12)0)] oo r

The conclusion comes from Inequality (13), Proposition 3.1 and Theorem 3.4.

N

6.6. Proof of Proposition 4.3. Thanks to Samko et al. [25], Theorem 2.3,
J = {L : Igi_l/g (/ SleL(S)dS> is absolutely continuous from [0, 7] into R} .
So, since Lipschitz continuous finctions are absolutely continuous,
JLip = { Igi 1/2 (/ 312H{,(S)d3) is Lipschitz continuous from [0, 7] into ]R}
0

is a subset of 7. Moreover, for every ¢ € Jiip and t € [0,T], by Fubini’s theorem,

H—1/2 -31—2HL s)ds _ ; t Y usl—QHL o
Toy (/O ()d)(t) F(H_1/2)/O(t ) /0 (s)dsd
= s J, ¢ [ -0 s

_ 1 t g H1/241-2H () 1o

T (H—1/2)T(H —1/2) /0 (t—s) (s)ds.

Then,
Trip = { : the function ¢t € [0,T] — / YH=1/261=2H (§)ds is Lipschitz continuous} .
Now, recall that
J= {L € CY[0,T;R) : tl_i)I(I)lJr t=2H(t) and t£%1+ t172H /() exist and are ﬁnite}

and let us show that J C Jrip C J. For any ¢ € J and every ¢ € [0, 77,

(t) = /0/(15— s)H=1/251=2H (5)ds

t— S)H+1/2 t
= — 1 1-2H (7
sl—IR) |:S L(S) H+1/2 .

+/t((1 — 2H)8_2HL(S) + 81_2HL/(8)) (t -5 H+1/2d8 B / o(s H+1/2d8

0 H+1/2
with .
= —— _((1—2H)s%H 1-2H 1 . v
0s) = gy (1 = 2H)s™u(s) +'72710(s)) 5 Vs € (0.7

Since ¢ € J, the map 6 : t — () is bounded on (0, 7], and for every t1,t2 € [0,7T] such that to > t1,

t2 tl
2(t2) — T(t1)| < / 0(s)(ta — s)H+1/2ds+/ 0(s)|(ty — s)THY2 — (t; — s)HF1/2|ds
t1 0

< (H +3/2))|0]l oo n T2ty — 1.
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So, the function ¢ — 7(t) is Lipschitz continuous from [0, T] into R, which leads to ¢ € Jpip.
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